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METHODS OF PROOF IN LINEAR ALGEBRA 
HARLEY FLANDERS, University of California, Berkeley 


1. Introduction. In a problem in linear algebra, one has, generally speaking, 
a definite field of coefficients given in advance. Often the first question is to find 
an appropriate linear space so that the problem reduces to one concerning linear 
transformations on that space. This in turn may be handled in one of several 
ways. For example the older approach is to consider the space of n-tuples 
(a1, °° *, Gn) as the linear space, in which case one is committed to a definite 
coordinate basis (1, 0, 0,---), (0,1, 0,--+-), +++. The modern approach is 
to use invariant basis-free methods. Of course bases cannot be completely dis- 
carded. In many cases the essential finite dimensionality of the situation is ex- 
ploited precisely by using a basis. In such problems the best technique is to 
select a basis which most fits the given data. At all times however one should be 
perfectly willing to change the basis if a more natural choice appears, to change 
the space itself if that can help matters, and even to change the field of coeffi- 
cients for a more useful one.‘?* 

In this article we shall emphasize the idea of abandoning what has already 
been selected for something better. We shall give proofs of several known 
theorems in linear algebra which will show the various possibilities. These 
proofs, while probably not the shortest or most elegant possible, at least seem 
to us to bring out the reasons for the validity of the theorems they demonstrate. 
Some of these theorems have perhaps not appeared heretofore to be as elemen- 
tary as they really are. 

In Section 2 we give the familiar characterization of automorphisms of a 
total matric algebra. In the proof one sees at the outset that one basis is as good 
as another, but after a basis is fixed one soon sees that there is another definite 
one to be reckoned with. In Section 3 we give a result on fields of matrices. It 
is pretty clear in this situation what the right linear space is, but the point of 
the proof is to consider the space over a new field of coefficients. The remaining 
sections are centered around the idea of superdiagonalization, which is a tech- 
nique of selecting a basis naturally suited to a problem. This is introduced in 
Section 4, applied to a single transformation in Section 5, to a commutative set 
of transformations in Section 6, and to a nil associative algebra in Section 8; 
some basic concepts of linear associative algebra theory are given in Section 7. 
A combination of the results of Sections 6 and 8 is given in Section 9. One of the 
main tools in superdiagonalization is the fact that if M is a subspace of a space 
L which reduces a given transformation, then that transformation induces trans- 
formations on both M and on the quotient or coset space L/M. Thus attention 


* See the notes at the conclusion of the paper. 
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is shifted to other linear spaces. In order to study this further we introduce the 
idea of a Lie algebra in Section 10 and then prove the basic theorems of Engel 
and Lie in Sections 11-14. A final remark on characteristic roots is given in 
Section 15. 

2. Automorphisms of matrices. We begin with the following theorem. 


THEOREM 1. Let Nt, be the algebra of all nXn matrices over a field k and let o 
be an automorphism of this algebra. Then o 1s an inner automorphism, that is, there 
exists a non-singular matrix P such that (A) =PAP for all A. 


First of all, we turn this into a linear space problem by noting that Nt, is 
isomorphic to the algebra of all linear transformations on any n-dimensional 
linear space L over k. Let us restate the proposition this way. 


THEOREM 1’. Let 1 =Lin (L) be the algebra of all linear transformations on 
an n-dimensional linear space L over a field k and let o be an automorphism of %. 
Then there exists a non-singular linear transformation P of L such that o(A) =PAP-} 
for all A in OY. 


The proof consists of little more than a precise formulation of the possible 
isomorphisms between [= Lin (L) and Mt, plus the observation that one is not, 
after all, forced to stick to any particular one of these isomorphisms. 

We select any basis vi,--°, Va of L. Each ACLin (ZL) yields a matrix 
A =| ai;|| according to the equations 


n 
viA = D>) a5;V;, 


j=l 


and this correspondence Ac>A =||a;,|| is the kind of isomorphism we deal with 
between Lin (Z) and Yt,. The basic matric units Z;; (with 0 everywhere except 
for 1 in 7-th row and j-th column) correspond to transformations E,; defined as 
follows: 


ViE jx = O4jVx% 


on the basis of ZL we have selected. They satisfy the important algebraic rela- 
tions 


(1) E;;Ex1 = 6 74 Eat 
Here is the crux of the matter. 


LemMaA. Let 1 =Lin (L) as before and let F;; be n? elements of X, not all 0 and 
satisfying the relations 


PuFis = OF u. 
Then there exists a basis Wi, ++ * , Wn of L such that 


(2) WF 5, = 6 ;;Wr 
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Proof. Some F;;#0 and F,j;=FaFuFi;, hence Fi+40. We select wEL so that 
WF), 0 and set 


Wi = WF, We = WF, °° * , Wn = WFin. 


These vectors Wi, - + +, Wz form a basis of L; all we need show is that they are 
linearly independent. But a dependence relation > Ja;w;=0 yields ) a;wF.;=0. 
We simply multiply on the right by Fy, to obtain a;wFi,=0, hence a;=0 for 
j=l1,---, ”. Having this, one readily verifies that the w; satisfy the rela- 
tions (2). 

Now we can complete the proof of Theorem 1’. We start with any basis 
Vi, ° °°, Vy of L and the corresponding basis E,; of & (¢, 7=1, +--+, 2). We set 
F;;=0(E;;). Since o is an algebra automorphism of YI, the relations (1) satisfied 
by the E,; imply the relations for the F,; in the hypothesis of the lemma, hence 
there is a basis Wi, -- +, Wn of ZL such that w,F y, = 6;;wy. 

Now we have two bases of L: Vi, > ++ ,Vnj Wi, °° *, Wn. We define an auto- 
morphism (non-singular linear transformation) P of L by sending one basis into 
the other: wi1P =v;; hence v;P-!=w;. We now have 


w,PE;,P7} = V;E;,P7! = 6;;VzP7} = O;jWk = WF jx. 


Hence PE;P-!=F,,, for they agree on a basis of L. We have proved that 
PE;,P-!=o0(E,x). Since the E, form a linear basis of %, we finally have 
PAP-!=o(A) for all AC Lin (ZL). 

We might mention that this result has some fairly deep consequences in 
associative algebra theory; for example, it follows rather easily that every auto- 
morphism of a central simple associative algebra is inner. 

3. Fields of matrices. In this section we consider a result which at first sight 
is rather surprising. 


THEOREM 2. Let It, be the algebra of all nXn matrices over a field k and con- 
sider k as a subalgebra of Mn by tdentifying elements a of k with the corresponding 
scalar multiples al of the 1dentity. Let k’ be another field such that kSk'’ SMn and 
suppose [k':k|=m 1s the linear dimension of k’ over k. Let © be the set of all ele- 
ments of WN, which commute with every element of k'. Then m divides n so that 
n=mq and © 1s 1tsomorphic to It,(k’), the algebra of gXq matrices over k’. 


The result looks somewhat far-fetched and complicated; indeed quite com- 
plicated proofs have been given. Nevertheless when looked at in the proper in- 
variant light it is transparent. 

Again we start with an n-dimensional linear space LZ over k and write 
n=dim,; (L). As before, 2{=Lin (ZL) and now we have kSk’ SY. Since k’ is a 
field of linear transformations on L, we may consider L as a linear space over k’ 
(and this is the crucial observation). As such it is obviously finite dimensional, 
say of dimension g=dim,(L). That n=mq is a consequence of the plausible 
relation 
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dim;(Z) = dim, (L) -dim;(k’) 


which is quickly proved by showing that a basis vi, ---, v, of L over k’ anda 
basis Ai, -- - , A, of k’ over k make upa basis \v,Aji=1, ---,gj=l1,---> ,m} 
of gm elements of L over k. Finally, for a linear transformation on L over k to 
commute with all of the elements of k’ is exactly the same as its being a linear 
transformation on L over k’. Hence the subalgebra © of 2(= Lin; (Z) of all linear 
transformations which commute elementwise with the transformations in k’ 
may be identified with Lin, (Z) which, of course, is isomorphic (over k’) to 
WM (k’). 

4. Superdiagonalization. There is a powerful technique for handling indi- 
vidual linear transformations or sets of transformations which is closely related 
to the idea of invariant subspace. Let ZL be an n-dimensional linear space over a 
field k and let A be a linear transformation on L into L. Suppose M is a subspace 
of L; we say that M reduces A if whenever ve M then vAC M. By using the no- 
tation 


MA = {vA|lvE M}, 


the condition is simply MAS M. Similarly if © is a set of linear transformations, 
we say that M reduces © if MOC M, meaning MAS M for each A in ©. 

Since the sets of transformations also include the sets consisting of a single 
transformation, we may restrict attention to sets. Suppose then that © is a set 
of transformations on L and that we have found subspaces Mi, Me, Ms,---, Mn 
of L, each of which reduces © and such that 


L=M,> Me> M3>---> Ma >0 = May 


so that (since dim (L)=n) dim (M2)=n—1, dim (M;3)=n—-—2,---. We fita 
basis of Z to this chain of subspaces by selecting vectors vi, -- +, Va where 
v;EM;, but v;€ My. If AGG, then v,AC M;A S M,, hence v;A is a linear combi- 
nation of v;, Visi, - + * , Vn; that is, 


ViA = @11V1 + 22+ sb GinVn 
v2A = Q22V_ + > 2+ b+ GonVn 
v3A = G33V3 + °°  AanVn 
V,A = AannVn 


so that the matrix of A with respect to the basis (v,) is in superdiagonal (or tri- 
angular) form; and this is true for each A in ©. 

The remaining sections deal with some cases in which this superdiagonaliza- 
tion of a set of transformations is possible. An important tool in this theory is 
the following. If the subspace M reduces a set © of transformations, then © in- 
duces a set of linear transformations on the subspace M. Also, © induces a set 
of transformations on the quotient space L/M, the space of cosets of L modulo 
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M. In fact, if ACS and vEL, then the induced transformation, also denoted A, 
on L/M has the effect 


(V+ M)A = (vA)+ M 


on the coset v-+ MM. One readily checks that this is well defined, 7z.e., independent 
of the particular representative v of the coset, exactly because MAS M. Speak- 
ing in a general way, algebraic properties of the original set © carry over to the 
induced sets both on M and on L/M. 

5. Single linear transformation. We begin by showing that if the ground 
field & is sufficiently large then a single transformation A may be superdiagonal- 
ized. The field in fact must contain all of the characteristic roots of A. We take 
care of this for all A by assuming that & is algebraically closed, z.e., that every 
polynomial t”-++-a;t"-!+ - +--+ +a, with coefficients in k has a root in k. 


THEOREM 3. Let A be linear on a space L of dimension n>1 over an alge- 
braically closed field k. Then there is a subspace M reduced by A such that0<M<L. 


We simply set I =kv, the space generated by a single characteristic vector 
v. Since vA=cv we have MAS M. 


COROLLARY. The transformation A may be superdiagonalized. 


Proof. We proceed by induction on n=dim (ZL). Since A induces a single 
linear transformation on M and dim (M) <n, we have a sequence 


0< M,< Me<---<M,=M 


of subspaces reduced by A, each of dimension one greater than the preceding; 
since A induces a single linear transformation on L/M and dim (L/M)= 
dim (L) —dim (M) <n, we have another such sequence 


M< Myi<:::+<M,=L. 


Together they yield a sequence 
0< M,< Mez2<---< M,=L 


which provides the superdiagonalization of A. 

We give the proof in this manner as a model to be followed in more compli- 
cated situations. 

6. Commutative sets. Our next result also requires a restriction on k. 


THEOREM 4. Let © be a commutative set of linear transformations on a space L 
of dimension n>1 over an algebraically closed field k. Then there is a subspace M 
reduced by © such thatO<M<L. 


Proof. If each A in © isa scalar multiple of the identity I, then any proper 
subspace M of L will reduce ©. If this is not the case, we select an AGG such 
that AxcI for any c. Let c be a characteristic root of A and set 
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M = {v| vA = cv}. 


Then 0<M<L. If B is an arbitrary transformation in ©, then for each ve UM 
we have 


(vB)A = (vA)B = (cv)B = c(vB), 


hence vBE M. It follows that MBS M, 1.e., that M reduces B and consequently 
M reduces ©. 

As a corollary, any commutative set may be superdiagonalized. 

Proof. Exactly as for the corollary to Theorem 3. It must only be checked 
that the sets induced by © on Mand on L/M are also commutative; this follows 
immediately from their definitions. 

7. Algebras and their representations.“ An associative algebra is the structure 
consisting of a (finite dimensional) linear space 2{ over a field k which is also an 
associative ring and for which the identities (ax)y =x(ay) =a(xy) hold, connect- 
ing the multiplication by a scalar a with the ring multiplication of algebra ele- 
ments x, y. A subalgebra 8 of 2 is a subset of 2 which is also an algebra under 
the operations of 9. If 8 and € are two subalgebras, then BC denotes the totality 
of finite sums > ¥y,z; where y;C%, 2;€€. Clearly BC is a linear subspace of YA, 
but it is not necessarily a subalgebra itself. It is not even true in general that BC 
includes $ or ©. A subalgebra % of Y is an ideal if (BSB and SASS. If B and 
€ are ideals, then S€ is also an ideal. Also, in general (GC)D=B(CD). 

A homomorphism is an operation preserving mapping on an algebra Yj, into 
an algebra 2. The kernel, consisting of all elements of %1 mapping onto 0 is 
an ideal of 2{,; indeed each ideal of an algebra is the kernel of some homomor- 
phism. The image of I; is a subalgebra of bo. 

Especially interesting are the matric algebras, or algebras of linear transforma- 
tions. These are the subalgebras of Lin (L), the algebra of all linear transforma- 
tions on a finite-dimensional space L over k. Each algebra 9 is homomorphic to 
an algebra of linear transformations on L = % given by the regular representation: 
each y CY is associated to the linear transformation Ry, called the right multipli- 
cation of y, and defined by 


xRy = xy. 


An element x of an algebra is nilpotent if some power of x vanishes: x" =0. 
The algebra is called a nil algebra if each of its elements is nilpotent. The 
algebra % is called nilpotent if some power of the whole algebra vanishes: 2” =0. 
Here A" =ANW --- to m factors. Thus %” is the set of all sums D xiy2 - + * Zn, 
and %"=0 is the same as x12 - + - 2, =0 for every 1 elements %1, yo, > ° + , Zn of YU. 
Clearly a nilpotent algebra is nil. 

8. Nil algebras. The following result presupposes no special properties of the 
ground field. 


THEOREM 5. Let % be a nil algebra of linear transformations on a space L of 
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dimension n>1. Then there is a subspace M of L,0<M<L, and M reduces %. 


Proof. lf %=0, it is clear. Assuming 20, there is an element vCL such 
that M=v%+0. M isa subspace of L simply because is a linear space. Suppose 
M=L.ThenvE M, hence v= vA for some AC YU. Hence v= vA = vA? =vA?= -- -. 
But A is nilpotent, hence for some 7, AT=0. This implies v=0 which contradicts 
M*#0. Finally MY=(vA=v(AN) S<vXA= M since AW is a ring (closed under 
multiplication). 

It quickly follows that there is a basis of Z with respect to which 2 is super- 
diagonalized. But each ACY is nilpotent, hence the diagonal elements in the 
matrix A =| a,;|| representing A must all vanish. 


COROLLARY 1. Each nil algebra X% of linear transformations on an n-dimen- 
stonal linear space L 1s nilpotent, in fact 


n= 0. 


For we have seen that there is a basis of Z such that each element A of 
has the representation 


O adiz-:: Qin—1 in 
0 0 ---0 Qn-tin| 
0 0 ---0 0 


But the product of any such matrices vanishes. 
Surprisingly enough, we can now generalize this corollary to include all 
algebras, not just the algebras of linear transformations. 


CoROLLARY 2. Let Wf be a nil algebra of dimension n over k. Then X is nil- 
potent, in fact Urt!=0. 


Proof. The regular representation of % yields a nil algebra 2; of linear trans- 


formations on L=Y%. By Corollary 1, %1"=0. Now if xo, «1, ---, x,»GW, then 
KoX1 °° * Ln = Xo(%1° ++ Xn) = %o(Rz,Re-+> Re) = x0 = 0. 
Thus Y"*!=0. 


9. A generalization. In a certain sense, the following result includes both 
Theorems 4 and 5. 


THEOREM 6. Let k be an algebraically closed field and let X be an algebra of 
linear transformations on a linear space L over k of dimension n>1. Suppose there 
is a nil tdeal B of X such that the quotient algebra A/B 1s commutative. Then there 
exists a subspace M of L,0<M<L, and M reduces %. 


Proof. lf 6 =0, then % is commutative and the result follows from Theorem 
4. If 60, there is a v in L such that M=v$ +0. Exactly as in the proof of 
Theorem 5 we conclude that 0<M<L. Finally = (vSB)A%=v(SM) Sv since 
% is an ideal. 
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The hypotheses on 2[—that 9 has a nil ideal and that the quotient algebra 
modulo this ideal is commutative—go over to any homomorphic image of Y. 
But both the restriction of 2{ to M and the algebra induced by %& on L/M are 
homomorphic images of 9[, hence we may apply induction to superdiagonalize 
% in the usual manner. 

10. Lie algebras. Theorems 4 and 5 allow very broad generalizations which 
must be expressed in the language of Lie algebras. A Lie algebra over a field k 
consists of a linear space %& over k in which is defined a multiplication [x, y]. 
Thus if x, yEA, then [x, y]GM. We assume |x, y] is linear in each variable, 
that [x, x]=0, [x, y]+[y, x] =0, and the Jacobi identity 


[x [y, 2]] + Ly, fz, #l] + Lz, [x y]] = 0. 


We particularly note that a Lie algebra is not usually an associative algebra. A 
subalgebra (or Lie subalgebra) of a Lie algebra Y is a subset % of XM which is itself 
a Lie algebra with respect to the operations of Y. 

If 2 is an associative algebra, we may turn it into a Lie algebra by defining 
the Lie product 


[x, y] = xy — yx 


in terms of the associative product. This applies in particular to the algebra 
Lin (Z) of linear transformations on a linear space L. A Lie subalgebra of this 
particular algebra is called a Lie algebra of linear transformations. Via the usual 
matric representation, we obtain a Lie algebra of matrices. (Example: the Xn 
matrices of trace zero. Note that this is closed under the Lie product but not 
under the ordinary product.) 

If 8 and € are Lie subalgebras of a Lie algebra A, then [B, €] denotes the 
set of all sums > x.y; where x;C%, y:GG. A subalgebra % of YW is called an 
ideal if [M, 6] <%. (It is unnecessary to assume [%, 2] <9 as in the associative 
case because [y, x] =—[x, y].) If B and € are ideals, then so is [%, €]. This 
follows from the Jacobi identity as we may indicate symbolically 


(ax, [B, C}] s [%, [6, x1] + [6 [BI] s [B,C] + [6 B] s [B,C]. 

In particular, 2’ = [%M, 2] is the derived algebra of WU. If A has been defined, 
then we define A+” = (YA, YW |. Evidently A’, W’’, - -- are all ideals of Wand 
YSN Syr>d...SHMR..., 

The Lie algebra is called solvable if XY =O for some r. 


11. Engel’s theorem.“ The theorem of Engel we now discuss is the general- 
ization of Theorem 5 we have in mind. 


THEOREM 7. Let I be a Lie algebra of linear transformations on a linear space 
L over k such that each A in Nis nilpotent. Then there exists a non-zero vector Vv in 
L such that v{=0. 
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Here is the difference between this result and that of Theorem 5. In Theorem 
5 we assumed not only that each A in Y is nilpotent, but that 2 is an associative 
algebra, hence closed under ordinary multiplication: if Aand BEY, then ABE YL. 
Now we are only assuming AB—BA= [A, B] EX. 

Proof. We proceed by induction on m=dim (2). When m=1, the result is 
obvious since 2(=RA where A is nilpotent. We henceforth assume m>1 and that 
the result is true for all lower dimensions. Since 2{ contains a one-dimensional 
Lie subalgebra, there exists a subalgebra 8, 0<8<4Y, of maximal dimension. 
By the induction hypothesis, there is a non-zero w in £ such that wWB=0. We 
set 6.={ACU|wA=0}. Then %, is a Lie subalgebra of & and SSB SH. 
Since § has maximal dimension there are only two possibilities: 61 = Wf or Bi1=%. 
If 61 =%, then wY=wB1=0 and v=w is the sought-for vector. We may conse- 
quently suppose that the contrary case 6, =% prevails. 

Thus if AGW and wA=0, then ACB. We set M=w so that M is a sub- 
space of L (since % is a linear space). Clearly M>0 since wA0 for each A not 
in 8. Also wA <L, for if wEw, then w=wA forsome ACY; but each A in Y is 
by hypothesis nilpotent. Thus 0<M<L. 

We next prove that MOCM. For if wACG M and BES, then 


(wA)B = w(AB) = w[A, B| + wBA = w[A, B] € w& = M. 
Thus B induces a Lie algebra of linear transformations on M, each element of 
which is nilpotent since that is so of 8. We apply the induction hypothesis once 
again to find a non-zero vector z in M such that z6=0. Thus z=waAy, for some 


Aye. 
We next prove that [Ao, 6|CS. For if BE%, then 


w[Ao, B] = wA,B — wBA, = zB = 0, 
hence [Ao, B]E&. It follows from this and the identity [Ao, Ao] =0, that the set 
Mi = B+ kAo 
is a Lie subalgebra of 2{ and that % is an ideal in 91. By the maximality of 6 we 
must have %, =, 
Y= B+ RA, 
and % is an ideal in 2. 


Now let N= {uCL|uBS=0} so that wEN, hence O<NSL. If uGN and 
BES, then 


(uA,)B = u(ApB) = u[Ay, B] + uBAy = 0, 
hence uApC NV, NAy SN, 1.e., N reduces Ao. Since Ao is nilpotent, there exists a 


non-zero vector vEWN such that vA,>=0. But v6=0 since vEN, hence finally 
vo =0.00 


10 METHODS OF PROOF IN LINEAR ALGEBRA [January 


The following corollaries are now easy consequences. 


COROLLARY 1. Any Lie algebra of nilpotent transformations may be super- 
diagonalized. 


CoROLLARY 2. If Wis a Lie algebra of nilpotent transformations on an n-di- 

mensional space L, and if Ai, -- +, AnGU, then 
AiA> nee n— (0. 

12. A lemma of Jacobson. As preparation for the proof in Section 14 we 
need the following result.¢ 

LEMMA. Let L be an n-dimensional linear space over a field k of characteristic 0. 
Let A, B, C be linear transformations on L such that 

= [A,B] and [A,C] =0. 

Then C 1s nilpotent. 


Characteristic zero means that k contains the field of rationals or, what is the 
same thing, that if 


na=a-+a+-:-- (msummands) = 0, 
then a=0 (for n=1, 2, 3, -- + ).@® 
Proof. The proof is based on a trace argument. The trace function S is linear 


and satisfies S(X Y) =S(YX). We shall show that $(C*) =0 for r=1,2,---.In 
fact 


S(C) = S({A, B]) = S(AB) — S(BA) = 0, 
and 
Cr = C~[A, B| = C™"AB — C-"'BA. 
But [A, C]|=AC—CA=0, hence AC=CA and this implies AC’7-!=C™!A. We 
have 
S(C*) = S(AC*™'B) — S(C™'BA) = S(AC™'!B) — S(AC™'!B) = 0. 

The lemma now follows from the known trace criterion (over characteristic 
zero) for nilpotence: C is nilpotent when the first z powers of C have trace zero. 


For completeness we include a discussion of this result. 
13. The trace argument. The precise result is this. 


THEOREM 8. Let C be a linear transformation on an n-dimensional space L 
over a field k of characteristic zero and suppose that 


S(C) = S(C*) = S(C’) = --- = S(C") = 0. 


Then C 1s nilpotent. 
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We may give an irrational proof based on Theorem 3. We first must enlarge 
the field k so that it includes the characteristic roots of C. Then we may take a 
basis of Z so that the matrix C =| c;;|| of C is superdiagonal, the diagonal ele- 
ments being the characteristic roots of C. Each power C* of C is also superdi- 
agonal and we realize from this that if a, ---, c, are the diagonal elements of 
C, then cj, --- c, are those of C’, hence the trace conditions become 


ater: +o =0 
2 2 2 

Cta+t::: +e, =0 
otat::- +o, =0. 

We deduce either by the Vandermonde determinant or by the Newton 
identities (on symmetric functions) that c.=c2= +--+ =c,=0, and hence that 
C is nilpotent. 

More in keeping with the spirit of this paper is a rational proof of Theorem 8 


based on the technique rather than the result of Theorem 3. We begin with the 
characteristic polynomial 


f(t) = det («2 — C) = * + at™14+--- +a, 


of C. By the Cayley-Hamilton theorem, 
C7 + 4,C7!+.---+4,1 = 0. 
Taking traces: 
na, = 0. 
Hence a, =0, f(0) =0. It follows that 0 is a characteristic root of C, hence there 


is a non-zero vector v,, in J such that v,C =0. We make this the last element ina 
basis Vi, V2, ° °°, Va—1, Vn of L so that the corresponding matrix of C is of the 


form 
a 
0 O 
where C; isan (~—1)-rowed square matrix and the asterisk denotes some (7 — 1)- 
element column. Clearly 
Cra (, 1" *) 
0 O 


so that S(C’) =S(Cj) =0 for r=1, 2,---, (n—1) (and also 7), 7.e., the hy- 
potheses are satisfied for Ci. An induction argument suffices to finish the proof. 

14. The theorems of Lie. We return to the study of Lie algebras. We recall 
that a Lie algebra A is solvable if the derived sequence of ideals % =’ =%’’= -- > 
terminates with 0. 
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LemMA. Fach Lie subalgebra and each homomorphic image of a solvable Lie 
algebra X zs solvable. 


Proof. lf ®SY%, then B’ = [(B, B] S [M, A] =A’, BY’ SA”, etc. Hence AM =0 
implies 8” =0. The solvability of a homomorphic image is proved similarly. 


The basic theorem of Lie shows that solvability implies a strong property of 
the derived algebra. 


THEOREM 9. Let % be a solvable Lie algebra of linear transformations on an 
n-dimensional space L. Then each element of X' ts nilpotent. 


Proof. The solvability of 2{ implies 
A>ow>wa’>--- >AM =O, 


for equality at any step would entail equality forever afterwards. We set 
m=dim (2) and select a linear subspace % of such that 


YsB<W 
and dim (8) =m—1. Then 
[B, B] S [WA] = W = B, 
hence % is a subalgebra. Even more: 
(x, B] < [AA] = wv <, 


hence % is an ideal in 9%. We can actually do a little better than this. For if Ao is 
any element of % not in %, then %=G-+Ao; since [Ap, Ao | =0, we have 


ot’ = (L, 2 | = [B + RAo, 8 + kAo| Cc [B, ¥ | + [%, Ay| a [Ao, ¥ | = (Qf, B |, 
consequently 


w’ = [X, B]. 


We proceed with the proof of the theorem by double induction on (m, n). 
If m=1, then Y=RAo, A’ =0. If n=1, then dim (L) =n =1, YW is a commutative 
set, 2’=0. Thus we may assume the theorem whenever either m or 1 (or both) 
are decreased, but neither is increased. 

In particular we may assume that each element of %’ is nilpotent. 

Case 1. 8’=0 Then if ACY and BES we have C=[A, BJEH, [C, B]EB’, 
hence [C, B]=0. By the Jacobson Lemma C is nilpotent. Each element of 
9’ = (2, B] is a sum of such elements C. Any two such, C;, C2 commute since 
[Ci, C2] <%’ =0, hence each element of 2%’, }°C;, is nilpotent. 

Case 2. 8’0. By Theorem 7, if M={vCL|v®’=0}, then 0<M<L. We 
shall prove that M reduces 2%. To do this we must prove that if ve M and 
ACY, then (vA)%’=0. But each element of 8’ is a sum of elements of the form 
[Bi, B.| where Bi, B.C S. Now 
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(vA) [B,, Bz] = v[A, [B:, Be]] + v[B:, B.|A 
= — v[B,, [B:, A]] — v[Bz, [A, B,]]. 


Since % is an ideal of %, [Be, A]E%, [Bi, [Be, A]] GG’. Likewise [Be, [A, B:]] GB’. 
Hence 


(vA) [B1," Be] = 0. 


Since dim (M) <dim (ZL), the induction hypothesis implies that each element of 
YM’ induces a nilpotent linear transformation on M. By the theorem of Engel, 
Theorem 7, we find a non-zero vector w in M such that wf’ =0. 

We now set V= {wEL| w%&’=0} so that O0<N<L. (If N=L, then Y’=0, 
%’=0; but we are still in Case 2.) The same argument we used on M may now 
be used on JN to prove that 2 reduces V: NACHN. Consequently YW acts on the 
quotient space L/N which is of lower dimension than L. By induction once 
again we deduce that each element of 2’ induces a nilpotent transformation on 
L/N. Thus if CE’, then for some s, LC*< N, hence LC*+! S$ NC =0. Thus each 
element of ’ is nilpotent on L.“ 

The superdiagonalization theorem for solvable Lie algebras holds, as we 
shall now see. This generalizes Theorem 6. 


THEOREM 10. Let Y be a solvable Lie algebra of linear transformations on a 
linear space L of dimension n>1 over an algebraically closed field k of characteristic 
zero. Then there 1s a subspace M of L such that0<M<Land M reduces X. 


Proof. We set 
N = {vEL| va’ = 0}. 


By Theorems 9 and 7 we have O<N SL. If N=L, then Y’ =0 which means that 
Wf is a commutative set; we simply apply Theorem 4. If O<N<L, then we take 
M=N and must prove that N reduces Y. But VEN, ACY, and CEA’ implies 


(vA)C = v[A, C| + vCA = 0 


since [A, C] EX’. 


CorROLLARY. Under the hypotheses of Theorem 10, there exists a basis of L with 
respect to which each transformation A of XU has a superdiagonal matrix. 


By using the regular representation, these results may be applied to abstract 
Lie algebras. If 2 is a Lie algebra over k and yCY, we set L=Y and define R, 
on L by 


«Ry = [x, |. 
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We have 
Ry = Ls, [y2]] = — lz, le vl] — Ly, [2] 
= [[x, y], 2] — [[x, 2], 9] 
= [*Ry, z| —_ [aR., y | 
= *R,R, — «R.R, 
= «(R,R, — R.R,) = «[R,, Rz], 
hence 


Riy,2] = R,, R,. 


This means that the mapping y—R, is a homomorphism on the Lie algebra 
into a Lie algebra of linear transformations on L. (This may be interpreted as 
the content of the Jacobi identity.) Here is a sample of how this is used. 


THEOREM 11. Let Y be a solvable Lie algebra over a field of characteristic zero. 
Then there is an integer r such that whenever xCU and yi, y2,-- +, vrE WN’, then 


[--+ [[x, v1], vel ---. 9] = 0. 


This follows by applying the theorems of Lie and Engel to the regular repre- 
sentation of QJ. 

15. Characteristic roots. Here we make a further remark on super-diagonal 
sets. If © is a set of superdiagonal m Xn matrices, each A € © has the form 


@i1° °° Gin 
A= 

0 One 
and the 7-th diagonal element may be denoted by \;(A) to denote its dependence 
on A. Thus \i(A), - - >, An(A) are the characteristic roots of A. It is clear that 
if BES, then 

N(aA + bB) = an,(A) + bdv;(B), 
A(AB) = d(4)A,(B). 


Thus if F(X, +--+, X,) is any (non-commutative) polynomial in 7 variables 
with scalar coefficients, if A1,---, 4,G©6, and if B=F(Ai,---, A,), then 


A(C) = F(A(A1), +++ , A(A;)). 


Notes 


Numbers in square brackets refer to the bibliography below. 

1. The basic material on linear spaces is found in the very readable book of Halmos [3]. We 
differ from the notation there in writing vA for the effect of a linear transformation A on a vector 
v, instead of the customary Av. We use the notation MSL for “M is a subspace of L” and M<L 
for “M is a proper subspace of L.” 
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2. Proofs will also be found in [1, p. 90] and [6, p. 302]. 

3. See [2, especially Ch. IV]. 

4, The necessary elementary material on associative algebras is given in [2, Ch. I] and [7, Ch. 
XVI]. 

5. See [1, p. 244]. 

6. The superdiagonalization of commutative sets is due to Frobenius. There is an interesting 
application to complex euclidean space (also a corresponding one for real euclidean space, but we 
restrict interest to the complex case.) Suppose that ZL is an n-dimensional complex space with an 
inner product denoted (v, w). From a sequence L=M,>M2> -++ >M,z>0= Mi: of subspaces 
we now extract an orthonormal basis vi, - - - , Vn by selecting v; in M; of unit length and orthogonal 
to Mj41. Suppose © is a commutative set of normal transformations. Thus ACS implies AA* = A*A 
where A®* is the adjoint of A defined by (vA, w) =(v, wA*). Then by Theorem 4 and the remark we 
have just made, there is an orthonormal basis v1, - + >, Vn of Z with respect to which the matrix 
A=|laj|| of each A in © is superdiagonal. But A is a normal matrix since A is normal and the 
basis is orthonormal. This means A4A*=A*A where A* is the transposed conjugate of A. It 
quickly follows, by computing the diagonal elements of 4A* and A*A, that A must be in diagonal, 
or spectral, form. Thus a commutative set of normal transformations may be simultaneously brought 
to spectral form. 

7. See [5]. 

8. See [4], [8]. 

9. This is quite general. If 2 is any Lie algebra over k and x is any non-zero element of Y, 
then B=kx is a (one-dimensional) Lie subalgebra of 9. We must prove that [G, 8]C%. But 
[x, x] =0, hence [G, B]=0. 

10. This is not an easy result to prove by any means. The closure of 9{ under [A, B] =AB—BA 
together with the nilpotence of each element of 2{ may be used to systematically derive identities 
amongst the elements of %{: this is the basis of the interesting proof in [8] which, however, con- 
siders only the special case in which L=% and % acts on L through the regular representation 
(called the adjoint representation in Lie algebra parlance). The proof we have given minimizes the 
use of identities by the device of selecting a maximal $ with the desired property. 

11. See [4]. 

12. The lemma and proof are also valid if & is a field of characteristic » provided that p>n. 
The same applies to the applications in Section 14. 

13. If Ci, Ce are nilpotent, Cy7=C,2=0, and C,C,=C.Ci, then (C,-+C,)2+2-!=0 since the bi- 
nomial expansion of the power leads to a sum of terms C,°C,? where a+8=p+q—1. Hence either 
az=p or B2=q. The same reasoning applies to any sum of commutative nilpotent transformations. 

14. This proof is closely modeled on that of [4]. By using double induction we avoid the en- 
veloping algebra that Jacobson employs. 


Bibliography 
1. A. A. Albert, Modern Higher Algebra, Chicago, 1937. 
2. A. A. Albert, Structure of Algebras, New York, 1939. 
3. P. R. Halmos, Finite Dimensional Vector Spaces, Princeton, 1942. 


4. N. Jacobson, Rational methods in the theory of Lie algebras, Ann. Math., vol. 36, 1935, 
pp. 875-81. 

5. N. H. McCoy, On the characteristic roots of matric polynomials, Bull. Amer. Math. Soc., 
vol. 42, 1936, pp. 592-600. 

6. F. D. Murnaghan, Theory of Group Representations, Baltimore, 1938. 

7. Van der Waerden, Modern Algebra II, 2nd edition, New York, 1950. 

8. M. Zorn, On a theorem of Engel, Bull. Amer. Math. Soc., vol. 42, 1936, pp. 401-4. 


THE MOTION OF A PARTICLE CONSTRAINED 
TO MOVE ON A ROUGH CONVEX CURVE 


F, A. VALENTINE, University of California at Los Angeles 


The boundary of a bounded convex body* in the plane will be called a convex 
curve. A convex curve at each of whose points the curvature exists is called a 
differentiable convex curve, and we denote it by C. In this paper we restrict our- 
selves to such curves, and it will be helpful to refer to the diagram below in the 
following discussion. 


) 


Assumptions and notations. We assume that C corresponds to a rough wire 
whose coefficient of friction is y. A bead or particle » of mass m is constrained 
to move on C. We assume the only force acting on p is the constraint C; no other 
external forces including gravity are acting on the particle. Let R denote the 
reaction of C on p. This force is resolved into the normal component N and the 
tangential component F. The law of friction states that F=yuN. Moreover, ¢ is 
the conventional angle measured counterclockwise which the tangent to C makes 
with the positive x-axis. Let s be the arc length of that portion of C between the 
points O and P (see diagram). We assume the following initial conditions at 
time {=0 for the particle p, 


ds 
(1) i= 0, S = So, (So) = Po; a = Uo > 0. 

Objective. It is our purpose to determine results about the motion of » which 
depend solely upon the fact that C is a differentiable convex curve. Although the 
subject is an old and interesting one, I have not seen the theorems below else- 
where in print. Theorem 3 is truly delightful. 


THEOREM 1. If C ts a differentiable convex curve, then the terminal velocity 
with which the particle p returns to its initial position 1s independent of C (no 
gravity acts on p; see assumptions). 


* A convex body is a convex set having interior points. 


16 
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Proof. The differential equations for the motion of p are 
(2) d*s mo 
ni -— =l ’ —— <= ’ 
dat? p 

where 1/p=dq¢/ds 20, and where v=ds/di. Since C is a differentiable convex 
curve, $(s) is a continuous monotone non-diminishing function of s. Hence, 
dp/ds is summable on 0S¢ S27 [1; p. 166], [2; p. 590]. This, together with the 
existence of df/ds on 0SdS2m implies $(s) —$(si) = f3.6’(s)ds. [3, p. 143]. 
Equations (2) and F=pN imply 


3 —_ = 
(3) iP ; 


Since vo >0, the unique solution of equation (3) subject to conditions (1) satisfies 
the equation 


d _ 
4 ~=—, 

ds p 
as long asv+0(d’s/dt? = (dv/ds)v). The solution of (4) subject to conditions (1) is 
(5) = Uoe" (¢0—¢) , 


which can be easily verified by substitution. Equation (5) implies that v0 and 
s—o ast—o. Hence 


(6) V(po + 2x) = ve~?*4, 
and theorem 1 is established. 


DEFINITION 1. Let T(¢o) and T,(¢o) denote the periods of time required for p 
to complete journeys about C in the counterclockwise and clockwise directions re- 
spectively, starting with an initial speed vo >0, and do=G(s,). 


THEOREM 2. The period T(do) satisfies the equation 


e7 Heo sol 
(7) Tg) =— fords, 
v 


0 80 


where L is the length of C, and where 6=@(s) on C. 


Proof. Equation (7) is a direct consequence of equation (5) since v0 for 
0<t< oo, In the event that dé/ds 0 on C, then equation (7) has the interesting 
form 


e740 got2r 
(8) Ts) ——— [porta 
) 


Vo 0 


where p=p(¢) is defined at all points of C. 
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THEOREM 3. The period T(go) 1s a constant for all bo on the interval OS do S27 
af and only if C 1s a circle. If r ts the radius of the circle, then 


r 
T = T(¢o) = — (e?™ — 1). 
Vo 


Proof. From (7) we see that dT /dso has the form 


—pp sot 
(9) at = oO on — ete(so) — 4 bso) ods |. 
dso Vo dso 89 
Equations (7) and (9), together with the fact (sop +L) =¢(so) +27, imply 
dT ddo 1 
(10) —— = — pT — + — (e?™ — 1), 
dS dso Vo 
To prove the “only if” part, since T'(¢o) =constant on C, equation (10) implies 
dd( 
o(s0) = constant OSs SL). 
dS 


Hence C is a circle, since C is a convex curve. The “if” part is obviously true, 
and so is the final equality in the theorem. 


THEOREM 4. The average value of T(¢o) for the interval OS¢0 S27 15 equal to 
that of a circle of equal length L. 


Proof. 1 am indebted to my colleague Professor R. Steinberg for calling the 
above theorem to my attention. Equation (10) meus 


L aT L ri s 
t = — (So) ds, +- i ~ (en ~ 4). 
0 da’ 0 AY 
Since 7(so+L) = T(so), the left member is zero, so that we get 
1 2m r 
— Tddy = —— (e?™ — 1), 
ar J 9 MVo 


where L=2zr. 


THEOREM 5. If T(¢o) = Ti(¢o) for all bo on the interval 0 So S27 (see defint- 
tton 1), then C 1s a circle, and conversely. 


Proof. Measuring in a clockwise direction on C, let ¢, § correspond to ¢, s 
respectively, so that for a position of p on C, we have §+s=L, 5p+so=JL, 
d+o=2r, dot+do=27 (see figure). The expression for 7; = 71(¢0) corresponding 
to (7) is 


Vo 


e7 #0 sooth 
T, = Ti($s) = f obds, 
89 
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and 


aT, ddo 1 
(11) wot 8 yy Tye (ee = 1). 
d5o d5o Vo 


Subtracting (11) from (10), we get 


aT aT, ( dd —) 
STS a Po Ti 
dsy do dso d5y 
Since d5) = —dso, dbo = —ddo, we get 
T+ 1) 


d 
(12) ~ (7 7). 
dS 


dS 
Since T= T; for 0 So S27, equation (12) implies 7+ 7; is a constant for 0S¢o 
<2. Hence T is a constant, and, by Theorem 3, C is a circle. The converse is 
obvious. 


THEOREM 6. Lei p and pf, be two particles which leave the same initial point of 
C in opposite directions but with the same numerical speed vo. If p and p1 meet 
again for the first time with the same speed v, and tf this 1s true for all initial points 
of departure, then C 1s a circle. The converse 1s also true. 


Proof. Equation (5) implies that » and p; meet again for the first time when 
@=do+7. Hence, by the same token, p and p; meet again the second time at the 
original point of departure. Hence T(¢o) = Ti(¢o). Since this is true for 0Sdo 
<2, theorem 5 implies the above conclusion. The converse is obvious. 


DEFINITION 2. Let C, be a parallel curve to C, where r ts the distance between 
corresponding parallel tangent lines. An outward normal to C at P meets C, at a 
corresponding point P,. 


THEOREM 7. Let T(P,, do) be the time to complete a journey about C, starting 
at P, with a speed vo and initial tangential angle oo, where do0=(S0) on C. Then 


(13) T (Pn bo) = T(P, 0) + — (eo — 1), 


(Observe that the last term is the time required to traverse a circle of radius 7, 
starting with a speed 7.) 


Proof. Let s, be the arclength on C, measured in the same manner as in the 
figure. Equation (7) for C, has the equivalent form 


enHeo Sot Lr . 
(14) T(P,, do) = f ex (ar) ds, 
Yo 5,0 
where G(s,) is the tangential angle at P, for C,, and where L, is the length of C,. 
Since s,=s-+ro(s), 6(sr) =(s), equation (14) implies equation (13). Equation 
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(13) also follows immediately from (8) when dé/ds+0 on C. 

In conclusion I will mention a few other questions, some of which are thought- 
provoking. 

(1) What is the differentiable convex curve of length LZ for which 
min T(¢o) (OS¢@0S27) is a minimum? Theorem 4 implies that it cannot be a 
circle. In fact, does such a minimizing curve exist? 

(2) If a convex curve has a corner, can one judiciously replace the corner by 
a small circular arc of radius 7 and then let r—0 so as to get the theory for the 
case with a corner? Where would the coefficient of restitution appear? 

(3) Can the theory leading to equations (5) and (7) be applied to space 
curves of positive curvature? In Theorem 4, the circle would be replaced by a 
closed curve of constant curvature. What are they? 

(4) What is the function n=p(p) so that T(¢o) is a constant (0 S¢o S27) for 
all differentiable convex curves? Professor Steinberg knows the answer. 

(5) It is quite clear that the above theory still holds if C possesses a curva- 
ture at all but a countable number of its points, and if C is smooth. Now suppose 
C is a convex curve at each of whose points a tangent line exists, and assume 
nothing more about the curvature of C. What can one say about the motion 
of p? Are the laws of motion defined in this situation? 
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RESTRICTED OCCUPANCY THEORY—A GENERALIZATION 
OF PASCAL’S TRIANGLE* 


J. E. FREUND, Virginia Polytechnic Institute 


1. Introduction. One of the most elementary problems of occupancy theory 
is to determine the number of ways in which ¢ indistinguishable objects can be 
distributed in & cells if at most one object is allowed in each cell. It is well known 
that the number of ways in which this can be done is given by the binomial 
coefficients (*) which can be pictured in the form of Pascal’s triangle where they 
are usually calculated by means of the recursion formula 


Qo (=)*C,)-G) 


This formula enables one to calculate the binomial coefficients in a triangular 


* Research sponsored by the Office of Ordnance, U. S. Army Contract No. DA-36-034-ORD- 
1527RD. 
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array in which each entry is obtained by adding the two appropriate entries in 
the line immediately above. 

It is the purpose of this paper to show that by generalizing this occupancy 
theory to the case where ¢ indistinguishable objects are distributed in & cells 
with the maximum number of objects allowed in any one cell restricted to an 
arbitrary number m, one obtains recursion relations very similar to (1). Further- 
more, it will be shown that these recursion relations generate a class of number 
triangles, one for each value of m, constituting a generalization of Pascal’s tri- 
angle. The latter is here merely a special case for m= 1. 


2. Some preliminary relationships. In order to permit a general treatment 
of restricted occupancy problems let us put 
N»(r, k) =the number of distinct ways in which ¢ indistinguishable objects 
can be distributed in & cells allowing at most m objects per cell, 
and 
F.n(r, 8/1) =the number of distinct ways in which 7 indistinguishable objects 
can be distributed in k cells allowing at most m objects per cell, 
if 2 cells contain the maximum number, namely, m, objects. 
In order to unify the notation let us also employ the customary convention of 
letting binomial coefficients (;) equal zero if either a and 0 are positive and 0 is 
greater than a or if } is negative. 
The following three preliminary relationships involving the F,(7, k/1) and 
Nr, k) will be needed in our subsequent work: 


(2) Fi(r, R/i) = (;) Nur — mi, k — 7) 
4 

(3) Vl, 8) = DFalt, b/i) 

(4) N,Ar, k) = o( 7 veal — mi, k — i). 


Equation (2) states that the number of arrangements in which exactly 7 cells 
contain m objects is the product of (7), the number of ways in which one can 
select these 7 cells, times the number of ways in which the remaining r—mz 
objects can be distributed in the remaining k—z cells so that at most m—1 
objects are in any one of these cells. Equation (3) expresses the fact that 
N,,(r, k) equals the sum of the number of arrangements where xo cell contains 
as many as m objects, where exactly one cell contains m objects, where exactly 
two cells contain m objects, etc. Equation (4) was obtained by simply substitut- 
ing the righthand member of (2) for the F,,(7, &/1) in equation (3). The summa- 
tions on 7 in equations (3) and (4) are taken from 0 to infinity. This is merely a 
matter of convenience as there are only a finite number of non-zero terms. Evi- 
dently, we will get zero for (?) when zis greater than k and we will get zero for 
Nmi(r—mi, k—7«) whenever no such arrangements are possible. 
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3. The general recursion formula. We shall now prove that 


(5) Nulr, B) = SN wl? — jb — 1) 


7=0 


for all positive integers k and m and non-negative integers 7. When k=0 we 
have Nn(v, 0)=(?) and in view of the convention agreed upon previously it 
follows that NV.n(7, 0) is equal to 1 for y=0 and equal to 0 for all other values of r. 

In order to prove (5) by mathematical induction on m let us demonstrate 
first that it holds for m=1. Substituting m=1 we get 


Ni(r, k) = Mi(r, k — 1) + Ni(r — 1, k — 1), 


which can also be written as 


k k—1 k—1 
= + 
r r r—i1 
in view of the results pointed out in the introduction. This last equation is so 
well known, that there is no need here for a proof. 


Assuming now that (5) holds for m=n, where n is an arbitrary positive 
integer, we shall have to show that (5) also holds for m=n+1. Using (4) we can 


write 


2) 


k—1 
Nan(r fb 1) = D(C" wale = [e+ a - 5, k= 7-0), 

i= t 
Summing both sides of the equation on 7 from 0 to 1 we get 


n n 00 k-—1 
Dene 4F- Y= LD ) va f+ 1-5 k- 9-1) 


j=0 j=0 i=0 4 


= o(° ') Le [n+ 1}i-j,k -¢—1) 


4 j=0 


M 


(* ; ') N,(r — [n+ 1]i, R — 3). 


i=0 


The last step was based on the assumption that (5) holds for m=n, replacing 
rand k in (5) by r—[n+1 |, and k—1 respectively. Making use of the fact that 


Cr) eG) 


we can now write 
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m o k—ifeR 
D> Nair —-j,k-1) = (2) wale = [wt ti, b= 8 


© /k 
= D( 5) vat - [n+ 1]i, k — i) 
(6) ' 


Di( 5) mr — b+ 1k, =o 


= Nasir, k) — — Di( 7) Nar [n + 1], k — 4), 


1=0 


the last step being based on equation (4). In order to evaluate the second term 
of the righthand member of the last equation let us use the relationship 


(;)-*G_,) 


(5) wale - [In + 1]i,k — 2) = & o(57 1) Hale — [n+ 1]i, & — 3), 


t=1 


and write 


where the summation is taken from +=1 rather than ¢=0O since for «<=0 the 


quantity summed is equal to zero. 
If we now put 7=7—1 and K=k—1, the righthand member of the last equa- 


tion can be written as 
k. (|) ant — [n+ 1] —- [n+ 1]j, K — 4), 
j=0 


and using again relation (4) this becomes 
ke Naai(r — [n+ 1], K) = k-Noai(r — [n +1], 2 — 1). 
Substituting this result into (6) we get 


> Nasalr — 7, k — 1) = Nasvil’, k) — Nasilr — [n + 1], k — 1) 


j=0 
and adding Nnsi(r—[n+1], 2—1) to both sides of the equation 
ntl . 
>> Nawal? _ ji k — 1) = Nnsils, k). 
j=0 


This completes the proof by induction, since we have shown that (5) must hold 
for m=n-+1 assuming that it holds for m=n. An alternate derivation of this 
recursion formula may be given with the use of a generating function. 


4. Illustrations. For m=1 equation (5) becomes 
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Nils, k) = Nir, k — 1) + Nilr — 1, k — 1) 


and the total number of arrangements for small values of 7 and k are shownin 
the table below 


This is, of course, Pascal’s triangle in which each entry (except for k=0) can be 
obtained as the sum of the entry immediately above and the one to the left of 
the one immediately above. 

For m=2 equation (5) becomes 


N.{r, k) = N.{r, k — 1) + N.(r — 1, k — 1) + Nor — 2, k — 1) 


and the total number of arrangements for some small values of r and & are given 
below: 


In the construction of this table each value (except for k=0) was obtained by 
taking the sum of the entry immediately above and the two entries to the left 
of the one immediately above. For example, for r=7 and k=5 we had 16-+10 
+4= 30. 

For m=3 equation (5) becomes 


N3(r, k) = N3(r, k — 1) + N3(r — 1, 8 — 1) + N3(r — 2, k — 1) 
+ Na(r — 3, k — 1) 
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and the number of ways in which ¢ indistinguishable objects can be distributed 
in k cells so that there are at most 3 objects per cell are shown below for small 
values of 7 and k: 


1 1 

3 4 3 2 1 

6 10 = 12 12 10 6 3 1 
0 20 31 40 44 40 31 20 
5 35 65 101 135 155 155 135 


In this table each entry (except for k=0) was obtained by taking the sum of the 
value immediately above and the three entries to the left of the one immediately 
above. For example, for r=7 and k=5 we had 31+40+44+40=155. 

It should be noted that in each of these tables the first row always consisted 
of a 1 for y=0 and no other entries. This holds in general in view of what we 
said in Section 3. 

If m equals an arbitrary positive integer n, the construction of the corre- 
sponding table by means of (5) consists of taking for each entry (except for 
k=0) the sum of the entry immediately above and the 7 entries to the left of the 
one immediately above. In all of these calculations, missing values, 7.e., cases 
where no arrangements are possible, are taken as zero. 


5. A further generalization. In the development of the general recursion re- 
lation we have assumed that the maximum number of objects per cell was re- 
stricted to an arbitrary constant integer m. We shall now demonstrate that there 
exists a recursion formula analogous to (5) in the limiting case when there are 
no restrictions as to the maximum number of objects permitted per cell. Letting 

N(r, k) =the number of distinct ways in which 7 indistinguishable objects 

can be distributed in & cells if there is no restriction as to the maxi- 
mum number of objects permitted per cell, 
the recursion relation analogous to (5) may be written as 


(7 M(B) = EN 5, k- 1), 


In view of the fact that there are no possible arrangements when 7 is greater 
than 7, (7) can also be written as 


(8) Nr, b) = NG —j, BD). 


j=0 
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This relationship is easy to prove as it is known that* 


(9) Nir, BE) = (" the '). 


7 


Making this substitution it remains to be shown that 


(10) (Tye a), 


Repeatedly applying identity (1) it can be seen that 
(Gao ha Gee eure 
7 7 7 r—i1 
+k—2 k — 3 k— 3 
(CEE ICT 
r r—i r—2 
k—2 k— 3 k—4 k—4 
Tare Gare Gare aero 
7 r—1 y—2 r—3 


which proves recursion formulas (8) and (10). 

Using this recursion relation one can readily construct a table of the number 
of distinct ways of distributing 7 indistinguishable objects in k cells with no re- 
strictions as to the maximum number allowed per cell by calculating each entry 
(except for k=0) as the sum of the value immediately above plus the sum of all 
of the entries to the left of the entry immediately above. For k=0 we get the 
same values as before. In the table shown below the number of such distinct 
arrangements are shown for some small values of 7 and k: 


7 


1 1 1 1 1 1 1 
3 4 5 6 7 8 9 
6 10 15 21 28 36 45 
0 20 35 56 84. 120 165 
5 35 70 = 126 0©=«©210) §=330 0) = 495 


nme WN & © 
SE etl oe oe a os 


" nN em OHNO BR 


This table constitutes a final generalization of the method used in the construc- 


* See Feller, W., An Introduction to Probability Theory and Its Applications, John Wiley, 
New York, 1950, p. 52. 
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tion of Pascal’s triangle although, of course, the entries in this table no longer 
form a triangle. 

The values shown in this table can be calculated by means of the recursion 
relation indicated above although it is actually much simpler to calculate each 
entry by taking the sum of the value immediately above and the value immedi- 
ately to the left using the recursion relation 


(HEADACHE 


MATHEMATICAL NOTES 


EDITED BY F. A. FICKEN, University of Tennessee 


Material for this department should be sent to F. A. Ficken, University of Tennessee, 
Knoxville 16, Tenn. 


AN INEQUALITY OF G. BORG 
H. O. Corpses, Gottingen 


The inequality in question is 


_ V/ kl 1 
2/k cot ’ when — © < k < — 
1 yl 2 [? 
(1) J —+k\dx2 
0 V T ar 
k(1- =), when — Sk < ~&. 
a/k }? 


In his paper (Uber die Stabilitat gewisser Klassen von linearen Differential- 
gleichungen, Arkiv fér Matematik, Astronomi och Fysik, vol. 31 (1945)) Mr. 
Borg proved this under the assumptions 


y(x) continuous, y’(x) absolutely continuous withinO S x S I, 


(1a) va: 
y(x) > O within 0< «<i, y(0) = y(2) = 0. 


In the special case k=0 the inequality becomes 2] y’’/y| dx >4/l and was found 
earlier by A. Beurling. Borg’s proof contains essentially the concept of convex 
covering; therefore it is necessary to allow all functions with absolutely con- 
tinuous first derivatives, and the differentiation-theory of Lebesgue must be 
applied. 

In this note we shall give a simplified proof which is valid under the assump- 
tions (1a) as well as under the more elementary assumptions (1b) 


y(x), y’(x) continuous, y’’(”) piecewise continuous within 0 S$ x S /; 


1b 
(1D) y(x) > 0 within 0<24<i], y(0) = y(2) = 0. 
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Proof. Let 


In each of the intervals 
n:0Sx“xSp and In,l-pSsusl 


there is a point x; (resp. x2) where y(x) has a maximum within this interval. It is 
easy to see that one can choose x1 S$x2, even if J; and J, have a common part. In 
the case p=/ then x1=x2. Now we put 


4} 


ry, ) =f 7 4k =f +f +f =ntnen 
oly 0 ry X2 
and define 
ko? sin «/ kx within OS“ x 
ua) = ty sin ~/k (I-x) within #2,<2*S1. 


ft nA 


It follows that 
y 


£1 1 %1 
Ti -{ 4 = —_———- f (uy — u’’y)dx 
o1y u y(%1)u(%1)| Jo 


_ oa _ w'(x1) y'(41)  u! (4:1) 


y( 21) u(%1) y(%1) u( x1) 


= , 


The last relation is valid because at least one of the two summands always 
vanishes. Likewise 


‘(x ul (x2 + 0 ‘jm yl | 
T3 2 yf (a2) uw (ae +O) | whence n+n2|(2 — ) . 
y(%2) U(x + 0) V ED) Uu %o-+0 
Finally 
x2 It lia 22 \ 2 
vy} y Yin %1 y 
Consequently 
uy’ | 7 v2 y'\2 u’ | * 
T(y, #) & | Mam) + +f (=) dx) 2 k(%2_— #1) + — 
U | tet0 xy y U | x40 
because 
yu! | * 
— =0, k(% — «1) 20 
U | xe+0 
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Using the following inequalities the stated inequality is proved: 


T 12 
4g —- 41 21—--— =, when k2z— 
Vk I? 


nu! 


U 


21 rT, 2 


_ a/ T 
= 2/k cot » when h<a 


%o+0 


(the latter of these can be proved by elementary differentiation). 

Remark. In the case k <7r?/]? one can see the inequality (1) perhaps still 
more simply in the following manner: Then a Green’s function G(x, z) of the 
problem y’’+ky=0, y(0) =y(J) =0 exists and we have 


1 
y(a) = J G(x, 2)(y/"(z) + Ry(2)) de. 


G(x, 2) does not change sign within 0<x, z</. One obtains by differentiation 


1 
M= max | G(x, z) | = 
OSz,2sl 


2./k cot 


If one defines m= maxo<zsry(x) =y(x1) it follows that 


VJ kl 


rly, ) = ——| f Ga, )(y"@) + byle))de| = — = 2b cot 
y, =—| x1, 2)(y''(z y(2))dz) = = = co 


THE n-DIMENSIONAL CUBE AND THE TOWER OF HANOI 
D. W. Crowe, University of Michigan 


The purpose of this note is to point out a connection between a Hamiltonian 
circuit, abbreviated H-circuit, of the m-cube and the moves of the well known 
tower of Hanoi puzzle.* 

With respect to a rectangular coordinate system in Euclidean -space, let 
the vertices of an n-cube be defined by the 2” ordered x-tuples, (4, +--+, €n), 
é;=0, 1 for all ¢. By the 1-skeleton of the m-cube is meant the linear graph whose 
vertices and lines are the vertices and edges of the m-cube. An H-circuit of a 
linear graph is a closed path containing each vertex exactly once. An H-circuit 
of the m-cube is defined to be an H-circuit of its 1-skeleton. A sequence of 2” 
vertices, 01, °° + , U2", of the m-cube is said to describe an H-circuit of the m-cube 
if the closed path wyv2 - - - ve" is an H-circuit of the z-cube. 

The following two remarks are easily verified. (1) Two vertices, 


* See, for example, W. W. Rouse Ball, Mathematical Recreations and Essays, Rev. ed., New 
York, 1947, pp. 262-266 (Hamiltonian circuit), 303-305 (tower of Hanoi); H. S. M. Coxeter, Regu- 
lar Polytopes, New York, 1949, pp. 8 (Hamiltonian circuit), 123 (n-cube). 
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y=(€,°°+, €&) and v’=(m,--+-:, 2), of the m-cube are connected by an edge, 
vy’, if and only if there is some k, 1SkSn, such that en, and ¢;=7; for all 
ix%k. (2) Any sequence of 2” different 2-tuples of 0’s and 1’s having the property 
that any two consecutive -tuples differ in exactly one entry (where the first and 
last m-tuples are to be considered as consecutive) describes an H-circuit of the 
n-cube. 

We now describe briefly the tower of Hanoi. This puzzle consists of three 
pegs, on one of which are piled flat pierced disks, each smaller than the one 
below it. The problem is to use the fewest possible moves to transfer these disks 
to one of the other two pegs by removing one disk at a time from the top of any 
pile and placing it on any peg which does not already hold a smaller disk. It is 
easily seen that there is a (unique) solution to the problem requiring exactly 
2”—1 moves. That is, counting the initial position and the final position, there 
are 2” different positions of the disks. The sequence of positions, in the order in 
which they occur, is called an H,-sequence. We propose to identify these posi- 
tions with the vertices of the m-cube. Let the disks be numbered according to 
increasing size with the numbers 1, --- , ~. Let the jth position of the disks in 
the solution of the puzzle be represented by the z-tuple of 0’s and 1’s, 
(€1;, °° * , Gj, °° * ) Eng), Where €;; is the number of moves, modulo 2, which have 
been completed by the zth disk. 


THEOREM. The sequence of n-tuples in an H,-sequence describes an H-circuat 
of the n-cube. 


Proof. We have only to show that an H,-sequence has the properties given 
in (2). Except possibly for the first and last -tuples of the sequence it is clear 
that any two consecutive -tuples differ in exactly one entry, for any position is 
obtained from its predecessor by a move of exactly one disk. The first and last 
n-tuples are also so related, for the first consists entirely of 0’s and the last con- 
sists entirely of 0’s except for a final 1. It remains only to prove that all the 
terms of the sequence are different. For 2=1 this is clearly true. The general 
case is proved by an inductive argument, using the fact that for n+1 disks one 
first solves the puzzle for n disks, then moves the largest disk (number 2+1) 
and replaces the 2 disks on top of it by re-solving the puzzle for 2 disks. Conse- 
quently, the H,,,:-sequence contains (in a rearrangement) the 2” different terms 
of the H,-sequence augmented by a 0 in the (x-+1)st place and the same 2” dif- 
ferent terms augmented by a 1 in the (n-+1)st place. Thus the terms of the 
H,41-sequence are all different. This completes the proof of the theorem. 

We conclude with the following remark. Suppose the jth step in solving the 
Hanoi puzzle consists in moving the kth disk, clockwise or counterclockwise 
according as k is even or odd. Then the successive values of & are 1, 2, 1, 3, 1, 2, 
1,4, 1, 2,1, 3,1, 2,1,5,-++.In fact, k is one more than the number of factors 
2 inj. That is, k is given by the formula j = 2*-4J, where ] is odd. The sequence 
of k’s facilitates the description of the H-circuit, for its jth edge is parallel to the 
kth coordinate axis. 
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AN EQUIVALENT CONDITION FOR UNIFORM CONVERGENCE 


Joun HoLiaDAy and ANDREW Sosczyk, Los Alamos Scientific Laboratory 


Given a pointwise convergent sequence of functions from a compact space, 
it is known that a sufficient condition for uniform convergence is equicontinuity. 
For the usual type of countable sequence, equicontinuity is also necessary. (See 
[1], Theorems 24 and 25.) The main purpose of this note is to present another 
necessary and sufficient condition for uniform convergence of a pointwise con- 
vergent sequence of continuous mappings from a compact Hausdorff space. At 
the end of the note, some generalizations are stated. 

One consequence of the following theorem is the Dini theorem on uniform 
convergence of a monotone sequence. ([{1], Theorem 26.) 


1. THEorEM. Let S be a compact space, and Ra space with a metric d [-, - ]. 
Let { fr} be a sequence of continuous mappings on S to R, which converges pointwise 
toa mapping g. Then { fa} converges untformly if and only if (1) g 1s continuous, 
and (2) for arbitrary e>0, there exists an integer m=0 and a 6>0, such that when- 
ever n>m and dl[f;(s), g(s) ]<6, then dl fisn(s), g(s) | <e. 


Proof: The necessity of (1) is well known, and the necessity of (2) is an im- 
mediate consequence of the definition of uniform convergence. 

To prove sufficiency, choose e>0 and let m and 6 be as given by (2). Since 
{fa} converges pointwise to g, for any soG.S, there exists an integer 7 so that 
d[fi(so), g(so) |<6. Using continuity of f; and of g, there exists a neighborhood of 
so, such that for s in this neighborhood, we have d[f;(s), g(s) | <6. By compact- 
ness of S, there exists a finite set of integers 7. +--+, 2), such that for every 
s&S, one of these integers 7 will satisfy d[f,(s), g(s)]<6. Define k to be the 
largest of the integers m+n, ---, m+72,. Then for n>k and sCS, there will be 
an integer 7 such that n>m-+ and d|f;(s), g(s) | <6. Consequently, for n> and 
all sE.S, we have d[f,(s), g(s) |<e, and the convergence is uniform. 

If g(-) of the above theorem is a constant mapping, then it is not required 
that the topology on R be metric (or have some other uniformity specified). This 
remark leads to the following corollary. 


2. COROLLARY. Let Q be a closed subset of a topological space R, and { fn} any 
sequence of continuous mappings from a compact space S into R. Then for each 
open set O containing Q, there exists an integer k =k(O) independent of s such that 
fn(s)€O for alls andalln>k, tf and onlyif (1) for each sES, there exists an integer 
k,(O) such that for n>Re, fr(s)GO, and (2) for each neighborhood N of Q, there 
exists a positive integer m and a neighborhood M of Q, such that whenever n>m 
and f(s)EM, then fisn(s) EN. 


Proof: Identify the points of Q. Then let the mapping g be the constant 
mapping of S into the point Q, and apply the preceding remark. 
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It might be supposed that if the condition of compactness were removed 
from Theorem 1 that the theorem would still be true. However, consider the 
sequence of homomorphisms of the locally compact group of real numbers into 
the group of complex numbers as given by f,(«) =xe/". Although the condition 
holds here and the convergence is uniform on every bounded set of real numbers, 
the sequence { fn} does not converge uniformly. 

If we consider a sequence { fn} which converges uniformly to g and for which 
fi=g but f,#g for some n>1, we see that the number m of the previous theorem 
must sometimes be greater than zero no matter how 6 is chosen. The next 
theorem shows that for the case where the f,’s are iterations of a single mapping, 
m may always be taken to be zero. 


3. THEOREM. Let S be a compact space with a metric d|-, -], and f a con- 
tinuous mapping of S into S. Suppose that the sequence of zterations of f, { fr} , CON- 
verges pointwise to a mapping g. Then { fr} converges uniformly tf and only if 
(1) g is continuous, and (2) for arbitrary e>0, there exists 6>0, such that af 
dls, g(s)]<8, then for n=1, 2,---, we have d[fr(s), g(s)]<e. 


Proof : Sufficiency of the condition is easily established by applying Theorem 
1 with m=0. 

To prove necessity, by Theorem 1 there is a 6:>0 and a positive integer m, 
such that for n>m and d[fi(s), g(s) |<61, we have d[fi**(s), g(s) |<e. Since f isa 
continuous function and f"(s) converges to g(s) for sE.S, it follows that for 


sES, f[g(s)]=g2(s). By continuity of fi for i=1, -- +, m, and by compactness 
of S, there is a 6 with 0<6<6&, such that for 51, sx€S, and d[so, g(s1) | <6, fi(s2) 
is in the e-neighborhood of g(s:), for «=1,---, m. Therefore, if 0<nsm 


and d[fi(s), g(s)]<6, we have that fit*(s) is in the e-neighborhood of g(s). 
But since 6<61, this is also true if 7>m, and so the theorem is proved. 

Again, if g(-) isa constant mapping, then the existence of a metric (or other 
uniformity) on R is not required. 


4, COROLLARY. Let Q be a closed subset of a compact space S, and f a continuous 
mapping of S into S. Then )\yaif"(S) COQ af and only if (1) for each sES and each 
neighborhood N of Q, there exists a positive integer m such that f"(s)CN for 
n>m, and (2) for each neighborhood N, of Q there exists a neighborhood Nz of Q 
such that f"(N2)CN, for all positive integers n. 


Proof: Identify the points of Q, and apply the preceding remark and the fact 
that SDA(S)DP(S)D-- +. 

Consider the case where S is the interval 0SsS1 and f(s) =s?. Then we have 
an example where the second part of the condition of Theorem 3 holds, but 
where g is not continuous. If the point s=0 is identified with the point s=1, 
then the function g is continuous but the second half of the condition of Theorem 
3 does not hold. 
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5. Definition. Let J be a Moore-Smith sequence [2] and let C be a set of 
conditions on ordered pairs of elements of the sequence. Then let C be said to be 
a uniformity on J, if and only if C satisfies the following requirements: 

a) Given ji, j72 and j3€J so that js follows 72, any condition of C which is 
satisfied by (j1, j2) must be satisfied by (j1, js). 

b) Given any element 7@J and condition cE C, there exists an element 7’C J 
such that (j, 7’) satisfies c. 

c) Given jGJ, there exists a condition in C such that whenever (j1, j2) 
satisfies the condition, then 72 must follow 7. 

For J the set of positive integers, C may consist of the set of conditions {Cm} 
where each cm corresponds to the non-negative integer m such that (ji, je) 
satisfies cm if and only if j7.—7:>m. In this case, Theorem 6, which follows, 
specializes to Theorem 1. 


6. THEOREM. Let J be a Moore-Smith sequence with a uniformity C. Let S bea 
compact Hausdorff space and Ra uniform topological space [3]. For each jE J, 
let f; be a continuous mapping of S into R. Let the sequence of mappings { f;} con- 
verge pointwise to a mapping g. Then a necessary and sufficient condition that 
{ f;} converges uniformly to g ts that g 1s continuous and thai given an index a, 
there exists a condition c&C and an index B such that whenever f;,(s) EB[g(s) | and 


(fi, je) satisfies c, then f;,(s) Ga [g(s) |. 


Proof: The proof of this theorem is entirely analogous to the proof of 


Theorem 1. 
Corollary 2 may also be generalized to Moore-Smith sequences with a uni- 
formity. Theorem 3 may be generalized to non-metric compact spaces. 
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AN APPROXIMATE REPRESENTATION OF A STERADIAN 


P. R. Riper, Wright-Patterson Air Force Base 


A steradian is defined as the solid angle subtended at the center of a sphere 
by a portion of the surface whose area is equal to the square of the radius. An 
excellent approximate representation can be made as follows: Take two 60° 
lunes whose median meridians bisect each other perpendicularly. In geographical 
terminology one lune might have its vertices at the north and south poles 
respectively and its median line in coincidence with the prime meridian, its 
sides being the 30° (east and west respectively) meridians. The other lune would 
then have its median line along the equator, one vertex at longitude 90° east, 
the other at 90° west. The sides of this second lune would intersect the prime 
meridian at latitude 30° north and south respectively. That part of the surface 
of the sphere common to the two lunes subtends a solid angle at the center of 
the sphere which approximates a steradian to a high degree of accuracy. 


In the schematic representation of the two lunes, the dotted line is the great 
circle arc which bisects angle B. Thus, in the spherical triangle ABC, we have 
B=30°, a=60°, C=90°, and by using a simple formula from spherical trigonom- 
etry we find 


cos A = cosa sin B = cos 60° sin 30° = 1/4, A = 75°31.36'. 


Then 180°—A =104° 28.64’, which is one of the angles of the regular spherical 
quadrilateral that purports to subtend the steradian. From this it is easy to cal- 
culate the spherical excess of the quadrilateral to be 57° 54.56’. Since the area 
of a spherical quadrilateral subtending a steradian is 57° 17.75’, our approxi- 
mate representation is only 1 per cent too large. 


34 
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ON UNIFORM AND ABSOLUTE CONVERGENCE 


HAROLD SHULMAN, New York University 


The following question is of frequent occurrence: If a series > a,(x), 
OSxS1, is uniformly convergent and absolutely convergent, is it absolutely 
uniformly convergent, 14.¢., is >| an(x) | uniformly convergent? 

To construct a counter example, take a series ) an(x) of non-negative terms 
which is non-uniformly convergent and study the series >} (—1)*a,(x) for uni- 
form convergence. 

Example. x™(1—x) =@n(x). 


THEOREM. Let > ,7_, da(x), OSxS1, be a series of non-negative terms which is 
convergent but not uniformly, such that 


a) An(x) 0 uniformly in x 
b) On(%) = On+i(%). 
Then > ip, (—1)"a,(x) is uniformly convergent. 
Proof. By Leibniz’ theorem on alternating series 
| Rv(z)| = | 2 (-1)"an(z) | = | (—1)8aw(2) | = aw(2) 
n=N+1 


and by a) | Ry| —0 uniformly in x. 


REMARKS CONCERNING THE PROBABILITY INTEGRAL 


M. R. SPIEGEL, Rensselaer Polytechnic Institute 


In a recent issue of this Monruty [1] the probability integral 


(1) f ew ldy 
0 


was evaluated without the use of the conventional approach involving double 
integrals. In this article there will be presented another method of evaluation 
which does not employ double integration and which is perhaps a little more 
direct from the point of view of motivation, at least at the beginning. We shall 
restrict our attention to the evaluation of 


(2) s= feta 
0 


which may be transformed into (1). 
By virtue of the well-known result 


(3) Lim (1 n =)’ = 


n— 0 nN 
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it appears plausible to consider the integral 


(4) S, = J “(1 — ~)'at 


Heuristically it would seem from (3) that 


(5) lim S, = f e~ di. 
0 


n— oO 


This will, in fact, be proved. _ 
Upon making the substitution t=4/n sin x in (4) we have 


2:4-6---2n s/n 
1-3-5---2n% — 1 2n+1 


wr /[2 
(6) Sr, = Jn f cos2*tlydy = 
0 


by elementary integration. An application of Wallis’ Product (see [2] for an 
elementary treatment) as in [1] shows that 


(7) im 5, = SS 


no 


Hence if we can prove (5) it will follow that 


a _vr 
(8) ix d=— 


or 


(9) f c~'Idy = 4/ ~ 
0 2 


as required. 
Consider 


Vn f2\ 2% 00 
(10) S— Sa = f je" — (1 — —) ha + feta 

0 11 Vn 
Since the second integral on the right converges it follows that 


(11) lim | e-“dt = 0. 


no Vn 


Thus to show that lim ».. S,=S we need only prove that 


Vn {2 n 
(12) lim {e-" — (1 — —) a = 0. 
no 0 nN 


1956] CLASSROOM NOTES 37 


In order to do this we employ techniques familiar from the theory of the gamma 
function. It is easily shown in [3] that 


“u\” wu 
(13) Os¢"*- (1 — “) s—e™. 
n n 


Writing # in place of u we have 


Vn j2\ 2 1 rv 
(14) 0< f je — (1 _ —) ba s— f the- "dt 
0 nN n v9 


and the result (12) follows immediately upon letting n—© since 


(15) f tte- "dt 
0 


converges. This completes the proof. 
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APPROXIMATE DEPRESSED EQUATIONS 
C. W. Torr, Fenn College 


The following method of solving a cubic equation with three real roots is 
found in a Freshman Mathematics text.* Given the cubic equation x*?+px-+q=0 
where g?/4-+-p3/27<0, find one root to any desired degree of approximation. 
Denote this approximate root by 7 and divide the cubic polynomial by x—+r to 
obtain 


8 +- oe + 73 +. pr + 
*—?P x— 7 
Set x2-++-7x-++p-+7?=0 and solve for the remaining two roots. This note examines 
the approximate error involved in finding the second and third roots by this 


method. 
We may call x?-++-7x-+-p+7?=0 an approximate depressed equation. Its roots 


are 
V/—4p — 37? 


r 
£=—-—t 
2 2 


Let 71 and 7, denote these two roots with the upper and lower signs respectively. 
If r is subject to an error dr, then we have 


* W.E. Milne and D. R. Davis, Introductory College Mathematics, Boston, 1941. 
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" Sr 
dx = — 1/2) tale 
/—4bp — 3r 


as the approximate error in the second and third roots due to an error dr in the 
first root. 

The approximate errors in 7; and 7, due to an error dr in r are given in 
Table 1 for various values of ¢. 


TABLE 1 
, Approximate Approximate 
error in 7” error in 72 
0 —.5 dr —.5 dr 
1/—p — .58 dr — .42 dr 
2/—p —.65 dr — .35 dr 
4/—pb — .82 dr — .18 dr 
/ —3p/3 = .584/—p —-1 @ 0 
8/—p —1.33 dr 33 dr 
/—p —2 dr 1 ad 
1.08./—p —2.8 dr 1.8 dr 
1.1./—p —3.2 dr 2.2 dr 
1.15./—p —10.07 dr 9.07 dr 
2/—3p/3 &1.155./—p undefined 
>2/—3p/3 n, re imaginary 


The approximate errors in 7, and 7, for negative r may be obtained from 
columns three and two respectively. 

As an example, suppose we have found 7=1.532 as one of the real roots of 
x — 3x-+-1=0 correct to three decimal places whereas the correct value of this 
root is 1.53209 to five decimal places. By the method described above the ap- 
proximate depressed equation is 


x? + 1.532% — .652976 = 0, 
from which we obtain to five decimal places 
1, = .34743, rr, =— 1.87943. 


Using dr=.00009 and r=1.532&.884/—, we infer from Table 1 that the 
approximate error in 7; is equal to — 1.60 dr = —.00014. This compares with an 
actual error in 7; of —.00013. We likewise infer that the approximate error in 
7, is .60 dy = .00005. This compares with an actual error in 7, of .00004. 

It is seen from Table 1 that the errors in 7, 71, and 7. are of the same order of 
magnitude unless |7| >1.1,/—>. In particular it should be noticed that if 
|r| >2./—p/3221.1554/—p, m1 and 7, will be imaginary although it is known 
that all roots are real. The reader may use x?— 7x —7=0 with a known real root 
of 3.04892 to five decimal places as an example wherein the method of an ap- 
proximate depressed equation leads to large errors in the second and third roots. 
Its other two roots are — 1.35689 and — 1.69202 to five decimal places. 
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can neglect 2 = 24 and L=27. Thus Case II reduces to Case I for the remainder 
of the solution. 

Case III. Smith’s ranch is not necessarily in the corner of the county. Smith 
knows its location, but Green does not. Does this fact affect the solution? 

An equivalent solution, but with much less detailed analysis, was offered by 
Frank Kocher. Different solutions, either containing oversights or not contain- 
ing sufficient indication of method of reasoning, were offered by E. C. Coolidge 
and C. S. Ogilvy (jointly), Octave Levenspeil, J. V. Pennington, Azriel Rosen- 
feld, and the Proposer. 


Chain of Circles in a Segment 
E 1166 [1955, 364]. Proposed by Leon Bankoff, Los Angeles, Calif. 


Let DE be a variable chord perpendicular to diameter AB of a given circle 
(O). The maximum circle (w 9) inscribed in the smaller segment, DEB, touches 
chord DE in C. The circle (a) is tangent to (w».), (O), and DC and another 
circle (we) is tangent to (#1), (O), and DC. Find the ratio BC/CA for which the 
radius of circle (we) isa maximum. 


Solution by Hiiseyin Demir, Zonguldak, Turkey. Denote the radii of (O) and 
(w;) by R and 7; respectively. Let (#1), (w2) touch CD in Ci, Cy. Then we easily 
get 


COy = Wr, Cin = DV rio. 


From right triangles having hypotenuses Ow: = R—711, Ow, = R—re we get 


(1) (R — 2ro + 11)? + 4ror1 = (R — 11)’, 
2) (R= 2ro + 12)? + AV rari + Vite)? = (R— 172)? 
The value 


n= 7(R — ro)/R, 
obtained from (1), when substituted in (2) yields 
%, = (R — ro) °7o/(R +- ro). 


Now, introducing k= BC/CA =r,/(R—71o) and applying the derivative test for 
a maximum, we get 


k = (/5 — 1)/4. 


Also solved by G. B. Charlesworth, Walter Guber, A. R. Hyde, R. B. 
Plymale, and the Proposer. Some of these solutions were based upon a mis- 
interpretation of the figure of the problem. 

The Proposer remarked that the problem was suggested by an attempt to 
display circle (w2) to best advantage in a diagram. The following interesting 
allied facts were pointed out by the Proposer: 
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1. Circles (wo) and (wi) are maximum when C coincides with O, but (we) is 
a maximum when BC/CA =(4/5—1)/4, with the unexpected consequence that 
CB 1s the side of a regular decagon inscribed in the circle on AC as diameter. 

2. Yoqmax) =11/2. 

3. tn =2AB cos? u/|tan» (u/2)+cot» (u/2)]2, u being the angle ABD, 
(communicated to the Proposer by Victor Thébault). 

4. r,is rational if AC and CB are rational. 


An Inequality by Mathematical Induction 
E 1167 [1955, 364]. Proposed by C. D. Olds, San Jose State College 
Prove by mathematical induction that if a isa real number #1, 2 a positive 
integer, then 
ant? — ft n-+i1 


a(a?” — 1) n 


Solution by O. E. Stanaitis, St. Olaf College. It is apparent that we must 
further restrict a to be positive. Then the inequality is true for z =1, since 


a=a+ 1/a > 2. 
Assume the inequality holds for a particular value of 2, say n =k. Then 
nga = a — 1/a, > 2 — kR/(R +1) = (Rk + 2)/(k + 0), 


which is the form of the inequality when 2 =k+1. This completes the proof. 

Also solved by J. R. Byrne, Hiiseyin Demir, I. A. Dodes, H. M. Feldman, 
N. J. Fine, W. Y. Gamzon, Virginia Hanly, A. R. Hyde, Marvin Marcus, D.C. B. 
Marsh, L. A. Ringenberg, Azriel Rosenfeld, Enrique Rubini, M. R. Spiegel, 
C. W. Topp, Chih-yi Wang, David Zeitlin, and the Proposer. Late solutions by 
M.S. Klamkin and J. W. Ross. 

Several solvers also showed that, for fixed a, ar41<a,. Ringenberg pointed 
out that if we multiply both sides of the inequality by a, then we need not im- 
pose the further restriction that a be positive. Wang showed that the (cor- 
rected) problem is equivalent to showing that the area under the curve y =x", 
above the x-axis, and between x=1 and x =a’, is always greater than the area 
under the curve y=ax"—!, above the x-axis, and between x =1 and x =a’. 


Perfect Triangles 
E 1168 [1955, 365]. Proposed by R. R. Phelps, U.C.L.A. 


In an analogy with perfect numbers, let us define a perfect triangle as one 
whose integer valued sides add up to twice its area. An example is the (3, 4, 5) 
triangle. Find all perfect triangles. 


Solution by N. J. Fine, University of Pennsylvania. We have 
A* = s(s — a)(s — d)(s — ©), 
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where 2s=a+b-+c=2A. Hence 
A = (A — a)(A — 0)(A — 6) = ayz, 
say, where x2=y22>0. Also, 
e+y+tsz=3A—(atb+ec) =A. 


Hence x+y+2=xyz, so y(y2z—1) Sx(yz—1) =y+282y, yeS3, 2? Sy283, and 
zg=1. Then x(y—1) =y-+1, and y=2, x =3. Thus the (3, 4, 5) triangle is the only 
solution. 

Also solved by M. Aissen and D. Reiner and D. Warner (jointly), Leon 
Bankoff, H. W. Becker, Arne Benson, G. B. Charlesworth, Hiiseyin Demir, 
I. A. Dodes, Michael Goldberg, Sam Kravitz, D. C. B. Marsh, L. A. Ringenberg, 
Azriel Rosenfeld, Alan Wayne, R. E. Wild, and the Proposer. Late solution by 
M. S. Klamkin. 


Editorial Note. As a corollary to the above result we have that the only 
triangle with integer valued sides and with inradius r = 1 is the (3, 4, 5) triangle. 
For, in any triangle, rs=A.Ifr=1 then s=4A, and the triangle is perfect. 

The only triangles whose integer valued sides add up to exactly the area of 
the triangle are (5, 12, 13), (6, 8, 10), (6, 25, 29), (7, 15, 20), (9, 10, 17). This was 
proved in 1904 by W. A. Whitworth and D. Biddle. See Dickson, History of 
the Theory of Numbers, vol. II, p. 199. 


Positive Increasing Sequences 
E 1169 [1955, 365]. Proposed by Joseph Lehner, Los Alamos Laboratory 
Let 0<x1<x2< +--+ and let ar x,” converge. Then, if 0<hS1 and 
a>0O, we have xn41—Xn>a for infinitely many indices n. If h>1, there are 
sequences {xn} with xns1—*,—0. 


Solution by O. E. Stanaitis, St. Olaf College. In the first part, suppose the 
contrary. Then, for some positive integer NV, xnir—Xn4n-15@ for R=1, 2,---, 


and hence xvimSxn-+ma for m=1, 2, +--+. If we note that 
Dy tn > Dy nam = Dy (an + ma) , 
n=1 m=1 m=1 


it follows that the first series is divergent, which contradicts the hypothesis. 

The second part follows at once if we put x,=n?, where 1/h<p<i. 

Also solved by G. U. Brauer and Chih-yi Wang (jointly), I. A. Dodes, H. 
M. Feldman, N. J. Fine, D. M. Friedlen, D. S. Greenstein, M. S. Klamkin, 
H. D. Lipsich, and the Proposer. 

Fine showed that for the second part one can find a fixed sequence that works 
for all h>1, namely x,=n/(In 2), n2=2. Brauer and Wang pointed out that in 
the second part there are also sequences {x,} with xai1—x, bounded or with 
Xn41—%Xn, unbounded. 
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Symmetric Hexagon Inscribed in a Closed Convex Curve 
E 1170 [1955, 365]. Proposed by Viktors Linis, University of Ottawa 


Show that there exists a centrally-symmetric hexagon inscribed in any closed 
convex curve such that the ratio of the respective areas is at least 2/3. 


Soluiton by Michael Goldberg, Washington, D. C. The following demonstra- 
tion paraphrases one given by L. Fejes Toth in “Lagerungen in der Ebene, auf 
der Kugel und im Raum” (1953) pp. 102-103 and which is based on one given 
by Fary [Bull. Soc. Math. France, 78, 152-161, (1950) ]. 

Let the closed convex region be designated by G. Consider the maximum 
chord AB parallel to a given line g (see Fig. 1). Select a length s so that 0<s 
<AB. Then take chords PiP: and P.Ps, each of length s, on each side of AB 
and parallel to AB. Consider the centrally-symmetric hexagon P(s) 
=P,P.P;3;PsP;P. obtained by drawing sides parallel to the diagonals P2P; and 


Fic. 1 


P,P,. When s is small, the points P; and Pg lie inside G. When s is close to AB, 
the points P; and Ps are outside G. From considerations of continuity, as s is 
varied from zero to AB, there will be a value for which one of the points P;and 
P, will be on the boundary of the region G while the other is outside G. The hexa- 
gon determined in this manner will vary continuously with the direction of 
g. If we begin with P3; on the boundary, and we turn g through 180°, then Ps 
and P, are interchanged. Therefore, at some position the point Ps must be on 
the boundary of G. At this position all the vertices of the centrally-symmetric 
hexagon lie on the boundary of G. 

To show that the areas satisfy the relation P/G22/3, consider Figure 2. 
Designate the segments of G outside the hexagon by s1, se, Ss, 54, 55, Se. Extend 
the sides of the hexagon to form the triangles A =A1A2A; and B=B,B.B;. If 
we reflect s: through P1, we obtain the region s/ inside of the triangle A1PiP, 
but outside the segment ss. This is a consequence of the convexity of G and the 
fact that 41P:P, isa reflection of BiP:P2. It follows that ss-+s/ =sg+s1 is smaller, 
or at most equal to, the area of A1P,P.. If the same procedure is carried out at 
P; and Ps, we obtain GSA =3P/2. Equality is obtained if, and only if, G is 
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identical with one of the triangles A and B. 
Also solved by the Proposer. 


A2 


ADVANCED PROBLEMS AND SOLUTIONS 
EpitEp By E. P. STarKE, Rutgers University 


Send all communications concerning Advanced Problems and Solutions to E. P. Starke, 
Ruigers University, New Brunswick, New Jersey. All manuscripts should be typewritten 
with double spacing and margins at least one inch wide. Problems containing results believed 
to be new or extenstons of old results are especially sought. Proposers of problems should also 
enclose any solutions or information that will assist the editor. In general, problems in well 
known textbooks or results in readtly accessible sources should not be proposed for this de- 
pariment. 


PROBLEMS FOR SOLUTION 


4668. Proposed by D. C. Russell, University of London, England 

Construct the matrix A of a regular method of summation which sums 
> n-o 2" to (1—z)~! at each of the points z=—1, —2, —3,--+-+, but which 
sums the series at no other point in | 2| >1. 
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4669. Proposed by Michael Goldberg, Washington, D. C. 


1. What is the relation connecting the lengths of the sides of a rectangular 
skew (spatial) pentagon? 

2. Among all possible rectangular skew pentagons, what are the lengths of 
the sides of the pentagon in which the ratio of the longest to the shortest is a 
minimum? 


4670. Proposed by K. L. Chung, Syracuse University 


If f(x) is continuous and non-negative in (0, ©), and /of(x)dx = ©, then there 
exists an h>0O such that )0@, f(nh) = 0. 


4671. Proposed by J. P. Ballantine, University of Washington, Seattle, Wash. 


Show that, if f(x) is any function possessing 27-++1 continuous derivatives, 


n (Qn — r\a* D?"+1f(&) 

— —D r —_ D* 0 — —] Nn 
ES -py@ - xO] = -9 
where the first parenthesis under the summation is a binomial coefficient, and 
£ lies between 0 and a. 


4672. Proposed by D. J. Newman, Republic Aviation Corporation, Farming- 
dale, N. Y. 


Find a sequence of positive integers such that almost all (in the usual sense 
of limit density) positive integers are uniquely expressible as a sum of two of 
them. 


SOLUTIONS 
Distinct Boundaries of n Countries 


4606 [1954, 572]. Proposed by H. R. Smith, McCoy College, Baltimore, 
Maryland 


Given a set of m countries, ai, dz, - +, Gn, prove that there exist no more 
than 32%—6 distinct boundaries of the form mn between the countries a, and 
adn. By “distinct” is meant that if rs and mn are two boundaries and a, is the 
same asa,, then a, is not the same as a. 


I. Solution by B. H. McCandless, Rutgers University. Clearly the maximum 
number NV of distinct boundaries will be obtained for z countries if one draws 
a map of 1, 2,---, countries successively, at each stage drawing the next 
country so that a maximum number of new boundaries will be formed. 

The cases n = 1, 2, 3 are trivial. Consider the case n = 4. Here N=3(4—2) =6. 
If each of the four countries has a common boundary with each of the others, 
then at least one of the four must be completely surrounded. Otherwise we could 
draw a fifth country bounding each of the other four, so that we would have five 
countries each bounding all the others. But this is impossible, since we would 
then need five colors to color such a map. 
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Therefore, since at each stage one new country will be surrounded, we can 
add at most three new boundaries by drawing a new country. Thus the maxi- 
mum number of boundaries for ” countries is V =3(z—2). (In all this, of course, 
boundaries consisting of one point are excluded.) 


II. Solution by V. F. Ivanoff. Santa Clara, California. The proposed problem 
is dually equivalent to no. 3432. See solution [1931, 118]. 
Also solved by Michael Goldberg. 


A Quotient of Infinite Series 


4607 [1954, 572]. Proposed by H. S. M. Coxeter, University of Toronto. 
Evaluate 


1-224 42-524 72-824... 
1+ 2% 4252472482... 


Solution by L. A. Ringenberg, Eastern Illinois State College. Subtracting term 
by term the denominator series D from the numerator series NV (both uncondi- 
tionally convergent) we find N—D=—4N. Hence N/D=2/3. 

Also solved by Arlo Anderson, C. S. Ballantine, W. J. Blundon, J. D. Camp- 
bell, L. Carlitz, G. B. Charlesworth, R. V. Esperti, G. B. Findley, H. J. Fletcher, 
L. R. Ford, Jr., Emil Grosswald, V. S. Hanly, B. K. Harrison, A. R. Hyde, 
Edgar Karst, G. J. Kleinhesselink, Frank Kocher, D. C. B. Marsh, P. J. Owens, 
R. B. Plymale, G. E. Raynor, David Rosen, Peter Scherk, M. R. Spiegel, R. H. 
Sprague, O. E. Stanaitis, F. Underwood, and Chih-yi Wang. 


Editorial Note. Expressions for N and D separately were given by several 
solvers. Fletcher and Spiegel find 


—? 24/3 
N=-= log (2 sin 4)dz, 
0 


—2 r{3 
p=—{ log (2 sin 42)dt, 
V3Jo g ( zt) 


and obtain the desired result through elementary operations on the definite 
integrals. Wang evaluates N and D in terms of Pairman’s trigamma function 


2) 


T(x) = D?logl(*#+ 1) = Do (x + n)-, 


n=l 
and proceeds by use of the formula 


T(mx) = =>r( — “). 


n==0 


See C. Jordan, Calculus of Finite Differences, 2nd ed., pp. 60-61. 
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An Inequality 
4608 [1954, 645]. Proposed by José L. Massera, Instituto de Matematica y 
Estadtstica, Montevideo, Uruguay 


Let a:, b;, (@=0, 1,- ++, 2”) be real numbers satisfying the following as- 
sumptions: 


(a) a; + di1 2 O fori = 0,1,---,2n—1; 
(b) doi41 SO for1 = 0,1,--:-,n—1; 
2q 
(c) >> bn > 0 forOS pSqs8n. 
h=2p 
Prove that 


2n 
> (—1iabd; = 0 


i==0 
and that the equality sign holds only if a;=0 for all 2. 


Solution by D. S. Greenstein, University of Pennsylvania. From (a) and (b) 
it follows that 


(d) Qe; = | dois], Geit2 = | dais | (4=0,1,---,2-— 1) 


and the sum in question may be written as S= yO | a; b; Leta>ca>-:- 
>c,.20 («4k Sn-—1) be the set of absolute values assumed by the dey11. (Thus 
Cj=Q2:41 for some j.) Then, since b2;>0(¢=0, 1, -- +, 2), 


S= )) lala+ DD lalasea a+ DY lala 


lazg|2cy Jagl<ez lag|2ey Jagl<ey 


with equality only if no | a2;| >c. The sum which c, multiplies is positive as a 
consequence of (c) and (d). Hence 


S>a dD b+ DY lalot+ DY lala2e dS a+ DD [ail d. 


lagl2e1 ey>|a;|2ce lagl<eg jaz] Zee J agl<eg 


Continuing in this manner, we finally get 


an 
S = cr. >, b; = 0. 


i=0 


Clearly S will equal zero if and only if all the a; are zero. 
Also solved by W. J. Blundon, A. R. Hyde, P. J. Owens, Michael Skalskyj, 
and the Proposer. 


Convergence in the Unit Circle 


4610 [1954, 646]. Proposed by Joseph Lehner, Los Alamos Scientific Labora- 
tory 


Show that for almost all real, irrational 0, the series 
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co 
>, log | sin rnO| «x 
n=1 


converges in the unit circle. 


Solution by P. T. Bateman, University of Illinois. It is enough to show con- 
vergence for almost all irrational 6 in the interval [0, 1]. Let « be an arbitrarily 
given positive number. For each pair of integers h, k such that k21and0ShsSk 
delete from the interval [0, 1] those real numbers 6 such that |0—h/k| <e/k°. 
Let {é} denote the distance from the real number é to the nearest integer. 
Using the inequality | sin r{| =2|£|, we see that if 0 is in [0, 1] but not in one of 
the deleted intervals, then | sin rn0| =2{n6} = 2e/n? and thus 02log | sin rn6| 
>log (2e)—2 log n. Since 557, (log m)x™ converges for x inside the unit 
circle, the given series converges inside the unit circle for any 6 in [0, 1] whichis 
outside the deleted intervals. But the sum of the lengths of the deleted intervals 
does not exceed > 7, 2ke/k? <4e. Since € is arbitrary, the assertion of the prob- 
lem follows. 

Remarks. For any particular irrational number @ the series diverges at every 
point of the unit circle, since {26 } can be arbitrarily small for suitable m (Hardy 
and Wright, Theory of Numbers, Theorem 201) and thus log | sin 7no| is an un- 
bounded function of z. On the other hand there are irrational numbers 6 for 
which the given series has radius of convergence zero. For example, let 6= 
> pe11/ay, where a1=3 and ay41=9a%-3% for k=1, 2,---. Using the in- 
equality |sin ré| <a{£} and the fact that az|az41, we have 


| sin ra) | s r{ a0} = (ay/ Anat +- An / Aras -+- oe ) < 9an/ On+1 = 3-4! 


and hence log | sin ra,0| <—a,!. But a;!x* is an unbounded function of & for 
any non-zero x and hence the series > 21 log | sin rnd | -x" has radius of con- 
vergence zero for the value of 6 we have chosen. 

Also solved by Leonard Carlitz and the Proposer. 


Five Mutually Orthogonal Spheres 


4611 [1954, 646 |. Corrected. Proposed by Victor Thébault, Tennie, Sarthe, 
France 


Editorial Note. This is a well known proposition. See [1955, 50| for references. 


A Limit Defined by a Recurrence Relation 


4612 [1954, 646]. Proposed by D. J. Newman, Republic Aviation Corporation, 
Farmingdale, N. Y. 


Let ao, a1 be arbitrary and a, =Qn-1+dn—-2/n(n —1) for n>1. Find 


lim dnp. 


n— 0 
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I. Solution by N. J. Fine, University of Pennsylvania. For the initial condi- 
tions (do, a1) = (0, 1) and (1, 1), the sequences a, are monotone and bounded. 
Hence the required limit, £, exists for all initial conditions by linearity. If we 
write y= ye 6 anx( | 2| <1), Abel’s theorem shows that L=lim (1—x)y as 
x—1-. From the recurrence formula we see that u=(1—«)y satisfies the equa- 
tion (1—x)u’’ =u. One solution is given by 

v(x) = >> ml = 2)" (all x). 


n=1 (n !) 2 


To find a second solution, we put u=vw. The resulting equation in w is easily 


integrated, and we find 
t dx 
u = Cv — + CoV. 
9 v 


The constants are determined by 


cov(0) = u(0) = y(O) = ao, 
C1 


v(0) 


So. finally, we have 


+ cv'(0) = u’(0) = y’(0) — yO) = a1 — a. 


L = lim u(x) = ¢1 = 0(0)-(a1 — a) — v'(0)- a 


v1 


=a(1- 9) pad a 


nn (w!)2 n= (n!)? 


II. Solution by B. S. Popov, University of Skopje, Yugoslavia. The recursion 
formula for a, may be written 


a 
a, = 1D,(2, 3, ++,” — 1) -+——D3,4,-++, 9-1), 
where D,(2, 3, ---,-—1) and D,(3, 4, ---,#-—1) are the determinants 
1 1/2-3 0 ---0 1 1/3-4 0 ---0 
—1 1 1/3-4---0 —1 1 1/4-5---0 
0 —-1 i ---O|, 0 —1 1 ---Q), 
0 0 0 1 0 0 0 1 


respectively. It is known (O. Perron, Die Lehre von der Ketienbriichen, 1929, 
s.313) that 
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lim D,(2, 3,°°+ ym 1) = ¥(2, 1), lim D,(3, 4, rn 1) = ¥(3, 1), 
where 
Wn) => : Yo=l, Wa =viyt+i1):--Wta- 1). 


mmm 
n=0 (y)n(1), 
Thus we obtain 


lim a, = aw(2, 1) + we 1). 


ni 0 
Similar second order difference equations occur in the theory of convergence 


of continued fractions. See also Chrystal, Text Book of Algebra, Ch. 34. In the 
same way it follows that if a, =Gn-1+xdn-2/y(y +1), then 


aox 
lim a, = awly, *) + rae + 1, x). 


nh 2 


Also solved by L. Carlitz, F. H. Northover, Chih-yi Wang, and the Proposer. 


RECENT PUBLICATIONS 
EDITED BY E. P. VANCE, Oberlin College 


All books for review should be sent directly to E. P. Vance, Oberlin College, Oberlin, Ohio 


The Theory of Numbers. By B. W. Jones. New York, Rinehart and Company, 
Inc. 1955. xi+143 pages. $3.75. 


This book covers that phase of number theory which is usually described as 
“Elementary Number Theory.” The book presupposes no knowledge of analysis 
or concepts in the realm of modern algebra. The first several chapters are in- 
tended primarily for the secondary school teacher. 

The method of presentation is, as the author states in the preface, inductive. 
Although postulates and definitions are given and the majority of the results 
are stated as theorems, the reader is usually urged to anticipate these results 
from the exercises and numerous examples. The exercises are fairly standard 
but seem well chosen. 

The subject matter covered is classical although there is more emphasis 
on Fibonacci sequences than is usually found in books of a similar character. 
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Chapter I, The Development of the Number System. 


The usual postulates for the integers are first introduced. These in turn lead 
to the extension of the number system and the familiar techniques for introduc- 
ing the real and complex numbers follow. The so called Fundamental Theorem 
of Arithmetic is given as well as the Euclidean Algorithm. 


Chapter II, Repeating Decimals and Congruences. 


Having introduced the decimal notation in the first chapter, the author first 
considers repeating decimals and very naturally is led to the notation of con- 
gruence. The classical theorems are presented with proofs and several examples 
of arithmetic functions are given. A discussion of Mersenne and Fermat num- 
bers concludes the chapter but it is to be noted that the list of composite Fermat 
numbers is incomplete (c.f. Mersenne and Fermat Numbers. R. M. Robinson, 
Proc. Amer. Math. Soc., vol. 5, October 1954, pp. 842-846). 


Chapter III, Diophantine Equations. 


The introduction to the solution of equations in integers is by way of “puzzle 
problems.” Linear and then quadratic diophantine equations are treated. 


Chapter IV, Continued Fractions. 

The Fibonacci sequence is first introduced and then generalized. The treat- 
ment here is considerably detailed. Simple continued fractions are considered 
next and periodic continued fractions lead to the development of the Pell equa- 
tion. 


Chapter V, Nonlinear Congruences. 

Polynomials with respect to a modulus are considered first and specializa- 
tion leads to the concept of a primitive root and index. The classical theorems 
are then established. 


Chapter VI, Quadratic Residues. 


The Legendre symbol is defined and a proof of the law of quadratic reciproc- 
ity is given via the Gauss lemma. The generalization to the Jacobi symbol fol- 
lows and the remainder of the chapter deals with applications to the representa- 


tion of a positive integer as a sum of two squares. 
C. A. NIcou 
University of Texas 
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College Algebra and Plane Trigonomeiry. By A. Spitzbart and R. H. Bardell. 
Cambridge, Massachusetts, Addison-Wesley Publishing Company, 1955. 
xiii +408. $4.50. 


Unified Algebra and Trigonometry. By E. P. Vance. Cambridge, Massachusetts, 
Addison-Wesley Publishing Company, 1955. ix+354. $4.50. 


College Algebra and Plane Trigonometry. By J. H. Zant. Boston, Massachusetts, 
Ginn and Company, 1953. x + 337+ 82. $4.00. 


One pleasing aspect of these three books is the economy of space they exem- 
plify. Each book is about as long as the usual algebra text alone, yet all the 
standard topics of both algebra and trigonometry are included. Furthermore, 
each book contains unusual features not often found in Freshman texts. For one 
looking for a text for a unified algebra and trigonometry course, perhaps to pre- 
cede a unified analytic geometry and calculus course, each of these three books 
would be well worth considering. 

The books by Spitzbart-Bardell and Vance exhibit especially original and 
unhackneyed approaches to the traditional first two courses of Freshman mathe- 
matics. They are written from a mature standpoint, and the authors have 
taken special care to avoid making statements and creating impressions which 
the student might have to “unlearn” later. They would be a challenge to the 
student and the teacher, but the rewards would be worth the extra effort re- 
quired. 

Each of the three books begins with a discussion of the real and complex 
number systems—most extensive in Spitzbart-Bardell—followed by an inten- 
sive review of elementary algebra. Then functions, graphs, angles and the trigo- 
nometric functions are taken up. Radian and degree measure are introduced at 
the same time and used throughout in each text. Each book concludes with a 
chapter on permutations, combinations and probability. In the middle sections 
the order of topics varies from book to book. However, the development in each 
text seems logical and justified. It is interesting to note that the general trigo- 
nometric reduction formulas, the proofs of which are so often glossed over in 
Freshman texts, are proved in complete detail in each of the three books, differ- 
ent methods of proof being used in each book. Spitzbart-Bardell and Vance have 
four-place tables while Zant includes extensive five-place tables. In each book 
the tables of logarithms of the trigonometric functions contain the character- 
istics. 

Perhaps the most unified of the three texts is the one by Spitzbart and 
Bardell. Where direct integration of trigonometry into the sections on algebra 
would have been artificial, the authors have given problems involving the trigo- 
nometric functions, for example, in the sections devoted to arithmetic and 
geometric progressions, determinants, systems of equations, mathematical in- 
duction, linear and quadratic equations and variation. The concepts of inverse 
function and reflection of graph unify the inverse trigonometric, logarithmic and 
exponential functions. 
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Especially noteworthy is the chapter on the graphs of the trigonometric 
functions. After the usual line representation, an excellent discussion of perio- 
dicity—in which an example of a non-trigonometric periodic function is given— 
and point-by-point plotting of the graphs, contractions, expansions, translations 
in both the x and y directions and reflections of graphs are carefully discussed, 
and the topic of symmetry is developed as in analytic geometry. With this back- 
ground, the rapid sketching of graphs becomes easy and more meaningful. 
Graphing by addition of ordinates is also thoroughly described. 

Among other good points one might mention are some unusual graphs of 
composite functions, an ingenious proof of the addition formulas for general 
angles and a proof of the equivalence of the set of rational numbers and the set 
of repeating decimals. 

There are quite a few statements of the type “It is left to the reader to verify” 
which would ordinarily demand amplification by the teacher. For example, the 
student is expected to verify that the unit of radian measure is independent of 
the length of the radius of the circle and that the ratios defining the trigo- 
nometric functions are independent of the choice of the point on the terminal 
side of the angle. One might also mention that the proof of the theorem on the 
conjugate non-real zeros of a polynomial with real coefficients is inadequate—a 
detailed proof along the lines indicated is given in Zant’s book—and in the 
formula for the sum of a geometric progression the condition r#1 is omitted. 

The book by Vance has many excellent and unusual features. A careful dis- 
cussion of one and two-dimensional rectangular coordinate systems is given, 
including the explicit assumption of a one-to-one correspondence between the 
set of points on a line and the set of real numbers. The formula for the distance 
between two points is derived as well as the general equation of the circle. With 
this background, the author is able to derive the addition formulas, the law of 
sines and the law of cosines both easily and—more important—accurately. 

The author also gives careful consideration to several points often omitted 
in other texts, such as the prime factors of integers, polygonal approximations 
and length of arc of a circle and the definition of a* for irrational x. Throughout, 
the distinction between equation and identity is maintained by the use of the 
symbols = and = respectively. Care is taken in verifying inverse circular func- 
tion equations to make sure the angles involved are in the right quadrants. 

Some unusual sections are devoted to the exact values of the circular func- 
tions of 2/5, approximations of functional values for small angles, e.g., 
0./1—@<sin 6<0, and simple harmonic motion and harmonic analysis and 
synthesis. 

The chapter on mathematical induction is well done. Three parts are given 
for an induction proof, the third part being a conclusion. The chapter on de- 
terminants is excellent. The term matrix is first defined, then the determinant 
of a square matrix. Complete proofs of the properties and expansion of determi- 
nants are then given. Complex numbers are introduced as the algebra of ordered 
pairs and developed along that line until the trigonometric form is reached. In 
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the chapter on progressions, sequences are defined by giving successive positive 
integer values to the independent variable of a function. Thus a function is 
associated with each arithmetic and geometric progression. 

The problems throughout the book show careful selection and include many 
unusual and challenging ones. Some integral parts of the development are rele- 
gated to starred problems. With regard to this, the discussion of the ambiguous 
case in the solution of oblique triangles and vector addition of complex numbers 
are contained in unstarred problems. 

A couple minor errors noted were the reference to an unstarred problem on 
page 92 and the postponement of the definition of the symbol 0! until some time 
after it is first implicitly used. 

The sections on trigonometry in this book have appeared essentially un- 
changed as a separate text (this MONTHLY, vol. 62, pp. 458-459). 

On the whole Zant’s book is written on a more elementary level than the 
other two texts reviewed here, a pedagogical advantage in some cases. The book 
has several noteworthy features. There are good discussions of the classification 
of functions into algebraic and transcendental functions; equivalent, redundant 
and defective equations; the distinction between equation and identity and de- 
pendent and consistent systems of equations in two and three unknowns. The 
introduction to complex numbers is good, and the author emphasizes that com- 
plex numbers obey the laws of algebra stated earlier for real numbers. In the 
chapter on logarithms there are several sets of exercises on expressing numbers 
as powers of 10 and carrying out simple operations with numbers in that form 
first. Mathematical induction is well done, the order of steps in the proof being 
the reverse of the usual order. While interest and annuities are discussed, there 
is no treatment of continuous conversion, growth and the number e as in the 
other two books. The chapter on progressions includes harmonic progressions 
and a good discussion of limits and infinite sequences. In the chapter on equa- 
tions of higher degree a method of finding non-real roots of equations of degree 
four or less is included as well as Horner’s method for approximating real roots. 
In many places methods of solving problems are given as a rule, each step of the 
rule being illustrated by an example solved in a parallel column. 

The treatment of graphs of trigonometric functions, inverse trigonometric 
functions and the properties of determinants is very brief. In solving triangles 
there is no discussion of significant figures or rounding off results. Answers to the 
examples are given to four or five significant figures even when the given sides 
of the triangle have only two or three significant figures and angles are given to 
the nearest degree. The formula for sin (A-++-B) is proved only for all positive 
angles, not all angles as is assumed. 

D. V. V. WEND 
Walkerton, Indiana 


Editorial Note. Since Professor Vance is the editor of this section, the editor-in-chief has 
assumed responsibility for the editing of this review. C.B.A. 


NEWS AND NOTICES 


EDITED BY EpITH R. SCHNECKENBURGER, University of Buffalo 


Readers are invited to contribute to the general interest of this department by sending 
news items to Edith R. Schneckenburger, University of Buffalo, Buffalo 14, New York. Items 
must be submitted at least two months before publication can take place. 


CONFERENCE ON HIGH SPEED COMPUTERS 


A Conference on High-Speed Computers will be held at Louisiana State 
University, Baton Rouge, Louisiana, from February 15 through February 17, 
1956. This conference is open to businessmen, office managers, accountants, 
engineers, mathematicians, chemists, physicists, economists, statisticians and 
other potential users from all sections of the country. Topics scheduled for dis- 
cussion by nationally recognized speakers include office procedures, statistical 
operations and numerical methods designed for the adaptation of problems to 
machine solution. Several manufacturers of computing equipment will be repre- 
sented through exhibits or demonstrations of computers in operation. 

Inquiries concerning the conference may be directed to: Dr. J. W. Brouil- 
lette, Director, General Extension Division, Louisiana State University, Baton 
Rouge 3, Louisiana. 


JOINT MEETING OF THE OPERATIONS RESEARCH SOCIETY OF AMERICA AND 
THE INSTITUTE OF MANAGEMENT SCIENCES 

The Operations Research Society of America and the Institute of Manage- 
ment Sciences will hold a joint spring meeting on March 30 and 31, 1956, at the 
University of California at Los Angeles. Information concerning the program 
can be obtained from either Milton Franks, Engineering Department, Uni- 
versity of California, Los Angeles 24, California, or Paul Stillson, The Ramo- 
Wooldridge Corp., 5740 Arbor Vitae, Los Angeles 45, California. 


THE FRENCH BIBLIOGRAPHICAL DIGEST 


The sixth issue of the second series of the French Bibliographical Digest is 
devoted to Mathematics. Part I, now available, deals with Pure Mathematics. 
Part II, which is to be published shortly, will deal with Applied Mathematics. 
Part I, which was prepared by Professor Jean Dieudonné of the University of 
Nancy, contains abstracts and reviews of the most significant articles and books 
contributed by French mathematicians between 1949 and 1954. 

The Digest may be obtained free of charge from the Cultural Division of the 
French Embassy, 972 Fifth Avenue, New York 21, New York. 


PERSONAL ITEMS 


Dean W. L. Duren, Jr., of the University of Virginia represented the Associa- 
tion at the annual meeting of the American Council on Education which was 
held in Washington, D. C., on October 6-7, 1955. 

Professor R. L. Wilder of the University of Michigan was awarded the hon- 
orary degree of Doctor of Science by Bucknell University at the dedication of 
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the F. W. Olin Science Building on September 28, 1955. 

Agricultural and Mechanical College of Texas announces that Mr. H. D. 
Perry and Mr. Mack Williams have been appointed to instructorships. 

Boston College reports the following: Assistant Professor Margaret Conroy 
of Washington University and Dr. Jacqueline L. Penez of Barnard College, 
Columbia University, have been appointed to assistant professorships; Dr. 
Evelyn M. Bender of Cornell University has been appointed to an instructor- 
ship. 

Boston University announces: Assistant Professor G. E. Noether has been 
promoted to an associate professorship; Mr. Gustave Solomon, formerly a part- 
time instructor at Massachusetts Institute of Technology, and Mr. H. E. Perkins 
have been appointed to instructorships. 

Bowling Green State University reports: Assistant Professor H. E. Tinnap- 
pel has been promoted to an associate professorship; Professor F. C. Ogg, chair- 
man of the Department of Mathematics, served as a mathematician at the 
Aberdeen Proving Ground, Maryland, during the summer of 1955. 

Brooklyn College announces the following: Dr. May H. Maria has been 
promoted to an assistant professorship; Associate Professor Moses Richardson 
has been promoted to a professorship; Dr. Melvin Hausner has returned from 
military service; Mr. Thomas Nicholson has retired. 

Bucknell University reports that Mr. S. F. Dice of the University of De- 
troit and Mr. C. B. Sensenig, previously a graduate student at New York Uni- 
versity, have been appointed to instructorships. 

At California Institute of Technology: Dr. L. S. Shapley, formerly an asso- 
ciate mathematician at the Rand Corporation, Santa Monica, has been ap- 
pointed Senior Research Fellow; Dr. R. A. Restrepo, Dr. R. C. Thorne, and Dr. 
D. R. Truax have been appointed Research Fellows; Dr. C. H. Wilcox, pre- 
viously a fellow at Harvard University, has been appointed to an instructorship; 
Dr. F. B. Fuller and Dr. F. L. Spitzer have been promoted to assistant professor- 
ships. 

Carnegie Institute of Technology announces: Dr. L. E. Dubins, Dr. G. H. F. 
Gardner of Cornell University, and Dr. A. F. Strehler, head of Lovelace Re- 
search Foundation, Albuquerque, New Mexico, have been appointed to as- 
sistant professorships; Mr. B. D. Aggarwala, previously a lecturer at the Indian 
Institute of Technology, Mr. Gus DiAntonie, formerly a lecturer at the Uni- 
versity of Pittsburgh, Mr. J. T. Morse, recently a National Science Foundation 
Fellow at Massachusetts Institute of Technology, Mr. J. S. Rustagi, previously a 
research assistant at Stanford University, and Mr. S. H. Vosko, formerly a fel- 
low at the Institute, have been appointed to instructorships. 

Colorado Agricultural and Mechanical College reports the following: Dr. 
T. A. Newton of the University of Nebraska and Dr. E. E. Remmenga have 
been appointed to assistant professorships; Professor A. G. Clark, Dean of the 
College, is Acting Head of the Department of Mathematics. 
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Hampton Institute announces that Mrs. Eleanor Dawley and Mr. Andrew 
Hsu have been appointed to instructorships. 

At Illinois Institute of Technology: Dr. Pasqualle Porcelli has been promoted 
to an assistant professorship; Mr. Frank Kozin, previously a graduate assistant 
at the Institute, has been appointed to an instructorship. 

Iowa State College makes the following announcement: Assistant Professor 
George Seifert of the University of Nebraska has been appointed to an assistant 
professorship; Dr. F. W. Stallard, formerly a fellow at Oak Ridge Institute of 
Nuclear Studies, and Mr. D. A. Storvick of the University of Michigan have 
been appointed to instructorships; Associate Professors C. G. Maple and Ber- 
nard Vinograde have been promoted to professorships; Assistant Professors 
O. C. Kreider and C. H. Lindahl have been promoted to associate professor- 
ships; Mr. M. R. Bryson of Drake University has been appointed to an instruc- 
torship in the statistical laboratory. 

Laval University reports: Mr. C. Roy has been appointed Professor of 
Mechanics; Dr. J. Lavallée of McGill University and Professor Fritz Rothberger 
of the University of New Brunswick have been appointed to professorships. 

Marquette University announces the following: Miss Patricia A. Gogins, 
formerly a graduate assistant at the University, and Mr. J. E. Simpson have 
been appointed to instructorships; Mr. R. W. Reichhardt has been appointed 
to an assistant instructorship; Mr. Kenneth Blake, Miss Shih S. Liu, and Mr. 
D. F. Rauscher have been appointed to graduate assistantships; Mr. R. R. Rice 
of the Milwaukee School of Engineering has been appointed Lecturer; Assistant 
Professor Leo Branovan has been promoted to an associate professorship; Dr. 
C. B. Hanneken has been promoted to an assistant professorship. 

Massachusetts Institute of Technology reports the following: Dr. E. A. Rob- 
inson, previously with the Gulf Research and Development Company, Pitts- 
burgh, Pennsylvania, has been appointed to an instructorship; Dr. R. C. T. 
Smith, on leave from the University of New England in Australia, has been ap- 
pointed Visiting Lecturer; Dr. Leonard Roberts has been appointed Research 
Associate. 

McMaster University announces: Dr. Bernard Banaschewski of the Uni- 
versity of Hamburg, Germany, has been appointed to an assistant professor- 
ship; Professor A. E. Johns has retired. 

At Miami University: Professor Ernst Snapper of the University of Southern 
California has been appointed Research Professor; Assistant Professor T. C. 
Holyoke of Northwestern University has been appointed to an assistant profes- 
sorship. 

Mississippi State College announces the following appointments: Mr. T. W. 
Daniel to an instructorship; Mrs. Mildred L. Cozart, Mrs. Cornelia S. Barren- 
tine, and Miss Marie Armstrong to acting instructorships. 

Newark College of Engineering reports that Assistant Professors Carl 
Konove and Edgar Virene have been promoted to associate professorships. 

At Northwestern University: Professor L. Virginia Carlton of Wesleyan 
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College and Dr. I. B. Fleischer have been appointed Lecturers; Assistant Pro- 
fessor W. A. Pierce, who is on leave of absence from Syracuse University, and 
Assistant Professor Esther Seiden of Howard University have been appointed 
to visiting assistant professorships; Mr. R. B. Kellogg, previously a graduate 
student at the University of Chicago, and Mr. George Kolettis, Jr., formerly a 
teaching assistant at the University of Chicago, have been appointed to instruc- 
torships; Assistant Professor M. A. Rosenlicht has been promoted to an associ- 
ate professorship; Dr. W. E. Jenner has been promoted to an assistant professor- 
ship; Associate Professor Daniel Zelinsky is on leave of absence for the year, 
1955-1956, in Japan on a Fulbright Grant; Assistant Professor Alex Rosenberg, 
who is on leave of absence for the year 1955-1956, is at the Institute for Ad- 
vanced Study on a National Science Foundation Grant; Assistant Professor 
Meyer Dwass is on leave of absence for the year 1955-1956 and is at Stanford 
University as a research associate; Assistant Professor J. C. E. Dekker is on 
leave of absence for the year 1955-1956 and is working on a project supported 
by the National Science Foundation at the University of Chicago. 

Ohio State University announces the following: Dr. J. G. Lamadrio, pre- 
viously an assistant at the University of Michigan, and Dr. Robert Seall of IIli- 
nois Institute of Technology have been appointed to instructorships; Dr. Don- 
ald Austin of Syracuse University and Dr. Martin Davis of the University of 
California at Davis have been appointed to assistant professorships; Assistant 
Professor L. H. Miller has been promoted to an associate professorship; Dr. 
W. E. Deskins, Dr. R. C. Fisher, and Dr. R. F. Reeves have been promoted to 
assistant professorships; Assistant Professor Hortense Rickard has retired with 
the title Assistant Professor Emeritus. 

Ohio University reports the following: Dr. R. F. Spring of the University of 
Illinois has been appointed to an assistant professorship; Professors Carl Den- 
bow and Victor Goedicke, who are on leave of absence for 1955-1956, have been 
awarded fellowships by the Ford Foundation and are studying at Harvard Uni- 
versity. 

At Oklahoma Agricultural and Mechanical College: Assistant Professor R. B. 
Deal, Jr., has been promoted to an associate professorship; Dr. J. W. Hamblen of 
Purdue University has been appointed to an assistant professorship; Dr. S. D. 
Liao, post-doctoral fellow at Princeton University, has been appointed Research 
Instructor; Mrs. Anne P. Shoemaker has been appointed to a temporary in- 
structorship. 

Oregon State College reports: Professor J. C. R. Li was given the 1955 
Carter Award for inspirational teaching in the School of Science; Associate 
Professor H. E. Goheen of Iowa State College has been appointed to an associate 
professorship; Dr. R. F. Link, formerly a statistician with the Sandia Corpora- 
tion, Albuquerque, New Mexico, and Dr. A. Teresa Tymieniecka, previously a 
teaching assistant in philosophy at the University of California, have been ap- 
pointed to instructorships; Mrs. Nan N. Reynolds, recently an associate en- 
gineer in aerodynamics research at Douglas Aircraft, Santa Monica, California, 
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has been appointed to an acting instructorship; Professor A. T. Lonseth has been 
appointed Acting Chairman of the Department of Mathematics; Associate Pro- 
fessor J. C. R. Li has been promoted to a professorship; Mr. R. H. Godard has 
been promoted to an assistant professorship; Associate Professor B. H. Arnold 
has returned from his sabbatical leave at the University College of Wales; As- 
sociate Professor B. W. Brewer is on sabbatical leave for the academic year 
1955-1956 and is at the University of Wisconsin as an Honorary Fellow; Mr. 
R. D. Aeder of International Business Machines Corporation was instructor at a 
one-week programming school for the IBM Type 650 computer held July 25-29, 
1955. 

Rutgers University announces: Mr. A. E. Babbitt, Jr., has been appointed to 
an instructorship; Mr. W. G. Kern, Jr., Mr. D. R. King, and Mr. T. L. Koehler, 
Jr., have been appointed teaching assistants. 

St. Lawrence University announces the following: Mr. J. J. Kinney, formerly 
a graduate student at Harvard University, has been appointed to an instructor- 
ship; Assistant Professor F. C. Warner has been promoted to an associate pro- 
fessorship. 

St. Louis University reports that Mr. E. G. Ejigel, Jr., Miss Bernardine Law, 
Mr. John Groves, and Mr. G. R. Kuhn have been appointed Fellows. 

State College of Washington reports the following: Professor M. S. Knebel- 
man, chairman of the Department of Mathematics, is Acting Associate Dean 
of the Division of Sciences and Arts; Professor S. G. Hacker is serving as Acting 
Chairman of the Department; Mr. Ward Crowley has been appointed Acting 
Assistant Professor; Mr. R. S. DeZur, formerly a graduate student at the Uni- 
versity of Oregon, has been appointed to an acting instructorship; Dr. D. W. 
Bushaw and Dr. M. T. Wechsler have been promoted to assistant professorships. 

University of Akron announces: Assistant Professor E. A. Tabler has been 
placed in charge of the Number Communications Course, a new development 
in the General Education curriculum; Assistant Professor R. C. Davis received 
a grant from the National Science Foundation to attend the Institute for Teach- 
ers of Collegiate Mathematics at Stanford University, Summer 1955; Assistant 
Professor Louis Ross received a scholarship to attend the short course in opera- 
tions research which was held at Case Institute of Technology, September 1955; 
Dr. Samuel Selby, head of the Department of Mathematics, attended the Ca- 
nadian Mathematical Congress during August 1955 at the University of Mani- 
toba. 

At the University of Alabama: Professor F. A. Lewis has resigned as head 
of the Department of Mathematics; Professor J. D. Mancill has been appointed 
Head of the Department; Assistant Professor O. R. Ainsworth has been pro- 
moted to an associate professorship; Professor M. O. Gonzalez is on leave of 
absence at the University of Havana, Cuba. 

University of Arkansas announces the following appointments to instructor- 
ships: Mr. L. L. Koontz, Mr. B. G. Mullen, and Miss Lillian Spikes. 
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University of California reports: Assistant Professor S. P. Diliberto has been 
promoted to an associate professorship; Visiting Associate Professor H. D. 
Huskey has been appointed Associate Professor of Mathematics and Electrical 
Engineering; Assistant Professor Henry Helson of Yale University has been 
appointed to an assistant professorship; Professor Bernard Friedman of New 
York University and Professor G. P. Hochschild of the University of Illinois 
have been appointed to visiting professorships; Dr. Ronald Macauley, Dr. T. J. 
McMinn, and Dr. D. E. Schroer have been appointed to instructorships; Dr. 
D. B. Lowdenslager of the University of Virginia holds a research appointment: 
Dr. Michael Dummett holds a Commonwealth Fellowship for 1955-1956 and 
is spending the year at the University; Professor A. P. Morse is on sabbatical 
leave for 1955-1956; Professor A. Tarski is on sabbatical leave for 1955-1956 
on a Guggenheim Fellowship and will give a series of lectures in Paris, France; 
Professor F. Wolf is on sabbatical leave for 1955-1956 and will spend the year 
in London and Rome; Professor G. C. Evans is spending six months in Europe. 
In June, 1955, a two-week conference on partial differential equations was held 
at the University under the auspices of the Office of Naval Research, the Uni- 
versity of Kansas, and the University of California. 

University of Cincinnati announces: Professor Louis Brand, formerly head 
of the Department of Mathematics, has retired with the title Professor Emeri- 
tus; Professor G. M. Merriman has been appointed Head of the Department; 
Assistant Professor F. W. Rogers has been promoted to an associate professor- 
ship; Mr. W. R. Harlow has been promoted to an assistant professorship; Mr. 
Smbat Abian, Mr. Wesley Love, and Mr. H. M. Weitkamp have been appointed 
to instructorships; Mr. Roger Chalkley, Mr. T. K. Cook, Mr. Charles Lambert, 
and Mr. Bruce Raymond have been appointed to teaching assistantships; Visit- 
ing Associate Professor W. B. Jurkat is on leave of absence for 1955-1956 in 
Germany and has been replaced by Professor Alexander Peyerimhoff of the 
University of Giessen. 

University of Florida reports the following: Dr. R. H. Ackerson, previously 
a teaching fellow at Alabama Polytechnic Institute, Dr. A. T. Butson of Michi- 
gan State University, and Dr. T. O. Moore of the University of Missouri have 
been appointed to assistant professorships; Assistant Professors R. G. Blake 
and Kenneth Lewis have been promoted to associate professorships. 

University of Georgia announces that a meeting of the Mathematics Col- 
loquium of the University was held on October 12, 1955. Dr. J. W. Green of the 
University of California at Los Angeles gave a lecture entitled, “Mean Values of 
Harmonic Functions on Homothetic Curves.” 

At the University of Idaho: Dr. A. R. Amir-Moez of Santa Barbara College, 
University of California, and Mr. William Smith have been appointed to in- 
structorships; Dr. C. H. Cunkle of the University of Missouri and Dr. T. R. 
Jenkins of the University of Michigan have been appointed to assistant profes- 
sorships; Associate Professor A. E. Halteman has returned from a year’s leave 
of absence spent at the University of Oregon. 
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University of Maryland announces: Mr. Henry Beiman, recently a teaching 
assistant at the University of Wisconsin, Miss E. Correl, formerly a graduate 
assistant at Purdue University, Dr. B. S. Fadnis, previously an assistant lec- 
turer at Indian Institute of Technology, Dr. H. T. Hsu, and Dr. J. G. Mac- 
Carthy, previously a graduate assistant at the University of Pittsburgh, have 
been appointed to instructorships; Associate Professor D. M. Young, Jr., is on 
leave of absence and is with the Ramo-Wooldridge Corporation, Los Angeles, 
California. 

University of Minnesota reports the following: Dr. G. E. Baxter of Massa- 
chusetts Institute of Technology, Dr. I. S. Krule, previously a teaching fellow 
at Tulane University, and Dr. G. O. Sabidussi of the Institute for Advanced 
Study have been appointed to instructorships. 

University of Mississippi announces the following: Mrs. Mary C. Kerr and 
Mr. A. E. Dean have been appointed to instructorships; Professor W. H. 
Spragens has returned after a year at the University of Chicago on an internship 
in general education; Associate Professor L. L. Scott is on leave of absence and 
_ and is at the University of California on a Ford Foundation Fellowship. 

At the University of North Dakota: Mr. J. S. Rue and Mr. D. H. Went- 
worth have been appointed to instructorships. 

University of Pennsylvania makes the following announcement: Dr. Saul 
Kravetz has been appointed Associate; Dr. O. H. Alisbah has been appointed 
Lecturer; Assistant Professors R. D. Anderson and Bernard Epstein have been 
promoted to associate professorships; Professor S. P. Shugert has retired with 
the title Professor Emeritus; Associate Professor R. D. Anderson is on leave of 
absence at the Institute for Advanced Study for the year 1955-1956. 

University of Pittsburgh reports: Assistant Professor Louis Sacks has been 
promoted to an associate professorship; Mr. Joseph Kachun has been promoted 
to an assistant professorship; Miss Florence J. Krajnak, previously a lecturer at 
the University’s Johnstown Center, has been promoted to an instructorship at 
the Center. 

University of Utah announces: Professor Bodo Volkmann of the University 
of Mainz, Germany, has been appointed Visiting Assistant Professor; Assistant 
Professor Allan Davis of the University of Nevada has been appointed to an 
assistant professorship; Mr. D. S. Adorno, formerly a graduate student at Penn- 
sylvania State University, has been appointed to an instructorship. 

Virginia Polytechnic Institute reports the following: Mr. H. G. Campbell 
and Mr. P. F. Clemens of Rennselaer Polytechnic Institute have been appointed 
to assistant professorships; Miss Emily B. Ragsdale and Mr. J. G. Rieley have 
been appointed to instructorships. 

Wayne University announces the following: Associate Professor Benjamin 
Epstein has been promoted to a professorship; Assistant Professor Samuel Kap- 
lan has been promoted to an associate professorship; Associate Professor Harvey 
Cohn has returned from a leave of absence at Stanford University. 

Western Michigan College reports: Associate Professor H. H. Hannon has 
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been promoted to a professorship; Assistant Professor J. R. Meagher has been 
promoted to an associate professorship. . 

At Wisconsin State College, River Falls: Dr. Lillian Gough of New York 
State Teachers College, Oswego, has been appointed to an associate professor- 
ship; Mr. Gerald Bisbey has been appointed to an instructorship; Professor Glen 
Junkman has retired after 38 years of teaching at the College. 

Yale University announces: Dr. R. J. Nunke of Northwestern University, 
Dr. M. F. Ruchte, formerly a research fellow at Yale University, and Dr. E. C. 
Schlesinger, previously a fellow at Harvard University, have been appointed to 
instructorships; Assistant Professor D. F. Votaw, Jr., of the Department of 
Mathematics has been promoted to an associate professorship in the Depart- 
ment of Industrial Administration. 

Associate Professor R. V. Andree of the University of Oklahoma is on leave 
of absence for the academic year 1955-1956 on a Carnegie Foundation grant and 
is Visiting Associate Professor at Haverford College. 

Dr. Louis Auslander of Yale University is at the Institute for Advanced 
Study as a National Science Foundation Postdoctoral Fellow. 

Mr. Thomas Bauserman of West Virginia University has been appointed to 
an assistant professorship at Marshall College. 

Mr. C. B. Baytop of Hampton Institute has been appointed to an instructor- 
ship at Morgan State College. 

Mr. H. W. Becker, formerly a transmitter engineer at Station WOW, Omaha, 
Nebraska, has been appointed to an instructorship at the Radio Engineering 
Institute, Omaha. 

Visiting Assistant Professor H. D. Block of the University of Minnesota has 
been appointed to an instructorship at Cornell University. 

Mrs. Helen L. Brooks, previously a lecturer at the University of Toledo, has 
been appointed to an instructorship at the University. 

Mr. H. H. Brown, formerly a research mathematician at Franklin Institute, 
has a position as a professional engineer at Radio Corporation of America, Avia- 
tion Systems Section, Moorestown, New Jersey. 

Mr. C. N. Campopiano, recently a project engineer at Sperry Gyroscope 
Company, Great Neck, New York, has accepted a position as a mathematician 
with Combustion Engineering, New York City. 

Mr. B. R. Cato, Jr., of the University of Maryland has been appointed to an 
assistant professorship at the College of William and Mary. 

Associate Professor Abraham Charnes of Carnegie Institute of Technology 
has been appointed to a professorship at Purdue University. 

Dr. N. H. Choksy, previously a research assistant at the University of 
Wisconsin, has been appointed to an assistant professorship in electrical engi- 
neering at Johns Hopkins University. 

Assistant Professor H. S. Cohen of Carnegie Institute of Technology has 
been appointed to an associate professorship at Rensselaer Polytechnic Insti- 
tute. 
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Mr. G. R. Costello, formerly an aerophysics project engineer at Chance- 
Vought Aircraft, Dallas, Texas, is now an assistant department head in the 
Functional Engineering Department, Arma Corporation, Garden City, New 


_ York. 


Assistant Professor H. K. Crowder, who is on leave of absence from Case 
Institute of Technology, is at the Ballistics Research Laboratory, Aberdeen 
Proving Ground, Maryland. 

Associate Professor F. E. Ehlers of Oregon State College is now with Boeing 
Airplane Company, Seattle, Washington. 

Mr. M. C. Erwin, who has been teaching at Reynolds High School, Indiana, 
has retired. 

Dr. Elvy L. Fredrickson of Oregon State College has been appointed to an 
associate professorship at Lewis and Clark College. 

Assistant Professor C. M. Fulton of the University of California at Davis 
has been promoted to an associate professorship. 

Professor S. H. Gould of Purdue University has been appointed to a profes- 
sorship at Williams College. 

Mr. E. A. Green, previously a student at Queen’s University, is now teach- 
ing at Fort William Collegiate Institute, Ontario, Canada. 

Associate Professor G. H. Handelman of Carnegie Institute of Technology 
has been appointed to a professorship at Rensselaer Polytechnic Institute. 

Assistant Professor H. S. Heaps of Nova Scotia Technical College has been 
promoted to an associate professorship. 

Assistant Professor John van Heijenoort of New York University has been 
promoted to an associate professorship. 

Mrs. P. S. Helmick of Grandview College has been appointed to an instruc- 
torship at Drake University. 

Dr. T. P. Higgins of the University of Texas has a position as a research 
engineer at Boeing Airplane Company, Seattle, Washington. 

Mr. C. W. Hunter has a position as a mathematician at Radio Corporation 
of America, Aviation Systems Laboratory, Waltham, Massachusetts. 

Mrs. Verba W. Iturralde, formerly a teacher at El Paso Technical Institute, 
has been appointed to an instructorship at Texas Western College of the Uni- 
versity of Texas. 

Mr. W. G. Johnson, recently a part-time instructor at Syracuse University, 
has been appointed to an instructorship at Southern IJIlinois University. 

Dr. J. B. Johnston has been appointed to an instructorship at Cornell Uni- 
versity. 

Mr. T. W. Kampe, formerly a graduate assistant at the University of South- 
ern California, has been appointed to an instructorship at Pomona College. 

Associate Professor L. H. Kanter of Mississippi State College has been ap- 
pointed to an assistant professorship at Clarkson College of Technology. 

Associate Professor W. S. Kimball of the University of Vermont has been 
appointed to an associate professorship at the University of Alaska. 


66 NEWS AND NOTICES [January 


Mr. Jack Klugerman, previously a student at Brooklyn College, now has a 
position as a computing engineer with Republic Aviation Corporation, Farming- 
dale, New York. 

Professor L. Kuipers of the University of Indonesia has been appointed to 
an assistant professorship at the University of Redlands. 

Assistant Professor R. M. Lakness of the University of California has been 
appointed to an assistant professorship at San Francisco State College. 

Dr. Gene Levy of the University of Oklahoma has been promoted to an 
assistant professorship. 

Mrs. Anne T. Limpert of St. Lawrence University has a position as a teacher 
at Gouverneur High School, New York. 

Mr. Lionel London, formerly with the Armour Research Foundation, 
Chicago, Illinois, as a research engineer, is now a senior engineer at Cook Re- 
search Laboratory, Skokie, Illinois. 

Rev. H. J. Luger has been appointed to an instructorship at Gonzaga Uni- 
versity. 

Mr. R. L. Manchester, previously at Franklinville Central School, New 
York, has been appointed Head of the Department of Mathematics of Iroquois 
Central School, Elma, New York. 

Dr. Lawrence Markus of Yale University has been appointed Lecturer at 
Princeton University. 

Dr. P. J. McCarthy, recently a research assistant at the University of Notre 
Dame, has been appointed to an instructorship at the College of the Holy Cross. 

Dr. E. B. McLeod, Jr., of the University of Colorado has been appointed to 
an assistant professorship at Oregon State College. 

Dr. R. M. McLeod, previously an assistant at Rice Institute, has been ap- 
pointed to an instructorship at Duke University. 

Dr. J. T. Mohat of the University of Texas has been appointed to an in- 
structorship at Duke University. 

Professor E. F. Moore, Director of Research and Professor of Statistics at 
Baylor University, has been appointed a staff supervisor in the Quality Control 
Branch, Phillips Petroleum Company, Rocket Fuels Division, McGregor, 
Texas. 

Mr. R. A. Moreland, Jr., formerly a mathematician with the Sandia Cor- 
poration, Albuquerque, New Mexico, has been appointed to an instructorship 
at Texas Technological College. 

Visiting Professor F. S. Nowlan of the College of William and Mary has been 
appointed Visiting Professor at the University of Houston. 

Mr. C. T. Oergel, previously an analytical engineer for General Electric 
Company, Bloomfield, New Jersey, has been appointed Head of the Mechanical 
Engineering Department of Polytechnic Institute of Brooklyn. 

Mrs. Erna H. Pearson has been appointed to an instructorship at Emory 
University. 

Mr. W. J. Pervin, recently a senior scientist for Westinghouse Atomic Power 
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Division, Pittsburgh, Pennsylvania, has been appointed to an assistant profes- 
sorship at the University of Pittsburgh. 

Mr. A. G. Poorman, formerly a graduate assistant at Iowa State College, 
has been appointed to an assistant professorship at Ashland College. 

Assistant Professor J. F. Price of Oregon State College has a position with 
Boeing Airplane Company, Seattle, Washington. 

Dr. R. T. Prosser, previously a teaching assistant at the University of 
California, has been appointed Research Instructor at Duke University. 

Dr. L. E. Pursell of Ohio State University has been appointed to an assistant 
professorship at Grinnell College. 

Mr. John Rausen, formerly a lecturer at Columbia University, has been ap- 
pointed to an instructorship at New York University. 

Mr. S. T. Rio has been appointed Instructor and Chairman of the Depart- 
ment of Mathematics at Pacific University. 

Dr. J. P. Roth of the University of California is spending the year 1955— 
1956 at the Institute for Advanced Study. 

Dr. W. C. Sangren, previously a senior mathematician at Oak Ridge Nation- 
al Laboratory, Tennessee, is now Chief of Mathematics and Computing Divi- 
sion, Curtiss-Wright, Clifton, New Jersey. 

Mr. E. D. Schell, recently chief of Mathematics and Electronic Computing 
Branch, Air Force Headquarters, has a position as a mathematician with the 
Sperry Rand Corporation, New York City. 

Miss Nancy M. Scribano of Ohio University is now a mathematics teacher 
at New Rochelle High School, New York. 

Assistant Professor C. E. Shotwell of the University of the South has a posi- 
tion as an applied science representative with the I. B. M. Corporation, Chatta- 
nooga, Tennessee. 

Associate Professor S. S. Shu of Illinois Institute of Technology has been 
appointed to a professorship at Purdue University. 

Professor Jack Silber of Roosevelt University spent the summer of 1955 as 
consultant to the Operations Analysis Office at the United States Air Force 
Missile Test Center. 

Mr. L. C. Smith, previously a student at Hofstra College, has a position as 
a dynamics engineer at Republic Aviation Corporation, Farmingdale, New York. 

Assistant Professor George Springer of Northwestern University has been 
appointed to an associate professorship at the University of Kansas. 

Dr. D. W. Wall, formerly a programmer in the National Security Agency, 
Washington, D. C., has been appointed to an assistant professorship at the 
University of North Carolina. 

Assistant Professor E. C. Watters of the United States Naval Academy has a 
position as a senior mathematician at Bendix Research Laboratories, Detroit, 
Michigan. 

Dr. William Wehlau has been appointed Research Fellow in Astronomy at 
the University of Western Ontario. 
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Miss Nancy J. White, recently a mathematics teacher at Edward Hand 
Junior High School, Lancaster, Pennsylvania, has a position as an engineering 
assistant at General Electric Company, Cincinnati, Ohio. 

Dr. Adil Yaqub has been appointed to an instructorship at Purdue Univer- 


sity. 


Dr. Hiroshi Yamauchi of Nuclear Development Associates, White Plains, 
New York, has been appointed to an assistant professorship at the University 


of Hawaii. 


Mr. A. J. Yaspan has been appointed to an instructorship at Western 


Reserve University. 


Professor Emeritus I. S. Carroll of Syracuse University died on October 17, 
1955. He was a member of the Association for thirty-two years. 

Professor Emeritus R. W. Marriott of Swarthmore College died on October 
19, 1955. He was a charter member of the Association. 
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Official Reports and Communications 
NEW MEMBERS 


Professor H. M. Gehman, Secretary-Treasurer, announces that the follow- 
ing 79 persons have been elected to membership by the Board of Governors on 


applications duly certified. 


ALICE E. ANDERSON, M.A.(East Tennessee 
S.C.) East Tennessee State College. 

S. I. Askovitz, M.A., M.D. (Pennsylvania) 
Res. Fellow in Ophthalmology, Albert 
Einstein Medical Center, Philadelphia, 
Pa. 

Mrs. BonNiIE AVERBACH, 
Instr., Temple University. 

J. H. Barnuitu, B.S.(North Carolina) Math- 
ematician, Air Weather Service, Data 
Control Division, Asheville, N. C. 

R. H. Bates, M.A.(Syracuse) Teacher, Mil- 
ford Central School, N. Y. 

A. A. BENvVENUTO, M.A.(Syracuse) Grad. 
Asst., University of Illinois. 

J. W. Best, M.S. (Oklahoma A.&.M.C.) Cap- 
tain, United States Air Force. 

FRED BIGELEISEN, Student, University of 
Buffalo. 

G. E. Bioca, B.S.(Brown) Ensign, United 
States Navy. 


M.A. (Temple) 


R. C. Boriincer, B.S.(Pittsburgh) Asst. 
Engr., Westinghouse Electric Corp., Pitts- 
burgh, Pa. 

MEYER Britt, M.S.(Tulane) Instr., Tulane 
University. 

R. E. Briney, A.B.(Northwestern U.) Grad. 
Student, Massachusetts Institute of Tech- 
nology. 

J. K. Brown, United States Army. 

D. L. BURKHOLDER, Ph.D.(North Carolina) 
Asst. Professor, University of Illinois. 

G. D. Byrne, B.S. (Creighton) Mathematician, 
White Sands Proving Ground, Las Cruces, 
N. Mex. 

J. W. Carr, III, Ph.D.(M.I.T.) Asst. Pro- 
fessor, University of Michigan. 

R. R. CuristENsEN, M.S.(Northwestern U.) 
Member of the Technical Staff, Ramo- 
Wooldridge Corp., Los Angeles, Calif. 

R. F. CHurcu, Student, University of New 
Hampshire. 
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FREDERIC CUNNINGHAM, JR., Ph.D. (Harvard) 
Asst. Professor, University of New Hamp- 
shire. 

E. B. Durry, Ch.E., M.S. (Cincinnati) Engr., 
Engineer Research and Development 
Lab., Fort Belvoir, Va. 

G. J. Durry, B.S.(Loyola) Jr. Res. Tech- 
nician, Argonne National Lab., Chicago, 
Ill. 

L. W. Eurtuicu, B.S.(Maryland) Grad. Asst., 
University of Maryland. 

Mrs. ELIZABETH A. Esson, Student, Rutgers 
University, College of South Jersey. 

J. H. FisHer, M.S. (Illinois) Res. Asst., Uni- 
versity of Illinois. 

Eivy L. FREeprRicKson, Ph.D.(Oregon S.C.) 
Asso. Professor, Lewis & Clark College. 

J. L. Freier, Student, Brooklyn College. 

L. T. GARDNER, A.B.(Antioch) Actuarial 
Analyst, Travelers Insurance Co., Hart- 
ford, Conn. 

Mrs. ELIZABETH B. GiLMORE, B.S. (St. Joseph 
C.) Norfolk, Va. 

R. J. GRAHAM, B.S. (Florence S.T.C.) Mathe- 
matician, Eglin Air Force Base, Fla. 

June V. GRENIER, B.S. (St. Joseph C.) Hart- 
ford, Conn. 

D. W. GRISSINGER, B.S.(Pennsylvania S.U.) 
Jr. Engr., Philco Corp., Philadelphia, Pa. 

W. E. Grove, M.A.(Michigan S.U.)  Instr., 
General Motors Institute, Flint, Mich. 

P. L. Hamm, M.A.(Maine)  Instr., University 
of Maine. 

G. B. Hare, M.S.(Colorado) United States 
Army. 

Dorotuy L. Harris, B.S. in Ed.(Miami U.) 
Grad. Student, Ohio State University. 

D. J. Hart, Lab. Asst., Chemical Division of 
Borden Co., Peabody, Mass. 

R. E. Haymonp, B.S. (South Carolina) Grad. 
Asst., California Institute of Technology. 

J. M. Heatu, M.A.(Yale) Head, Department 
of Mathematics, Hopkins Grammar 
School, New Haven, Conn. 

R. B. Hernpay, B.Ed. (Wisconsin S.C., White- 
water) Instr., Milwaukee School of En- 
gineering. 

Rev. F. A. Homann, S.J., A.B.(St. Louis) 
Grad. Student, St. Louis University. 

J. B. Jounston, Ph.D. (Calif. I.T.)  Instr., 
Cornell University. 

Mrs. Ciara A. Jones, M.S. (South Carolina 
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S.C.) Asst. Professor, South Carolina 
State College. 
IRWIN Kasus, B.S.(C.C.N.Y.) Mathema- 


tician, Reeves Instrument Corp., New 
York, N. Y. 

J. L. Katz, M.S.(Poly. Inst. of Brooklyn) 
Instr., Polytechnic Institute of Brooklyn. 

P. R. KuEpKER, Student, University of Okla- 
homa. 

PEDRO LABORDE-MONTANER, Ph.D.(N.Y.U.) 
Professor, University of Puerto Rico. 
MUNISWAMYREDDY LAKSHMANAN, M.A.(Ma- 
dras) Lecturer, Central College, Univer- 
sity of Mysore, Bangalore, India; Lecturer, 

Maryland College, Harper, Liberia. 

C. W. Larson, M.A.(Wisconsin) Instr., 
Ripon College. 

H. L. Lewis, M.A.(Texas) Instr., Southwest 
Texas State Teachers College. 

J. C. Lone, A.B.(Indiana) Industrial Engr., 
Richardson Co., Indianapolis, Ind. 

Mrs. FiLora E. Lynn, A.B. (Tennessee) (Mary 
Baldwin) Math. and Latin Teacher, 
Clifton Forge H.S., Va. 

ROSEMARIE MacMILuaNn, B.S.(Alberta) Ex- 
ploration Trainee, Mobil Oil of Canada, 
Calgary, Alberta. 

H. S. Mar, B.S.(U. of Washington) Grad. 
Student, University of Washington. 

G. E. Martin, M.A.(Florida S.U.) Grad. 
Teaching Asst., Purdue University. 

B. L. McALtisterR, M.A.(Utah) Teaching 
Asst., University of Wisconsin. 

R. A. Morris, B.S.(Rhode Island) Fort 
Bliss, Texas. 

R. C. Morrow, M.A. (Washington & Jefferson) 
Asso. Professor, United States Naval 
Academy. 

K. H. Murpuy, M.S.(W.Va.U.) Instr., Uni- 
versity of Illinois, Navy Pier, Chicago. 

C. A. Musgs, Ph.D.(Columbia) Editor-in- 
Chief, The Falcon’s Wing Press, Indian 
Hills, Colo. 

E1zo Nisniura, Student, San Jose State Col- 
lege. 

G. M. OrtTNER, M.A. (Michigan) Instr., Gen- 
eral Motors Institute, Flint, Mich. 

J. B. O’Toorz, Ph.D. (Pittsburgh) Projects 
Engr., Philco Corp., Philadelphia, Pa. 
SAMUEL PUCCIARELLI, B.S.(Manhattan C.) 

Jr. Engr., Republic Aviation Corp., Farm- 
ingdale, N. Y. 
D. F. Rauscuer, B.S.(Marquette) Peru, III. 
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B. L. Rernsaart, M.A.(Princeton) Instr., 
Princeton University. 

R. R. Rice, B.S.(Wisc. S.C., Eau Claire) 
Instr., Milwaukee School of Engineering. 

D. G. Ross, JR., Moorestown, N. J. 

A. A. Ruroskey, Student, University of 
Southern California. 

E. D. RYAN, Student, University of Denver. 

W. W. Suirtey, M.S.(Oklahoma A.&M.C.) 
Petroleum Reservoir Engr., Richfield Oil 
Corp., Los Angeles, Calif. 

R. D. SINKHORN, Student, Municipal Uni- 
versity of Wichita. 

N. E. STEENROD, Ph.D.(Princeton) Professor, 
Princeton University. 

F. G. Stockton, A.B. (Adams S.C.) Jr. Engr., 
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Shell Development Co., Emeryville, Calif. 

F. A. Varricuio, B.S. in Ed. (Fordham) 
Teaching Asst., Brown University. 

W. E. WaLpen, A.B.(New Mexico C. of 
A.&.M.A.) Res. Asst., Los Alamos Sci- 
entific Lab., N. Mex. 

R. B. Wattz, B.S.(Franklin and Marshall) 
Jr. Engr., Philco Corp., Philadelphia, Pa. 

E. C. Wotre, A.A.S.(Rochester I.T.) Mod. 
Maker & Elect. Exp. Mech., Haloid Co., 
Rochester, N. Y. 

CyNnTHIA L. YounG, Student, Tennessee Poly- 
technic Institute. 

D. E. ZILtMER, Ph.D.(Wisconsin) Mathema- 
tician, U. S. Naval Ordnance Test Station, 
China Lake, Calif. 


CALENDAR OF FUTURE MEETINGS 
Thirty-seventh Summer Meeting, University of Washington, Seattle: 


Washington, August 20-21, 1956. 


Fortieth Annual Meeting, University of Rochester, Rochester, New York, 


December 29, 1956. 


The following is a list of the Sections of the Association with dates of future 
meetings so far as they have been reported to the Associate Secretary. 


ALLEGHENY MOuNTAIN, Geneva College, Bea- 
ver Falls, Pennsylvania, April 28, 1956. 


ILLINOIS, Eastern Illinois State College, 
Charleston, May 11-12, 1956. 
INDIANA, Wabash College, Crawfordsville, 


May 5, 1956. 

Iowa, Grinnell College, Grinnell, April 20-21, 
1956. 

Kansas, University of Wichita, April 21, 1956. 

KENTUCKY, University of Kentucky, Lexington, 
April 28, 1956. 

LouiIsiANA-Mississipp!1, McNeese State Col- 
lege, Lake Charles, Louisiana, February 
17-18, 1956. 

MARYLAND-DIsTRICT OF COLUMBIA-VIRGINIA 

METROPOLITAN NEw YORE, Stevens Institute 
of Technology, Hoboken, New Jersey, 
April 28, 1956. 

MIcHIGAN, University of Michigan, Ann Arbor, 
March, 1956. 

MINNESOTA, Augsburg College, Minneapolis, 
April 28, 1956. 

Missouri, Fontbonne College, St. 
April 21, 1956. 


Louis, 


NEBRASKA, University of Nebraska, Lincoln, 
April 21, 1956. 

NORTHEASTERN 

NORTHERN CALIFORNIA, Stanford University, 
Stanford, January 14, 1956. 

Ox10, Oberlin College, April 14, 1956. 

OKLAHOMA 

Paciric NORTHWEST, Oregon State College, 
Corvallis, June, 1957. 

PHILADELPHIA 

Rocky Movunrtain, University of Utah, Salt 
Lake City, May 4-5, 1956. 

SOUTHEASTERN, University of Georgia, Athens, 
March 16-17, 1956. 

SOUTHERN CALIFORNIA, Pomona College, Clare- 
mont, March 17, 1956. 

SOUTHWESTERN, New Mexico College of Agri- 
culture and Mechanical Arts, Las Cruces, 
April, 1956. 

Texas, Southwest Texas State Teachers Col- 
lege, San Marcos, April, 1956. 

Uprer New York Srate, Alfred University, 
Alfred, April 28, 1956. 

WIsconsIN, Marquette University, Milwaukee, 
May, 1956. 
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Mathematicians MS or PhD, 5 to 10 years experience, with knowledge 
of hydrodynamics, vector analysis, complex variables 


and analog computation. Responsible position involv- 


> ~~ ing formulation of equations of motion for submarines 
and in connection with simulators. 


2. BS degree and 2 to 4 years experience in analog or 
digital computation. For preparation of engineering 
problems for solution by high speed automatic com- 
puters. 


The inauguration of a greatly expanded research and development pro- 
gram at Electric Boat Division of General Dynamics Corporation calls 
for scientists and engineers of the utmost skill. As designers and builders 
of the world’s first atomic submarines, Nautilus and Sea Wolf, Electric 
Boat has extensive know-how in the application of nuclear energy for 
propulsion. This new department will delve deep into more advanced 
nuclear submarine design, and a variety of other new fields as well. 


A comprehensive educational program in the plant and at leading colleges 
and universities is available at no cost to Electric Boat personnel. Electric 
Boat is building for the future, and offering talented researchers a chance 
to grow with it. 


If you qualify, please write complete details of background and experi- 
ence to Peter Carpenter. 


Electric Boat Division 


GENERAL DYNAMICS CORPORATION 


GROTON CONNECTICUT 
near New London on the Connecticut shore 
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Excellent oppty: research laboratory. Minimum 2 years Digital com- 
puter experience. 
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Applicant should be familiar with the application of automatic com- 
puting equipment to engineering design calculations. 


Must be capable of searching out, formulating and solving engineer- 
ing research problems with the use of automatic equipment. Oppor- 
tunity to work with both Engineers and Chemists. Write, phone or apply 
in person. 
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THE M. W. KELLOG CO. 
Fi. of Danforth Ave., 
Jersey City, New Jersey 


le you ate employed by a college, university or private 
school you arte eligible for low-cost life insurance in TIAA. 

Term, Family Income, Ordinary Life and a wide variety 
of other plans are available at substantial savings. To get full details 
send us the coupon below. You'll receive premium rates and an easy- 
to-read booklet that will help you select the plan most suitable for 
your family’s needs. There is no obligation, of course. 

The Teachers Insurance and Annuity Association (TIAA) 
is a unique, nonprofit life insurance company established by Carnegie 
organizations in 1918 solely to serve the field of higher education. 
Assets now total more than $450,000,000. 


TIAA employs no agents—no one will call on you 

Teachers Insurance and Annuity Association “| 
522 Fifth Avenue, New York 36, New York 

Please send me a Life Insurance Guide and the booklet, Plan 

Your Life Insurance. 

Name. CsCsSCSS a tle ff Birth___ 

Address 

Ages of Dependents 
F Employing Institution 
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FOR THE MATHEMATICIAN 
who’s ahead of his time 


{BM is looking for a special kind of mathe- 
matician, and will pay especially well for 
his abilities. 

This man is a pioneer, an educator—with a 
major or graduate degree in Mathematics, 
Physics, or Engineering with Applied 
Mathematics equivalent. 


You may be the man. 


If you can qualify, you'll work as a special 
representative of .IBM’s Applied Science 
Division, as a top-level consultant to busi- 
ness executives, government officials and 
scientists. It is an exciting position, crammed 
with interest, and responsibility. 


Employment assignment can probably be 


made in almost any major U. S. city you 


oe . choose. Excellent working conditions and 
oma employee-benefit program. 

~ For applicants with the same basic qualifi- 

he cations, opportunities are available to teach 
in this exciting, new field. 

Your reply will, of course, be held in the 

_ a . . . . strictest confidence. Write, giving full de- 

we: er oe . tails of education and experience, to: 


Dr. C. R. DeCarlo 


DIRECTOR, APPLIED SCIENCE DIVISION 


INTERNATIONAL BUSINESS MACHINES CORP. 
590 Madison Avenue, New York 22, N.Y. 


idreds of IBM electronic data processing ma- 
nes are already in use, and many more will be 
talled during 1956. These data processing ma- 
nes have become essential for computations in 
ence, engineering, and business management. 


Producer of electronic 
data processing machines, 


electric typewriters, 
and electronic time equipment. 


| A FIRST COURSE IN 
COORDINATE GEOMETRY 


by H. GLENN AYRE, Western Illinois State College, and 
ROTHWELL STEPHENS, Knox College 


This new text is a refreshingly original treatment of plane and solid analytic geometry. The unique 
feature of this straight-forward, lucid book is the integration of two-space and three-space coordinate 
geometry into a unified subject. The concepts and theorems of solid geometry have been carefully 
interwoven throughout the text. By this approach, students develop an intelligent insight into the 
foundations of calculus and mathematics applied to science and engineering problems. 


SPECIAL FEATURES: 


@ Places solid geometry in its proper perspective as an integral part of analytics. 

@ Offers incentive for the study of calculus by introducing simple concepts such as the 
derivative and its applications to curve tracing. 

@ Presents an elementary introduction to vectors. 

Presents the proof of theorems and their converses as well. 

Avoids concentration on details not pointed toward the calculus. 


COLLEGE ALGEBRA 
FOR FRESHMEN: 2nd Edition 


by GORDON FULLER, Texas Technological College 


This completely rewritten second edition of a popular text contains these 
SPECIAL FEATURES: 


@ Exercises begin with quite simple problems, helping less experienced students gain 
confidence, and increase in difficulty, stimulating better-prepared students to their 
best efforts. 


@ Problem sets are new and more plentiful; answers are provided for two-thirds of the 
problems. 


® Complex numbers are adequately covered in a new chapter. 


@ The chapter on logarithms has been materially strengthened in exposition; instead 
of multiple rules, one simple rule shows the relation of the decimal point of a 
number and the characteristic of its logarithm. 


Early chapters contain review material which is sufficiently elementary and detailed for those who 
have had only one year of high school algebra. For students with adequate training, these chapters 
provide a brief but thorough review. Later chapters contain all the material usually taught in 


freshman algebra courses, presented in clear and simple language. 
For March Publication 
For approval copies, write 


D. VAN NOSTRAND COMPANY, INC. 


120 Alexander St., Princeton, N.J. 


ro ELEMENTARY 
Aan | DIFFERENTIAL 

nnouncing ' EQUATIONS 
By 


WILLIAM TED MARTIN 
and ERIc REISSNER 


publication 0 


Massachusetts Institute 
of Technology 


A new textbook on differential equations with applications to physical science 
and engineering, intended primarily for one-semester courses. The aim of this 
book is to provide the student with a useful, working knowledge of differential 
equations. Series methods and other approximate methods for solution are empha- 
sized at an early stage without neglecting important cases of practical significance 
where solutions in closed form can be obtained. 


Two important separate aspects of the study of differential equations are stressed. 
One is the formulation of problems in science and engineering as problems of dif- 
ferential equations. The other is the systematic study of methods of solutions for 
differential equations, including those which arise in applications. 


In addition to the treatment of ordinary differential equations the book contains 
a chapter on partial differential equations, a chapter on numerical methods, and a 
chapter on finite difference equations. 


c. 250 pp, 18 illus, 1956 - $6.50 
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A COMPLETE SEQUENCE OF BASIC TEXTS: 


UNIFIED ALGEBRA AND TRIGONOMETRY COLLEGE ALGEBRA AND PLANE TRIGONOMETRY 
By E. P. VANCE, Oberlin College OR By ABRAHAM SPITZBART and ROSS H. BARDELL, 
University of Wisconsin 


CALCULUS AND ANALYTIC GEOMETRY 
By GEORGE B. THOMAS, JR., Massachusetts Institute of Technology 


ELEMENTARY DIFFERENTIAL EQUATIONS 
By MARTIN and REISSNER 


ADVANCED CALCULUS 
By WILFRED KAPLAN, University of Michigan 


Examination copies promptly furnished to members of college teaching staffs. 
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ADDISON- WESLEY PUBLISHING COMPANY, Inc. 
- Cambridge 42, Massachusetts | . | 


Another Outstanding 
Peterson Text 


ANALYTIC GEOMETRY 
AND CALCULUS 


By THURMAN S. PETERSON 
Portland State College 


Announcing 


A new text by the author of three widely-used 
texts in other branches of mathematics: Inter- 


mediate Algebra for College Students (recently TWO 
revised), College Algebra, and Elements of Cal- 

culus. Where the usual text in this subject com- NEW TEXTS 
bines analytic geometry and calculus almost in- FOR 
extricably, the new text follows a different plan 

of development: The basic concepts of plane COLLEGE 
analytic geometry are covered in the first two 

chapters, and can thus be studied in detail, re- COURSES 
viewed quickly, or used only as a handy refer- 

ence. Solid analytics is likewise confined to a IN 

single chapter. The abundant problems provide MATHEMATICS 


many applications to engineering and scientific 
problems. Like all Peterson texts, this one is 
clearly presented, systematic, thorough, and 
precise. Answers to odd-numbered problems. 


456 pages $5.50 


A Thorough Revision 


IN of a Standard Text 
HARPER'S MATHEMATICS PLANE TRIGONOMETRY 
SERIES 
. . THIRD EDITION 
Under the editorship of 
CHARLES A. HUTCHINSON By ALFRED L. NELSON and Kart W. FOLLEY 
Wayne University 
For many years this was one of the leading texts 
for standard college courses. In recent years it 
has been less widely used because the revised 
edition was designed largely for war-time needs. 
The new third edition represents a thorough and 
careful revision, redesigned and reset in a most 
attractive format. Spherical trigonometry is 
omitted, and the presentation begins with the 
general angle. Especially careful treatment of 
HARPER & BROTHERS the nonexistent functions of quandrantal angles 
. ; and the ‘ambiguous’ case of oblique triangles 
Publishers Since 1817 makes these topics readily understandable. Most 
of the problems are new and the figures are large 
49 East 33d Street and, easily studied. One of the few texts to in- 
clude 5-place tables. 
New York 16, New York 


195 pages of text, 135 pages of tables, $3.50 


Rinehart Texts in Mathematics 


Under the expert supervision and editing of CARROLL 
V. NEWSOM, Rinehart’s steadily growing mathematics 
list presents a distinguished group of new and interesting 


texts noted for their mathematically modern point of 


view, pedagogical excellence and beauty of design. 


Among the new, forthcoming and re- 
cent titles you may want to consider 
for your second semester courses are: 


Miller 
ENGINEERING MATHEMATICS 


In press 


A thorough up-to-date presentation, by a 
mathematician widely experienced in current 
engineering research, of the advanced mathe- 
matics needed for developmental or research 
wotk on mechanical, electrical, or electronic 
engineering problems, Unusually complete, this 
text includes many topics not treated in similar 


books. 


McCoy & Johnson 
ANALYTIC GEOMETRY 


Strong emphasis on basic ideas gives the stu- 
dent thorough and lasting knowledge of ana- 
lytic geometry. Includes a full chapter on solid 
analytic geometry and a generous number of 


graded exercises for all topics. $4.00 


Britton & Snively 


ALGEBRA FOR COLLEGE 
STUDENTS 


Found especially effective for students with 
weak preparation in high school mathematics, 
this text is noted for its easy-to-understand ex- 
position, many exercises. $4.50 


Johnson, McCoy & O'Neill 


FUNDAMENTALS OF 
COLLEGE MATHEMATICS 


This unified treatment of algebra, trigonometry 
and the calculus gives a solid training in basic 
mathematical ideas. $6.00 


Rider & Fischer 
MATHEMATICS OF INVESTMENT 


A thorough, rigorous text widely used in col- 
leges and universities throughout the country. 
Includes 160 pages of tables. $5.00 


Watch for the new CALCULUS by Professor J. R. Brit- 


ton, whose texts on college mathematics have already won 


the highest regard from teachers across the country. 


RINEHART & COMPANY »® 


232 Madison Avenue, New York 16 


HEATH COLLEGE TEXTS 


Calculus 
WILLIAM L. HART 


A new course in calculus offering a thorough, mod- 
ern presentation, skillfully adapted to student under- 
standing. Answers are available for all problems, 
with answers for even-numbered problems provided 
in a separate pamphlet. 


639p. (558p. text) $5.50 


Mathematical Analysis 
E. J. CAMP 


Ready in January, this text is an integrated treat- 
ment of college algebra, trigonometry, analytic geom- 
etry, and calculus for the freshman year. The full, 
clear explanations are written in an informal and 
simple style. Answers available. 


o63p. text 


Differential Equations 


ALFRED L. NELSON, KARL W. 
FOLLEY, and MAX CORAL 


This text is designed to meet the needs of the stu- 
dent majoring in mathematics, and also the student 
of physical sciences or engineering. An exceptionally 
full discussion is included on numerical methods. 
Answers included. 
309p. $4.00 


D. C. Heath and Company 


Sales Offices: Englewood, N.J., Chicago 16, 
San Francisco 5, Atlanta 3, Dallas 1 
Home Office: Boston 16 
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PLANE TRIGONOMETRY, Second Edition 


By E. Ricuarp HEINEMAN, Texas Technological College. /n press 


Designed especially for students with average mathematical background, this text seeks to establish 
the habit of logical and independent thinking. Memory work is reduced to a minimum, and all 
unnecessary formulas and concepts have been omitted. Offers 1274 carefully graded problems. 
Emphasis in this new edition is placed on the analytic aspects of trigonometry, but complete cov- 
erage is given to the solution of triangles. 


also by €. Richard Heineman... 


PLANE TRIGONOMETRY 
Alternate Edition, 184 pages 
With Tables, $3.50—Without Tables, $3.00 


Instructors will find that the alternate edition of PLANE TRIGONOMETRY contains 1420 prob- 
lems, nearly all different from the problems appearing in the regular edition. Thus a total of some 
2694 exercises are available to the teacher for his own selection. Both editions are available with or 
without tables, and tables are also available in a separate binding. The text material is essentially 
the same as the first edition. 


ELEMENTS OF BUSINESS MATHEMATICS FOR COLLEGES 
By LLEWELLYN R. SNYDER, City College of San Francisco. 264 pages, $3.75 


Presents a sound review of arithmetic and its practical application in solving the most frequently 
occurring types of business problems and problems of personal finance. It is especially practical for 
courses enrolling business administration students and others who have only a fair background in 
high school mathematics. Includes ONLY problems that occur constantly in business and personal 
life. A student workbook, consisting of 67 assignments will be available. 


also by Llewellyn Ft. Snyder... 
ESSENTIAL BUSINESS MATHEMATICS 
Second Edition—421 pages, $4.50 


A college text in business mathematics for those who require training in computation to develop 
accuracy and speed in the business processes of fractions, decimals, measurements, and percentages. 
No knowledge of algebra is necessary. Its essential purpose is to provide knowledge and skill in the 
computations of practical] financial problems of a business, civic, and personal nature. It has been 
condensed, where possible, without sacrificing clarity or teachability. WORKBOOK accompanying 
this second edition has also been revised (160 pages, $2.50). 


Send for copies on approval 


McGRAW-HILL BOOK COMPANY 


330 West 42nd Street ° New York 36, N. Y. 


GEORGE BANTA COMPANY, INC,, MENASHA, WISCONSIN 


Two Fifth Editions of well-known Texts 
by CLYDE E. LOVE and EARL D. RAINVILLE 


Analytic 
Geometry 


Fifth Edition 


NEW TOPICS... 


the distance formula in polar coordinates 
@ circle of Appolonius ¢ radical axis ¢ 
common chord @ tangents to a conic from 
an external point e chord of contact © 
the shape of certain higher plane curves 
© parametric equations of lines e the 
method of least squares © parametric 
equations of lines in space © generation 
of surfaces of revolution. 


Features Retained from 
Previous Editions ... 


strong emphasis on techniques that will 
prove useful in later courses ® carefully 
constructed exercises (2000 in the fifth 
edition, the majority new) © extensive 
treatment of sketching surfaces and plane 
algebraic curves ® uniform definition of 
conics @ chapter on families of curves. 

November, 1955, 302 pp., $4.00 


Differential 
and Integral 
Calculus 


Fifth Edition 
NEW TOPICS... 


work @ circle of curvature © integral test 
for finite series © oblique and curvilinear 
asymptotes ¢ evaluation of iterated in- 
tegrals by inversion of order © evaluation 
of iterated integrals by change of coordi- 
nate system © a short appendix en rigor- 
ous presentation of limits @ 3900 prob- 
lems (2400 are new). 


Topics Rewritten with 
Changes in Treatment... 


Newton’s method for solution of equations 
e limits ¢ series of constant terms ® 
Wallis’ Formula ¢ derivatives in para- 


metric form. 
1954, 526 pp., $5.75 


Methods in 


Numerical 


Analysis 


by Kaj L. Nielsen 


Here is a book that teaches students how 
to analyze tabulated data and to find solu- 
tions to equations by numerical methods. 
Dr. Nielsen has furnished an up-to-date 
book for the future industrial mathemati- 
cian, scientist, or engineer who has a desk 
or large-scale calculator to aid him in 
analytical solutions to developmental and 
design problems. Published January, 1956 


Fundamentals 
of Mathematics 


by Moses Richardson 


Since publication, this textbook has been 
a leader for the liberal arts courses in 
mathematics, intended for those not ma- 
joring in the subject. It canvasses mathe- 
matics from its philosophical roots to 
some of its logical applications. Dr. 
Richardson’s emphasis is on mathematical 
thinking rather than rote problem solving. 

1941, 525 pp., $5.00 
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MATHEMATICS AS A PROFESSION TODAY IN INDUSTRY* 
THORNTON C. FRY, Bell Telephone Laboratories 


INTRODUCTION 


The word “Today” in the subject assigned to me implies that there has been 
a change in the status of mathematics in industry. This is true. 

On the score of numbers alone, the change is impressive. At the beginning 
of this century the number of men in industry who could be described as mathe- 
maticians was negligible. Steinmetz was with General Electric—he had a Ph.D. 
in mathematics—and Campbell was with the Bell Telephone System. Perhaps 
there were others, though not many. Even in 1940, when I made a serious at- 
tempt to estimate the number, the figure I arrived at was only 150 in industry 
and government combined.! Last year, in a conference in New York on Training 
in Applied Mathematics, the present need, if not the actual number employed, 
was estimated to be around 1500.? 

This rapid growth has brought new problems to the universities. As long as 
only an occasional mathematician entered industry, the curriculum could 
properly be planned without regard for him. Now that a significant percentage 
of graduates are industry bound, this is no longer true. 

My object in this address will be to examine the place of the mathematician 
in industry, and bring out some of the basic requirements for his proper educa- 
tion. 

We could make some progress toward these ends by taking a cross-section 
of the professional group as it exists today, noting the sources from which it was 
derived, the training of its members, and the variety of its activities; and draw- 
ing such conclusions as seem appropriate. This is what I attempted to do in 
1940, with, I believe, useful results.! But in seeking light on educational needs 
it has a serious drawback. We do not educate today’s mathematicians today, 
we educate tomorrow’s, and our curriculum should be adapted to tomorrow’s 
needs. On the present occasion, therefore, it will be more profitable to focus at- 
tention on the changing scene. We will thus understand better why the demand 
for industrial mathematicians is now so heavy whereas formerly it was not; why 
it developed when it did; and what the character of the future demand will be. 


THE CHANGING SCENE 
The young man who enters college next month at age 18 will, if present 


* An address delivered at the request of the program committee at a meeting of the Mathemati- 
cal Association of America, Ann Arbor, Michigan, August 29, 1955. 

1 “Tndustrial Mathematics,” a report for the National Resources Planning Board. Published 
as part of “Research—A National Resource—IJ,” a House Document, 77th Congress. 

2 “Applied Mathematics as a Responsibility of the Mathematical Profession.” Published as 
part of “Proceedings of a Conference on Training in Applied Mathematics”, sponsored by the 
American Mathematical Society and by the National Research Council under Contract NSF-C7 
with the National Science Foundation. 
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industrial practices continue, retire 47 years from now at age 65. We would 
like to know what these 47 years will be like, and what demands they will place 
on his education. But man is strangely endowed; in three dimensions he can 
see what is ahead, but in the fourth, which is the dimension of time, only what 
is behind. So the best I can do is to look backward 47 years, and compare the 
world of 1908 with that in which we live today. By a process of extrapolation 
we can then form a judgment of what lies ahead. 

Progress in science. In physics, in 1908, a lively subject of conversation was 
the special theory of relativity, which Einstein had formulated in 1905. 
Another was the quantum hypothesis, which Planck had published in 1901. 
But neither subject had yet had much impact on science. In fact, Einstein's 
general theory did not appear until 1914, and Bohr did not propose his model 
of the hydrogen atom until 1913. Millikan measured the charge on the electron 
in 1912; until then the existence of a unique and indivisible electric particle 
was in the realm of speculation. 

These were the first stirrings of the revolution in physics which led to our 
present conceptions of atomic structure. Nuclear physics was to come even 
later. Isotope, energy level, nuclear spin, forbidden state—such words were not 
in the language when our student entered college in 1908. What physicist had 
yet heard of an eigenvalue? Or how many mathematicians either, for that mat- 
ter? 

In chemistry the change has been almost as marked. The combining weights 
of the elements had, of course, been measured, and when arranged in order of 
magnitude they looked too much like an arithmetical sequence to be ascribed 
to chance. But the deviations, too, were solidly established, and irritating 
because they were not understood. Moseley’s paper on Atomic Numbers would 
not appear until 1914; and Aston’s invention of the mass spectrograph, which 
gave the final confirmation, was five years later. The elements had also been 
arranged in the periodic table, in terms of their valences. The pattern of chemi- 
cal behavior which this revealed was consistent in too many ways to be at- 
tributed to chance. But here also there was an irritating mystery, multiple 
valences. The Braggs had just seen those great spots-before-the-eyes of science, 
the scattering of X-rays by crystals. Eventually these would make the geometry 
of chemical bonds real and precise, so that the structural formulas of chemistry 
would no longer be limited to rows of letters. But in 1908 chemical valences and 
chemical bonds were still empirical facts with almost no systematic theory to 
tie them together. Except for a few dyestuffs, synthetic chemicals were un- 
known. 

In communication, there were automobiles, telegraph and telephone; and 
the Wright brothers had made their historic flight in 1903. But flight was in its 
infancy, and no one had yet talked across the American continent, much less 
across the oceans. De Forest had just patented his vacuum tube in 1907, so of 
course there was no electronics. 

In biology, Mendel’s law was known. But there was as yet no talk of genes 
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or chromosomes; so of course the mechanism of inheritance and mutation was 
not understood. And the viruses and vitamins, which are newspaper words 
today, were then unknown. 

Biochemistry was not even born. We can date its beginnings from the dis- 
covery of the protein building blocks by Fischer in 1913. Even the final identi- 
fication of chlorophyl as the carrier between light and life dates only from 1913. 

Who, in mathematics, had ever heard of Markoff processes, or the theory 
of games; of information theory or the theory of network synthesis? 

The fact is, that in the last 47 years the whole fabric of physical science has 
changed. As one of the students who entered college in 1908, I have seen these 
changes. This is the exciting world, at that time still unknown, for which my 
college and university were asked to prepare me. 

Progress in industry: New things. The technology which is founded on the 
physical sciences has shown equally radical progress. Its most obvious tokens 
are the new things we make: cellophane and nylon hose, TV sets and deep 
freeze units, aeroplanes, supersonic drills and atom bombs; transistors, electron 
microscopes and tracer isotopes. We cannot fail to marvel at the rate at which 
such new things have appeared, and the changes they have brought about in 
our standard of living. 

These new things are ubiquitous, but they do not of themselves account for 
the growing demand for industrial mathematicians. In 1908 the makers of 
automobiles, locomotives and ocean liners felt no need to hire mathematicians; 
for the most part, in fact, they still do not. Why then are the makers of airplanes 
clamoring? Naval rifles and machine guns were designed by engineers; why is 
the mathematician needed to design a guided missile? Your home radio and TV 
sets are fine examples of what the engineer can do; why then was it necessary 
to develop a new branch of mathematics before a coaxial repeater could be 
built to amplify the signals of TV? 

Better things. A second change in technology is the rising standard of per- 
formance which we demand of the products of industrial research. A few weeks 
ago I visited the oldest maker of submarine cables in the world, and watched 
the manufacture of the cable which will shortly carry 36 telephone conversations 
across the Atlantic. The precision required in this process was so great that a 
new factory, designed from the ground up to meet the stated demands, had been 
necessary. As one small example, instruments were provided to monitor con- 
tinuously both the thickness and the dielectric constant of the plastic insulation 
as it came from the extruding press; and a servomechanism to adjust the speed 
of extrusion automatically so that the electrical capacity of the cable would be 
everywhere the same. Why was this precision necessary? Why must the dimen- 
sions of the copper wires and tapes be held to closer limits than ever before, and 
even the molecular weight of the plastic be controlled? If these things were not 
done, a submarine telephone cable might still be possible; but it would carry 30 
or 25, or maybe even less messages; and the cost of the service rendered would 
be greater. 
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This example is unusual in degree perhaps, but not in kind. Servo control of 
machines is common in manufacturing today; so is the careful specification of 
primary materials. But in 1908 no one could have controlled the molecular 
weight of a polymer—in fact no one could even have measured it. Nor could the 
servo system have been designed—it was 25 years later before an adequate 
mathematical theory for that purpose was worked out. 

It is natural that, as science moves forward and provides new knowledge 
and new techniques, industry finds profitable ways to use them. But only to the 
extent that the men of industry are alert to the new knowledge and competent 
to apply it. So the rising standard of performance puts requirements not only 
on materials and machines, but also on the men who design the products and 
processes. It requires them to bring to bear on each problem the entire wealth 
of modern science and technology, so far as it is pertinent, and to do this in a 
way which is imaginative without being impractical. 

Frequently this is more than any man can do. This brings us to one of the 
most fundamental reasons why industry needs mathematicians, but we shall 
pass the point for the moment. It will arise again soon in an even more challeng- 
ing form. 

The system. The third important change in technology is the trend to de- 
velop systems to meet total situations, rather than separate functional com- 
ponents. 

The cable, to which we referred a few moments ago, is actually part of such 
a system, the total purpose of which is to provide reliable transatlantic telephone 
service in adequate volume and at reasonable cost. The cable alone does not 
provide such service. There must be repeaters to amplify the signals at intervals 
and restore their proper wave form; terminal apparatus to generate the signals 
at the sending end and distribute them to the proper destinations at the receiv- 
ing end; adequate and reliable power plants; equipment for testing, monitoring 
and adjusting the working apparatus, efc. All these functional units are inter- 
dependent; the shortcomings of one may to some extent be compensated by im- 
posing stronger requirements on another. And all are influenced by the form in 
which the speech signals are encoded and many similar matters; for example, 
the use of pulse coded transmission would make it easier to restore the proper 
wave form of the signals, but would require a more extravagant frequency band- 
width; a vocoder system would conserve bandwidth at the expense of reduced 
clarity and more complicated terminal equipment. 

The problem then, is to get the combination of parts which will give the best 
answer to the over-all problem. This may require a cable with requirements 
more stringent than the cable manufacturer likes, and less stringent than the 
repeater engineers would prefer. But if the system is wisely planned, no require- 
ment will be so severe as to be technologically unreasonable; and those which 
are difficult to meet will assure advantages to the over-all performance of the 
system which are commensurate to their cost. 

An even better example of system design is NIKE, the antiaircraft defense 
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system which is now being installed around all major cities. Here the problem 
was to protect strategic land locations against high-flying bombers carrying 
modern weapons of destruction. Before any part of this system was designed— 
even before design of any part was authorized—a careful study was carried out 
to formulate the problem clearly, and then determine whether a satisfactory 
solution was possible in the existing state of technology, and if so, by what 
means. Such a study had to take account of probable future developments in 
the enemy’s aircraft and bombs; it had to look into the relative merits, for the 
case at hand, of homing and guided missiles; what could be expected in propul- 
sion, in air frame design, in radar accuracies, in jamming techniques, and a 
multitude of other matters. Only when this study was completed was the de- 
velopment of the NIKE system undertaken. As it happened, not a single func- 
tional part of the system was taken from what the market provided. Air frame, 
warhead, propulsion, radars, computers, even the vehicles in which the equip- 
ment is housed, were all newly designed to contribute their proper share to the 
over-all performance of the system. | 

The team. Let us look for a moment at the breadth and depth of technical 
competence which was necessary to carry out this study. Among the more ob- 
vious things are all the skills that go into the design of radars, computers, jet 
engines, air frames, and so on. Even at this point one can say that no one man 
can be expertly informed about all. There are also less obvious matters: the 
theory of games for example. It is clear that the enemy will not cooperate by 
flying a desired course or even passively follow his own original plan in the 
presence of unanticipated danger. What strategy should the NIKE missile then 
follow to win, taking full account of its own limitations on maneuverability, fuel 
capacity, etc., as well as the probable limitations of the enemy? 

I could enlarge this list further, but I think the point has been made. The 
development of a system—and even more importantly the planning of such a 
development—requires detailed knowledge of too many scientific fields to be the 
work of any one man. It requires a team of experts. 

Research teams are not unusual today, either in the universities or in indus- 
try. In 1908 it was different. They were not necessary then; today they are. 
And the reasons why they are now necessary have, I hope, emerged from what 
I have said so far. Essentially there are three: the scope of science has greatly 
increased; we demand the higher standard of performance which modern science 
makes possible; and we are increasingly developing systems to meet a total situa- 
tion, rather than machines to perform some basic function. 

I’can put this more briefly. We know more, therefore we can do more. But 
it is collectively that we know most, and hence collectively we must act to accom- 
plish most. 

Why mathematicians? Mathematicians are useful members of such teams. 
Why? The answer which trips off our tongue most glibly is, ‘Because there are 
problems to be solved.”’ 

This answer is wrong. Not merely inadequate, mind you. It completely 
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misses the essential point. Mathematicians do sometimes solve problems, in 
industry as elsewhere. But they are usually not good at it. Certainly not as good 
as machines. And certainly the solving of problems is not often of such central 
importance as to require special representation on a research team. 

The indispensable function of the mathematician is formulating problems, 
not solving them. This is even true of the mathematician who specializes in 
computation, as one of the outstanding members of our mathematical group 
does. As scientists from all parts of our organization bring problems to him for 
calculation, the first discussion almost invariably concerns the origin of the 
problem and its formulation; and it is not unusual for the scientist to go away 
convinced that he had brought a different problem than he had intended. 

It is because the mathematician is expert in analyzing relations, in distin- 
guishing what is essential from what is superficial in the statement of these 
relations, and in formulating broad and meaningful problems, that he has come 
to be an important figure in industrial research teams. Obviously, these traits 
are most needed at the early stage where a situation is being studied and plans 
are being laid. He plays much less part in the execution of these plans. NIKE 
is a case at point: the study and planning of this project required a team of 
experts from many engineering areas—propulsion, aerodynamics, radar, digital 
circuitry, etc.—as well as from the military. But the central members of the 
team were the mathematicians. This was not merely because the theory of 
games was involved. It was principally because they, better than other scien- 
tists, are adept in detecting the essential thread that lies obscured by the ir- 
relevant details and divergent languages of the other sciences. Later, as the 
development progressed, they played a less prominent part in its activities. 

Not every development project separates itself as neatly into a study and an 
execution phase as did NIKE; and the role of the mathematician is not always 
so central. More often than not he is a consultant to other members of the 
team, rather than their leader. But the service which he performs is generally 
that of critical analyst and expert formulator of situations and concepts. 


LOOKING AHEAD 


We may now try to extrapolate into the future, and thus appraise the educa- 
tional job that should be done today. 

We do not know what the future will be in detail. We do know it will be 
different. Hence, our job is surely to educate men as best we can to meet that 
different future, whatever it may be. 

"We know that science will progress and probably with great rapidity. This 
is inevitable, because tools now available permit studies that in the past would 
have been impossible. To mention only a few, there are such familiar things as 
electron microscopes, tracer elements and supersonics, the possibilities of which 
have not yet been fully exploited. The study of materials at low temperatures, 
where the voice of the nucleus can be heard above the thermal noise, has only 
just begun. And, especially in chemistry and biochemistry, we have as yet 
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caught only a glimpse of the importance of pure chemicals. 

We can be reasonably sure of some of the directions that scientific progress 
will take. The nature of chemical bonds will some day be understood completely 
enough and precisely enough to predict untried reactions with assurance. The 
relation between chemical structure and physical properties will also be under- 
stood, so that elasticity, tensile strength, electrical resistivity, and the like, can 
be computed for a substance which has not yet been synthesized. It may even 
happen, some day, that this process will be operated in reverse; the customer 
having specified the physical characteristics which he needs, a new molecule 
will be computed which will have them. 

We can be reasonably sure that life processes will soon be better understood. 
We already know that the fundamental chemical changes in cells are pro- 
foundly influenced by minute quantities of chemicals in their environment. 
These chemical processes cannot be studied in the test tube because sufficiently 
pure chemicals are not available. In the last few years a few substances—ger- 
manium, silicon and indium—have been purified to the point where less than 
one foreign molecule in a billion remains; but these are not of great importance 
to biochemical research. When ways are found to purify those which are more 
significant, progress will be almost explosive. 

Industry too will progress. The pushbutton factory is already here. I know 
a large one which operates round the clock; the total number of so-called pro- 
ductive employes is six—two for each shift! In the jargon of the day this is 
“automation.” What its future will be no one can now foretell. But it has ar- 
rived in conjunction with two other events of major historical importance which 
make its rapid growth inevitable. One is the control of nuclear reactions, which 
can provide limitless quantities of easily transportable power. Like every major 
increase of available power in the past, it will both reduce the demand for 
muscular power and increase the products of labor. The other is the creation of 
solid state devices such as ferrites, ferroelectrics, and transistors. The reliability 
and low wastage of power inherent in such devices will make it practicable to 
construct communication systems of capacity hitherto unknown, and control 
devices of almost fantastic complexity. One consequence will surely be de- 
centralization in ways now scarcely dreamed of. For example, we may expect 
the parts of a single push-button factory to be widely dispersed, and yet operate 
automatically under a central system of control. 

But all this means that the industrial problem of developing a product, and 
designing a factory to produce it, will become even more complex. It will clearly 
be, even more often than today, a problem of integral system design. Only thus 
can full advantage be taken of the possibilities opened up by the advances in 
science. And only those who are masters of science in all its avenues can fully 
exploit its possibilities. So quite clearly the job will be even more beyond the 
capacities of any one man than now, and the team will be an even greater 
necessity. 

Again, we may put this briefly: In the future we shall know more, therefore 
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we shall be able to do more. But since we shall only know collectively, we shall 
have to work collectively. 

What sort of mathematician? Let us attempt to visualize this team of the 
future, which we must educate today, and especially the mathematician on it. 

There is certainly nothing to suggest that he will be less wanted than today. 
It is not an accident that the great increase in industrial demand for mathema- 
ticians in the last 15 years coincided with the rapid development of team re- 
search. It will continue to grow because the industrial exploitation of advancing 
science will demand ever more competent teams, and the teams will not be fully 
effective without the mathematician. There may even be relatively more situa- 
tions like NIKE, in which he will play a central role; though I believe his posi- 
tion will be advisory more often than controlling. 

The team will need to understand more things, and its individual members 
will need to understand them more thoroughly. To put it more briefly, they will 
have to be better educated. If anyone is inclined to feel that this is a speculative 
judgment, I need only point out that industry is hiring today a larger proportion 
of Ph.D.’s than ever before. Even on its engineering staffs, such men are needed 
in numbers that are not available. I know of companies, both here and abroad, 
which are hiring hundreds of engineering graduates and giving graduate educa- 
tion while on the company payroll. 

Better educated teams, however, mean faster company for the mathema- 
ticians on them. If there is any doubt that industrial mathematicians are playing 
in the big league today, there can be none about tomorrow. So in addition to the 
increased breadth that will be necessitated by the rapid development of science, 
they will need increased depth and versatility to keep pace with their associates. 

This is a challenging situation. Our present patterns of education for Ph.D.’s 
do not produce industrial mathematicians of the breadth of scientific outlook 
needed today. They are even less adequate for the tomorrow in which our 
graduates will live. Clearly the Ph.D.—today’s Ph.D.—is not enough. 

It is not a unique problem. The same outlook faces the other physical sci- 
ences as well. But except for engineering—which has failed even to provide 
Ph.D. training for more than a negligible proportion of its students—the other 
sciences are alert to the need. In mathematics there is still a widespread mis- 
understanding that the industrial mathematician is just a problem solver. 

Let us not make that mistake. We are talking about problem formulators, 
very superior consultants who can play in big league company. That is what 
industry needs. It cannot, without serious penalty, settle for less. 

What sort of man should he be? He must be experienced and adept in the 
basic thought processes of mathematics, and of course he must also have a 
working knowledge of its various branches. These are the usual requirements of 
a mathematician anywhere. 

Beyond this is the requirement that he be able to work effectively as a mem- 
ber of a team. To do so, he must have broad scientific interests and enough 
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knowledge of other sciences to enable him to deal intelligently with his associ- 
ates; and he must have a personality suitable for joint effort. 

I expanded on these ideas in the previous paper to which I have referred,} 
and need not go into them more particularly today. There is, however, one state- 
ment from that paper which I would like to quote verbatim: 

“He must be a man of outstanding ability. No one wants the advice of 
mediocrity. Among industrial mathematicians there is no place for the 
average man.”* 


CONCLUSION: THE EDUCATOR’S JOB 


The educator’s job today is nowise different from that of 1908. It is to fit the 
student for the life he will lead; life in a future as yet unknown, and probably 
as different from the present as was the case in 1908. 

If we are to train men to meet this new and challenging future, we must 
train them in those things which are most lasting in our science—its habits of 
thought, its fundamental disciplines, its peculiar relation to philosophy and to 
the other sciences. Such training would not be meaningful if it did not deal with 
specific theorems and specific applications; these can only be chosen from the 
problems of today and yesterday; but their purpose should not be mistaken; 
it is to illustrate certain habits of thought and to train in certain disciplines; it 
is to illuminate the problems of tomorrow, not to solve the problems of today. 

As I see it, just two things are essential to guarantee this result. The first 
is a clear appreciation of the need. Not merely that “mathematicians” are 
wanted, but what sort of service they will perform. Given this understanding 
of the need, I will trust our educators to build the curriculum to meet it. 

The second is time. Even today our young men are likely to be in their late 
twenties by the time they get their already inadequate Ph.D. If we seek to 
make this adequate by adding more years to the curriculum, we will consume 
even more of their imaginative youth. We should seriously ask if there is not a 
better way. 

I think there is. It is the atavistic way. We must compress what is essential 
from the past of our science into fewer years, so that its present can be reached 
at an acceptable age. This will not be easy. Not that it is inherently difficult, 
but it runs counter to other educational purposes which have been more widely 


* Lest this be understood to mean that the world has no important place for the man of 
average, or less than average, training or ability, I may also quote from my address before the 
Conference on Training in Applied Mathematics:? 

‘It is important to recognize that ... industrial and government employers... need men 

with more than one level of mathematical training—from technicians who are skilled in per- 

forming certain mathematical operations, to creative scientists who can invent and improve 
their art.” 
I have no doubt that industry will need many computers, and will want them even better trained. 
They also will deserve the respect and dignity due all useful members of society. But my present 
address is concerned with scientists; not with technicians. 
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publicized and are generally—lI think too generally—accepted. What I have in 
mind is a very radical reappraisal of the educational values of mathematical 
subjects, and their psychological adaptability to various ages. Why, for example, 
do we not teach algebra along with, or before arithmetic? Is it harder to under- 
stand that a+a=2a than that 1+1=2? At how early an age can imaginary 
numbers be introduced? Does not a child acquire the ability to appreciate (or is 
it accept?) such simple logical relationships at an earlier age than he acquires 
the experience and judgment needed for many problems of arithmetic? If these 
things were done, could we not teach calculus to ninth year students? And 
could we not teach it in the complex plane at the start? Finally, could we not 
do all these things without devoting more hours to mathematics than is now 
devoted by those who take it at all as a high school elective? 

I can see no less radical way to get the time that is needed to educate mathe- 
maticians for industry, and still preserve their most valuable creative years for 
productive work. It will not be easy to bring about. But the stakes are worth it; 
for such an atavistic approach to mathematics is as badly needed by students 
who enter engineering or the physical sciences as by the mathematicians them- 
selves. 


A MEDIEVAL ITERATIVE ALGORISM 


E. S. KENNEDY and W. R. TRANSUE 


Brown University, The Institute for Advanced Study, The American University 
of Beirut, and Kenyon College 


A standard interpolation expedient of ancient astronomy consisted of putting 
f() =k sin @ to obtain general values of a periodic, symmetrical function of | 
which it was known only that f(0°) =/(180°) =0, and f(90°) =k. This device is 
at least as old as Ptolemy (c. 150 A.D.). The last column of his table for the 
computation of planetary latitudes” is in effect a table of cosines, to be used as 
indicated above. The table is a true interpolation scheme in the sense that it 
was set up without direct reference either to the underlying astronomical phe- 
nomenon or to the complicated mathematical idealization to which it yields an 
approximation. 

Of course Ptolemy had no knowledge of the sine or cosine functions as such. 
His interpolation function was obtained from a table of lunar latitudes, f itself 
computed by use of a table of chords.{ 


* The Almagest, Book 13 (Syntaxis mathematica, ed. J. L. Heiberg, 2 vols., Leipzig, 1898- 
1903; German translation by K. Manitius, 2 vols., Leipzig, 1912-13). The edition and French 
translation hereafter referred to is by Halma, Composition mathématique ... , Paris, 1813-1816. 

{ Ibid., Halma, vol. i, p. 316. 

t Ibid., Halma, vol. i, pp. 38-45. 


1956] A MEDIEVAL ITERATIVE ALGORISM 81 


The Hindus, who invented the ancestor of the modern sine function, made 
extensive practical application of this style of interpolation. The Hindu sine 
(written here Sin with a capital S to distinguish it from the modern function) is 
definable as Sin 6=R sin 6, where R is the radius of the defining circle. 

Various values for R were current. Where numbers were customarily repre- 
sented in a place-value system with base sixty, it was convenient, following the 
lead of Ptolemy, to put R=60. With this arrangement, standard with the 
Arabic-writing Islamic astronomers, Sin @ has the same sexagesimal digits as 
sin 0, but having the “sexagesimal point” moved one place over. 

An R ascribed§ to the Hindu Aryabhata is 3438, obtained by putting the 
linear unit equal to one minute of arc length along the circumference of the 
defining circle. If now @ is in minutes, Sin 6 ~@ for small 6, a property resembling 
the corresponding one for radians. 

A third value of R is 150, probably so set because with this parameter Sin e 
very nearly equals the sexagesimal base, ¢ being the inclination of the ecliptic.|| 
If 6 is the longitude of a point on the ecliptic, its declination 6 is given by the 
expression sin 6 =sin e€ sin @ =k sin 6. Thus a table of declinations can be used as 
the basis for an interpolation scheme which resembles, but is not identical with 
that described in the first paragraph.] 

For the representation of smooth periodic phenomena with the maximum 
not midway between the zeros, say at 6=90°—m for 0°<m<180°/z, a natural 
modification of the standard procedure would be to effect some continuous 
transformation of the @’s leaving the endpoints.(@ =0° and 6 =180°) undisturbed 
and displacing the midpoint (@=90°) an amount m to the left (see the figure). 
Such a transformation is defined by the expression 


(1) ti=0—msin 8, 
and the function 
(2) @(t) = k sin (2) 


has the desired property. Tables of this ®(¢) exist in two Islamic astronomical 
handbooks** in connection with the determination of lunar parallax components. 
Neither author motivates the method, and one of them clearly indicates that it 


§ Cf. Rasa’il ul-Biriini (in Arabic), Osmania Oriental Publications Bureau, Hyderabad-Dn., 
1948, p. 178; also Burgess, E., Translation of the Siirya-Siddhanta, a Textbook of Hindu As- 
tronomy,..., reprinted from the edition of 1860, Univ. of Calcutta, 1935, pp. 59-64. 

\||,T'ables containing this function appeared in medieval Europe; cf. for example, Millds- 
Vallicrosa, Estudios sobre Azarquiel, Madrid, 1943-1950, p. 44; and Neugebauer and Schmidt, 
Hindu astronomy at Newminster in 1428, Annals of Science, vol. 8, 1952, pp. 221-228. 

{ The tables of solar and lunar equations in Die astronomischen Tafeln des . . . al-Khwarizmi 
(edited by Bjérnbo, Besthorn, and Suter, Copenhagen, 1914, pp. 132-136) were computed by this 
method. 

** Thid., pp. 191-192, and Bodleian (Oxford) Ms. Seld. A. 30, Az-Zij al-Jadid li Ibn ash-Shatir. 
For the astronomical setting of the problem, see Kennedy, E. S., “Parallax theory in Islamic 
Astronomy,” to appear in Isis. 
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is not his invention. From the fact that most of the material in the other is 
known to be of Hindu origin it is conjectured that this technique also was 
worked out in India. 

A third Arabic work, written in the ninth century by Habash al-Hdasib 
al-Marwazittt (1.e., The Computer from Merv, in Turkestan) gives a neat recur- 
sion relation for determining ®. He prescribes the formation of the sequence 


Oo(t) = t + m sin ft, 


(3) (n = 1, 2,3,---) 


6,(t) = t+ m sin O,-1(1), 


the limit of which satisfies (1). Hence 
(4) @(t) = & sin lim @,(#). 


Nh? 00 


The symbolism is, of course, modern; in all of the sources the processes are 
written out as verbal statements. 

Habash gives no proof, contenting himself with the statement that the de- 
sired function is 


k sin 63(t). 


In fact the sequence does converge, and with sufficient rapidity that 63 yields 
a fair approximation to the tables. ; 
We show briefly the convergence of (3), or more generally of the sequence 


Bo(Z) = 0, 


(5) 6,,(t) = t+ mS [6,-1(2) 1 


where the function S satisfies a Lipschitz condition 
| S(t) — S()| S klti—te]| with k<1/m and S(0) = 0.tt 
Since 
| On(t) — On—a(t) | = m| S[nr()] — S[O.-2(4)]| S mk | O,a(f) — On-2(4) |, 
we have £.(0) — Ox ald 
nt) — Grit 
On—1(t) — On—a() Smit, 


tt Manuscript 784,2° in the Yeni Jami library in Istanbul. Habash was one of the scientists 
attracted to the Baghdad and Damascus courts of the Caliph al-Ma’miin. 

ti This follows directly from, for example, Kantorovich, Vulikh and Pinsker, Functional An- 
alysis in Partially Ordered Spaces, Moscow, 1950 (in Russian), p. 467, Cor. 2.24. 
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so that the ratio test shows the convergence of the series with general term 
6,(¢) —0,-1(t), and hence of the sequence 6,,(¢). 

From the point of view of the historian it is of interest to ask not only about 
the validity of the process, but also who invented it and how. Neither question 
can at present be satisfactorily answered. There is no particular reason for 
thinking that Habash was the inventor. It is natural to suspect a Hindu origin 
for the algorism, by extrapolation from the fact that the techniques in which 
this section of Habash’s work is embedded are demonstrably Hindu. The nature 
of the operation provides no clue, for computations by successive approximation 
were used by Hellenistic, Hindu, and Muslem scientists alike. As for a recon- 
struction of the process of invention, it will be illuminating to consider a graphi- 
cal method of generating the sequence {On}. In the figure below, and for any 


fixed fp, draw a line with slope —1 from point (f, m sin fo) to intersect the 
horizontal axis at the point marked 6». From 4) erect a perpendicular meeting 
the curve in a point, and project the latter horizontally to P on the ordinate 
through é9. In turn project P downward to the right as shown to obtain 6,, and 
so continue the cycle of projections. It can be shown that for fp) =90°—m the 
bounded sequence {6,} is monotonic increasing, converging to 90°. Hence 
sin #(t) has its maximum at t=90°—™m. It is submitted that the unknown in- 
ventor, thoroughly familiar with the technique of trigonometric interpolation, 
but desiring a function of the nature of the curve shown dotted in the figure, 
set up the equivalent of expressions (1) and (2). This gives the desired type of 
function, but has the disadvantage that, given a #, one cannot directly obtain a 
corresponding ®. A direct method being desirable, the formal similarity be- 
tween expression (1) and 


t = 0,(t) — m sin 6,-1(t) 


may well have been noticed, and the convergence of the implicit sequence con- 
cluded from considerations analogous to our graphical method. 


SOME GENERALIZATIONS OF VANDERMONDE’S CONVOLUTION 
H. W. GOULD, University of Virginia 


Among the elegant results implied by the binomial theorem, one of the most 
attractive and widely known is Vandermonde’s convolution, which states that: 


e EC )GL)= C3) 


This formula is valid for all integral values of r and qg. Since each member is a 
polynomial in 7 and also in g of degree k, it follows that (1) is a polynomial iden- 
tity in 7 and gq. 

It is with generalizations of this type relation that we shall be concerned in 
the present paper. We define the general expression: 


a+ Bn a 
A,(a, B) = —. 
: a= (Ce 


n 


From relation (1) we easily see that 


2 (a+ (yrn—k arytnatrl 
9 ECPI )=( ) 

ro0\ R n—k n 
and taking note of (2) it is clear that this and relation (1) are special cases of 
the following when 8 =0 and when 8 = 1. 


(4) D> An(a, B)Ana(7, B) = An(e +, 8). 


ke 
In order to demonstrate (4) we may proceed as follows, developing certain pre- 
liminary results first. 


Taking the th difference of a polynomial of degree less than or equal to 
n—1 we must have zero for 21. Hence we have 


© Foo). lam 


nai n\ {a+ k6 a 
= (— "An ) —1)- —— = 0, = i. 
1)rAn(a, 8) + 2 ( (F)( n oe " 
Hence 
= k re) a 
6 A;z(a, B) = — {jeri ———-; k = 1. 
(6) ua, 6) = E (—aynn() (87) 


This relation enables us to evaluate a certain infinite series as follows: 


84 
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2) 


Y As(a, Bye = 1-+ D Adla, B)z* 


k=0 k=l 
) k-1 k a+ By a 
Be Ecoe(NC1% 
ae hana OO Le are? 
k+1 or") 
= | 1)? 1)* k+1 
+E awe eee eaae 
a + 87 a eae 
= 1 1)! —— —1)* k+1 
+E “(* j ae \eti-5)* 
=1- 5 (07) 2 a a (- ye (err ’\ 
j==0 J a + 8 kel 
~ a+ Bj - 7 = 
= 1 =F Asla, Bs! (—*( i Jo + D Aila A 
j=0 k==0 j=0 


Therefore we find 
D Ala, Bs! D (= (STO ~/\ em, 
j=20 kenO Rk 
and this becomes 
D Ai(a, B)si(1 — aver = 1. 
j=0 


Making changes in the notation and examining the convergence we find 


(7) dD, Aj(a, Bai = x, 
j==0 
where: 
—1 — 1) 
g=- and | <| =]. 


Again, we also find the following: 


(8) > (-(" )OrP) = ayes n = 0, 


k=0 
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which follows easily by finite difference arguments, and is well-known. From (8) 


we find: 


(- ye) = ae = E y(? yer"), n= 1. 
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Hence 


Fn( Hm are Bem(O™)e 


nent Neal 


Rear Be Ee (yer) 


n=l n=l kw=0 
n+1\ /a+ Bk 
= — 1)* n+1 
ite EC eC a) 
a-+ Bk (ee) 
=_ —_ 1)* n+l 
nu EG (, )x nt+1—k/) 
-—— De 
1 + kez 0 


BR 
ah(g + 1)t8h— 


) 
he vey 
) 


ye y(t 


1+ Bz k==0 
a k 
+O(- p>( aye 
ken 


Therefore we have 


ran 1+ Bz 
This may now be rewritten in the form 
2 -+ BR gard 
° f(t My et 
ken k (1 — B)x+ 8 
where 
x— 1 — 1)f1 
= ) lz | < oo . 
x8 8 


A discussion of the convergence of this last series may be found in Pélya 
and Szegi, Aufgaben und Lehrsdize, Springer Verlag, Berlin, 1925, first volume, 
problems 206 to 218; in particular problem 216, zwezter Abschnitt. These series 
may also be found as Pélya and Szegé indicate from the application of the 
Lagrange theorem, a statement of which is given in Whittaker and Watson, 
A Course of Modern Analysis, 4th Edition, 1927, page 133. 
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Now from relation (7) we have the following: 


gt gr gtty = Y* Arla t+ y, B)2" 


k=0 


= ( > Ada, ps ( > Ady, ps 


jan 0) 


=D Aso, Aus, 6). 


k=0 ¢un0 


Therefore we may compare coefficients and we find 
(10) Ds Ax(a, B)An+(7, 8) = Ana +, 8), 
ken 


which is exactly relation (4), and since it is a polynomial expression on each side 
here of degree ” in a, B, y, it is an identity in them. 
Just as we have derived (10) we may combine relations (7) and (9), and we 
find the following: 
goerytl 00 (° +- y 4. B ‘) gotl 
——______—___— = gk = xY.——____—_. 
(1—6)x +B imo k (1 — p)x +8 


= me Y Ar CTs 
> ( i Nee a } 


Fen") Y (“ae 9), 


k=0 i=0 t y+ ft k—1 


Comparing the coefficient of z* in these expressions we find therefore that with 
appropriate changes in symbols, 


411) neers 7 -(F7 Fe). 


hax k n—k vy + Bk n 


This result is quite as valuable as relation (10) although the latter is more sym- 
metrical. One more relation will be developed before some applications are made. 


Let 


got 1 


fla, x) = (1 — B)x + B ° 


Then, 
fla, x) t(y, x) = fla + €, x) fly — ¢, x), 


so that by utilizing relation (9) we find at once 
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42) 3 (ot MY (rt be) _ H(A H (Tet BEY, 


k=0 k n—k =0 k n—k 


which is again a symmetrical expression but not too useful. 


Some Applications and Examples in the Literature 


I. One of the unsolved problems in this MONTHLY revolves around this type 
of expansion being considered here. K. L. Chung proposed in problem no. 4211, 
(1946, page 397) the summation 


(13) @ -dd-)>d a - .)s n 


ma (Rk — 1)!(dk — k)!\n—k 


IV 
i 


which may be rewritten in the form 
(“~*) =() d—1 ee 
n—-1) im k d—-1+dk\ n-1-k 
because (13) may first of all be rewritten as 
nd 1 n (dk\ {nd — kd 1 
aaa” EG) lama 
n/ad—1 bmi \R n—-k /dk—1 
n (dk — 1 d nad — kd 
(i )aaiC—e) 
mai \kR—-1/dk—-1\n—k 
=r") d (“oe 
pa k dk-+d—1\n-1-k/ 
But this is evaluated from relation (11) immediately if we first allow x there to 
be replaced by n—1, and let d=6, y=d—1, and a=0. 
II. Another instance of this summation is in Torelli’s sum. Torelli’s result is 
quoted in the Jahrbuch tiber die Fortschritte der Mathematik, Volume 26, Jahrgang 


1895, page 281. The original paper was entitled Qualche formola relativa all in- 
terpretazione fattoriale delle potenze (Batt. G. XX XIII, pp. 179-182). We have 


here 
_ el — 1 
f= TMaerjpam(rr" ) 


j=0 


nN 


(14) (7+ yy)" = DY (") y(y — rh + 1) "(ae + rh). 


r=0 


Or, therefore, 
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errr") 
nN 


Ga cra Caen | CEN Dee 


r=0 n— rT y—rh+r 
"(y-—rh+nfxex-1trht+n-—-pr y 
= ( r )( n—?T SS 
(tae 2 —1+nh-+ (n— k)(1 — h) y 
7 >( k )( n— k \aoa 


which clearly follows from relation (11) when we put 
Y=Y, a=x-1+nh, B=1-—h. 


III. One of the often quoted relations of a convolution type is formula num- 
ber 17, pages 64-68, of the Synopsis der héiheren Mathematik, Volume I, by 
Johann Georg Hagen, Berlin, 1891. This was in German, although Hagen was a 
professor at Georgetown University for some time. Netto, in his Lehrbuch der 
Combinatorik, Teubner, Leipzig, 1901, devotes Chapter 13 to Hagen’s combina- 
torial identities, and points out a few errors in some of the relations. In each 
case, reference is made by Hagen and Netto to some work in this field by 
Heinrich August Rothe, whose paper Formulae de serierum reversione demon- 
stratio universalis signis locahbus combinatorio-analyticorum vicariis exhibita, 
Leipzig, 1793, would seem to be one of the earliest references to these general 
convolutions. 

In any event, Hagen’s formula 17 may be derived in the following manner. 
From relation (7) we have 


S Arla, pwrt = wean, 
k=0 
where 
(x — 1)'e 
ae 


On the interval of absolute convergence we may differentiate and we find 


> As(a, 8)(b + gk)wrre 


k=0 


awPxelgy (8! qg)+1 


* @— Hwo-~{ — Bye + 8} 


ne agw?-t ——_______ ° 
(1 — B)x + B (1 — B)x + B 
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Therefore we have 


(15) >) Arla, B)(p + gk) wt 
k==x0 
get um 
~ PRN Oe GT ete pete 


Now, we let 


5 = 1S Aila, aie + gBurretl FY Ailr, yunrell 


j=0 


ra) k 
= wr >) wetak >” A,(a, B)Ax—(y, B)(p + 9). 


k= tn) 


But, through the use of (15), this is equal to 


gat xe 
= DayY Dard PO ee ee fee 
c= ws {pore Fm ieee aLaera 
co ora) k 
= 0 {9d Avla + 7,07 + ag O(" 7 ) wre 
k=0 k=0 k 
c ~ 1 
— ag > aa TPN areal 
k=0 k 
i b(a + 7) eras erre 
— 7)? pt+ak ————__—_——— + —_ — LS. 
wr Daw lors ai OF Ty + BR k 
we aete (PTH Met he 
k==0 k a+ y-+ BR 


But now we equate coefficients of these two expansions of S and the result 
is the relation 


n + 
(16) » A;(a, B)An—x(Y, B)(p + gk) = pee ry + ”) » ne 0, 
ken0 a + Y + Bn 


n 


which is a polynomial identity in a, y and 8. Letting y+$n=y and a=x, we 
have 


n(x + BR\ (y — Bk b + qk 
(17) > ( k ) AG reece, 
= Me 
(x + y)a(y — Bn) 


nN 
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which is Hagen’s relation 17 (and number 17 here also). Clearly, relations (10) 
and (11) are the special cases already treated. 

It would be interesting to construct a proof of these convolutions using 
finite series, the method of finite differences, or otherwise, just as Vandermonde’s 
convolution relation (2) was obtained. We remark that Vandermonde’s convolu- 
tion is the special case when we let 8 =0. The equivalent form of Vandermonde’s 
result is that obtained when 6 =1. It would be rather interesting to try to prove 
relation (10) for example by induction on 6 or on n. However, the resulting ex- 
pressions do not seem to reduce very manageably. 


DISTANCE SUMS ON A SPHERE AND ANGLE SUMS 
IN A SIMPLEX 


J. W. GADDUM, Michigan State College 


1. Introduction. It was shown in [1] that if S is the sum of the dihedral 
angles in a tetrahedron and T the sum of the trihedral angles then, 


(A) T = 2S — 4r 
and 
(B) 2r SS S 3m. 


Equation (1) was obtained from the well known formula relating the area A of 
a spherical triangle and the sum )) of its angles, 


(C) A=) )—-7f. 


This paper is concerned with generalizing relations (B) and (C). The methods 
of [1] do not appear to permit a complete generalization of (B) although they 
give the best upper bound for S and a non-trivial lower bound. This paper gives 
best upper and lower bounds for S. Furthermore, (C) does not generalize to an 
equation, but to an inequality. 

In [1] I remarked that one would expect those results to be known. It seems 
appropriate to state here that they were. (See [2].) It should also be mentioned 
that results related to those of this paper have been investigated by T. S. 
Motzkin in [3], using different methods. 

Z. Terminology. By the dihedral angle between two (n—1)-dimensional hy- 
perplanes in £, is meant the supplement of the angle between their directed 
normals. Given n directed planes in E, whose intersection is a point p, by the 
mulithedral angle they determine we mean the surface content they cut out on 
the unit sphere S,1 whose center is ». We suppose throughout that 2>2. 
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Given the unit sphere S,_1, with center , every (1 —1)-dimensional hyper- 
plane through » determines a unit hypersphere S,_2 on the Sn_1. By the angle 
between two hyperspheres on S,1 we mean the dihedral angle between their 
determining hyperplanes. 

We are now in a position to formulate the problem precisely. A simplex in E, 
consists, for our purposes, of ~-+1 linearly independent points and the x-+1 
hyperplanes they determine. We consider each hyperplane directed toward the 
point not lying on it. Then to measure a multihedral angle at one vertex, we 
have simply to measure the surface content of a spherical simplex on the unit 
Sn-1 with the vertex as center. One of our problems, then, is to find the surface 
content of a spherical simplex in terms of the $n(m—1) angles between the nu 
hyperplanes bounding it. This will give us a multihedral angle in terms of its 
surrounding dihedral angles. 

To find the sum S of the dihedral angles in a simplex we choose a point O 
inside the simplex and drop perpendiculars to the faces. Calling the sum of the 
in(n+1) angles between these ~-++1 perpendiculars R, S=$n(n+1)r—R. But 
if we draw a unit sphere with center O, Ris the sum of the (spherical) distances 
between the points f1, - ++, $n41 in which these perpendiculars intersect the 
surface of the sphere. Now, since O is inside the simplex there is no plane 
through O with all of the perpendiculars lying on one side of it, and hence the 
points pi, > ++, x41 are not contained in any hemisphere. We call such a set of 
points global. 

Our second problem then, discussing the sum of the dihedral angles in a 
simplex, has been reduced to that of discussing the sum of the distances between 
the points of a global (7+1)-tuple in Sy.1. 

3. The spherical excess of a spherical simplex. We have to deal with the 
surface content A of a spherical simplex K in S,_1. We can consider K as the 
common part of m hemispheres K,, - +--+, Kn, whose boundaries (each an S,_2) 
we denote by Ki, ---, Kz. If we let a;; denote the angle between K/ and K;, 
and A;; denote the content of the spherical lune which is the common part of 
K,and K,, then a;;=27A;;/Cn, where C, =27"!?/I'(n/2), the surface content of 
the Sn 

Now taking the origin at the center of the S,-1, the coordinates of the points 
in K; satisfy a linear homogeneous inequality f;(x)20, and K/ is given by 
fi(x) =0. The x forms fi, - - - f, divide the entire sphere into 2” regions, each 
region being characterized by the signs of the 7 functions in it. We shall desig- 
nate a typical region R,,,...,;,, meaning that f;,, - + - , f:,, are positive in the in- 
terior of this region and the other functions negative. By Rj,,...,:;,, we mean the 
region diametral to R,,,...,:,,, that is, the region in which f;,, --- , fi, are nega- 
tive and the others positive. 

With this notation, 


(1) Aiz = A 4+ DS Riajage+ serps 
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where R;ja,.--c, ranges over all the regions in which f; and f; are positive. Now 
suppose a region R makes p forms positive and n—>p negative. Then either R 
or R* will occur in $p(p—1)+3(n—p)(n—p—1) of the equations (1). 

Now 


Be RT PO 2 pp 


and we must consider the maximum and minimum values of this function for 
integral values of p less than n. Computation shows that the maximum equals 
3(n—1)(n—2) and is taken on for p=n—1, and the minimum is attained for 
p= [n/2|. When n is odd, the minimum is (n—1)?2/4 and for m even the mini- 
mum is n(n—2)/4. 

Thus adding the 3n(z—1) equations (1) we will have 


Days pre OE. 


where Rs takes on the value of the surface content of one out of each diametral 
pair of regions. Thus we have 


(n — 1)(n — 2) Cy 


WAS (n—-1At+ 5 _ 


Multiplying by 27/C, gives 
» a;s 
Similarly, for 2 odd, 


>» Ag 


(n — 1)(n — 2) 2(n — 1)7 
ry ar ae 


n(n — 1) A+ — 
2 


> Re, 


IV 


and for 1 even, 


n(n — 1) e — 2) 


> Ai = ———— A + ———_ Rs, 


2 
giving 
(n — 1)? n> — 1 
eel A, n odd, 
La a 4." * 2, 
n(n — 2) n* 
»> Oi; = —qy™ + 0,4" n €ven. 


These inequalities constitute the extension of the formula connecting area 
and spherical excess. It is clear, further, that these bounds on )°A,,;, and hence 
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on > a,j, are the best possible since any pair Rj,,..-,;, and Rj,,-++simn Can be made 
to assume a fraction of the spherical content arbitrarily close to 1 by properly 
choosing the simplex K. 

4. Lower bound on the distance sum for global sets. We can now use the 
results of the last section to find a lower bound on the sum of the distances be- 
tween points of a.set which is global, 7.e., not contained in a hemisphere. We 
first confine our attention to global (n—1)-tuples in S,_1. 

Let pi, - + +, Pati bea global set in S,1, let R= > Pi js and let Mi, ---, Has 
be the hemispheres with centers at fi,--°+, Das, with A/,--+, Any their 
bounding S,2. Then p;p;=a7 —a,;, where a;; is the angle between Hj and H} as 
before. 


stm 


Letting R; be the sum of the distances between the points pi,---, pi, 
Pint, °° * Pai, we will have R=(Ri+ - > + +Rasi)/(n—1). The common part 
of the hemispheres Mi, -- +, Aya, Hii, ++ +>, Hays is a simplex K,, whose sur- 


face content we may designate A, and the sum of whose angles we may call 0. 
Then 


— 1 — j —2 2Zn— 1 
Re LD ond ee MTN D 
2 t $ 2 Ch 
Thus 
2 1 
R= (n— te — DT 
Cr 
and 


2 
RE (w+ te — (Art +s + Ane, 


Now, since the points #; are global, the simplexes K; and K; have no points 
in common, since any such point would be the center of a hemisphere containing 
pi, > ++, Pnyi. Furthermore, diametral to K; is a simplex Kf which does not 
intersect any K; either, since the points of Ky are outside H, and the points of 
K; are inside H., ei, j7. Thus Ki,--+, Knyi, Kf, +--+, Kay, are mutually 
exclusive sets and Ai+ --+- +Ani;SC,/2. Consequently R2nuz. 

To find a bound on the distance sum for a global set of & points in S,-1 with 
k>n-+1 we simply observe that we can imbed the Sp_, in an S,;_2 and move the 
pofnts slightly to make them a global subset of the S;_». 

Thus we have the result: If pi,---, p- form a global set in Sy, 
> pip; 2 (k—1)x. That this bound is the best can be seen by taking a point p1 
and k—1 points clustered around pj, its diametral point. 

5. Upper bounds for the distance sum. To find an upper bound on the sum 
of the distances between points f1, + > - , p, of S,-1 we use methods very similar 
to those of Section 3. We take hemispheres Mi, ---, Hy with centers at 
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di,>-:+, pxand let Hi,--- MH; be the bounding S,-». If Aj; is the content of 
the common part of H; and H;, a;; the angle between H} and H!, then as be- 
fore, pip; =7—a;; and ajj=27A;;/C,. Still following the preceding pattern, we 
associate a linear homogeneous function f; with each H} and classify points of 
the sphere according to the signs of the functions f;. Certain combinations of 
signs may fail to appear but there will be at most 2* regions and they will come 
in pairs of diametral regions R;,,...,;,, and Rj,,--+,in- 

Now Aij= >_Rijat,+++,am Where Rija,:+-am ranges over all regions in which f; 
and f; are positive. If R is a region in which of the functions are positive, k—p 
then will be positive in R’ and either R or R’ will appear in 

p= 1), (R= R= P= 1) Bb 


2 _ 
2 2 ? *P 2 


equations for A;; The minimum of this function is attained for p= [k/2]| and 
is (k—1)?/4 or k(k—2)/4 according as k is odd or even. 


Thus 
k— 1)? C, 
a, R odd, 
> Aij = 
k(k — 2) Cr 
— k even, 
4 
and 
k — 1)? 
Ta; >! a for k odd 
k(k — 2) 
= ———— r for & even. 


Letting R= > p:p;, R=k(k—1)r/2— > a;;, and thus when & is odd, 
Rs(k?—1)7/4, while when k& is even, RSk?r/4. This can be summarized by 
saying R < |[k?/4 |x. It will be noted that no use has been made of the dimension 
of the sphere and hence the maximum can be attained on any sphere by cluster- 
ing the k points around two diametral points in groups as nearly equal as 
possible. 

6. Summary. In conclusion we might summarize the results obtained, apply 
them to the angle sums in a simplex in E,, and point out in what respect the 
results are incomplete. 

First, if A is the surface content of a simplex in the unit sphere S,1, and 
>, the sum of its dihedral angles, we have 
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This expresses equally well the relation between a multihedral angle and its 
surrounding dihedral angles, and hence can be used in conjunction with the 
formulas below to obtain bounds on the sum of the multihedral angles in a 


simplex. 
Second, if pi, - ++, $, is any set of points on the S,1 and R= > p,p;, then 
p? 
IT: Rs H T. 
4 
If, in addition, the points i, - - - , p, form a global set, then 
III: R= (k — 1). 


We can apply these formulas now to give bounds on S, the sum of the di- 
hedral angles in a simplex in Ey. 
If n is odd, we have 


n(n — 1) n* — I 
IV: ———_—TreS2 T 
2 4 
and if 7 is even, 
n(n — 1) n* 
IVa: ———_—7reS2a—n: 
2 4 


Since each face of a simplex in E, is itself a simplex in a lower dimensional 
space, we can find bounds on the sum of the angles of any dimension in a simplex 
in E,. However, it is by no means clear that bounds obtained using the fore- 
going results would be the best possible. This question remains open for in- 
vestigation.* 
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ON THE ACCURACY OF THE ADJOINT METHOD 
OF DIFFERENTIAL CORRECTIONS 


M. LOTKIN and H. N. BROWNE 
Avco Manufacturing Corporation and Aberdeen Proving Ground 


1. Introduction. Many problems arising in the applied sciences lead to sys- 
tems of ordinary differential equations, and it is often desirable to determine not 
only solutions of such systems but also the effect of small perturbations upon 
these solutions. The calculation of such “differential effects” can be accom- 
plished in a number of ways. There is the “direct” method in which the desired 
effects are obtained by the comparison of neighboring solutions. Among the 
“indirect” ways of predicting small effects the “method of adjoints” is much in 
use, especially in ballistics and related fields. 

Now the system of adjoint differential equations involves the computation 
of certain partial derivatives, which, especially if empirical functions occur, are 
not always obtainable with great accuracy. The problem discussed here, seem- 
ingly not treated anywhere else, is concerned with just what degree of accuracy 
is required of the partial derivatives in order to guarantee prescribed exactness 
of the predicted differential effects. 

While the cases taken up here are not of the greatest generality they are 
nevertheless thought to be sufficiently representative to give useful answers. 

2. The fundamental formula. Let us consider the system of ordinary differ- 
ential equations 


(2.1) g = f(t, 2) 2(0) = 2 
where 
Z1 filt, Sly °° oy Zn) 
g=|- », and f= 
on Fall, Zi,° °° y Sn) 


represent column matrices of 2 elements. 
Let, similarly, . 


(2.2) v= h(t,v) v0) = % 


be a “neighboring” system in the sense that h differs little from f, and % little 
from Zo. Assuming that unique solutions z(t) =2(t, 20), v(t) =v(t, vo) exist and are 
known, and putting 


Az(t) = v(t) — a(t) 
Af(t) = hi, 2@)) — f(t, 2), 
it follows that the Az(¢) satisfy the system 
(2.3) (Az) = aAz + Af(d) + bAz + O[(Az)?], 
97 
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with 


a= (ais), aj Ofi(t, 2(t))/02; 
b = (0:3), bi; = OA, (i) /02;. 


Accordingly, the variational equations of (2.1) and (2.2) are 


(2.4) n=Bn+Af, B=a+b, — (0) = Az(0) 
where 
m1 
1= . ’ 
Mm 
and 7; is the variation of 2;,7=1, 2,---, 7x. 


Now it can be shown that if z(¢) satisfies (2.1) and v(¢) =z(¢) +Az(t) satisfies 
(2.2), then Az(t) is approximated by the solution of (2:4). In fact [1], 


Az(é) = nf) + O(M"), 


where 
M = max [Ni, M(fd, °°: , M(fr)], 
with 1/2 
Wr, = max [[]Ae(0}], max [av(Oll], -[laell = | Ds 20*] 
and 


1/2 
M (fx) = max| > (Of;(t, 2)/ax))| , k=1,2,---,% 


The system adjoint to (2.4) is 
(2.5) = — BY, 


the prime denoting transposition of the matrix. 
Since, by (2.4) and (2.5), 


(Nn): = NAS. 
it fgllows that 
T 
(2.6) N(D)n(T) = N'(0)n(0) + J nN (*)Af(a)dr, 
for any t=T. 


This is the fundamental formula; it permits the determination of the effect of 
small perturbations 7(0) upon quantities g whose differential changes dq at the 
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value T of the independent variable are expressible in the form dg=)'(T)n(T). 
There are many quantities capable of such representation. In fact, the following 
general relationship holds: Let u, w be any two variables usable as independent 
variables along the undisturbed solution near a point P, and let & be any dis- 
turbance. Let further. the differential effect of & on any quantity g at equal 
values uo of u be denoted by dq(é| u =U). Then the differential effect of £ on g at 
equal values uy of u, and of equal values wo of w are related by 


(2.7) dg(£|w = wo) = dg(E|u = uo) — (dg/dw) pdw(E| u = uo). 


A detailed proof of this theorem is given in [2]. This proof may be outlined 
as follows: Let P be the point on the undisturbed solution at which u, w, q as- 
sume, respectively, the values uo, wo, go. For sufficiently small M there exists on 
the disturbed solution a point Q at which u=wo, and a point R at which w=wp. 
Then at point Q 


ug = Uo 
Wea = Wo + Aw(E | u = Up) 
ga = go + Ag(E| w = m). 
Similarly, at R: 
uR = Uo + Au(é| W = Wo) 
WR = Wo 
qe = qo + Ag(é| w = w). 
On the arc QR then the quantity q changes by 
qr — 99 = Ag(é| w = wo) — Ag(é| u = m0), 
the quantity w by 
WR — Wa = — Aw(é| u& = Up). 


By the mean value theorem there exists a value w* between wr and we so 
that 


(2.8) | (gr — 9q)/(wr — we) = (dq/dw) w+. 
On the other hand, 
(dq/dw)w* = (dq/dw)p + O(M). 


With the proper substitutions into equation (2.8), and using the further 
facts that 


Ag(é| “) = O(M) 
Ag(é| « = um) = dg(é| u = uo) + O(M?), 


there is now readily obtained the equation (2.7), as claimed. 


(2.8a) 
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Applying (2.7) now to a set of quantities g=x, w=y, u=t there results 
dx(t| y) = dx(€| ) — (dx/dy)rdy(€| 0d. 
For the set g=/, w=, u= 


di(é| y) = — (dt/dy) pdy(€| 2). 
For y=0, t=T the preceding equations become 
(2.9) dx(E| 0) = dR = m(T) — [%(7)/9(T) nT) 
(2. 10) di(é| 0) = dT = — [1/9(T)]n2(7). 


It follows then from (2.9) and (2.10) that in general 
dg = X’(0)n(0), 


where the integration of the adjoint equations (2.5) resulting in a desired effect 
dR of the variable x at = T must consequently be carried out starting with the 
terminal conditions 


(2.11) N(T) = [1, m, 0,---, 0], 
that of the equations (2.5) leading to a desired value dT of the variable ¢ at 
t=T with the terminal conditions 
(2.12) N(T) =[0, n, 0,--- , 0], 
with m= — [%(T)/9(T)], n= — [1/3(T)]. 
By (2.8) we have 
Ag = X'(0)n(0) + OC”). 


Now it is clear that in computing the matrix B certain small errors € are un- 
avoidable, so that the system (2.5) will be replaced actually by one of the form 


(2.13) A=-A’OA, AT) =XD, 
with the symbol © denoting pseudo-multiplication. 
This, in turn, will lead to a quantity 
Dg = A’(9) © (0), 
and thence to a quantity 
S(n) = Da(n) — Agia) — Ag(n), 


whose magnitude provides a measure not only of the second order terms but 
also of the effect of the errors € upon the predicted value dg. Either S or 
o = [dS/d(Aq) no = 22 [AS/0ns(0) ][ne(0)/04q],-0 


= >> [Ax(0) — 2,(0) JAr2(0) = 2 o; 


¢ 
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may be used for such a measure, the latter being more useful for comparative 
purposes. It is clear that o is the slope at the origin 7=0 of the graph of S 
versus dq. 

3. The case n=1. An interesting general result may be obtained easily in 
the case n=1. Then 


Z=F(Z,t), A=—FAZOA)OA. 
Since F,OA=F,A+ p1, we have 
A = — FA — Pl; 


with p; denoting a small function of ¢. Thus 


A() = exp (- J Fair) E _ J ‘oa(r) exp ( J Fr) ir|. 


With the terminal condition A(T) =1, 


A(é) = exp (- f Ptr) | exp( J Pair) ++ J "pt exp ( J Pr) ar| ; 


For ¢=0, then, 


(3.1) A(0) = exp ( J Far) 4 J "pu exp ( J Ptr!) dr. 


Consequently, 


A(O) — (0) = exp (f 7.) — ew( fs) + fio exp (fr). 


Let us define now 
e(t) = F(Z) — fAz). 
Then obviously 


A(0) — (0) = exp ( J ‘fair) exp I(T) — 1] + J " ps exp ( J P.), 


where 
(3.2) I(T) = exp f é(r)dr. 


Since 


7, 
l 


A’(0) © (0) — A(O)n(0) 
p2(n) + [A(0) — A(0) ]n(0), 
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it follows that 


(3.3)  o = (exp (Z(Z)) — 1) + exp (- f+ | ore + fi» exp (fx)] 


where 1, p2, and ps denote small functions. 
We are now especially interested in the effect of € upon o; putting p; and po 
identically zero we find 


(3.4) o = exp (I(T)) — 1 = Te(t*), 


if we assume | Te(t)| <1. 

The slope o is thus seen to be approximately proportional to the error € in 
the partial derivative, as well as the total length T of integration, a result which 
seems reasonable. If, for example, T= 20, f, =0.1, e~0.001, then o ~0.02; errors 
in f, of about 1% lead to values in the slope o of about 2%. On the other hand, 
in order to expect the slope for a solution integrated to t=200 to be about 1%, 
the partial derivative must be correct to about 0.00005. 

4. The analytical example. Let us next consider a special case involving a 
solution z having four components. It is well known that the plane motion of the 
center of gravity of a body subject to gravity and resistance may be described 
in a system x, y of rectangular coordinates by a set of equations of the form 
(2.1) with 


x x Xo 
(4.1) c=] > |, f=l 7 |, e@=|” 
x — kx Xo 
y —ky—g Vo 


Here g is the gravitational acceleration, and k(y, x, y) =G(%, 9)H(y)C—}, where 
H(y) is the air density ratio, and G, C are drag function and ballistic coefficient, 
respectively, functions that are usually determined by experiments. However, 
in order to obtain closed expressions for the solutions we shall limit ourselves 
here to the case where & is so slowly changing that it may be considered a posi- 
tive constant. Then (4.1) is solved by 


(4.2) u(t, %o, Xo) = Xo + Kok (1 — e7**) 
(4.3) W(t, Yor Yo) = Yo (yo + y)eM1 — e-*) — vt 
with y=gk~!. These expressions obviously tend to the well-known trajectory 
solutions in vacuum as k approaches zero. Solving (4.2) for t=i(x, xo. %o), and 
substituting into (4.3) leads to 

W(X, Xo, Yo) Xo, Vo) = 


4.4 
we yo + (Ho + y)(% — x0) tT? — yk log {xo[%o — k(x — ao) |}. 
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The range R is then defined by means of 
(4.5) y(R, 0, 0, Xo, Ho) = 0, 
and the time of flight T by means of 
(4.6) «X(T, 0, %o) = R. 
In doing this we associate the “normal” trajectory with 
2(0) = [0, 0, xo, vol. 

We note, from (4.2) and (4.3), that 

R= %k-1(1 — e~**) 
(4.7) X(T) = Xe *? 

WT) = Xoo — RR(jo + vy) to}. 


Let us next consider a “neighboring” set of solutions, defined as solutions 
w(t) of (4.1) associated with w(0) =z(0)-+7(0), where the components 7;(0) of 
n(0) are small. Denoting by dR, dT the differential changes in range and time of 
flight, we find, by (4.1), 


dR = — yz"[yzom(0) +--+ + yyqna(0)] = a’n(0), 
with 
a’ = [an, a2, as, a4], 


and the partial derivatives yz=0y/0x, etc., to be evaluated at R, 0, O, Xo, Ho. 
A short calculation shows that 


Qy= 1 
Qe = — Xo(%o — ER) [Xoo —*ER (50 + 7) J) = — £(T)/9(T) 
(4.8) = Rect 


— Rx(T) [%o9(T) P. 
For the change dT, by (4.3) 


Q 
YS 
I 


dT = ye*[yyn2(0) + yiona(0)] = B’n(0), 
B’ = [0, Bs, 0, Bl, 
and the partial derivatives Vue yy, to be computed at T, 0, yo. It is seen that 
(4.5) Bs = — [X00 — ER(jo + ¥) tv? = — 1/5(T) 
Bs = — R[xop(T) }-. 


5. The solution of the adjoint system. Let us proceed next to the method of 
adjoints, as it applies to the system (4.1). It was already pointed out in section 2 
that in practice (2.5) is replaced by a system of the form (2.13); in our case we 
wish to put 
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0 0 1 0 
0 0 0 0 
(5.1) A= 
0 0-K 0 
0 0 0-K 


with K(t) =k —e(t), and e(t) assumed to be small in the sense that max; | e(t) | Kk. 
The associated adjoint system is then, written out in detail, 


A, = 0 
A. = 0 
(5.2) . 
Ag = — Ai + KAs 
Ag = Ag + KaAg. 


The pertinent terminal conditions are of the form 
(5.3) A'(T) = [Negi Aga, 0, 0], 


with A(T) =X(T) as exhibited in (2.11) and (2.12), depending on whether g=R 
or g=T. 
The solutions of (5.2), (5.3) are 
Ay = Nal 
(5.4) Ao = Vge ' 
At) = FF jc. — dais f td |, a= 3, 4, 


0 


with 


I(r) = kr — { e(7’)dr’ 
0 
and the C; denoting constants of integration. Use of (5.3) shows that 


T 
C; = have f etdr, 
0 
whence 


T 
A,(t) = Fra int f eindr, a= 3, 4, 


t 


We need A,(0); obviously 


T 
(5.5) A,(0) = Yg.i-2 J edn, i= 3,4. 
0 
Let us now consider the case e(t) =0, assuming, then, that the partial de- 
rivatives a;; could be calculated exactly. In this case (5.4) becomes 
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(5.6) Ai(O) = AiO) = Ag e-2k-"(1 — €7**), t= 3,4. 
i. The case g=R. Here \a=1, \g2=m so that, by (5.4), (5.5), and (4.7) 
(0) = [1, m, Reo, Ream). 


Thus \(0) =a, as defined in (4.8), and the accuracy of dR=)’(0)n(0) is illus- 
trated. 
li. The case g=T. Here dX =0, \v2=, so that now 


d’(0) = [0, nN, 0, Reon | = B’, 


as seen from (4.9). Thus also dT =X’(0)n(0). Since now A,(0) —A;(0) =0 for all 2, 
it follows that 


o¢ = >> [A.(0) — A,(0)]az4(0) = 0. 


4 


In general, however, e(¢) 40, whence ¢ +0. Let us now assume that a con- 
stant value é* in 0StST exists such that e(t) ~e(é*) =e*. In that case clearly 


[cto = eet — cer, 
0 
and 
Ai(0)/A(0) = [k/(k — &*) [C1 — er 2/(1 — e-**)]. 

Therefore, 
a; = (#/k) + [1 — e'7)/(e*? — 1]. 
Further if we suppose again that max; |e(¢)| 71 then 

a; = (e*/k) [1 — kT/(e*" — 1)], 


provided 
(5.7) max | | << min (k, J"). 
It follows that 
(5.8) o = 2i(e*/k)[1 — RT/(e*? — 1)] 


with j=1 for g=R, and 7=0 for g=T. 

The slope is thus again seen to be approximately proportional to both e and 
T. For example, for T=20, k=0.1, e+0.001 it is found that o ~0.007; an error 
of 1% in the value of & leads to an error of about 0.7% in the slope. 
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EpITED By F. A. FickEN, University of Tennessee 
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SOLUTION OF A PROBLEM OF E. M. WRIGHT ON CONVEX FUNCTIONS* 
V. L. Kuex, JRr., University of Washington 


With R denoting the real number field and f a function on R to R, consider 
the following two statements about f: 

(A) f(x+6) —f(x) =f(y+6) —f(y) for all 6>0 and x>y. 

(B) flax+ay) Sof(x) +2f(y) for all x, y. 
It is well known that (A) implies (B), and that for continuous f the two are 
equivalent. (See [2], for example.) In a recent note [3], Professor E. M. Wright 
showed that (A) is equivalent to certain other interesting inequalities, and 
raised a question as to the existence of a function f for which (B) is true but 
(A) is false. The purpose of this note is to describe such a function. Needless 
to say, the argument given leans heavily on the Axiom of Choice. 


THEOREM. There 1s a function f on Rto R such that for all x, yER it ts true 
that 

(i) fAx+(1 —A)y) SAf(~) + (1 —A) f(y) for all rational X with OSDNS1; 

(ii) if xy, there 1s a 6>0 such that f(x-+pd) —f(x) <f(y +d) —f(y) for all 
rational >. 


Proof. Recall first that the line R and the plane R? are both of dimension 
2§o as vector spaces over the rational field.{ (This follows, for example, from the 
lemma on p. 20 of [1].) Thus there is an (additive, rationally homogeneous) 
isomorphism 7 of R onto R*. For each «CR let f(x) = | r(x) | 2, where | | is the 
Euclidean norm in the plane R?. That (i) is true follows readily from the corre- 
sponding property of ||? and the fact that 7 is an isomorphism. It remains to 
establish (11). 

Consider an arbitrary pair x and y of distinct points of R and let x’ =7(x), 
y’ =7(y). Let U be the non-empty open set of all pCR? such that (y’, p) > (x’, p), 
where ( , ) denotes the inner-product in R?. Since for all 2, gE R? it is true that 
d|z+tq|?/dt=2(z, g)+2#|q|2, it then follows that |x’+tp|?—|x’|?<|y’+tp|? 
— | y’ | 2 for all pC U and t>0. Thus with 6=77—1(p) and p a positive rational 
number, it is true that f(x-+ud) —f(«) <f(y+ud) —f(y). It remains only to show 
that 7~!U includes at least one positive number. Suppose not. Then 77! is an 
additive real function on R? which is bounded above on the non-empty open set 


* Sponsored by the Office of Ordnance Research, U. S. Army, under Contract DA-04-200- 
ORD-292. 

+ Since Wright works with functions on [0, »[ to R, his question is answered by the restric- 
tion to [0, [| of the function described in the Theorem. 

t The Axiom of Choice enters in the proof of this fact. 
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U, and hence is bounded above on a translate V of U which includes the origin. 
But then 7~! is bounded on the set V/\(— V), which is a neighborhood of the 
origin. Since 7~? is rationally homogeneous, it follows that 7—! is continuous at 
the origin, and hence by additivity at each point of R?. Since, however, 77! 
maps R? biuniquely onto R, it cannot be continuous, and the contradiction com- 
pletes the proof. 
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NOTE ON CONVEX FUNCTIONS 


Hewitt KENYON, University of Rochester 


E. M. Wright in an interesting note [1] on a convex inequality states that 
it is unknown whether functions exist which satisfy condition (i) below and not 
condition (11). It is not difficult to construct such a function, making use of a 
Hamel basis. (This makes use of the axiom of choice. See [2] or [3].) The condi- 
tions are as follows: 


for real a and 6. 


(i) f (24) < fla) + J) 


2 2 


(ii) Ifa < band 6 > Othen f(a + 8) — f(a) S$ f(8 + 8) — f(d). 


Let H be a Hamel basis for the real numbers over the rationals. Suppose 
without loss of generality that 1 and 7 belong to H. Then each real number x 
has the unique representation x = De H Yx,,°h, where the rz,, are rational num- 
bers, only a finite number of which are not zero. Let 


f(x) = Dr Yx,h for each real x, 


It is easy to check that (i) holds. To see that (ii) does not hold, let a=1, 
b=7, and6=1. Thena<d, 6>0, and f(a+56) —f(a) =4—1>2—1=f(b+6) —f(d). 

The function f may be modified so that (i) is still satisfied; and so that (ii) 
is satisfied for any preassigned set of values of 5>0 of power less than the con- 
tinuum, but not for all 6>0. 
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ON AN INEQUALITY CONCERNING AN INDEFINITE FORM 
RICHARD BELLMAN, The RAND Corporation 


1. Introduction. Let us consider the indefinite form 


(1) o(a) = (a — me — + mH)”, p21, 
for values of the x; in the region 
R: a. «x; 2 0, 

b. a1 > (x2 +a + - eae)”, 


Observe that x-+y belongs to R whenever x and y separately do. This follows 
from Minkowski’s inequality. 
The inequality we shall establish is the reverse triangle inequality, 


(3) p(x + y) 2 o(*) + (9). 


for x and y both in R. The proof will depend upon a representation for ¢(x) 
which we shall establish in the next section. 
2. Representation for ¢(x). Let us now demonstrate that 


(2) 


(1) ¢(x) = Min ys XiZiy 


S(z) izel 


where S(z) is the region defined by the inequalities 


a. 2% 2 1, Z, = 0, kR=2,°°-,n. 
b. (2 +-+++2,) Sa —1, = p/(b — 1). 
Proof. Using Holder’s inequality on the terms xez2.-+ - - - +%nZ, we see that 
(3) tee + +++ + tan 2 — (x “) Up(a; — 1), 
k=2 


and accordingly that the lower bound of >_%., x:2; is attained in S(z). Hence 


; = 1/ 
(4) (x) = Min Ee _ (x “!) UP (gi ~ 1) ‘| . 
2,21 k=2 
There is a unique minimum at the point where the derivative with respect to 
2, is set equal to zero. At this point we have 


q—l 
x1 41 


(5) (E2)" ~ (g¢ — 1)eua | 


Ken? 


Solving for z: and performing the required algebraic substitutions, we obtain 
the stated expression for $(x). 
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3. Proof of the inequality. Using the foregoing lemma for x and y both in R, 
we have 


(1) o(x + y) 


Min » (x; + Vi) Bs = Min ( » 4345+ > vi) 
S(z2) 


S(2) jul j=] gone] 
nr nr 

Min ( » wa) +- Min ( >> vai) 

S(z) rs | S(z) fil 


= $(x) + $(y), 


which is the desired result. 
The case n=4, p=2 seems of particular interest. 


IV 


UNIFORM CIRCULAR MOTION IS SINGULAR 


H. J. Hamitton, Pomona College 
What can be said of the motion of a particle P if 


P lies on a circle, 
\ | acceleration of P| = constant # 0? 


The partial answer that comes at once to mind is the familiar one involving 
constant speed. We shall show, however, that this answer 1s the singular solution 
to the problem and that the general solution 1s a type of oscillation along an arbitrary 
quadrant of the circle. 

Let C be the circle, 7 its radius, and a the constant numerical value of the 
acceleration. From the decomposition of the acceleration vector into its tan- 
gential and normal components we have 


(1) (dv/dt)? +- v4/r? = a. 


Regarded as an equation in dv/dt, (1) yields as locus of double-points pre- 
cisely v?/r=a. This locus satisfies (1), is not a particular case of the general 
solution (9) (below), and corresponds to motion with constant speed. We have 
thus—pending derivation of (9)—justified the title of this note. 

To find the general solution of (1) we substitute vdv/ds for dv/di and then 
put w=v?, obtaining 


(2) (dw/ds)* + 4w?/r? = 4a’, 

The general solution of (2) gives 

(3) v2 = ar cos (2s/r), 

provided that s is measured from an appropriate point.* If we now introduce 
a central angle 9 so that s=70, (3) may be written as 

(4) v?/r = a cos 26, 


* The constant of integration here merely corresponds to an arbitrary shifting along C of the 
path of motion. 
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which shows that the motion ts confined to the quadrant 
(5) —r/4<S0S a/4, 


Before continuing with the solution, we exploit the fact that (4) suggests a 
simple method of constructing the acceleration vector geometrically (since 
v?/r is precisely the normal component, and a is the length, of that vector). 
Placing the origin at the center of C and identifying the polar angle with 6, we 


draw OP and its reflection (OP’) in the polar axis, locate R on OP’ (or its exten- 
sion) so that OR=PR, and locate Q on PR (or its extension) in the direction of 
R from P so that PQ=a. Then PO is the required acceleration vector for the 
particle P, for: the normal component of PO is a cos 26 (as required by (4)), 
since ZOPQ=ZPOR=26 by our construction; ZOPQSm/2 (as required of 
acceleration vectors in general) by (5); and the tangential component of PO 
is directed toward the polar axis (as required by the implication of (4) that | »| 
decreases as || increases). (The acceleration vector is shown in the figure also 
at the ends A, B and the midpoint C of the path of motion.) 
Returning to (4) and noting that v=rd@/dt, we obtain 


(6) dt = /r/a| dg | //1 — 2sin?@ (¢ assumed always increasing). 
Next we put 
(7) ° 4/2 sin § = sin ¢, 6 = @ = Owhent = 0,t 


with @ increasing monotonely as 6 oscillates between —7/4 and 7/4. Then from 
(6) we havet 


} The constant of integration which we anticipate simply determines when we shall take ¢=0. 
{ Standard notations for elliptic integrals and functions may be found in Madelung, Die 
mathematischen Hilfsmittel des Physikers, Dover, 1943, pp. 76-77. 
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i= ViT Oa) f° du/Vi — sin? 4/2 = »/r/(2a)F(1/v/2, ¢), 


whence a period J of the oscillation is given by 


T = 44/r/(2a) K(1/+/2) 


and, by (7) (here we restore the arbitrary constants), 


(8) s — so = rarcsin {(1/+/2 sn [+/2a/r(t — to) |}. 
Finally, differentiation of (8) gives 
(9) v= Varcn [V2a/r(t — to) ]. 


ON DIVIDING AN OBJECT EFFICIENTLY 
H. D. and S. K. Stern, University of California at Davis 


In what follows £ denotes a plane circular disk; “curve” denotes either an 
arc (homeomorphic image of the closed unit interval) or a simple closed curve 
(homeomorphic image of the circle). Restricting ourselves to rectifiable curves, 
we consider some problems closely related to several classical results of the 
soe]. of variations, especially to Dido’s problem [1, pp. 3, 446, 465, 488, 
528 |. 

Question 1. Let P and Q be two points (not necessarily distinct) on the 
boundary of a plane circular disk E. What curve in £, joining P to Q and par- 
titioning £ into two portions of equal area, has least length? 

Solution. If P and Q are diametrically opposite, then the solution is clearly 
the diameter through P and Q, since the shortest curve joining two points is a 
straight line and a diameter does in fact divide the disk equally. 

Now assume that P and Q are not diametrically opposite one another. Then, 
by continuity arguments, there is a unique circle C through P and Q such that 
the area of the portion of the interior of this circle within E is precisely half the 
area of E. (If P coincides with Q, demand that C be tangent to the boundary of 
E.) 

Now of all curves enclosing a fixed area, it is well known that the circle has 
minimum length. In particular if we apply this fact to the area contained within 
C we deduce that the portion of C within E is the curve of minimal length divid- 
ing £ equally. 

Question 2. What curve in E, partitioning £ into two connected portions 
of equal area has least length? 

Solution. Any arc in question must join two distinct points P and Q on the 
boundary of E. Any simple closed curve in question may be translated till it 
touches the boundary of £ in at least one point P. If this arc or curve is to be of 
minimal length, then it must, by the answer to question 1, be either a circular 
arc joining P to Q, or a circle tangent at P. Finally, among these arcs and curves, 
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it is easy to see that the diameter has minimal length. 

Question 3. Let R be a rectangle of height # and base wh/2. Let P be the 
midpoint of its base. What simple closed curve in £ through P, partitioning R 
into two connected portions of equal area has least length? 

Solution. The method which answers question 1 breaks down. The circle 
given by that method is tangent to the upper base of the rectangle and divides 
R into three connected portions. There is no simple closed curve of minimal 
length satisfying the demands of this question. 

Further Questions. What are the answers to questions 1 and 2 if £ is an 
ellipse? If a simple closed curve is given on the surface of the sphere, what is 
the surface of minimal area through this curve dividing the sphere equally 
(compare to the Plateau Problem)? What if £ is to be divided into three equal 
portions? 

Bibliography 

1. Vorlesungen tiber Variationsrechnung, Oskar Bolza, Druck und Verlag von B. G. Teubner, 

Leipzig und Berlin, 1909. 
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ROUND ROBIN MATHEMATICS* 


J. E. FREunND, Virginia Polytechnic Institute 


It is quite common that members of a mathematics department are ap- 
proached by someone in the athletic department requesting help in the construc- 
tion of a round robin schedule for intramural sports. The purpose of this note is 
to show a very simple way of constructing round robin schedules for any number 
of teams. 

The requirements for a round robin schedule are that each team plays each 
other team once and that if there is an even number of teams, each team will 
play on every day of the “season.” If there is an odd number of teams only one 
team has a “bye” on each day of the season and no team has more than one 
“bye,” 

lf there are teams and 1 ¢s an odd number let us number these teams 0,1, 
2,°°°*,n—1. Team 7 will play against team j on the kth day of the season 
(k=0, 1, 2,--+, 2-1) if 


i+j = k (mod n) 


* Work done in connection with Contract No. DA-36-034-ORD-1527RD, Office of Ordnance, 
U.S. Army. 
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with the exception that the team for which 
21 = k (mod n) 


draws a bye. Using the theory of congruences it can easily be shown that this 
formula meets all of the conditions, 7.e., each team plays each other team once, 
one team gets a “bye” in each round, and each team gets only one “bye.” Using 
this formula we can construct the following table for 7 =13 teams: 


If there is an even number of teams, say, n+1 where n is again an odd number, 
these teams will be labeled 0, 1, 2, ---,. Team 7 will then play against team 
j on the Ath day of the season (4,7, k=0,1,2,---,n—1)if 


t+7 = k (mod n) 
with the exception that the team for which 
21 = k (mod n) 


will play against team z on the kth day of the season. In other words, the team 
which draws the “bye” in the schedule for 7—1 teams is matched against team n. 
In order to construct a round robin schedule for 14 teams we simply take the 
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round robin schedule for the 13 teams 0, 1, 2, - - - , 12 and match on each day 
the team having the bye against team 13. 

In some sports it is desirable to designate in each game one team as the 
“home team.” If there is an odd number of teams each team will play an even 
number of games and it will be the “home team” half of the time if we use the 
following scheme: 


(i) if 2+ 7 is odd, the home team is the team having the smaller number, 
(ordering the numbers from 0 to n—1 in the usual sense). 
(ii) if 7-+7 is even, the home team is the team having the larger number. 


For example, in the round robin schedule for 13 teams, team 1 is the home team 
when k=0, 3, 5, 7, 9, and 11 while team 8 is the home team when k =1, 4, 6, 8, 
10, and 12. It can be shown that this produces the desired results. Of course, 
if there is an even number of teams, each team plays an odd number of games 
and no such arrangement is possible. 


A GRAPHICAL INTEGRATION 
M. S. KLaMKIN, Polytechnic Institute of Brooklyn 


The following is believed to be a new simple graphical method of integrating. 
Let the differential equation be given by 


(1) “y = F(x) (where x = Xo, y = Yo). 
dx 
One first plots the curve y=xF(x) (assumed to be continuous). From the point 
Po(xo, Vo), a vertical line is drawn intersecting the curve y =xF (x) in the point A. 
Then the tangent at Pp to the integral curve of equation (1) must be parallel 
to OA. A small segment P,P: of this tangent is drawn with a parallel ruler. 
From point P, the procedure is repeated. The proximity of the successive points 
Po, Fi, etc. will determine the accuracy of the construction. 


Y 


X 


0 


This method leads to a particularly simple construction for y =log x. 

Remarks: The above method can also be adapted to graphically solving the 
D.E., dy/dx = F(x)/G(y), (x=x0, v=o). We let dz/dx = F(x), (x=, =2%), and 
dz/dy =G(y), (y =o, =20). Both of these latter equations are solved by the above 
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method yielding the graphs of z—2.=J7,F(x)dx, and s—2.=/¥,G(y)dy. It is 
now a simple matter to obtain the plot of y vs. x. Another method would be to 
specialize the functions in the graphical solution of 

dy (x) — G(y) 


dx (x) — F(y) 


by letting G(y) =y(x) =0. (See author’s note, this MONTHLY, vol. 61, 1954, pp. 
565-567). 


ON A GRAPHICAL SOLUTION 
M. E. LEVENsoN, Brooklyn College 


The present paper is concerned with a graphical solution of the equation 
dy 
7 + p(x)y = g(x), p(x) # 0. 


This construction is based on the following property of this equation. If the 
family of integral curves of the equation is cut by the line x = x,, the tangents at 
the points of intersection are concurrent and meet at the point 


1 q( x1) 
(1 t p( 41) (41) ) 


This property of the differential equation recently appeared as a problem on the 
William Lowell Putnam Examination (March, 1954) and also appears as an 
exercise in Langer’s excellent textbook A First Course in Ordinary Differential 
Equations (p. 67). 

The construction is as follows: Draw the curves (see Figure). 


q(x) 
mn y= p(x) 
and 
Cor y= u+ a : 
p(x) 


Consider a point Pi(%1, yi). Draw the vertical line through this point meeting 
Cyin R and Cz in S. Draw the horizontal line through R. On the horizontal line, 
locate the point W whose abscissa is equal to the ordinate of the point S. The 
point W so constructed has the coordinates 


1 q( 41) 
(« Ten’ xeD) 


and therefore the line joining W to Pi(%, 41) is the tangent line through the 
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point Pi(x1, v1). Now taking a point P, on WP, close to P1, we repeat the con- 
struction for Pa, etc. 


Y’ 


P, (x,,Y,) 


It is obvious that the roles of x and y may be interchanged and that the con- 
struction can be modified rather simply to give the orthogonal trajectories. 
It should be mentioned that the graphical procedure given by M. S. Klamkin 
(this MONTHLY, vol. 61, 1954, p. 565-567) appears to be limited to the cases where 
his functions F and G have unique inverses. 


THE FORMAL SOLUTION OF A DIFFERENTIAL EQUATION 
R. K. Ritt, University of Michigan 


We consider the ordinary differential equation with constant coefficients 


d 
(1) Vin (<)= = F(2), F(t + 27) = F(é) 


where 


(2) Vnlp) = Dd) @m—p” = aol | (p — d,), b: ¥ b; if i ¥ j, b; ¥ an integer. 


If 
(3) [Vn(f)} = D Asp — b>, 


then the formal application of the finite Fourier transform gives 


ot) = > Aut 
(4) am - 
u,(t) = (1 — exp 2xb,)~1ei¢ « F(1) 


where f(#) + g(t) = Jof(t—s)2(s)ds-+ f?*f(t-+2m —s)g(s)ds. In this note we prove that 
if F(t) is piecewise continuous, (4) represents a function which has (m—1) con- 
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ON THE DERIVATIVES OF TRIGONOMETRIC FUNCTIONS 


M. R. SPIEGEL, Rensselaer Polytechnic Institute 


In the usual course in calculus it is the custom to introduce the trigonometric 
functions and their derivatives before considering the derivatives of the inverse 
trigonometric functions. In the so-called unified courses in calculus where some 
of the elementary concepts of integration are taken up early, there seems to be 
some advantage in introducing these derivatives in the reverse manner. 

To illustrate the possibilities in this direction we show how to find the 
derivative of arcsin x. Referring to the figure, ACB represents one quarter of 


the circumference of a circle with center at the origin and having unit radius. 
The area of OACD given by 


f J/1 — x2 dx 
0 
is also equal to the sum of the areas of OCD and OAC. This sum is given by 
= Taw + Saxe si 
— —% —arc sin * 
2 2 
from elementary. formulas for the area of a triangle and sector of a circle. Hence 
- , 1 ; 
(1) f V1 — wt dx = — V1 — a? + — are sin 
0 


By differentiation it follows that 


vi=w-£ (2 visa) 44S eoesine 
dx \2 vd) Oo ae 


which yields easily enough 
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d 1 
(2) an (arc sin %) = a: 
or, if one likes, 
(3) a (arc sin 4) = a wu 
ax /1 — u? dx 


where u depends on x. 
From this result it is easy to obtain the derivatives of the other inverse 
trigonometric functions. Thus 


d df(«r ; —1 

— (arc cos x) = —(— — arcsin 2) = 
ax dx\ 2 J/1 — x? 
d d ; x 1 

— (arc tan x) = —(arcsin 5) = 

ax ax J/1 — x 1+ x? 
d ad(w —1 

— (arc cot x) = —(— — arc tan *) = 

ax dx \2 1+ x 
d d 1 —1 

— (arc csc x) = —|[ arcsin =) = —____— 

ax dx x xv/u? — 1 

d d (< ) 1 

— (arc sec x) = —(— — arccscx ] = ————— - 
dx dx\2 xr/u% — I 


We may now obtain the derivatives of the trigonometric functions. The gen- 
eral procedure is illustrated by determining d(sin x)/dx. Let 


y = sin % 

so that 

- % = arc sin y. 
Then it follows at once that 

ax 1 

dy Vi—y 
or, 
(4) o = /1 — y? = cos «x. 

dx 

Derivatives of the other trigonometric functions can be obtained in a similar 


way. 
The writer believes that the mode of presentation of this paper is more easily 
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understood by the student than the conventional procedure for several reasons. 
First, there is no need for the investigation of lime.» (sin 0/0) which is involved 
in the conventional procedure. Second, there is no need to manipulate a differ- 
ence quotient into a form suitable for limiting processes. Third, it is tied in 
with an interesting geometric interpretation. Incidentally the integration 
formula (1) is a useful by-product which normally would involve for its evalua- 
tion the techniques of integration by parts or trigonometric substitution. 

It should be remarked that in obtaining all of the above results, angles were 
restricted to those lying in the first quadrant. It is not at all difficult to consider 
other angles, the procedure being entirely analogous to that used in the con- 
ventional approach. 


ELEMENTARY PROBLEMS AND SOLUTIONS 


EDITED By Howarp EVEs, University of Maine 


Send all communications concerning Elementary Problems and Solutions to Howard 
Eves, Mathematics Department, University of Maine, Orono, Maine. This depariment wel- 
comes problems believed to be new, and demanding no tools beyond those ordinarily furnished 
in the first two years of college mathematics. To facilitate their consideration, solutions should 
be submitted on separate, signed sheets, within three months after publication of problems. 


PROBLEMS FOR SOLUTION 
E 1201. Proposed by C. S. Ogilvy, Hamilton College 


What is the area of the maximum cross section of the unit cube? 


E 1202. Proposed by Victor Thébault, Tennie, Sarthe, France 

Let O be an arbitrary point on an arbitrary line \ passing through the cen- 
troid G of a tetrahedron ABCD. If \ cuts the planes BCD, CDA, DAB, ABC in 
A’, B’, C’, D’, show that 

A'0/A'G + B’O/B'G + C’'0/C'G + D'O/D'G = 4. 
E 1203. Proposed by S. I. Birnbaum, Polytechnic Inststute of Brooklyn 
Prove that for given sets X, Y, T we have X = Y=0 if and only if 
TH=(XOATIUVOATIUMHOTAYL,. 


E 1204. Proposed by A. J. Goldman, Princeton University 


Let C be the circle x?+-y?=1, f(x, y) a continuous real-valued function de- 
fined on C, and A an angle such that 0<A Sz. Show that there are two radii 
of C which form an angle A and have endpoints at which f(x, y) has the same 
value. 
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E 1205. Proposed by H. J. Cohen, City College of New York 
If f(x) is continuous on [0, 1] and if f(0) =f(1) =0, show that 


fi lre@me|ar>4 


SOLUTIONS 
Mersenne Numbers 
E 1171 [1955, 442]. Proposed by N. D. Brenner, University of Pennsylvania 


(1) Is a number of the form 2?—1, where p is a prime, ever divisible by an- 
other number of the same form? 
(2) Are two such numbers necessarily relatively prime? 


Solution by W. E. Briggs, University of Colorado. Let h be the smallest posi- 
tive integer such that 2"=1 (mod 7), ra prime. Then, if 2‘=1 (mod 7), h| ft, since 
otherwise 2'=2%*tn=2"=1 (mod 7), where O0<n<h. Hence 2?—-1= 
2%—1=0 (mod 7), 7 a prime, implies that # divides both p and g. 

Also solved by H. L. Alder, G. E. Bardwell, W. J. Blundon, I. A. Dodes, 
D. C. Duncan, A. D. Freedman, A. J. Goldman, Virginia S. Hanly, Vern Hog- 
gatt, Douglas Holdridge, A. R. Hyde, D. C. B. Marsh, C. S. Ogilvy, G. B. 
Robison, Azriel Rosenfeld, R. R. Seeber, Jr., R. E. Shafer, Allen Simon, Donald 
Solitar, E. P. Starke, R. P. Tapscott, and the Proposer. Late solutions by Hiise- 
yin Demir and R. K. Meany. 

Editorial Note. We may show more generally that if 2 is any positive integer 
greater than 1, then (m*—1, n’—1) =1 if and only if (a, 6) =1. 


A Partitioning of the Binomial Coefficients 
E 1172 [1955, 442]. Proposed by D. R. Morrison, Tulane University 


Show, for every positive integer n, that of the following sums of binomial 
coefficients two are equal and the third differs from them by 1; that is, they 
partition their sum, 2*, into three parts which are as nearly equal as three in- 
tegers whose sum is 2” can be. 


o-()+(S)+(s)4 
(G+ 
)+@)G)+= 


Se 


Ss 
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I. Solution by Patricia Ann Brown, Trinity University, Texas. Let w be a 
root of x?-+x*-+1=0. Then 


1 = (1+ )(1 + *) = (1 + @)*(1 + w%)* 
= (81 + wSe + wS3)(S1 + w2S2 + Ss) 
= [(S1 — So)? + (S2 — Ss)? + (Ss — Si)?]/2. 


II. Solution by Virginia S. Hanly, Ohio State University. Using the identity 
n n n-+1 
Cr) Get) Ga) 
k k+1 k+1 


Si(n) + So(n).= So(n + 1), 
Si(m) + S3(n) = Si(n + 1), 
Se(n) + S3(2) = S3(n + 1). 


Clearly, if the desired result is true for any number 2, it is also true for the 
succeeding number n-+1. It is easily verified to be true for »=2. Hence the 
desired result is true for all x by mathematical induction. 

III. Note by E. P. Starke, Rutgers University. This is exactly problem E 300 
(1938, 320], proposed by Daniel Finkel and solved by Emma Lehmer. In the 
National Mathematics Magazine, March 1939, pp. 292-293, the following results 
are given: | 

If the binomial coefficients are distributed analogously into four sets, two 
of the sums are always equal and the other two are equal for odd 2 but unequal 
for even 1; the differences between the sums are always powers of 2. 

If the binomial coefficients are distributed analogously into five sets, the 
five sums will have just three distinct values; the three possible differences of 
distinct sums being three consecutive terms of the Fibonacci series, 


we readily find that 


1, 1, 2, 3, 5, 8, 13, e ‘, Qn4il = An -+- Qn—1. 


The property of equality of certain sums holds for any number of sets, but 
the facts about the differences of sums do not continue to work out so neatly. 

Also solved by G. E. Bardwell, W. J. Blundon, Louis Brickman, J. R. Byrne, 
Leonard Carlitz, G. B. Charlesworth, Richard Courter, V. D. Gokhale, B. K. 
Gold, A. J. Goldman, C. D. Gorman, Douglas Holdridge, A. R. Hyde, P. G. 
Kirmser, M. S. Klamkin, D. C. B. Marsh, C. S. Ogilvy, C. D. Olds, Paul 
Payette, Walter Penney, L. A. Ringenberg, H. A. Robinson, Azriel Rosenfeld, 
R. R. Seeber, Jr., R. E. Shafer, R. P. Tapscott, and Chih-yi Wang. Late solu- 
tions by Hiiseyin Demir and W. S. Lawton. 

Klamkin called attention to the similar problem No. 117, Mathematics 
Magazine, Nov.—Dec. 1952, p. 104. 
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Computation of an Arc Length 
E 1173 |1955, 442]. Proposed by R. A. Laird, New Orleans, La. 


The sum of the lengths of five equal contiguous chords inscribed in a given 
circular arc is 5280 feet. The length of the long chord of the given arc is 5208 
feet. Find, to the nearest inch, the length of the given arc. 


Solution by A. R. Hyde, West Hartford, Conn. Let R, S, 10A denote the 
radius, arc length, and central angle respectively. Then 


sin A = 528/R, sin 5A = 2604/R = (217/44) sin A, 
S = 10RA = 5280(A/sin A) = 5280[1 + (sin? A)/6 + 3(sint A)/40 + --- ]. 


But 
sin 5A = 5sin A — 20 sin? A + 16 sin® A, 
whence 
16 sint A — 20 sin? A + 3/44 = 0 
and 


sin? A = 5/8 — (1/2)/17/11 = 0.00342. 
Two terms of the series suffice, giving 
S = 5280(1.00057) feet = 5283 feet to the nearest inch. 


Also solved by W. V. Gamzon, Raymond Huck, Edgar Karst, Sam Kravitz, 
D. C. B. Marsh, Morris Morduchow, C. S. Ogilvy, Walter Penney, N. C. Perry, 
L. A. Ringenberg, Azriel Rosenfeld, R. R. Seeber, Jr., Chih-yi Wang, R. H. 
Wilson, Jr., and the Proposer. Several incorrect solutions were also received. 
Late solution by L. V. Mead and Don Cenis (jointly). 

The Proposer has developed the approximation formula 


S= P+ (P—-—C)/(v?—1), witherror E < S5/1920n?R‘, 


where 


§=required arc, 

C=long chord of the arc, 

n=number of equal contiguous chords inscribed in the arc, 
P=sum of the equal contiguous chords, 

R=radius of the arc. 


The case n=2 of this approximation formula is the well known Huygens’ 
formula for the approximation to the length of a circular arc. 
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Hermitian Matrices 


E 1174 [1955, 442]. Proposed by M. D. Marcus and B. N. Moyls, University 
of British Columbia 
Let A be an n-square Hermitian matrix whose characteristic roots are the 


diagonal elements A;;,i=1,---,. Prove that A is diagonal. 
Solution by W. V. Parker, Alabama Polytechnic Institute. If the characteristic 
roots of A =(A,;) are Au, Aw, ---, Ana, then 
Dd Audis = Dy (Audi — AvA;i). 
i<j i<j 


This implies 
> A;;A i> 0. 
i<j 
In case A is Hermitian, this becomes 
Dd Adi; = 0, 
i<j 
which is possible only if A;;=0, 77. For a generalization, see this MONTHLY 
[1954, 330]. 
Also solved by G. E. Bardwell, Leonard Carlitz, C. D. Gorman, D. S. 


Greenstein, M. S. Klamkin, D. C. B. Marsh, T. F. Mulcrone, and the Pro- 
posers. 


Mutually Tangent Spheres 
E 1175 [1955, 442]. Proposed by G. A. Yanosik, New York University 


(1) Three mutually tangent spheres, with radii 1,<72,<73, rest upon a hori- 
zontal plane. Find the radius R of the largest sphere which will slip through 
the space between the three given spheres. 

(2) Given four mutually tangent spheres of slightly different radii 71 <7. <73 
<vr,, find the radius R of the largest fifth sphere which will fit in the space which 
is more or less bounded by the four given spheres. 


Noies by Leon Bankoff, Los Angeles, Calif. (1) When the fourth sphere is 
in the critical position for passage, the centers of the four spheres are coplanar. 
The problem is thus reduced to its two-dimensional analogue, having the solu- 
tion (see School Science and Mathematics, Jan. 1953, p. 75, problem 2293), 


R= rire3/ (o/ 2nrets(n + fo -+ rs) + rire + refs + rst). 


The initial condition of tangency of the three given spheres to a horizontal 
plane merely implies that 712 7ers/(s/re+~/73)2, and has no bearing on the gen- 
eral solution. See this MontHLy [1941, 267 ], problem E 432. 

(2) A fifth sphere will fit in the space “bounded” by the four given spheres 
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only if such space exists. The condition 71 <72.<73 <74 is not sufficient to preclude 
the possibility that the centers of the four given mutually tangent spheres may 
be coplanar. Clearly, from the preceding solution, we must impose the restric- 
tion 


1 > rersra/(a/2rersra(re + 13 + 14) + rors + rar + rare). 


A solution to this problem was given by Professor Gill in Lady’s and Genile- 
man's Diary, 1884, p. 66. The final answer can be given in various forms. For 
example (see N. A. Court, Modern Pure Solid Geometry, Ex. 21, p. 210), 


1/R? — (1/R) O (t/n) + ¥ (1/r) — X (A/mm) = 0, 


or (Professor F. Soddy’s form, given in Nature, vol. 137, p. 1021, June 20, 
1936), 


[XS /r) + 1/R]? = 3[0 (t/n) + 1/R?]. 


If Ro is the radius of the sphere circumscribing the four given spheres, then 
it is interesting that 


1/R = >> (1/n) + 1/Ro. 


Also solved by W. B. Carver, D. C. B. Marsh and the Proposer. 
The Proposer showed that for part (2) 


R= 2ryratar/ [( >> nrers) + VA 12ryrorsrs( > 1172) — 3( >. nirers)? |. 


ADVANCED PROBLEMS AND SOLUTIONS 


EDITED BY E. P. STARKE, Rutgers University 


Send all communications concerning Advanced Problems and Solutions to E. P. Starke, 
Rutgers University, New Brunswick, New Jersey. All manuscripts should be typewritten 
with double spacing and margins at least one inch wide. Problems containing results believed to 
be new or extensions of old results are especially sought. Proposers of problems should also en- 
close any solutions or information that will assist the editor. In general, problems in well 
known text books or results in readily accesstble sources should not be proposed for this de- 
pariment. 


PROBLEMS FOR SOLUTION 
4673. Proposed by Paul Erdés, Hasfa, Israel. 


Let a:<a2.< +--+; b:<be< +--+ be two sequences of integers. Prove that 
from the sequence a;+0; one can always select an infinite subsequence such that 
no one divides another. 
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4674. Proposed by R. Venkatachalam Iyer, Karamana, Trivandrum, India 


The general solution in rational numbers of the equation 


(1) x? 4 y? + 22 + Qeys = 1 
is given by I. A. Barnett as 
b2 +- ¢? — a? c2 + a? — p? a* + 6% — ¢? 
xX nn ) y = OO" ) = 
2bc 2ca 2ab 


See A Diophantine Equation Characterizing the Law of Cosines, this MONTHLY, 
April 1955, p. 251. Find the general solution of (1) in integers. 

4675. Proposed by D. H. Lehmer, University of California at Berkeley 

Show that 


(=) (= =) (=) (——) (= ~) 9 
1-5/ \13-17/ \as-29/ \37-41/ \49-53 oo 
4676. Proposed by J. E. Wilkins, Jr.. Nuclear Development Corporation of 


America, White Plains, N. Y. 


Let f(x) be a real valued measurable function defined on a measurable set A 
with measure pw such that 


0<a f(x) <b < 


almost everywhere on A. Let f be the average value of f and f be the reciprocal 
of the average value of the reciprocal of f. Find least upper and greatest lower 
bounds for f/f. 
4677. Proposed by M. S. Klamkin, Polytechnic Institute of Brooklyn, N. Y. 
For what values of @ does the following series converge: 
id 1 


nal “sin 2"6 


SOLUTIONS 
A Finite Sum 


4211 [1946, 397]. Proposed by K. L. Chung, Syracuse University 
»Prove that 


n n (dk — 2)! nd —k 
(“) -«-0 > ("_; ). 


Editorial Note. The equation of this problem occurs as (13) in an article by 
H. W. Gould, Generalizations of Vandermonde’s Convolution, this MONTHLY, 
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this issue, p. 88. For a complete proof and for other similar and related sums 
the article should be consulted. 


A Function Zero Almost Everywhere 
4613 [1954, 718]. Proposed by Joseph Lehner and G. M. Wing, Los Alamos 
Scientific Laboratory 


Let ¢(¢) be integrable over (0, 1) and suppose, for z=re, that 


1 
F(z) = f etd (t) dt, Ra > 0, 
0 


satisfies 


f lFoOba< @, 
0 


Show that ¢=0 almost everywhere. 


Solution by R. P. Boas, Jr., Northwestern University. If (tf) is not almost 
everywhere zero, it is intuitive that F(z) must grow exponentially in any direc- 
tion such that R(az) >0, and hence fo | F(r) | 2dr = 0, This can be made rigorous 
as follows. F(z) is an entire function of exponential type, bounded for 
arg z=-—arg at7/2. For such a function, a theorem of Ahlfors and Heins 
states that 7 log | F(r) | —c as r—o, except for a set £ of values of 7 such that 
fzr—dr converges; and from a theorem of Paley and Wiener it follows that 
c=)|a| cos (arg a), where X is the smallest number such that ¢(z) =0 almost 
everywhere in (A, 1). (Cf. Boas, Entire Functions, 1954, pp. 108, 116.) If X\=0, 
F(z) =0 and (by the inversion formula for Fourier or Laplace transforms) we 
are through. If \>0, we have | F (r)| >e'*, 0<b<c, for r>R, say, except for the 
set E. If H is the complement of E (for r>R) we have 


o> f |F (r) |2dr > f e»rdr > f r— dr, 
H H H 


which is impossible since fz.27r—1dr = ©. Evidently the condition > | F(r)| 2dr < © 
can be replaced by much less restrictive ones. 
Also solved by the Proposers. 
Definite Integral of an Infinite Product 


4614 [1954, 718]. Proposed by H. F. Sandham, Institute for Advanced Studies, 
Ireland 


Prove that 


48 sinh 324/23 


J a-9a-a-)---deen 23 cosh $4a/23- 
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Solution by T. F. Mulcrone, S.J., St. Charles College, Grand Coteau, La. The 
termwise integration of Euler’s expansion 
o¢1/24( 4 _ x) (1 _ x?) (1 _ x3) wee ce yl? [4 gS” /24 — 41? /24 + yp? /24 to... 


leads, as the Proposer shows in his Note (this Montury [1954, 104]), to the 
definite integral 


J dx 2 sinh 424/24a 
f svea-ou-ama-#-S- wv? sinh rv 24a 
0 x a/a cosh $2+/24a 


(a>1/24). When a=23/24, we have the desired result. 

Also solved by W. J. Blundon, Armand Brumer, Leonard Carlitz, Oscar 
Goldman, C. D. Olds, M. R. Spiegel, T. W. Summers, Chih-yi Wang, and the 
Proposer. Late solution by G. B. Findley. 


A Trigonometric Limit 


4615 [1954, 718]. Proposed by D. J. Newman, Republic Aviation Corporation, 
Farmingdale, N. Y. 


Define 


x x x 
F(x) = cos x cos — cos — cos —:-- 
2 3 4 


Prove that F(x)-0 as x—>-+ ©. Prove in fact:that F(x) falls off exponentially. 

Solution by N. J. Fine, University of Pennsylvama. For x>0, the number of 
positive integers k such that 7/3Sx/kS27/3 is at least (3x/2r)—2. Taking 
only these factors, we have 


| F(x) | Ss 44) */?* = O(e-), 


where c= (log 8)/27. This gives the desired result. 
The constant can be improved considerably. Thus, by Vieta’s product, 


sin x x x x 
= cos— cos — CoS —-:°>: 
2 4 8 


x 
SO 


r(=) _ sin & sin (%/3) | sin (%/5) _ 
2) « x/3 x/'5 


Determine 7 so that 2n—1SxS2n-+1. Then 


(2) 1:3-5---(2n—1) (Qn)! 1 (2*) 
F — < ——) a en —e 3 
2/\ xn (2x)"n! + S2\ex 


by Stirling’s formula. Thus F(«/2) = O(e-*) =O(e7*/?), and F(x) = O(e-*). 
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Also solved by Joseph Lehner, the Proposer, and one whose communication 
was unsigned. Late solution by Chih-yi Wang. 
Compound Normal Distribution 
4616 [1954, 718]. Proposed by A. C. Cohen, Jr., University of Georgia 


Show that the compound normal distribution function 


r= aloe ACA) 1 HEH 


is bimodal if | m1 —mz| > 20 and unimodal otherwise. 


Solution by P. J. Burke, Bell Telephone Laboratories, New York City. Write 
f(x) =f=fitfe where 


1 (~ — m)? 
A= 204/20 “xP 7 207 \ 


Take me22m. Except for the trivial case m:=me, the extrema of f lie inthe 
domain m,<x< mz since only there does sgn f{= —sgn fj. Let y=f’/f, and let 
k(*) be the number of distinct zeros of *. Then k(y) =k(/’). Setting f’ =0, one 
has also y=0, and after transposing and taking logarithms in the latter equa- 
tion, one has 


2: 2 
z = — log («x — m) + log (m — x) __ [eta = ms = 2m — om)] _ 
207 
Since z has a continuous derivative in the domain defined above, k(z) $1+(2’); 
and since z’ is quadratic, k(z) =k(f’) $3. Hence f has at most 3 extrema. 
By direct substitution it is found that x,=$(mi-+m:) is a root of f’ =0, and 
by substitution in f” it is found that f(x.) isa maximum for |m1—m2| <20 and a 
minimum for |m:—ms2| >20. Since f is positive and continuous for — © <x 
<-+o, symmetric in x =x, and asymptotic to the x-axis, therefore f must have 
two maxima when f(x,) isa minimum, and when f(x,) is a maximum, the unique 
mode must be at x=x,., since f can have no more than three extrema. For 
| mM —ms| = 20, f(x-) isa maximum since f’’”’(x,) =O and f#*(x,) = —2/[o5(27e)—"/?]. 
Also solved by W. J. Blundon, P. G. Kirmser, M. S. Klamkin, S. Parames- 
waran, Nathan Shklov, Chih-yi Wang, and the Proposer. 


RECENT PUBLICATIONS 
EDITED By E. P. VANCE, Oberlin College 


All books for review should be sent directly to E. P. Vance, Oberlin College, Oberlin, Ohio. 


Modern Trigonometry. By J. C. Brixey and R. V. Andree. New York, Henry 
Holt and Company, 1955. xii+154-++Answers+Tables -+-Index. $3.25. 


Plane Trigonometry. By C. R. Wylie, Jr. New York, McGraw-Hill Book Com- 
pany, 1955. vili+281-+Tables-+Answers-++ Index. $4.00. 


As far as it was possible to ascertain, the first of the above books is quite 
different from any of the many trigonometry textbooks now available. Many 
teachers and scientists were consulted in its preparation, and a lithoprinted edi- 
tion was used in seventy-six college classes and an unstated number of high 
school classes. The book would thus seem to aim at both college and high school 
needs. Problem lists are ample, and answers and hints are given at the end of 
the book for a great number of problems, both odd and even-numbered. Figures 
also appear in the answers when these are called for in the problems. All figures 
are well-drawn, and those of the text are usually placed in the exceptionally wide, 
outer margins of the pages. Curves showing the beauty of geometric form deco- 
rate the ends of the chapters following chapter summaries and self-tests for the 
student. Chapters have no titles, and, while sections start with chapter and 
section numbers, these numbers are not shown on each page as is now a common 
custom. 

Chapter 1 introduces functional notation and the distance formula as well 
as reviewing fractions, solution of equations, and Cartesian coordinates. The six 
trigonometric functions are defined for general angles in Chapter 2, where is 
found also a brief mention of radians. Chapter 3 deals with four-place logarithms 
commencing with the definitions and the laws of exponents. Scientific notation 
is employed to estimate numerical results and to explain significant figures and 
characteristics. The computer’s rule for favoring the even digits is not mentioned, 
but logarithmic and exponential equations are treated. A folder of four pages 
with four-place tables of powers, logarithms, and natural functions is supplied. 
These tables are duplicated at the back of the book where there is also a four- 
place table of logarithmic trigonometric functions. The greatest departures from 
conventional treatment occur in Chapters 4 and 9. The former treats the solu- 
tion of triangles. The student is told how to use his tables. The cosine and sine 
laws are derived, and the tangent law is stated without proof. The solution of 
right triangles is not mentioned, nor is it illustrated by solved examples. Never- 
theless, problems on this topic are given. The usual four cases of oblique tri- 
angles are missing. No illustrative examples are solved with logarithms, and the 
data of the problems seem to lend themselves to arithmetic. A teacher might, 
therefore, omit the chapter on logarithms. The same could be said of Chapter 9 
which seems to be recreational, giving very brief discussions of several topics 
such as matrices, angle trisection, the four color problem, and finite geometry. 


130 
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Chapter 5 treats the graphs of all six trigonometric functions and emphasizes 
the fact that their arguments are real variables which need not represent angles. 
The analytic part of trigonometry is usually the most difficult for the student. 
Placing this near the end in Chapter 6 should have its advantages. The distance 
formula is used to prove the composite angle formulas, a method recently char- 
acterized by a reviewer in this MONTHLY as the first completely satisfactory one 
in elementary textbooks. Arcsine, arccosine, and arctangent are defined without 
reference to their graphs; other inverse trigonometric functions are mentioned 
but not defined. Chapters 7 and 8 contain topics that might be included in a 
longer-than- usual course. The former deals with polar coordinates, and the latter 
treats complex numbers and De Moivre’s theorem. 

When two books are being discussed in the same review, there is an obvious 
temptation to make comparisons. When these occur, they are not to be con- 
strued as derogatory to either book. Our first book has about the average num- 
ber of pages. Our second exceeds it by one hundred and seventy pages. Hence 
the latter has more material, and its explanations are, in general, more de- 
tailed. Chapter and section numbers appear on each page. Exercises and illus- 
trative examples are printed in smaller type than the text, and answer to the 
odd-numbered exercises appear at the end of the book. One notices the use of 
numerous footnotes, and the mention of many connections between trigonome- 
try and plane geometry. 

Chapter 2 has a clear discussion of the logic used in proving identities. Chap- 
ter 3 with thirty-four pages is entitled The Solution of Right Triangles. It uses 
only arithmetic and has many applied problems. Chapter 4, The Graphs of the 
Trigonomeiric Functions, has a good motivating discussion of the applications of 
y=A sin (bx—c) and y=A cos (bx—c). A briefer treatment of the graphs of the 
other trigonometric functions is followed by a section of four pages on polar 
coordinates. A derivation of the distance formula commences Chapter 5 in which 
this formula is used to obtain the formulas for functions of composite angles. 
Chapter 6 on inverse functions begins with a very helpful exposition of inverse 
functions in general and their graphs. The principal values of the inverse trig- 
onometric functions are explained from their graphs and are indicated by the 
usual initial capitals. At the beginning of Chapter 7, Trigonometric Equations, 
the author states, “We shall give all solutions wherever possible and then indi- 
cate which one of the set is the principal value.” The discussion is more com- 
plete than usual, and it includes equations with inverse functions and those in- 
volving both algebraic and trigonometric functions. Chapter 8, Logarithms, 
starts with a very brief review of exponents followed by the general definition 
of a logarithm and the laws of operation with logarithms. Logarithmic solution 
of right triangles is included in the chapter as are change of base, natural loga- 
rithms, logarithmic and exponential functions. The solution of equations involv- 
ing algebraic and exponential functions is illustrated by examples. All logarith- 
mic tables are five-place. Chapter 9 is Solution of Oblique Triangles. The distance 
formula is used to derive the law of cosines which is then employed to solve 
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cases III and IV arithmetically. The familiar four cases (although not num- 
bered) are solved by logarithms in the usual manner. Mollweide’s formula is 
given as “‘probably the best independent check.”’ Chapters 10, 11, and 12 con- 
tain material for which there is no time in the usual freshman course, but they 
are well and interestingly written. Their titles are, respectively, Complex Num- 
bers and De Moivre’s Theorem, Trigonometric Series, and Hyperbolic Functions. 
R. F. GRAESSER 
University of Arizona 


The Elemenis of Probability Theory and Some of Its Applications. By Harald 
Cramér, New York, J. Wiley and Sons, 1955. 281 pages, $7.00. 


This book is a revised and extended translation of the author’s earlier 
Swedish text. It is an elementary treatise for beginners who have a modest 
mathematical background, namely a familiarity with analytic geometry, cal- 
culus and some algebra including determinants. Therefore, the book does not 
aim at a complete and rigorous mathematical development but refers often for 
proof to other books, primarily to the author’s Mathematical Methods of Statistics 
(Princeton University Press, 1946). 

The book is divided into three parts. Part I (Chapters 1-4, 44 pages) deals 
with the foundations. Chapter 1 gives a brief historical survey. In Chapter 2 
the author discusses phenomena which exhibit statistical regularity. The aim 
of the book is to construct a mathematical model for the description and inter- 
pretation of such phenomena. Clearly, the level for which the book is intended 
precludes a rigorous axiomatic treatment of probability theory. Nevertheless 
the book is written in the spirit of the foundations of Kolmogorov. A student 
who starts his study of probability theory with this book should gain the proper 
appreciation for the modern viewpoint and should be able to read more advanced 
treatises with ease since a motivation for the modern approach is implicitly 
provided by the present book. In Chapter 3 the author proceeds to discuss some 
basic properties and concepts of the mathematical theory of probability (the 
addition and multiplication rules, conditional probabilities, independent events, 
Bayes theorem) and in Chapter 4 applies these to the study of repeated observa- 
tions, drawings with and without replacements and simple problems on games 
of chance. 

Part II (Chapters 5-10, 95 pages) has the title Random Variables and Prob- 
ability Distributions. In Chapter 5 random variables are presented as results of 
random experiments and the concept of a distribution function is introduced. 
The two most important types of distribution functions, namely, discrete and 
continuous distributions are studied in greater detail. Some basic ideas connected 
with multivariate distributions are considered. The usual measures of location, 
dispersion and skewness, as well as mean values and moments, are defined and 
Tchebycheff’s inequality is proven. Here, as well as in other instances, the au- 
thor states the theorem in full generality with a proof which applies either to the 
continuous or the discrete case. The second proof is omitted and is left as an 
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exercise to the reader. The addition of independent random variables is discussed 
and generating functions are defined. The problem of the existence of a generat- 
ing function is stated and it is mentioned that this difficulty could be avoided 
by introducing characteristic functions. However, no further use is made of 
characteristic functions since the author wishes to avoid complex variables. The 
chapter concludes with a discussion of some of the important properties of gen- 
erating functions. Chapter 6 deals with the binomial distribution and related 
topics. Bernoulli’s law of large numbers and de Moivre’s form of the central 
limit theorem are discussed. The Poisson distribution is introduced as a limiting 
distribution for the binomial distribution. The normal distribution and a more 
general statement of the.central limit theorem are treated in Chapter 7. Chapter 
8 deals with continuous distributions which are related to the normal. Sections 
of this chapter are devoted to the chi-square distribution, the t-distribution and 
the Pearson system. The last two chapters of Part II contain essential material 
concerning bivariate and multivariate distributions. 

Part III (Chapters 11-16, 108 pages) has the title Applications. In the in- 
troductory Chapter 11 the author clarifies the aims and limitations of statistical 
tests for investigating the agreement between some suggested theoretical model 
and actual observations. Chapter 12 deals with the descriptive treatment of 
statistical material. The empirical distribution of the sample is defined and the 
distinction between the characteristics of the population and the sample char- 
acteristics is emphasized. Chapter 13 introduces the idea of sampling distribu- 
tions. Moments of the sampling distribution of certain characteristics, for ex- 
ample the mean and the variance, are used to estimate the corresponding popula- 
tion parameters. The asymptotic normality of the distribution of a wide class of 
sample characteristics is mentioned with an appropriate reference to the detailed 
treatment in the author’s Mathematical Methods of Statistics. Certain order 
statistics are given as examples of exceptions. Thus the reader is warned that it 
is wrong to assume that the distributions of all sampling characteristics are 
asymptotically normal. This is but one example of the author’s careful expo- 
sition which avoids the evils of “cook-booking” even though he is forced to 
omit certain proofs which could not be understood by a reader with the assumed 
mathematical background. This chapter concludes with a derivation of the 
exact distribution of the mean and of the variance of a sample drawn from a nor- 
mal population. The subject of Chapter 14 is statistical inference. A very concise 
and brief discussion of the problem of estimation and of certain properties (un- 
biasedness, consistency, efficiency) of estimates is given. The maximum likeli- 
hood method as well as the method of moments is presented. The concept of 
confidence intervals is introduced and discussed in some detail for samples from 
normal populations. This is supplemented by the consideration of cases where 
it is known that the estimates involved are only asymptotically normal. The 
chapter closes with some remarks on the Neyman-Pearson theory of testing 
hypothesis. Fleeting remarks are made concerning sequential analysis, the con- 
cept of risk and A. Wald’s theory of statistical decision functions. The purpose 
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of these remarks is to indicate the existence of further developments and to 
give the reader stimulation and references for the continuation of his studies. 
Chapter 15 treats the chi-square test, proofs are mostly omitted but interesting 
illustrative examples are given. Chapter 16 deals with a variety of topics, such 
as the theory of errors and regression problems (17 pages), the analysis of vari- 
ance (10 pages), sampling and quality control (9 pages). This chapter gives an 
idea of the wide scope of applications of statistical methods. There is a brief 
appendix with some formulae concerning the gamma function, a table of refer- 
ences, answers to the problems and some statistical tables (normal, chi-square, 
t-and F-distributions). Problems are inserted at the end of almost every chapter. 
A large number of interesting illustrative examples are worked out in detail 
throughout the text. Among these, as well as among the problems, one finds also 
some interesting applications to mortality tables and to insurance problems. 

This reviewer regrets that the third part is restricted to the discussion of 
parametric methods. He feels that the inclusion of some material on nonpara- 
metric tests would have been desirable and feasible. He hopes that this will be 
added to future editions of this excellent book. 

The author intended to write a text book for an introductory course which 
could be presented to students with a modest background and a variety of 
motives for studying probability theory and its applications. This very difficult 
aim has been accomplished with great success and this reviewer feels that this 
text will help to promote better teaching of elementary probability and statis- 
tics. 

EUGENE LUKACS 
Office of Naval Research, Washington, D. C. 


An Introduction to Stochastic Processes. By M.S. Bartlett. New York, Cambridge 
University Press, 1955. 14-++312 pages. $6.50. 


The question which recurred often to this reviewer while going through 
Bartlett’s book is, “An introduction for whom?” According to the preface, the 
volume is addressed to applied mathematicians and statisticians, emphasis 
being on “methods and applications.” The author’s plan necessitates omission 
of much rigor and detail. A treatment of this nature could serve as a useful intro- 
duction to the subject for many readers (applied mathematicians and statisti- 
cians, as well as others) who want to obtain some idea of the applicability of the 
theory without spending time on a full mathematical treatment 4 la Doob; how- 
ever, it seems doubtful that the present volume will prove to be such a useful 
introduction for many of these readers. 

A main criticism of the book is that omission of some rigor and detail should 
not necessitate hazy (or complete omission of) definitions of words used techni- 
cally in the text, and which make whole sections difficult (if not impossible) to 
decipher. For example, most readers will be confused by the remarkable phras- 
ing in the definition of a “nearest neighbour system” on page 35. In the sections 
on statistical inference which constitute the last part of the book, the uninitiated 
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will wonder at many undefined phrases like (page 265) “simple consistent 
(though not fully efficient) equations of estimation,” as well as why one should 
use certain proposed tests of significance (the notion of the power of a test is 
never mentioned). 

Other aspects of the author’s style are also disturbing or fatiguing. One is 
continually referred to an unpublished work by Moyal for material which can 
be found in published but unmentioned sources. The book has several disturbing 
errors; for example, the sufficient condition for the central limit theorem stated 
on page 9 is incorrect. The mathematical level and choice of what is or is not to 
be abbreviated sometimes seem uneven, but some of this may be a matter of 
taste. 

On the positive side, there is a great variety of applications in the book. The 
topics considered range from epidemic models and harmonic analysis to se- 
quential analysis and queueing theory, and include many others. Any usefulness 
of the book seems to this reviewer to be found in this variety of topics. Their 
treatment suffers from the defects noted above, and the direction of these topics 
may not prove useful to all readers (for example, readers concerned with applica- 
tions to engineering and physics will probably find the book of Blanc-Lapierre 
and Fortet more useful); but Bartlett’s book may prove a useful (if incomplete) 
source of references and summary of results in some areas. Thus, for example, 
a reader interested in population growth can find in this book a list of various 
models and results, a sketch of several methods of obtaining such results, and a 
list of some papers which contain more detailed presentations (that reader will 
often find the references more readable than the book). However, for an “intro- 
duction” to the subject which will give him an understanding of the basic ideas, 
a reader interested primarily in applications without too much heavy mathe- 
matics would still do better to read (e.g.) appropriate portions of Feller’s book 
in place of corresponding sections of Bartlett’s book. There is no substitute for a 
clear, precise presentation of the elementary concepts of a subject like this one 
for a reader who wants to understand fully the applications. 

J. KIEFER 
Cornell University 


NEW BOOKS RECEIVED 


Vector Analysis (International Series in Pure and Applied Mathematics). 
By H. E. Newell, Jr. New York, McGraw-Hill Book Company, 1955. 11-+216 
pages. $5.50. 

The Geometry of Geodesics. By Herbert Busemann. New York, Academic 
Press, Inc., Publishers, 1955. x-+422 pages. $9.00. 

A Manual of Problems in Statistics, Revised Edition. By Scott Dayton. New 
York, Henry Holt and Company, 1955. v-+137 pages. $1.95. 
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Memorial des Sciences Mathematiques. Vol. 128. La sommation des series 
divergentes. By Marc Zamansky, 1954. Paris, Gauthier-Villars, 79 pages. 

Collection de Logique Mathematique, Series A., No. 7, Deux Esquisses de 
Logique. By J. B. Rosser. Paris, Gauthier-Villars, 1955. 70 pages. 900 fr. 

Colloque sur L’ Analyse Statistique. (Held at Brussels Dec. 15, 16, 17, 1954). 
Paris, Georges Thone Liege, Masson et Cie, 1955. 186 pages. 1.900 fr. francs. 

Cours de Geometrie Infinitesimale, 5th vol. Geometrie Infinitesimale 2nd Part, 
Theorie des Surfaces. By Gaston Julia. Paris, Gauthier-Villars, 1955, 145 pages. 

Cours de Geometrie Infinitesimale. 4th Vol. Cinematique et Geometrie Cine- 
matique, 2nd part, Etude Approfondie du Mouvement d’un Corps Solide. By 
Gaston Julia. Paris, Gauthier-Villars, 1955. 88 pages. 

Cours de Geometrie Infinitesimale. 3rd Vol. Geometrie Infinitesimale. 1st part. 
Methodes Generales. Theorte des Courbes. By Gaston Julia. Paris, Gauthier- 
Villars, 1955. 220 pages. 

Theoreme sur les Surfaces D’onde en Optique Geometrique, avec une note sur 
le Miroir Integral. By Rene Damien. Paris, Gauthier-Villars, 1955. 34 pages. 
$2.66. 

College Algebra and Trigonometry, A Basic Integrated Course. Second Edi- 
tion. By F. H. Miller. New York, John Wiley and Sons, Inc., 1955. xiv-+342 
pages. $4.50. 

International Encyclopedia of Unified Science, Vol. 1, part 1, and part 2. 
Edited by Otto Neurath, Rudolph Carnap and Charles Morris. Chicago, IIli- 
nois, The University of Chicago Press, 1955. Part 1, ix+339 pages; Part 2, 
342-760 pages. $6.00 each. (If purchased together, the set costs $11.00.) 

Astrophysical Quantities. By C. W. Allen. London, England, University of 
London, The Athlone Press, 1955. xi+263 pages. $10.00. (Distributed in 
America by John de Graff, Inc., 64 W. 23rd St., New York 10, New York.) 

Elementary Statistics for Students of Social Science and Business. By R. C. 
Sprowls. New York, McGraw-Hill Book Company, 1955. xiii-+392 pages. 
$5.50. 

Basic Mathematics for Science and Engineering. By P. G. Andres, H. J. 
Miser and H. Reingold. New York, John Wiley and Sons, Inc., 1955. vii+846 
pages. $6.75. 

Shop Mathematics. By C. E. Stout. New York, John Wiley and Sons, Inc., 
1955. xi-+282 pages. $3.70. 

Reflections of a Physicist. Second Edition. By P. W. Bridgman. New York, 
Philosophical Library, 1955. xiv-+576 pages. $6.00. 

A Manual of Problems in Statistics, Revised Edition. By Scott Dayton. New 
York, Henry Holt and Company, 1955. 137 pages. 

Analytic Geometry. Third Edition. By Sisam and Atchison. New York, 
Henry Holt and Company, 1955. xxiv-+292 pages. $3.75. 

Principles of Mathematics. By C. B. Allendoerfer and C. O. Oakley. New 
York, McGraw-Hill Book Company, 1955. xv-+448 pages. $5.00. 


NEWS AND NOTICES 
EpITED By EpITH R. SCHNECKENBURGER, University of Buffalo 


Readers are invited to contribute to the general interest of this department by sending 
news items to Edith R. Schneckenburger, University of Buffalo, Buffalo 14, New York. Items 
must be submitted at least two months before publication can take place. 


PERSONAL ITEMS 


Bradley University makes the following announcements: Mr. K. E. Lake of 
Washburn Municipal University has been appointed to an assistant professor- 
ship; Assistant Professor Joseph R. Brown has been promoted to an associate 
professorship. 

Lehigh University reports the following: Mr. Gerhard Rayna, previously a 
programmer at the Forrestal Research Center, Princeton, New Jersey, Dr. 
Irving Weiss, formerly a statistician at Sylvania Electric Products Company, 
and Mr. F. O. Wyse, previously an assistant in instruction at Princeton Uni- 
versity, have been appointed to instructorships; Assistant Professor Chuan- 
Chin Hsiung has been promoted to an associate professorship. 

At McGill University: Assistant Professor J. E. L. Peck of the University 
of New Brunswick has been appointed to an associate professorship; Mr. G. D. 
Findlay, Mr. J. E. LeBel, Mr. J. Michael, Dr. T. V. Narayana, and Mr. L. A. 
Smith have been appointed Lecturers. 

Texas Christian University announces: Dr. Mabel G. Reavis has been ap- 
pointed to an assistant professorship; Associate Professor L. A. Colquitt has 
been promoted to a professorship. 

Tulane University reports: Professor B. J. Pettis has been appointed Chair- 
man of the Department of Mathematics of the University for the year 1955- 
1956; Dr. F. B. Wright, Jr., has been promoted to an assistant professorship; 
Associate Professor A. H. Clifford of Johns Hopkins University has been ap- 
pointed Head of the Department of Mathematics of Newcomb College; Mr. 
F. L. Cleaver, formerly a teaching assistant at the University of Miami, Mr. 
C. P. Gadsden, previously a teaching assistant at the University, and Miss 
Eugenia I. Trapp, recently a graduate teaching assistant at the University, 
have been appointed to instructorships; Dr. Morikuni Goto, formerly a re- 
search associate at the University of Illinois, has been appointed to an assistant 
professorship; Assistant Professor Paul Conrad has been granted a Fulbright 
awayd for lecturing at the University of Colombo, Ceylon, for the academic year 
1956-1957; Mr. A. B. Simon, a graduate fellow, has been awarded a National 
Science Foundation Fellowship and is continuing his graduate work at the Uni- 
versity. 

University of California at Los Angeles announces the following: Dr. P. C. 
Curtis, Jr., has been appointed to an instructorship; Dr. C. B. Tompkins, direc- 
tor of numerical analysis research, has been appointed to a professorship; As- 
sistant Professors L. J. Paige and E. G. Straus have been promoted to associate 
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professorships; Associate Professor F. A. Valentine has been promoted to a 
professorship. 

At the University of Illinois: Dr. J. R. Buchi of the University of Michigan, 
Dr. D. L. Burkholder, previously a graduate research assistant at the University 
of North Carolina, Dr. N. T. Hamilton of Cornell University, and Mr. J. A. 
Zilber of Johns Hopkins University have been appointed to assistant professor- 
ships; Dr. Klaus Krickeberg, previously a lecturer at Universitat Wurzburg, has 
been appointed Research Associate; Dr. W. M. Zaring, formerly a graduate 
assistant at the University of Kentucky, has been appointed to an instructor- 
ship; Assistant Professors C. R. Blyth and W. A. Ferguson have been promoted 
to associate professorships; Associate Professor C. W. Mendel has been pro- 
moted to a professorship; Dr. Jewell E. Schubert has been promoted to an 
assistant professorship; Dr. Michio Suzuki, recently a research associate, has 
been promoted to an assistant professorship. 

University of Miami reports the following: Dr. E. F. Low, Jr., formerly an 
aeronautical research scientist for the National Advisory Committee for Aero- 
nautics, Langley Field, Virginia, and Dr. R. V. Mendenhall, previously a senior 
mathematician at Vitro Laboratories, Eglin Air Force Base, Florida, have been 
appointed to assistant professorships; Mr. Frederick Borges has been appointed 
to an instructorship. 

University of Notre Dame announces: Dr. Irving Glicksburg, previously a 
research associate for the Rand Corporation, and Dr. William Huebsch, pre- 
viously a National Science Foundation postdoctoral fellow at the Institute for 
Advanced Study, have been appointed to assistant professorships; Dr. R. C. 
Taliaferro has been appointed to an associate professorship; Mr. Frederick 
Bagemihl, formerly a research fellow at the Institute for Advanced Study, has 
been appointed Visiting Lecturer. 

At the University of Pittsburgh: Mr. Samuel Hanna and Mr. Earl McKinney 
have been appointed to instructorships. 

University of Rochester reports: Mr. J. P. Line of Oberlin College and Mr. 
Edward Wong, formerly a graduate teaching assistant at the University, have 
been appointed to instructorships; Assistant Professor Walter Rudin has been 
promoted to an associate professorship; Mr. R. A. Raimi has been promoted to 
an assistant professorship and is on leave of absence during 1955-1956. 

Assistant Professor W. F. Atchison of the University of Illinois has a position 
at the Rich Electronic Computer Center, Georgia Institute of Technology. 

Dr. V. N. Behrns of Consolidated Vultee Aircraft Corporation, Fort Worth, 
Texds, has a position as an operations analyst with Technical Operations, Ar- 
lington, Massachusetts. 

Assistant Professor R. L. Beinert of Hobart and William Smith Colleges has 
been promoted to an associate professorship. 
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Dr. Stoughton Bell of the University of California has accepted a position 
as a staff member with the Sandia Corporation, Albuquerque, New Mexico. 

Assistant Professor W. G. Brady of Washington and Jefferson College has 
been appointed Acting Head of the Department of Mathematics. 

Mr. R. E. Cornish of Seton Hall University has accepted a position as a 
programmer with International Business Machines Corporation, Kingston, 
New York. 

Mr. L. J. Derr, formerly of Tulane University, has a position as a mathemati- 
cal analyst with the Shell Oil Company, New Orleans, Louisiana. 

Dr. William H. Durfee of the Operations Research Office has been appointed 
to an associate professorship at Mount Holyoke College. 

Associate Professor L. A. Dye of The Citadel has been promoted to a pro- 
fessorship. 

Dr. R. E. Graves of the Goodyear Aircraft Corporation is now a member of 
the technical staff of the Ramo-Wooldridge Corporation, Los Angeles, Cali- 
fornia. 

Dr. J. S. Griffin, Jr., of Tulane University has been appointed to an instruc- 
torship at the University of Michigan. 

Dr. J. F. Heyda of the Naval Ordnance Plant has accepted a position as a 
mathematician with the Allison Division of General Motors, Indianapolis, 
Indiana. 

Dr. M. A. Hyman of the Westinghouse Atomic Power Division, Pittsburgh, 
Pennsylvania, has accepted a position as a research analyst with the Eckert- 
Mauchly Division of the Sperry Rand Corporation, Philadelphia, Pennsylvania. 

Dr. J. R. Isbell of Tulane University is now in military service. 

Mr. A. A. Karwath of the State University of Iowa has been appointed to an 
assistant professorship at the United States Naval Academy. 

Mr. Raymond Kassler of Boland and Boyce, Belleville, New Jersey, has a 
position as a development engineer with the Atlantic Design Company, Newark, 
New Jersey. 

Associate Professor Dora E. Kearney of Upper Iowa University has been 
appointed to an assistant professorship at Iowa Wesleyan College. 

Assistant Professor George Klein of Mount Holyoke College has been ap- 
pointed to an assistant professorship at Tufts College. 

Dr. A. B. Lehman has been appointed a staff member in the Acoustics 
Laboratory, Massachusetts Institute of Technology. 

Assistant Professor W. J. LeVeque of the University of Michigan has been 
promoted to an associate professorship. 

Associate Professor R. J. Levit of the University of Georgia has accepted a 
position in the Applied Science Division of International Business Machines 
Corporation, San Francisco, California. 
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Mr. E. S. Lowry, formerly a student at the University of Toronto, has a posi- 
tion as a programmer at Computing Devices of Canada, Ottawa, Ontario, 
Canada. 

Mr. G. E. Mahoney has a position as a mathematician with the Computer 
Control Company, Point Mugu, California. 

Dr. Imanuel Marx of the University of Michigan has been promoted to an 
assistant professorship. 

Dr. Elliott Mendelson has been appointed to an instructorship at the Col- 
lege of the University of Chicago. 

Assistant Professor M. W. Milligan of Adams State College has been pro- 
moted to an associate professorship. 

Assistant Professor V. H. Morrill of Hardin-Simmons University has been 
appointed to an acting assistant professorship at Tarleton State College. 

Mr. C. R. Morris of the University of Texas has accepted a position as an 
associate engineer with the Lockheed Aircraft Corporation, Burbank, California. 

Mr. G. M. Muller, formerly a physicist at General Electric Company, Rich- 
land, Washington, has accepted an appointment as a mathematician at Stan- 
ford Research Institute, Menlo Park, California. 

Dr. D. V. Newton of the University of Washington is now an applied science 
representative with the International Business Machines Corporation. 

Dr. Albert Nijenhuis, formerly a member of the Institute for Advanced 
Study, has been appointed Research Associate and Instructor at the University 
of Chicago. 

Mr. S. J. Scott, formerly a student at the University of North Carolina, has 
a position as a mathematician with the Vitro Corporation of America, Eglin Air 
Force Base, Florida. 

Mr. W. B. Simmons, Jr., recently a student at Knox College, is employed as 
an associate engineer in the Mathematical Analysis Department, Lockheed 
Aircraft Corporation, Burbank, California. 

Dr. N. B. Smith of San Diego State College has been promoted to an assist- 
ant professorship. 

Professor Irving Sussman of the University of San Francisco has been ap- 
pointed to a professorship at California State Polytechnic College. 

Mr. O. E. Taulbee, previously an assistant at Michigan State University, 
has a position as a mathematician in the Systems Analysis Group, Remington 
Rand, Engineering Research Associates Division, St. Paul, Minnesota. 

Assistant Professor L. C. Teng of the University of Wichita has accepted a 
position as an associate physicist at the Argonne National Laboratory, Lemont, 
Illinois. 

Professor C. J. Thorne of the University of Utah has accepted a position as 
a research scientist with the Naval Ordnance Test Station, China Lake, Cali- 
fornia. 

Associate Professor R. M. Thrall of the University of Michigan has been 
promoted to a professorship. 
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Associate Professor Emeritus Edith I. Atkin of Illinois State Normal Uni- 
versity died on August 27, 1955. She was a member of the Association for 


twenty-nine years. 


Professor C. A. Messick, formerly of Park College, died on October 10, 1955. 
He was a member of the Association for thirty years. 
Professor S. B. Myers of the University of Michigan died on October 8. 1955. 


THE MATHEMATICAL ASSOCIATION OF AMERICA 


Official Reporis and Communications 


NEW MEMBERS 


Professor H. M. Gehman, Secretary-Treasurer, announces that the following 
77 persons have been elected to membership by the Board of Governors on 


applications duly certified. 


LinpA ALLEGRI, A.M.(Hunter) Mathematics 
Teacher, Hunter College High School. 

F, W. ANDERSON, Ph.D. (S.U. of Iowa) Instr., 
University of Nebraska. 

Capt. R. A. Awrrey, U.S.N. (ret.), M.A. (Flor- 
ida) Instr., University of Florida. 

F. C. Barnett, M.S.(New Mexico) Instr., 
Rose Polytechnic Institute. 

L. C. BARRETT, M.S.(Utah) Instr., University 
of Utah. 

ALEXANDER BeEcK, B.S. in Ed.(Temple) 
Teacher, Olney High School, Philadelphia, 
Pa. 

J. M. BeEur, Student, University of California 
at Los Angeles; Technical Writer, Libra- 
scope, Glendale, Calif. 

I. O. BENTSEN, B.A.(Hobart) Grad. Student, 
University of Rochester. 

R. E. BRENNAN, B.S., B.A.(Amherst) Repre- 
sentative, Addison-Wesley Publishing Co., 
Cambridge, Mass. 

Louis BRICKMAN, Student, Temple University. 

F, W. BRINKLEY, JR., B.A.(Denver) Grad. 
Student, University of Denver. 

ARMAND BRuMER, Student, Brandeis Univer- 
sity. 

H. L. Coox, Ph.D. (Peabody-Vanderbilt) 
Head, Department of Mathematics, West 
Texas State College. 

B. G. Cooper, B.A. (Stephen F. Austin S.C.) 
Grad. Asst., Kansas State College. 


J. N. Crawrorp, M.S.(East Texas S.T.C.) 
Head, Department of Mathematics, Le” 
Tourneau Technical Institute. 

C. W. Curtis, Ph.D.(Yale) Asst. Professor, 
University of Wisconsin. 

A. G. Davis, M.A.(Harvard) Asst. Professor, 
Clarkson College of Technology. 

R. V. DIiMEo, A.B.(Rutgers) Atlantic City, 
New Jersey. 

R. E. Down, M.A.(N.Y.U.) Garnac Grain 
Co., New York, N.Y. 

CHURCHILL EISENHART, Ph.D. (London) Chief, 
Statistical Engineering Lab., National 
Bureau of Standards, Washington, D. C. 

J. D. Erpwinn, B.A.(Rice) Grad. Asst., Rice 
Institute. 

W. M. Faucett, Ph.D.(Tulane) Senior Aero- 
physics Engr., Consolidated-Vultee Air- 
craft Corp., Fort Worth, Texas. 

CONSTANCE M. Fo.ey, M.A. (New Hampshire) 
Instr., West Virginia University. 

I. C. Francis, B.S.(Puget Sound) Seattle, 
Washington. 

D. A. FREEDMAN, Student, McGill University. 

D. G. Futton, Ph.D.(Michigan) Professor, 
Tufts University. 

Davip GALE, Ph.D. (Princeton) Asst. Profes- 
sor, Brown University. 

J. J. GoopE, Student, Georgia Institute of Tech- 
nology. 
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Mrs. DorotHy H. Hetmicx, M.S.(Drake) 
Instr., Drake University. 

J. R. Henpricks, B.A.(British Columbia) 
Meteorologist, Aviation Forecast Office, 
Winnipeg, Manitoba. 

A. H. Herrinctron, A.M.(Duke) Superin- 
tendent, Quitman Public Schools, Ga. 

F. W. HOAGLAND, Chicago, Illinois. 

Mrs. Ruta M. Horstra, M.A. (Syracuse) 
Fellow, University of Tennessee. 

J. W. Joy, B.A. (Washington S.C.) Research 
Asst., Scripps Institution of Oceanography, 
La Jolla, Calif. 

R. C. JURGENSEN, M.S.(Iowa) Chairman, De- 
partment of Mathematics, Culver Military 
Academy, Ind. 

T. F. Kimes, B.S.(Ursinus) Teaching Asst., 
University of Texas. 

GEORGE KOLETTIs, JR., M.S. (Chicago) Instr., 
Northwestern University. 

H. E. KREHBIEL, M.S.(MichiganS.U.) Math- 
ematics Teacher, Niles High School, Mich. 

J. B. Lackey, B.S.(Eastern Kentucky S.C.) 
Part-time Instr., University of Kentucky. 

C. L. Lawson, B.S. (California) Optometry 
Officer, U.S. Army Hospital, Fort Jackson, 
S.C. 

F. R. Lippit, M.A. (Chicago) Instr., Illinois 
Institute of Technology. 

Mrs. Sytvia C. P. Lu, B.S. (Taiwan T.C.) In- 
str., Taipei College of Technology, Taiwan, 
China. 

T. A. Mackey, Student, Georgetown Univer- 
sity. 

A. G. Mazza, B.S.(London) Senior Mathe- 
matics Master, Scottish Schools, Alex- 
andria, Egypt. 

J. E. McFaruanp, M.S.(Oregon S.C.) Grad. 
Asst., Oregon State College. 

ELLIOTT MENDELSON, Ph.D.(Cornell) Instr., 
University of Chicago. 

D. W. Mituer, M.S. (Wisconsin) Instr., Uni- 
versity of Nebraska. 

Lois B. MitTcHELL, A.B.(Vassar) Mathe- 
matician, I.B.M. Corp., New York, N. Y. 

Mrs. SHu-TEH C. Moy, Ph.D. (Michigan) 
Instr., Wayne University. 

N. W. Navucte, B.A.(A.&M.C. of Texas) 
Teaching Fellow, Agricultural and Me- 
chanical College of Texas. 

J. H. Nizes, Jr., B.S.(Georgetown) Repre- 
sentative, Addison-Wesley Publishing Co., 
Cambridge, Mass. 
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J. D. Ocxert, M.S.(Miami) Instr., Univer- 
sity of Illinois. 

R. R. PEREZ, Student, University of Denver. 

MARVIN ROSENBLUM, Ph.D. (California) Act- 
ing Asst. Professor, University of Virginia. 

V. J. Rysa, B.S.(St. Bonaventure) Grad. 
Student, University of Buffalo. 

R. T. SANDBERG, B.A.(Alfred) Teaching Fel- 
low, University of Buffalo. 

E. C. SCHLESINGER, Ph.D.(Harvard) Instr., 
Yale University. 

J. E. Scroces, M.A.(Houston) Asst., Rice 
Institute. 

S. P. Suen, A.B.(Assumption) Scholar in 
Physics, Clark University. 

VIRGINIA SHUFORD, M.A. (Appalachian S.T.C.) 
Professor, Reinhardt College. 

H. T. SLABy, Ph.D. (Wisconsin) Instr., Wayne 
University. 

J. R. SMart, Student, San Jose State College. 

BERNARD SMILOWITz, Pittsburgh, Pennsyl- 
vania. 

D. A. Srorvick, Ph.D.(Michigan) Instr., 
Iowa State College. 

D. J. StruiK, Ph.D.(Leiden) Professor, Mas- 
sachusetts Institute of Technology. 

PATRICK SuPPES, Ph.D.(Columbia) Asso. Pro- 
fessor, Stanford University. 

ROBERT TATES, B.S.(Rochester) Grad. Stu- 
dent, Syracuse University. 

Scott TAyLor, Student, University of Cali- 
fornia, Berkeley. 

W. F. Trencu, A.M.(Pennsylvania) Asst. 
Instr., Electrical Engineering, University 
of Pennsylvania. 

T. E. WapDILL, B.S. in Ed. (S.T.C., Kirksville, 
Mo.) Instr., Chillicothe High School, 
Mo. 

R. C. WARNER, B.A.(Toronto) Grad. Asst., 
University of Rochester. 

J. H. WELLs, M.S.(Texas Tech. C.) Teaching 
Asst., University of Texas. 

D. H. WENtTWorRTH, M.S.(North Dakota) In- 
str., University of North Dakota. 

Nancy E. WILHELM, B.S. (Oklahoma A.&M.C.) 
Engg. Asst., General Electric Co., Cin- 
cinnati, Ohio. 

REv. J. J. WINDoLPH, M.S.(Notre Dame) In- 
str., Quincy College. 

Mary E. B. Wirtz, M.S. (Louisiana S.U.) In- 
str., McNeese State College. 

R. L. York, Student, Siena College. 
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THE OCTOBER MEETING OF THE MINNESOTA SECTION 


The Fall meeting of the Minnesota Section of the Mathematical Association 
of America was held at South Dakota State College in Brookings, South Dakota, 
on October 15, 1955. Professor H. B. MacDougal presided at the morning 
session, and Professor E. J. Camp, Chairman of the Section, presided at the 
afternoon session. 

There were 35 persons in attendance, including 22 members of the Associ- 
ation. 

By invitation of the Executive Committee, Professor P. C. Rosenbloom of 
the University of Minnesota delivered an address at the morning session en- 
titled “On the Fundamental Theorem of Algebra.” Abstract of this address 
follows: 

If the complex numbers are defined in terms of Cauchy sequences of complex rationals, then 
the statement that the complex number field is algebraically closed takes the form: If P,(z) 
= oo Akn2* is a sequence of polynomials with complex rational coefficients such that ayn=1 for 
all x and {azn} isa Cauchy sequence for OSk SN, then there is a Cauchy sequence {zn} of complex 
rationals such that P,(z,)—0. It is easy to prove this by elementary algebraic methods if one has 
already shown that for any non-constant polynomial P(z) with complex rational coefficients there 
is a complex rational z such that | P(z)| <e. The author has given an elementary algebraic proof of 
this using methods suggested by analytic function theory. It would be desirable to find a direct 
elementary proof of this lemma which is really a proposition in elementary number theory. 


The following short papers were presented: 

1. An application of curve fitting to a problem in acoustics, by Professor H. L. 
Black, North Dakota Agricultural College, introduced by Professor A. G. Hill. 

For some types of transducers the pattern function, given theoretically in terms of Bessel 


functions, is commonly approximated trigonometrically. In a particular case it has been found 
convenient to assume a form, 


b(0, d) = cos* nd. 


By proper choice of the parameters, a good fit to the pattern is obtained for a considerable angular 
distance from the acoustic axis. In reverberation problems use of b(0, ¢) leads to definite integrals 
of the Wallis type. Closely related problems give rise to somewhat more general definite integrals 
which are evaluated in terms of gamma functions. 


2. Two illustrations of the application of game theory, by Professor R. P. 
Winter, College of St. Thomas. 


This paper presents a brief report on the content of The Compleat Strategysit by J. D. Williams. 
Two problems with solutions as given in this neat primer of game theory are discussed. 


3: An application of the Laplace transform, by Dean H. M. Crothers, South 
Dakota State College, introduced by Professor H. B. MacDougal. 

In this paper the Laplace transform is applied to obtain a solution of a problem concerning an 
impact power wrench. 

4. On Hilder’s inequality, by Professor R. J. Dowling, College of St. Thomas. 


The following inequality is used in text books to prove Hélder's inequality: 
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aP ba 
abs—-+—, 
Pp 4g 


where a, b, p and g are positive numbers and 1/p+1/q=1. Geometric interpretations of this in- 
equality were presented. 


5. Some remarks on divisibility, by Professor F. L. Wolf, Carleton College. 


The fact that a rational number can be expressed as a repeating decimal may be used to show 
that every positive integer divides some number that is a string of 9’s followed by a string of 0’s. 
Application of Fermat’s little theorem gives easily that every prime greater than 5 divides some 
number that is a string of 1’s. In listing the primes different from 2 and 5 by finding the divisors 
of 11, 111, 1111, . . . , does each number yield at least one prime not already listed? 


6. Report on the Madison Conference, by Professor K. W. Wegner, Carleton 
College. 

This conference was different from others sponsored by the National Science Foundation in 
that its emphasis was on teacher education. Only about a quarter of those attending were college 
teachers. Over a third of the scheduled meetings was devoted to studies in curriculum and in- 
struction, mainly at the secondary school level. . 

This report included a presentation of a new proof of the theorem which states that every real 


positive number has a real kth root; this proof was given by F. Kiokomeister in one of the lecture 
courses at the Madison Conference. 


F. C. Smiru, Secretary 


THE OCTOBER MEETING OF THE OKLAHOMA SECTION 


The Fall meeting of the Oklahoma Section of the Mathematical Association 
of America was held at Oklahoma City University, Oklahoma City, Oklahoma, 
on October 28, 1955. Professor R. R. Murphy, Chairman of the Section, pre- 
sided. 

There were 124 in attendance, including 84 members of the Association. This 
meeting is the annual meeting at which papers of special interest to high school 
and freshman and sophomore college teachers are presented. Research type 
papers are presented at a later meeting. 

The following officers were elected for one-year terms: Chairman, Professor 
Truman Wester, Central State College; Vice-Chairman, Professor Paul Sanders, 
Southeastern State College; Secretary-Treasurer, Professor R. V. Andree, Uni- 
versity of Oklahoma. The business meeting included also a discussion of pro- 
ceedings at the meeting of section officers at Ann Arbor, Michigan. The group 
voted to continue meeting in conjunction with the Oklahoma Educational 
Association in the Fall and to hold the Spring 1956 meeting in Tulsa, Oklahoma. 
A motion to investigate the possibility of holding the second meeting during the 
1956-57 academic year in conjunction with the Oklahoma Academy of Science, 
if possible, passed. 

The following papers were presented: 

1. Classroom notes in elementary integral calculus, by Professors Simon Green 
and M. Schwartz, University of Tulsa. 
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The attempt was made to fill part of the gap arising in most elementary books introducing 
students to the definite integral. Firstly, the books select regular intervals and secondly they 
demonstrate the simplest type of problem as a limit of the sum of a set of rectangles bounded from 
above and below. They leave the more difficult problems as exercises to be performed by the stu- 
dents who usually have not the necessary experience to cope with them. Examples bringing out 
clearly the independence of the mode of subdivision and solutions of problems of a more difficult 
nature were demonstrated. 


2. Publications of books and other materials needed in mathematics classes on 
the high school level, by Miss Vivian Spurgeon, Nowata High School, Oklahoma. 
Publications and other materials needed by the mathematics classes on the high school level 
were discussed. The materials needed are (1) supplementary materials for class work and (2) en- 


richment and general background materials. Teachers of high school mathematics should help 
prepare publications. 


3. A Carnegie Foundation project 1n modern mathematics for college sopho- 
mores—preliminary report, by Professor R. V. Andree, University of Oklahoma. 

The Carnegie Corporation is sponsoring an experiment in the inclusion of some mathematics 
other than calculus in the college sophomore course and the inclusion of examples from fields other 
than physics. It is suggested that about 2 of the academic year be spent on calculus, utilizing the 
(polynomial) calculus contained in many freshman courses. The remaining 4 academic year will be 
spent on material mainly from abstract algebra. Interested persons were encouraged to participate 
in the afternoon discussions or to write to the speaker expressing their opinions. 


4. What is the center of a triangle? by Professor Arthur Bernhart, University 
of Oklahoma. 


Each familiar notable point is introduced by a praperty which characterizes its central loca- 
tion. Besides the usual minimax properties, the points of view of physics, vector analysis, projec- 
tion, perspectivity, game theory, and pursuit contribute to the exposition. 


5. Mathematics in industry, by Mr. R. B. Rice, Phillips Petroleum Company, 
Bartlesville, Oklahoma. 
This paper was presented at the luncheon held in conjunction with the Oklahoma Education 


Association. The speaker emphasized the greatly enlarged need for competent mathematicians in 
the petroleum industry. 


The afternoon was spent in a discussion of basic problems which have arisen 
in the development of a new course in sophomore mathematics based on the 
premise that the student has had an introduction to polynomial calculus in his 
freshman work, and of what should and should not be included in such a course. 

R. V. ANDREE, Secretary 


ERRATA 


1. A. Oppenheim, Inequalities connected with definite Hermitian forms, II, 
vol. 61, 1954, pp. 463-466. The first proof of Theorem 1 is incorrect as pointed 
out by the reviewer (Math. Rev., vol. 16, 1955, p. 328). The second proof (by 
the referee) is correct. 

2. L. E. Bush, The William Lowell Putnam Mathematical Competition, vol. 
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62, 1955, pp. 558-564. On page 560, problem 3, for xn= > gongi%s read 
Xn Dp tengiXe 

3. E. T. Parker and A. M. Mood, Some balanced Howell rotations for dupli- 
cate bridge sessions, vol. 62, 1955, pp. 714-716. The four-table rotation is not 
balanced as claimed. In the table on page 714, the cyclic permutations at Tables 
2, 3, and 4 should begin with 5, 3, and 2 instead of 4, 6, and 7 respectively. The 
last paragraph of Section 1 should have 3, 4, 5 changed everywhere to 2, 3, 7. 

4. Tomlinson Fort, Linear difference equations and the Dirichlet series trans- 
form, vol. 62, 1955, pp. 641-645. At the bottom of page 642, in II, instead of: 


2. mt + 1) 
LL 
0 Mm ~ — 
mr * 
(m — 1)? 


ead 


read 


; 
0 m-§ — I 
mé® 
(m> — 1) 


CALENDAR OF FUTURE MEETINGS 


Thirty-seventh Summer Meeting, University of Washington, Seattle, Wash- 
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Hundreds of IBM electronic data processing ma- 
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Your reply will, of course, be held in the 
strictest confidence. Write, giving full de- 
tails of education and experience, to: 


Dr. C. R. DeCarlo 
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Jwo new texts! 


MATHEMATICAL ANALYSIS 
E. J. Camp, Macalester College 


Ready in February—this new freshman text is an integrated 
treatment of topics from college algebra, trigonometry, analytic 
geometry, and calculus. It provides a sound foundation for later 
courses in mathematics. Some special features include: full, clear 
explanations; introduction of a new concept as a specific problem 
to be solved; derivatives and integrals introduced early and used 
throughout; complex numbers treated as number pairs; extensive 
and thorough polar treatment of coordinates, limits, and deter- 
minants; inclusion of a review chapter on radicals. 624 pages. 


CALCULUS 


William L. Hart, University of Minnesota 


CALCULUS offers a thorough, modern presentation—rigor- 
ous, yet skillfully adapted to student understanding. The first two 
thirds of the treatment is given to sequential topics through the 
fundamentals of partial differential and multiple integrals. This 
material could constitute the nucleus of a brief course. Full chap- 
ters cover analytic geometry and differential equations. Answers 
are given for all odd-numbered problems; answers for even-num- 
e50 problems are provided in a free pamphlet. 558 pages of text. 

5.50 


D. C. Heath and Company 
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| of mathematics in human knowledge and artistic activity, 
ii estern Professor Kline traces the history, function, significance 

of mathematical ideas from Egypt and Babylon to the 
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College ed. $6.00 


The authors approach the study of mathematics through 
experience, and design the text for the reader, student and 
KS scholar. The student or teacher using the text is led from 
an understanding of the elementary facts to the central 
vantage points of modern mathematics. The book contains 


Mathematics? problems for the more advanced,’ a bibliography and an 


540 pp. $7.50 
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s 
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For. March Publication 
INTERMEDIATE ANALYSIS 


An Introduction to the Theory of Functions of One Real 
Variable 


By JOHN M. H. OLMSTED 


This is a new text for courses in mathematical analysis which pre- 
suppose only one year of calculus. The outstanding feature of the 
text is its flexibility—its adaptability to both students who have 
completed only a first course in calculus and more advanced stu- 
dents. Included in the text are a large number (1,336) of carefully 
chosen and well-arranged exercises, many of which are accom- 
panied by generous hints, The answers to all problems are supplied. 
Numerous illustrative examples are provided throughout the book. 


Large Royal Octavo, about 448 pages 
Appleton-Century-Crofts Mathematics Series 


APPLETON-CENTURY-CROFTS, INC. 
35 West 32nd Street New York I, N.Y. 


A MODERN INTRODUCTION TO MATHEMATICS 


by JOHN E. FREUND, Virginia Polytechnic Institute 


Features: 1) Designed to meet the modern trend 
in the teaching of beginning mathematics in col- 
leges and universities, namely, to stress the logi- 
cal principles; 2) a rather novel introduction to 
probability and statistics, stressing the ideas of 


statistical inference rather than descriptive statist- 
ics; 3) exercises and worked out examples in 
practically all sections. 
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512 pages Published January, 1956 


ARITHMETIC: Its Structure and Concepts 


by FRANCIS J. MUELLER, Maryland State Teachers College 


Features: Organizes all operations of elementary 
arithmetic according to the three “things we do 
with numbers”; 1) put numbers together (syn- 
thesis), 2) take them apart (analysis), and 
3) express relationships with them (comparison). 
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Organized into 30 topical units as an aid to study 
and discussion. Discussions are full and amply 
supported by illustrative examples. 


320 pages 5144” x 8%” Published January, 1956 


by JAMES H. ZANT, Oklahoma Agriculture and Mining 


This basic text deals primarily with: the funda- 
mental operations of addition, subtraction, multi- 
plication, and division with whole numbers, frac- 
tions and decimals . . . the three basic problems 
of percentage, finding the percentage, rate and 
base ... specific applications of the fundamental 
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skills and percentage to business situations. 

Features include: a set of about 50 Practical 
Problems . . . simple illustrative examples .. . 
organization proceeds from fundamental topics 
to their application to certain business practices. 
200 pages 814” x11” Published January, 1956 


by ROBERT M. PARKER, Texas Technological College 


Chapter I is a treatment of simple interest with 
the formula for amount, S A (1 ni) being em- 
phasized since this is the basis for-the derivation 
of the compound interest formula in Chapter II, 
which takes up compound interest and present 
value and explains use of the equation of value. 
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annuities certain, annuities due, deferred an- 
nuities and perpetuities, applications of com- 
pound interest and annuities to the problems in- 
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preciation, depletion, capitalized costs, bonds, 
general annuities, life annuities, and life in- 
surance. 
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By E. Richard Heineman 
Professor of Mathematics, Texas Technological College 


Characterized by its clarity and skill of presentation, this text contains care- 
fully graded sets of diversified problems covering a wide range of difficulty. The 
book, which offers an exceptionally thorough review of high school algebra, intro- 
duces very little analytics and almost no calculus, thereby allowing full time 
to be spent on the fundamental work of college algebra. 


1947 359 pp. $3.90 


VECTOR AND TENSOR ANALYSIS 
By Nathaniel Coburn 
Associate Professor of Mathematics, University of Michigan 


This new text offers a thorough treatment of vector and tensor analysis, dealing 
with the former topic in the conventional Gibbs manner, i.e., by use of directed 
line segments. The authors show the application of vector and tensor analysis 
to the study of rigid-body dynamics, perfect fluids, differential geometry, finite 
deformation in elasticity, viscous fluids, compressible fluids and turbulence. 
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METHODS IN NUMERICAL ANALYSIS 
By Kaj L. Nielsen 
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By Clyde E. Love and Earl D. Rainville 
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student, this text emphasizes techniques which will prove useful in more advanced 
courses. Sketching of surfaces and plane algebraic curves are given equal atten- 
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STATISTICAL DECISIONS* 
E. S. KEEPING, University of Alberta 


The name of Abraham Wald, who died in an airplane crash in 1950, will 
always be associated with statistical decision theory, which ranks as one of the 
three greatest advances in mathematical statistics within comparatively recent 
times. The first of these advances, started by W. S. Gosset (better known under 
the familiar pen-name of Student) but due above all to the grand old man 
among living statisticians, Sir Ronald Fisher, was the development of small 
sample theory. Exact distributions of the mean, the variance, the correlation 
coefficient and other statistics, at least for samples from certain types of popula- 
tions, were obtained, tables were computed, and the experimental statistician 
was armed with a whole set of techniques, f-tests, F-tests, analysis of variance, 
etc., which he has been happily applying ever since. 

The second advance, associated particularly with J. Neyman and E. S. 
Pearson, was the theory of estimation and the testing of hypotheses. The con- 
cept of a confidence interval was developed. The statistician was regarded as 
interested primarily in testing a null hypothesis, such as the hypothesis that two 
observed samples come from normal populations with the same mean, against 
some reasonable alternative hypothesis. One of the most important ideas that 
grew up in this second period was that of the power of a test. A practical de- 
velopment of this theory was the compilation of tables for finding the sizes of 
samples necessary to discriminate in certain cases, at a given level of confidence, 
between one hypothesis and another. 

Wald’s theory of statistical decision functions [1] began a third era in statisti- 
cal analysis and interpretation. Because the theory was initially developed with 
great mathematical rigor, so that most applied statisticians found the going 
pretty rough, the theory did not at first make much headway except in rather 
exclusive circles. Lately, however, several new books [2] and even two popular- 
izations [3] have appeared, but it is still broadly true that the theory is hardly 
in a form usable by the practicing experimental statistician. The operations 
research analysts are, however, vigorously pursuing practical aspects of decision 
theory. It is with the use of decision theory in statistics that I am particularly 
concerned to-day, and I want to explain the underlying ideas as simply as I 
can. 

Any statistician, and this includes any experimenter who makes measure- 
ments or observations on some quantity subject to random variation, is faced 
at times with the necessity of making a decision, even if the decision is only what 
value to adopt for the observed variable. In sequential sampling of a consign- 
ment of manufactured articles, the decision may be to recommend either the 
acceptance or rejection of the lot, or, as a third alternative, to do some more 
sampling. The practical man would therefore like a useful principle to guide his 
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choice of a decision, but the application of any such principle must depend large- 
ly on the circumstances of the particular problem and often will involve numeri- 
cal constants which are known only very roughly. 

Wald set up a principle which in most cases seems reasonable, even though 
in some special problems it recommends a course of action which common 
sense would scarcely approve. A wrong decision will as a rule entail a loss, and 
that rule which minimizes the expected loss could be regarded as the best. The 
risk of making a wrong decision can often be reduced to the vanishing point by 
taking enough observations, but experiments usually cost money, and the risk 
function which Wald introduced depends on both the cost of experimentation 
and the cost of making a wrong decision, estimates of these costs being supplied 
by the experimenter. In order to calculate the expected value of the total loss 
it is also necessary to. know something about the a priori probabilities of the 
various possible states of Nature which might be connected with the different 
decisions, in particular the various statistical populations which the experi- 
menter might be regarded as sampling, and this sort of information is hard to 
get. 

If we could calculate the total risk under all decision rules, we would natu- 
rally choose the rule which minimizes this risk, and this would clearly be an 
optimum procedure. To avoid the difficulty of unknown a priori probabilities 
there are different methods open to us. One is the way adopted, though appar- 
ently with some misgivings, by Thomas Bayes, and later used by Laplace—to 
assume that, in the absence of any other information, the a priori probabilities 
are all equal. This is the so-called Principle of Insufficient Reason, which was 
vigorously attacked by Fisher. Wald’s method was the Minimax Principle, the 
principle of choosing a rule which minimizes the maximum risk which could 
occur, whatever the unknown state of Nature might be. This amounts to the 
rather pessimistic attitude of expecting the worst and acting accordingly, a rule 
which often turns out to be wise. It is not surprising, however, that various 
modifications of the minimax principle seem more reasonable in particular cir- 
cumstances. The general theory of decisions does not stand or fall by the mini- 
max principle. 

Statistical decision theory is closely tied up with the theory of games, another 
topic which has been actively pursued in recent years [4]. The theory of games 
has obvious applications in warfare and in certain economic situations, but it 
has lately become apparent that many statistical problems can be regarded as 
a sort of game, a two-person game which the statistician plays with Nature. His 
strategy consists in making certain decisions, before or after conducting a series 
of experiments or trials. Nature, of course, cannot be considered as a conscious 
opponent who can take advantage of mistakes made by the statistician, but she 
has a wealth of possibilities in any situation and the statistician wants to know 
which of these possibilities is the one that actually obtains. In a two-person 
game against an intelligent opponent the minimax rule is quite reasonable— 
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play as if your opponent could always be counted on to make the best possible. 
moves in the circumstances, but in games against Nature it is often unduly 
pessimistic. 

In many games the decisions regarding strategies are clear-cut; in such-and- 
such circumstances one will do so-and-so. These are pure decisions. In other 
games the choice between decisions may depend on a random process like dealing 
cards or rolling a die. This implies that there is, at a certain stage of the game, a 
probability distribution over the set of possible decisions, with probabilities 
governed by the randomizing device, and such decisions are called mixed. In 
the children’s game of Snakes and Ladders all moves are mixed, the decision to 
move a certain number of places, from 1 to 6, depending entirely on the chance 
throw of a die. In the game of the statistician against Nature, a mixed strategy 
for Nature is an a priorz probability distribution of the parameters in a law. 

Although in practice two-person games consist of alternate moves by the 
players, yet in theory each player could formulate his complete strategy for the 
whole game ahead of time, stating what counter-move he would make to each 
possible move by his opponent. In chess, White has an initial choice of 20 legal 
opening moves and makes a decision. Black replies with one of 20 moves. White’s 
second move may depend on which of the 20 Black chooses, and his decision could 
be specified for each case. It is clear, however, that any actual enumeration of 
strategies for a whole game is not feasible, except in the very simplest games 
such as ordinary tic-tac-toe. Yet it is very convenient to think of a game, in the 
general sense, as a product of two spaces, a space X of all possible strategies by 
player I, and a space Y of all possible strategies by player II, together with a 
function M(x, y) which specifies for each x belonging to X and each y belonging 
to Y what the pay-off will be to player II. Of course there is also a pay-off to 
player I, but in zero-sum games, with which we are concerned, the total pay-off 
is zero, so that player I’s pay-off is — M(x, y). 

If player I uses a mixed strategy, choosing x; with probability \,, then 
x= >);\.x; is an element of X, and similarly y= >>; Mi; is an element of Y. 
For each pair of strategies x;, y;, there will be an outcome 7, depending on the 
rules of the game, or, if there are chance moves in the game, there will be a 
probability p.;(r) for the outcome 7. Associated with each r is also a bounded 
numerical function u(r) which may be regarded as the monetary gain to player 
II (or some monotone increasing function of this gain), supposing that the out- 
come ” occurs. 

The pay-off to player II is the expected value of u(r), namely 


(1) M3; = M(x, 9;) = 2X pi(r) u(r), 


where R is the space of all possible outcomes. 
The game may thus be considered as a matrix (M;;) in which the columns 
represent strategies of player I, the rows strategies of player II, and the (z, 7)th 
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element the pay-off M(x;, y;). Player I chooses a column 


I 
V1 X2 S88 Kany 
V1 Mu Ma +++ Mm 
Ye Mie Mo +++ Mae 
Tt ; } 
yn | Min = Min +++ Mann 


and player II simultaneously chooses a row, neither knowing the other’s choice. 
The pay-off to II is the corresponding entry in the matrix. If either player uses 
a mixed strategy, he chooses two or more pure strategies with probabilities 
Ag OF pj. 

It is not difficult to devise particular pay-off schemes in which different cri- 
teria for the best strategy lead to different decisions [5]. An example is the 
following: 


x1 x2 x3 x4 
y1 2 2 0 i 
yo 1 i i 1 
V3 0 4 0 0 
V4 1 3 0 0 


The Laplace method assumes that Player I is equally likely to employ any 
one of his four strategies (in the game of the statistician against Nature, the 
a priori probabilities for all values of an unknown parameter are assumed equal). 
The expectation of II for strategy y; is the average gain (>); Mi;)/m, and he 
should choose the row which maximizes this. In the example, these values are 
5/4, 1, 1, 1, so that he should choose 4. 

The minimax principle of Wald states that the player should choose that 
row for which his smallest possible gain is a maximum. In the four rows of the 
example the minimum gains are 0, 1, 0, 0, so that player II should prefer 
strategy ys. Whatever happens he cannot then gain less than one unit. 

Hurwicz [7 | has modified Wald’s criterion so as to remove some of its pessi- 
mistic character. He suggests selecting a number a(0 S$aS1) which may be re- 
garded as measuring player II’s optimism. For each row (or probability mixture 
of rows when mixed strategies are allowed), let m; be the least value of M;; and 
M; the greatest. Player IJ should choose that row for which aM;+(1—a)m;isa 
maximum. When a=0 this clearly reduces to Wald’s criterion. In the example 
above, the four rows give 2a, a+(1—a), 4a, 3a respectively, so that, as long as 
a>, strategy ys is to be preferred to the others. 

It was pointed out by Savage [6] that it is often reasonable to minimize what 
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he called the maximum regret. Player II’s regret is the difference between the 
pay-off for his actual strategy y,; and the pay-off he might have got if he had 
known beforehand what strategy x; player I would adopt, in which case he 
would naturally have selected that strategy for which M,; (given 2) is a maxi- 
mum. The regret may be defined as 
(2) Tig = Max Mi; _- My. 
j 

Player II then chooses the y; which minimizes the maximum over all 7 of r¢;. 

In the example above, when 1=1, max M,;=2, so that 71=0, r2=1, ete. 
The regret matrix is 


v1 Xo x3 X4 
y1 0 2 i 0 
Ye 1 3 0 0 
Y3 2 0 i i 
4 1 1 1 1 


The maxima of 7,; for the different rows are 2, 3, 2, 1, so that on Savage's cri- 
terion player II would choose strategy y,. He is sure then of not missing the 
boat by more than 1 unit. 

Four different criteria lead therefore in this example to four different de- 
cisions regarding the choice of strategy. No strategy here dominates all the 
others in the sense of being at least as good whatever player I does, and defi- 
nitely better for at least one possibility. 

It has been objected to the Savage criterion that if a new strategy is added 
to the old set (an extra row in the matrix) the principle of minimax regret may 
dictate a different strategy from the one previously preferred, even though both 
of these were in the original set. That is, the relative order of preference among 
the y; may be altered by an additional y. For example, if to the set 


(0 2) 


we add a third row (—7 4), the regret matrix changes from 
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The principle of minimizing this maximum regret would therefore suggest using 
strategy 1 before the addition of strategy 3, but strategy 2 afterwards. However, 
all the practicable criteria so far devised are subject to somewhat similar criti- 
cisms [8]. 

The above discussion assumes that in the kind of games played, or the kind 
of statistical decisions made, there is in fact a numerically measurable pay-off, 
if not in actual dollars and cents, at least in what the economists call “utility.” 
A dollar does not mean the same thing to a rich man and to a poor man, or in 
other words the utility of a unit of money appears to diminish as one’s wealth 
increases, being perhaps inversely proportional to this wealth (although this is 
not true of inveterate gamblers who will often gamble more wildly, the less 
money they have). There has been much argument regarding the validity of the 
theory of utility, and the major criticisms are dealt with by Savage [2], and by 
Arrow [11]. In the statistical field, numerical values can very seldom be as- 
signed to the consequences of decisions, except in the sense that a “true” de- 
cision (one that is confirmed by subsequent research) is certainly preferable to 
a false one, so that one could reasonably associate a certain unit loss with a 
wrong decision and a zero loss with a correct decision. The statistician protects 
himself to some extent by making assertions which are, as far as he can tell, 
unlikely to be in error more than a known fraction (say 5%) of the time. 

In the game of the statistician against Nature, there will usually be one or 
more parameters w, belonging to a parameter space Q, which the statistician de- 
sires to estimate. The possible values of w are the pure strategies for player I 
(Nature), and an a priori probability distribution for w is a mixed strategy. In 
game theory the spaces X and Y are finite, but in statistics the space is usually 
infinite. 

The statistician (player II) performs experiments to spy on Nature. The 
outcome of an experiment will be a value of z belonging to the sample space Z. 
An event is a set S of values of g and will have a probability, depending on a, 
given by 


(3) P.(S) = 2 pa(2). 
2S 


As a result of the experiments the statistician will take an action a belonging 
to a set A of possible actions. The function d(z) =a which maps the space Z onto 
A is a statistical decision function. The space Z may be supposed divided into 
disjoint sets S,, each set corresponding to one action a, so that if g falls in S,, the 
action a is taken. A familiar example is the ordinary one-tailed ¢-test, in which 
the space is the real axis, divided into two regions, t>f, and ¢<t.. If the observed 
t falls in the former region the null hypothesis is rejected, and if in the latter 
region it is accepted. The class D of all possible decisions is the class of pure 
strategies for the statistician. If he flips a coin to decide which of two decisions 
to adopt, that is a mixed strategy. The class D is often infinite. 

The statistician does not usually stand to win anything tangible in his game 
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with Nature, but he may lose. Experiments cost money or time or both, and a 
decision based on a false estimate of the parameter w may be expensive. Al- 
though in practice it is often difficult or impossible to estimate with any ac- 
curacy the loss which may be caused by wrong decisions, we can suppose for the 
sake of theory that there is a numerical loss, the magnitude of which, L(d, w), 
depends on the true value w and the decision d. The pay-off function for the 
statistician’s game is the expected value of this loss, namely 


(4) M(d, w) = 2) L(d, w) po(3), 


in which d=d(z). He should try to act so as to minimize the expected loss. 

Occasionally the minimax principle will suggest a different estimate from the 
customary one. Suppose we wish to estimate the parameter 6 (the probability 
of success), for a binomial distribution, on the basis of our observation that the 
event has occurred x times in 7 trials. The usual estimate is, of course, x/n. This 
estimate is unbiased, since the expectation of x/n, given 0, is precisely 6. It is 
also the maximum likelihood estimate, since the probability of x/n, given 0, is a 
maximum when 0=x/n. But it is not the minimax estimate. 

If our estimate of 6 is f,(x), our loss may be regarded as proportional to the 
square of the difference between f,(x) and the true value. This seems reasonable 
since, if there were a linear term, the loss would change sign with f,(x) —0, so 
that an error in one direction would represent a gain. The expectation of loss is, 
for a given 0, 


(5) RE fa(x) — 0}? = BD {falz) — 0} pala), 
where 

n 
6) pol) = (") (1 — ayes, 


If \(8)d@ is the probability, before any trials are made, that 6 lies in the interval 
6 to 6-+d0, the expectation of loss is 


(7) L= J “REL fal) — 9}2n(9)d0. 


An estimate which minimizes this is called a Bayes estimate. It may be shown 
that this estimate is equal to the expectation of 0, given x, which can be calcu- 
lated by Bayes’ theorem if \(@) is known. If for example \(6) is constant, f(x) 
turns out to be (x+1)/(n+2), an estimate which would minimize our expected 
loss if we were totally ignorant beforehand of the value of 6, but knew that all 
possible values were equally likely. 

A Bayes estimate is minimax if the expectation of loss for a given 6 is the same 
whatever the value of 9. This is so for the estimate fn(x) =(x+3+/n)/(n+-VJ/n), 
which is also a Bayes estimate when (0) =c0*(1—6)*, where a=43+/n-+1. The 
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minimax estimate of @ is therefore (x+4+/n)/(n-+-+/n). If for instance we made 
four trials and observed one success, the ordinary estimate of 6 would be +. The 
minimax estimate would be 4. The loss for the ordinary estimate is k6(1—6) /4, 
and that for the minimax estimate is k/36. For any value of 8 between 0.13 and 
0.87 the minimax estimate is the better. 

In the field of quality control, there is a practical need for decisions. A 
factory, for example, buys large numbers of small parts which come in lots and 
may contain a certain proportion 6 of defectives. Complete inspection of the lots 
is costly, and no inspection at all may permit very poor lots to get by, with re- 
sultant trouble and expense to the factory. 

Suppose that the parts come in lots of NV, that the cost of inspecting an item 
is ¢, and that of scrapping a defective item is ¢:, which is presumably much 
greater than c,. There are two possible decisions, d; (to accept the lot) and dz (to 
inspect it 100%), the costs of these actions being N@cs and Nc, respectively, 
since with complete inspection no defectives will be purchased. If \(@) is the 
a priort probability density for 6, and if the probabilities for d,; and dz are w and 
1—yp respectively, the expected loss is 


(8) 10, 0) = fr) {uNoee + (1 — wei} 


1 
= Na + Nef A(9) (C2 _ C1) a6. 
0 
This obviously depends upon ) as well as uw. In practice there will usually be 
some previous experience to draw upon in estimating X. If there is no such in- 
formation the minimax principle suggests the unreasonable strategy nu =0 (that 
is, never accept a lot without complete inspection), since there is a possibility 
that A(0) might be 0 for 0<a/ce, and L(A, w) is then minimized for »=0. The 
alternative assumption that A(8) is constant gives L(A, w) =Nat3Nu(e2—2c), 
so that the minimum loss is given for w=0 if @>2c, but for p=1 if e<2q. 
One solution of the difficulty is to inspect n items out of a lot and decide to 
accept the lot if the number of defectives is less than s but to resort to complete 
inspection if x2s. This amounts to putting 


s—l 


(9) w= >) pr(x) = 1 — Pls, n, 9), 


where P(s, 1, 6) is the cumulative binomial probability function, now extensively 


tabulated [9]. 
The cost of decision d; is nc, +(N —7)0c2, so that the expected loss is 


(10) L(\, s) = Na + (NV — n) f (0) (e209 — 1) [1 — P(s, n, 0) |d0. 


The minimax principle still advises 100% inspection whatever the result of 
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the sampling. The Laplace principle, \(@) =constant, advises a choice of s as near 
as possible to the value of (c)(1+2)/c2) —4. For @/c,=25, N=1000, 7 =100, this 
gives s=4. The advice is to accept a lot if in a sample of 100 there are not more 
than three defectives. 

Any solution which minimizes L(A,s) for a given \(8) is a Bayes solution, and 
in this problem any Bayes solution boils down to a choice of the integer s. If for 
example \(6) =25 for 0.01 <@<0.05 and A(6) =0 for all other values of @ (that is, 
6 has a rectangular distribution over an interval of length 0.04), the loss is given 
by 


[P(x + 2, m+ 2, 0.05) 


L(s) = Na+ 25 —*) \ sy et 


n+i1 2 


z==0 n+ 2 
(11) — P(x +2,”+ 2, 0.01) ] 


s—1 
—«a >, [P(e + 1,” + 1, 0.05) — P(x +1,” + 1, 0.01) . 
r=0 

For the data mentioned above, the minimum loss is given by s=7. With the 
fuller information now available on @ it is economical to accept a lot if there are 
not more than six defectives in a sample of 100. 

This problem can also be treated from the point of view of minimax regret. 
If we suppose that there is in fact a true, but unknown, probability 6 for the 
occurrence of defectives in the lots supplied by the manufacturer, the loss suf- 
fered by the purchaser is, per lot, 


(12) L(s, 0) = Na + (N — n)(co0 — ao) [1 — P(s, n, 6) | 


for s21. 

The regret function is the difference between the actual loss and the mini- 
mum loss that would be incurred even if the true value of 6 were known. Sym- 
bolically, 


(13) r(s, 0) = L(s, 6) — inf L(s, 6). 


For each possible s, one can calculate what value of 8 would make r(s, 6) a 
maximum, and then decide on the particular s which would minimize this maxi- 
mum regret. For the data given above the calculations suggest that the best 
strategy in Savage’s sense is to take s=4, that is, to accept without inspection 
a lot with not more than three defectives in a random sample of 100. This 
example illustrates how the wise decision in such a case may depend not only on 
the extent of the information available on the value of the unknown parameter 
but also on the criterion adopted for judging the best decision. 

Wald’s most well-known contribution to statistical theory is undoubtedly 
the sampling procedure called sequential analysis. The idea was that observations 
should not all be taken at once, before being analyzed, but that they should be 
accumulated in successive stages. At each stage the statistician would have to 
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make a decision, either to take some definite action or to continue with the 
observations, this decision depending on all the observations available up to that 
stage. Wald set up a decision rule, the sequential probability ratio test, which on 
certain reasonable assumptions turned out to be remarkably efficient in econo- 
mizing observations, and which has been quite widely adopted in practice. 

We will consider a simplified problem to which sequential analysis is appli- 
cable. Suppose we have to decide between two alternative hypotheses H; and H2 
of which the a priori probabilities are g and 1 —g respectively. The loss incurred 
in accepting H2 if H; is true is wy, and the loss in accepting Hy if He is true 1s w1. 
(It is assumed that there is no loss in accepting a true hypothesis.) The cost of a 
single observation is a constant c, which we may take as unity, and all the ob- 
servations are supposed independent of each other and subject to a common dis- 
tribution law. The hypotheses concern the value of a parameter > in this law, 
A, being that p=hi and H: that p = pro. 

If g is sufficiently small it will be wise to accept Hz without more ado, and 
run the risk Ri =wyg. Similarly, if g is sufficiently large, it will be wise to accept 
Hi, with risk Re =we(1—g). The whole interval 0 S$ g $1 can be divided into three 
parts, ,(0S¢S8), Ih(&<g<zZ), and J3(gSg81), such that if g belongs to i we 
accept He, if to J3 we accept Mi, but if to Z2 we take one or more observations. 
In this case there will be a sequential test with an average risk less than either 
Ry or Ro. 

If we take m observations, the a posteriori probability of H; will be given by 
Bayes’ rule: 


(14) 2. = gPin/ [gPin + (1 — g) Pon. 


where P, is the probability of the observed set of results on Mi, and Pe, the 
probability of the same set on Hz. The experimentation is stopped as soon aS gn 
falls either in J; or in J3, the decision being to accept Hz or Hi in the respective 
cases. As long as g, falls in I, the sampling continues. 

Writing Wi=Pon/Pin, we can easily verify that this procedure is exactly the 
same as Wald’s probability-ratio test, the ratio W, being computed at each 
stage, and sampling continued as long as B< W,<A, where A and B are two 
numbers, depending on g, g and g, 


(15) A = ——=.—-_ B= —.——_ .. 
1—g g 1-g 


For convenience we can suppose that hypotheses H, and Hy: correspond to 
symmetric binomial dichotomies, »; being the proportion of “successes” under 
Hy, and p2 the proportion under He, with p.=1—p1=q:. We can take p1< px. 
If s, is the number of successes in x trials, and therefore n—s, the number of 
failures, 


1956] STATISTICAL DECISIONS 157 
16 Pm _ bg (2). 


Pry, pig, * Pi 


Let x be an observed variable, which takes only the values 1 for a success 
and —1 for a failure. Then, after 7 observations, 


(17) >) ti = Sn — (# — Sn) = 25, — 2, 
i=l 


so that, from (16) and (17), 
W = Pon/ Pin =u’, 


where u=q:/f1, and z= > x;. The probability ratio test is therefore equivalent 
to noting z after each observation and continuing as long as —b<zg<a, where 
—b=log B/log u and a=log A/log u. When zg2a we accept He, and when 
2<—b we accept M,. Since z will always be an integer, the test will end when 
z=a’ or z= —b’, where a’ stands for the smallest positive integer 2a. 

When g=8, A =1 and therefore a =0. The risk of accepting He without ob- 
servations is wy &. This risk ought to be equal to that of the sequential test with 
a’ =1, b’=b* where b* is the smallest positive integer greater than or equal to 


Similarly, if g=2, we have b =0, (b’ =1) and a’ =b*, and the risk for this sequen- 
tial test should be equal to we(1—2). 

If Z; and Lz are the probabilities of accepting H; as a result of a sequential 
test with limits a’ and —b’, given that Hj is true and that He is true respectively, 
it can readily be shown that 


Ly = (ue't®? — yb’) /(ya’t®’ — 1), 
Le = (ut’ — 1)/(ur't’ — 1), 


Also, if the expected numbers of observations required to lead to a decision 
in these two cases are EF, and Ee respectively, 


E, = [(a’ + b) Li — a'\/(m — pr), 
E, = [a’ — (a’ + b’)Lel/(q — pi). 
The risk involved in the sequential test is 
(20) R= g/Fi + wn(l — L)] + 1 — g) [Ae + wale). 


Since a’ and 0’ are integers, the coefficients of g and 1 —g will change abruptly 
at discrete values of g, so that the curve of R will consist of straight line seg- 
ments. The values of g and # are given by 


(18) 


(19) 
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1+ b*)L, —1 
(21) W128 = {a t ) , + wia(1 _ 1) | 
a— p~i 
1—(1+ d*)L 
+ (1 — g) pa + a + wns 
a — pi 
and 
(b* + 1)L, — b* 
wa(1 — g) = _§—“A + w(t — 1) | 
a—-p 
b*¥ — (DF ++ 1)L 
(22) + (1 — 2) ps + wns ) 
a—- pr 


where in (21) LZ; and L, are found by putting a’=1, b’=b* in (18) and in (22) 
by putting a’=b*, b’=1. The method of solution is to guess a value of b*, find 
£ and # and see whether b* then satisfies its definition. If we take, as a numerical 
example, $:=4, f2=%, W2=5, We=10, we find the equations are satisfied by 
b*=1, §=13/20, 3=17/25. The curve (20) here consists of a single segment. 
Since x must be either 1 or —1, the sequential test will terminate after one ob- 
servation. 


The maximum risk is R=13/4, corresponding to g==13/20. This is the 
best strategy for Nature. 

The statistician employing the minimax principle can either accept He with 
risk 5g or use the sequential test with limits 1 and —1 with risk given by (20). 
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These risks agree at = but not for other values. However, he can employ a 
mixed strategy, accepting Hz with probability u and doing the test with prob- 
ability 1—j, wu being so chosen that the total risk, u(5g)-+(1—)R, is independ- 
ent of g. For the data used in the example above it turns out that »=4. The 
minimax strategy consists, then, in using some randomizing device, such as a 
table of random numbers, to decide either (with probability 4) on accepting He 
without taking any observations or (with probability #) on doing a sequential 
test with limits 1 and —1. 

Further examples of dichotomies like the above, and also of trichotomies, in 
which the various a priori distributions are represented by regions in a triangle, 
are given by Arrow, Blackwell and Girshick [10]. 

It may be noted that the sequential process is analogous to a game between 
two players, A and B. At each trial either A pays B one dollar (probability »,) or 
B pays A one dollar (probability 2). A starts with capital a’ dollars and B with 
capital b’ dollars. The game ends when either A or B is ruined. The quantity 2 is 
the net amount paid by A to B. The probability that B will eventually be 
ruined is 2, as given by (18). 
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ON A CLASS OF DETERMINANTS ASSOCIATED WITH A MATRIX 
M. P. EPSTEIN, University of California, Berkeley 


Let A be an x Xn matrix with elements in a field F and let g(x), the minimal 
polynomial of A, be of degree s. We shall say that A is diagonalizable if there is 
a non-singular Xn matrix P with elements in some extension field of F such 
that PAP is in diagonal form. 

Let Tr denote the trace function, and for each positive integer m define 


An = det [Tr (A#*#) | O<i,jSm—1. 


There are several interesting relationships between determinants of this type 
and certain properties of the matrix A. For example, in a recent paper by 
H. Flanders and the author [1] the following theorem was proved: 


THEOREM 0. If F ts of characteristic zero then A is diagonalizable if and only 
af A, #0. 


Actually this theorem is a consequence of the following more general prop- 
erty of these determinants: 


THEOREM 1. Suppose A has exactly r different characteristic roots. Then: 

1. If F 1s of characteristic zero then r 1s equal to the maximum value of m for 
which An+0; 

2. If F 1s of characteristic p different from zero and if m 1s a positive integer 
such that Amn+#0 then mSr (such values of m exist at least when n is not 
divisible by p). In particular, if n<p then again r 1s equal to the maximum 
such value of m. 


Proof. Let 1, - + +, Ay be the distinct characteristic roots of A of respective 
multiplicities 1, +--+, a, (m+ +++ +n,=n) and let V be the (non-vanishing) 
Vandermonde determinant of \1, - + +, Ar. Then, as in the proof of Theorem 0, 
we see that 
(1) A, = MmN2* + * N,V? 
while for m>r we have 

ae eee Oe 

1 «+1 O°--Olle eee eee 

r—l 
A M1 Ne 1 Ne r 

m = nt oe Ny 

hs 00-:-0 

Moe NTT OO oll....... 
0 0: 0 


which vanishes since there are m—r columns of zeros in the first determinant on 
the right and m—r rows of zeros in the second. 
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The conclusions of the theorem follow from these equalities. 

This theorem provides a computational method of evaluating the number 
r of distinct characteristic roots of a given matrix A. For, rSsn, so that by 
utilizing the sequence { Ai, As, ++ :, A,} if s has been previously computed, or 
the sequence { Au, Ay: * ,A,} otherwise, one determines 7 as the maximum 
subscript for which a non-zero value is obtained. 

There are certain inconveniences to this method however, in that there may 
exist integers m1, m2 with m,<mz, such that A,,,=0 but A,,,+0. Therefore in 
using either sequence the computations cannot be ended as soon as a value of 
zero is obtained, but must be continued until the entire sequence of values has 
been evaluated. 

However in particular cases this circumstance can be avoided. For example, 
suppose F is contained in the field of complex numbers. Let A* be the transposed 
conjugate matrix of A and for each positive integer m define 


A, = det [Tr (A‘A**) | O<ijsm-tl. 
We then have: 


THEOREM 2. Suppose A is normal (i.e. AA*=A*A). If A has exactly r dif- 
ferent characteristic roots then Aj, <0 for mSr while AZ,=0 for m>r. 


Proof. Let \, - + +, An be the characteristic roots of A. Then the character- 
istic roots of A* are \1, + +, An» Further we can consider A and A* as defining 
linear transformations on an n-dimensional complex unitary vector space M. 
By the normality condition on A we see that M has an orthonormal base 


x1, °°+*, x, such that Ax,=Azx,, A*x,=),xx, 12 Sn. Thus for any non-nega- 
tive integers, 7, 7, AiA*ix,=MAx, so that Tr (A‘A*/)= DORA. Or, if 
Mi, °° *, A, are the distinct characteristic roots of A, with respective multiplici- 
ties m, +--+, 2 (m+: ++ +n,=n), we have Tr (A‘A*4) = > 7_ mL. 


Now suppose m Sr, and define the m Xr matrix 


Ny Ny 

1/2 1/2 

m Ny Vz 
Cn = 

1/2, m—1 1/2. m—1 

m r Ap 


Ve have then, as in the proof of Theorem 1 


Ax = det (CmC.) 


(noting that C,,C, is an m Xm matrix since C, is mXr and Cj, is rXm). But 
C,,C* is the Gramian matrix of the vectors (nl, ni", -- >, Prt}, «+, 
(ni, ny,, > ++, ni?\™-1) and therefore the rank of C,,Cx is equal to the rank 
of Cn. Considering only the first m columns of C,, we obtain a matrix whose 
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determinant is equal to 


1 

x a 
CU eee 

m—~1 m—lI 

Mt ° Am 


which is different from zero since \i, +--+, Am are distinct. Thus rank C,,Cy 
=rank C,n=m, so AX =det (C,,C*) +0. 

If m>r an argument similar to that in the proof of Theorem 1 shows that 
A;,=0. This proves the theorem. 

Returning now to the general situation where F is an arbitrary field, we 
have the following theorem (which includes Theorem 0) as a consequence of 
Theorem 1, and in particular, of equation (1). 


THEOREM 3. The determinants A,, have the following properties: 
1. A, ts equal to the discriminant of the characteristic polynomial of A. 


2. Suppose A has exactly r different characteristic roots \y ++ + , \y of respective 
multiplicities m, +++, N(m+ +++ +n-=n) and let D be the discriminant 
of g(x), a polynomial of degree s. Then A,=nine + + + nD. 

Therefore: 


3. If F 1s of characteristic zero, a necessary and sufficient condition that A be 
diagonalizable is that A, +0. 

4. If F 1s of characteristic p different from zero, a suffictent condition that A be 
diagonalizable is that A,+0 (and if n<p this condition ts again necessary). 

5. For any characteristic of F, a necessary and sufficient condition that A have 
its characteristic roots all distinct 1s that A,%0, and this condition ts also 
sufficient for the diagonalizability of A. 


Proof. We shall prove assertion 2 first. Clearly rSsSn. If r<s then g(x) has 
a repeated root so D=0. But then by Theorem 1 also A, =0, so assertion 2 holds 
in this case. If r=s then assertion 2 follows from equation (1) and the fact that 
the discriminant of a monic polynomial is equal to the square of the Vander- 
monde determinant of its roots. Again, if r<# then both A, and the discriminant 
of the characteristic polynomial of A are equal to zero. If r=n then m=» 
= +--+-n,=1. But then we have also s =n, so assertion 1 follows from assertion 2. 

To prove assertions 3 and 4 we recall that A is diagonalizable if and only if 
g(x) has distinct roots, 7.e., if and only if D0. If A, 0 this condition is satisfied. 
Conversely, suppose D0. If F is of characteristic zero then A,0. If F is of 
characteristic p different from zero then the condition n <p implies that 2;<p 
for.7=1, ++, 7,80 again A, +0. 

Assertion 5 is immediate.” 
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DIOPHANTUS OF ALEXANDRIA 
J. D. SWIFT, University of California at Los Angeles and Institute for Advanced Study 


1. Introduction. The name of Diophantus of Alexandria is immortalized in 
the designation of indeterminate equations and the theory of approximation. As 
is perhaps more often the rule than the exception in such cases, the attribution 
of the name may readily be questioned. Diophantus certainly did not invent 
indeterminate equations. Pythagoras was credited with the solution (2n-+1, 
2n?-+2n, 2n?+2n-+1) of the equation x?+y? =z?; the famous Cattle Problem of 
Archimedes is far more difficult than anything in Diophantus, and a large num- 
ber of other ancient indeterminate problems are known. Further, Diophantus 
did not even consider the most common type of problem called by his name, the 
linear equation or system of equations to be solved in integers. 

Nevertheless, on at least three grounds the place of Diophantus in the de- 
velopment of mathematics is secure. On all the available data he was the first to 
introduce systematic algebraic procedures to the solution of non-linear inde- 
terminate equations and the first to introduce extensive and consistent algebraic 
notation representing a tremendous improvement over the purely verbal styles 
of his predecessors (and many successors). Finally, the rediscovery of the book 
through Byzantine sources greatly aided the renaissance of mathematics in 
western Europe and stimulated many mathematicians, of whom the greatest 
was Fermat. (Much of Fermat’s work is known from notes written in his copy 
of Diophantus.) [1] 

Of Diophantus as an individual we have essentially no information. A famous 
problem in the Greek Anthology indicates that he died at the age of 84, but in 
what year or even in which century we have no definite knowledge. He quotes 
Hypsicles and is quoted by Theon, the father of Hypatia. Now Hypsicles, in 
the introduction to his book, the so-called Book XIV of Euclid, places himself 
within a generation or so of Apollonius of Perga whose time is definitely estab- 
lished by the rulers to whom he dedicates his works. Thus we may put Hypsicles 
in the early or middle part of the second century B.C. with reasonable accuracy 
[17]. Theon, on the other hand, definitely saw the eclipse of 364 A.D. [10]. 
Within this gap of five hundred years, historians are at liberty to place Dio- 
phantus wherever he best fits their theories of historical development [10, 14]. 
The majority follow [2] and, on the basis of a dubious reference by the Byzan- 
tine Psellus (C.1050), assign him to the third century A.D. 


Z. The Arithmetic. The surviving work of Diophantus consists of six books 
(sometimes divided into seven) of the Arithmetic and a fragment of a work on 
polygonal numbers. The introduction to the Arithmetic promises thirteen books. 
The position and content of the missing six or seven books is a matter of con- 
jecture. (The reader is reminded that a “book” is a single scroll and represents 
the material contained in twenty to fifty pages of ordinary type.) 

These books may be summarized as follows: Book I—Determinate systems 
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of equations involving linear or quadratic methods. Books II-V—-Equations and 
systems of equations, the majority of which are quadratic indeterminate al- 
though Books IV and V contain a selection of cubic equations, determinate and 
indeterminate. Book VI—Equations involving right triangles. All books consist 
of individual problems and their solutions in positive rationals. In the ordering 
of the problems some consideration has been given to relative difficulty and 
interrelation of material, but the over-all impression is of a disconnected assort- 
ment. 


3. Notation. The numerical notation used by Diophantus is, of course, the 
standard Hellenistic notation which uses the letters of the Greek alphabet with 
three archaic letters added to give 27 different symbols; [6, 7] the first nine 
stand for units, the second for tens and the last for hundreds. Thus, for any 
further notation, either non-alphabetic symbols or monogrammatic characters 
were required. 

There is a single symbol for the unknown quantity. This may be a monogram 
for apiOuos. The symbol for “minus” is apparently a monogram for the root of 
Nevis [5]. Addition is indicated by juxtaposition. The powers of the unknown 
are designated by easily recognizable monograms, the square by A’ for duvaus, 
the cube by K?” for xuBos. Higher powers are formed from these by addition, 7.e., 
the fifth power is considered as square-cube. To avoid ambiguity it is necessary 
to have a special symbol for the zero-order terms also, a monogram for povados, 
and to write all the negative terms together. Thus, if we adopt an equivalent set 
of conventions in English, retaining Arabic numerals and the letter x for 
the indeterminate, the expression: 6x*+23x?—2x?+x—5 would appear as 
SS26C%23.X1MS22 U5. 

Fractions were represented either in the inverse position to the present day 
or by inserting the word for “divided by” between the numerical expressions on 
the same line. Reciprocals of integers and negative powers of the unknown are 
designated by a special symbol placed after the number or power. 

The most important limitation of this notation is the restriction to one un- 
known. Since practically all the problems require the determination of several 
quantities, a considerable part of Diophantus’ work lies in the reduction to a 
single quantity. Further, no general solution in expressed parameters is possible. 
Even if a general method is indicated, it must be restricted in its presentation to 
a specific numerical case. 

A particular problem will illustrate the situation. In problem 1, Book IV, it 
is desired, in modern terms, to solve the system: x*+y3 =a, x+y =b. Essentially 
the method is to let x=2+0/2, y=b/2—z. Substitution in the first equation 
now yields a binomial quadratic. Let us look at this problem in a translation as 
bald as possible: 

To partition a given number into two cubes of which the sum of the sides is 
given: Let the number to be partitioned be 370 and the sum of the sides U10. 
Let the side of the first cube be x1 U5, the latter term of which is half the sum 
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of the sides. Therefore, subtracting, the side of the other cube is U"5 Mx. Then 
the sum of the cubes will be $730U"250. This is equal to U"370 as is given and 
x becomes U"2. As to the original numbers, the first side will be U"7 and the 
second, U3. The first cube, 343; the second, 27. 


4. Diophantine algebra. With this problem in mind let us turn to some 
aspects of Greek and Babylonian mathematics. A number of tablets [15, 16], 
both old Babylonian (1800-1600 B.C.) and Seleucid (300 B.C. and later), exist 
which teach the solution of equations which can be reduced to the forms 
x-+y=a;xy=b [10, 12, 13]. Again Euclid’s Elements II, 5, 6 can best be viewed 
as giving solutions to these problems [12]. In modern notation, the procedure 
in both cases is to write x«=a/2+2, y=t(a/2—2); xy=b=+4+(a?/4—2?); 
2=+/a?/4+b. Now Diophantus in I (27, 30) considers the same equations, 
solves them the same way and applies the basic idea repeatedly as in the quoted 
problem. Other examples can be followed in a similar way, e.g., x?-+y?=a, 
xy =b. (See [13] for a complete discussion of quadratic equations in antiquity.) 

Let us now compare the treatment in the three cases: The tablets consist 
of lists of problems of varying complexity each framed in specific numbers and 
quantities. The problems are not “practical” nor in any sense rigorously geo- 
metric; men are added to days, lengths to areas, areas are multiplied, etc. It is 
clear that the basic thought is purely algebraic. The problems are so set that 
the solutions are positive integers or terminating sexagesimal fractions such that 
the roots can be obtained from tables of squares, but from other tablets we learn 
of approximations to non-terminating rationals like 1/7 or irrationals like +/2. 

The Euclidean problems are cast in the form of propositions about line seg- 
ments, squares and rectangles. Their generalizations in II, 28, 29, concern paral- 
lelograms. The propositions are general and the result is deduced rigorously 
from the postulational basis. The results are line segments which may well be 
incommensurable with the original segments; 7.e., “irrational” answers are ac- 
ceptable. 

In Diophantus the problems are formulated in terms of abstract numbers 
but a “number” is always positive rational. The solutions are worked out in 
terms of particular numerical examples. This procedure may be considered 
analogous to carrying out a geometrical construction in terms of particular line 
segments and, indeed, Diophantus probably intended that his problems should 
be read in this manner. There is, however, no pretense at postulational develop- 
ment. No general propositions are stated even where the solution implies them. 
Restrictions on the choice of initial values are not always given; in the case of 
I, 27, we are informed that a?/4—b must be a square but in the problem in the 
previous section no restriction is mentioned. The most reasonable conclusion is 
that he did not know the form of the restriction or did not know how to express 
numbers that satisfied the restriction. The authors of [5] and [4] disagree but 
on the naive ground that since he did come up with workable numbers 370 and 
10, he must have had some way of generating them. The answer is obvious; he 
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generated them from the answer. 

Like the Babylonians, Diophantus had no qualms about adding areas and 
lengths (See VI, 19 in 5) although, to be precise, he says that he adds “the 
number in the area” to “the number in the length.” His algebraic technique is 
tremendously advanced beyond anything we possess of the Babylonians. The 
complicated cubic and higher degree equations and the indefinite equations are 
not even suggested in Babylonian algebra. The latter had examples of binary 
cubics and a few other higher degree equations soluble by tables; they also knew 
general forms for Pythagorean numbers and obtained solutions of x?—2y?=1 
but this is as far as our present evidence takes them. Even in the quadratic case 
there may be a difference [13]. When a quadratic is to be solved, Diophantus 
makes some effort to choose the variable so that a binomial equation results, 
but if this is not practicable, the general quadratic formula (positive sign before 
the radical) is used without further comment. The question is still at issue 
whether the Babylonians ever solve a quadratic without bringing it into some 
normal form involving a known sum or difference and product. 

It is useless even to try to guess what proportion of the advanced problems 
and methods are Diophantus’ own. Most modern historians postulate a con- 
tinuous underlying tradition of oriental algebraic methods in Greek mathe- 
matics rather than a sudden invasion in the Roman period. If this be so, texts 
and problem lists would certainly have existed. It is probable that the Arithmetic 
was in good part a compilation of such a quality that the predecessors were no 
longer held in repute. There are traces of the Diophantine notation elsewhere; 
Heron (60 A.D.) used the same minus sign for example, but no evidence exists 
that the semi-algebraic notation or the general methods it permitted were used 
before the publication of the Arithmetic. 

To sum up, the basic algebraic approach in Diophantus is Babylonian. The 
generality and abstraction is Greek. The work may be viewed as an episode 
in the decline of Greek mathematics [12] or as the finest flowering of Baby- 
lonian algebra [10]. 


5. Indeterminate problems. In giving translations of several illustrative 
problems, I have avoided the usual practice of direct translation. Instead, I 
adhere carefully to the method of the original while replacing the particular 
numbers used by parameters. The rationale may thus be conveyed with less 
verbal explanation than if the presentation were given in its original special 
form. At the same time, the full power of the method is apparent. 

II. 9: If n=a?+0?, find other representations of 7 as the sum of two squares: 
Modify a to «+a. The corresponding modification of b may be written (rx—)). 
Here x is the unknown, a, b and 7 were assigned specific values. 


n=a?+ b? = (x + a)? + (rx — 5)? 
= (7? + 1)a? + (2a — 2br)x + a? + B?. 
Thus x =(2br —2a)/(r?-+1) where r may be any rational such that the re- 
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quired quantities are positive. 

Note the clever choice of the unknown; fixing x and solving for 7 would leave 
a condition on x still to be met; b?—-x?—2ax would have to be made a square. 
Again, if @ is increased by a fixed amount and the unknown is taken as the 
corresponding decrease in b, the result does not come out at once. The choice 
of rx—b instead of b—rx was dictated solely by the numerical values selected 
which happened to make b—rx negative. (But see V, 24, below.) Euler wrote 
a? +b? = (a+rx)?+(b—gy)? which results in a more symmetric solution but this 
concept is foreign to Diophantus’ notation and the solution above is quite gen- 
eral. 

Here would be a perfect opportunity to state a proposition instead of a prob- 
lem. A proof of the theorem: “Any number which is the sum of two squares can 
be represented as such in an infinite number of ways,” is contained in the solu- 
tion above. 

III. 6: Find three numbers whose sum is a square and such that the sum of 
any two is a square: 


sty+es=P 
sty =v 
y+s2= 0? 
e+ 2 = w’, 


Here Diophantus assigns a definite value to w, or, in modern notation, lets 
it play the role of the parameter. He then chooses an unknown, r, restricting 
it as follows: Let §=r-+1, uw=r, v=r—1. Then g=2r+1, y=r?—4r, x =4r and 
w?=6r+1. Thus r = (w?—1)/6 where w is an arbitrary rational exceeding 5 (so 
that y is positive). So x = (2w?—2)/3; y= (w?—1)(w?—25)/36; 2= (w?+2)/3. 

This problem was chosen to illustrate two points. First Diophantus is not 
interested in generality except as an incidental by-product. A considerable in- 
crease in generality can be obtained merely by replacing r+1 by rts in the 
solution and this possibility could easily have been indicated by the addition of 
a single phrase. Second, the choice of wording of the problems is often peculiar 
from a modern viewpoint. This problem is clearly equivalent to the single equa- 
tion: u?-+-v?-+-w? = 2??. 

Incidentally, using methods available to Diophantus but probably exceeding 
his control of notation, a much more general solution of this equation is available 
than the system (u, v, w, t) =((w?—1)/6, (w?—7)/6, w, (w?+2)/6) given above. 
The equation being homogeneous, it will be more convenient to solve in integers. 
Let w=rs, u=s?—p, v=s*—gq, then 


H+ (7/2 — p— gst (P+ 9/2 = 2. 


The left hand side is a perfect square if p?+-g?=2k?, r?/2 —p—q=2k. The first 
of these is the problem of finding three squares in arithmetic progression. It does 
not occur specifically in the Arithmetic, probably because it is too simple in the 
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rational case, reducing essentially to a=b=1 in the problem above. It will be 
more convenient to take a solution derived from the solution given to the 
Pythagorean equation by Euclid. If X?+Y?2=Z?, (X+ Y)?+(X— Y)?=22Z?. 
Thus p=—m?+2mn+n?, qgq=m?+2mn—-n?, k=m?+n®; 1? =4(m+n)? and 
r=2(m-+n). Thus (u, , w, t) =(s?-+m?—2mn—n?, s?—m?—Amn+n’, 2(m+n)s, 
s?-+m?-+n*). The previous solution is obtained by setting m=2, n=1 and di- 
viding by 6. 

V. 24: Find a solution of x*-++y!+2!=2?. 

If 22=(x?—m)?, x? =(m?—y*—2*)/2m. Thus an integer m must be found so 
that (m?—y'—2*)/2m is a square. Let m=y?+2? so x? =y?g?/(y?+27). Thus 
y?-+-z? must be a square, say (y-+r)?. Then y= (z?—r?)/2r. Thus 


2 — rg zg? — r? 28 + 142474 + 78 


2 2” , @y 2 2\ 2 
2+ 2r 4r?(2? +- r?) 


(x, Y, 2, t) = 


This example has been chosen for three reasons. First, it is of great historical 
interest. To this problem Fermat appended a note: “Why does Diophantus not 
ask for the sum of two biquadrates to be a square? This is, indeed, impossi- 
ble ....” Later, Euler conjectured that it was also impossible to find three 
fourth powers whose sum was.a fourth power; 7.e., to replace ¢? by ¢*. This 
question remains unsolved. 

Second, the problem indicates what happens when the notation is insuffi- 
cient. First, the chosen unknown is x; m, y, z are assigned specific values to indi- 
cate that they play the role of parameters. But the problem cannot be completed, 
so the author turns to a sub-problem in which y is the unknown. 

Finally, the problem contains a curious case of indifference to sign. The 
quantity x?—m is, in fact, the negative root of t?=(x?—m)?*. Since only the 
square is used, no harm is done but we must remember that, to Diophantus, the 
quantity x?—m, which he used, did not exist. The reader may find it interesting 
to see why x?-++-m was not used by trying it. Why m—x? which is positive and 
produces the same result was not preferred is a matter for conjecture. 

VI. 19: Find a right triangle such that its area added to one of its legs is a 
square while the perimeter is a cube. 

First form the triangle (2x-+1, 2x?+2x, 2x?+2x+1). The perimeter is 
4x?+-6x +2 =(4*+2)(x+1). Since it is difficult to make a quadratic a cube, 
consider in turn the triangle (2x-+1)/(x+1), 2x, 2x+1/(x+1) obtained by di- 
viding through by x-+1. The perimeter is 4x-++2 and the area is (2x?-++-x)/(«+1). 
Adding (2x-+-1)/(x+1) to the latter we have 2x-+1. Thus 4x+2 is required to 
be a cube and 2x-++-1 a square. The obvious value for 2x-+1 is 4. Thus x =3/2 
and the triangle is 8/5, 3, 17/5. 

It is not clear whether or not Diophantus implies the more general solution 
2x-+1=4r®, «= (4r8'—1)/2; probably not. 

This problem is illustrative of the rather peculiar problems considered 
throughout Book VI and of the complete freedom from geometrical considera- 
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tions. To Euclid such phrases as “the sum of one side and the area” would have 
been shocking nonsense. 


6. An approximation problem. In V. 9 it is required as a sub-problem to find 
two squares, both exceeding 6, whose sum is 13. Since we have, in the first 
example of the preceding section, a general method of partitioning a number into 
two squares when one such partition is given, it is merely necessary to set the 
two values equal, solve for the parameter and approximate this solution in ra- 
tionals. If this is done with a=2 and 0 =3, we find r=5+ 4/26. Approximating 
by r=10, 13 =(258/101)?+ (257/101)? and it is readily seen that the conditions 
are met. 

Of course, Diophantus could not do this since the parameters were not ex- 
pressed. He first finds a number slightly greater than +/13/2. 13/2 =26/4; if 
/26<5+1/x", x?<10*%+1; let x=10, then »/13/2~51/20. Now 51/20=3 
—9/20=2+11/20. Thus we wish to find a number near 1/20 such that 
(3 —9y)?+(2+11y)?=13. Then y=5/101 and the squares are precisely those 
obtained above. 

The problem is typical of the approximate methods used. To approximate 
the nth root of a rational, first write it in the form p/q” by multiplying numera- 
tor and denominator by the necessary integer to make the denominator a perfect 
nth power. Then multiply p by the nth powers of successive integers until pa” is 
sufficiently close to a perfect nth power, say b”. The approximation is then 0/ag. 
To improve an approximation a; to ~/a, set (a:-+1/x)?=a and approximate x. 


7. Transmission of Diophantus. When the Arabs overran the Southeastern 
Mediterranean in the 7th century, they came into possession of manuscripts of 
works which had been published in sufficiently large editions to survive the wars 
attendant on the breakup of the Roman Empire and the lack of interest in 
learning of the early Christians. Among these was the Arithmetic or at least a 
portion of it. Translations and commentaries were published in Arabic. These 
have all been lost; their only trace is in bibliographers’ references. When the 
Arabs formulated their own algebra, they apparently appealed directly to the 
basic Oriental tradition previously cited. The beginnings of an algebraic nota- 
tion and the abstract numbers are nowhere to be seen. With the sole exception 
of the problems mentioned in section 3 as common to the whole ancient world 
(Diophantus—I, 27-30) not one problem from the Arithmetic is found in the 
algebra of Al-Khwarizmi or, as far as is known, in any other basic Oriental 
text [13]. Probably the Arabs found Diophantus too impractical for their utili- 
tarian mathematics and the Hindus, if they ever saw the Arithmetic, were inter- 
ested in other problems such as the theory of linear indeterminate problems. 

In the other reservoir of learning, Byzantium, the manuscripts of Diophantus 
lay almost unnoticed for eight centuries. We do not know when the missing 
books were lost but the part which we now possess escaped the sack of Con- 
stantinople by the Crusaders in 1204 and later in the same century M. Planudes 
and G. Pachymeres wrote commentaries on the first part of the Arithmetic. At 
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some time, probably in the course of the emigration of the Byzantine scholars 
during the Turkish conquests, copies were brought to Italy and Regiomontanus 
saw one there between 1461 and 1464. 

The first translation to Latin was made by W. Holzmann who wrote under 
the Greek version of his name, Xylander. This translation was published in 
1575. Meanwhile, Bombelli, in 1572, distributed all the problems in the first 
four books among problems of his own in a text on algebra. Bachet, borrowing 
liberally from Bombelli and Holzmann made another translation in 1621 and a 
second edition was published in 1670 including Fermat’s marginal notes. In the 
next two centuries various translations were made into modern languages which 
were based primarily on the editions just mentioned by Holzmann and Bachet. 
Finally in 1890, P. Tannery prepared a definitive edition of the Greek text with 
a translation into simple mathematical Latin using modern numerical and 
algebraic notation. From this work the three excellent translations listed in the 
bibliography have been prepared. The references to the last two paragraphs are 
the commentaries in [2] and [6], particularly the latter which has been followed 
rather closely. 
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ON THE ZEROS OF A CUBIC RECURRENCE 
M. F. SMILEY, The State University of Iowa 
A cubic recurrence (7) =(7;, 72, 73, - + +) is defined by real numbers 7», 
Ti, Te, and 
Tats = PT are — OTayi + RTa (n = 0,1, 2,---), 


where P, Q, Rare real numbers. We shall assume that the roots u, v, w of f(z) =0, 
where 


f(z) = 8 — P2?+Q2—R 


is the companion of (T), are nonzero, real, and have distinct absolute values. 
If 7,=0, we call k a zero of (T). If r=0 is fixed and (T’) is defined by T,,’ = Tni,, 
we call (T’) a translate of (T). Every translate of (7) has the same companion 
as (T). We shall also assume that (T) ¥ (0, 0, 0, - - - ) which holds (1) if and only 
if no three consecutive T, are zero, or (2) if and only if it holds for every trans- 
late of (J). Then we may show that there are real numbers (U, V, W) #(0, 0, 0) 
and such that 


T, = Uur + Vor + Ww (n = 0,1, 2,-°--). 
THEOREM. The cubic recurrence (T) has no more than three zeros. 


Morgan Ward [1] recently proved this result under the restriction that u, 
v, W were integers co-prime in pairs. Our proof is based in part on the ideas of 
Ward, but is more direct; the essential tool is the familiar Descartes’ rule of 
signs. 

We begin with the following lemma. 


Lemna 1. Jf T)>=T,=T,=0 with s>r>0, then x=u, v, w are roots of 
(1) g(x) = (w — a )xt — (wt — w)e" + u'w'(wt — ut) = 0. 


Proof. The determinant of the matrix 


1 uw 4 
C=]1 oF vw 
1 wr we 


is zero, since, by hypothesis, [U, V, W]C=[0, 0, 0]. The lemma follows on 
suitable expansion of this determinant. 


LEMMA 2. If To =T,=T,=0 with s>r>0, then d=(r, s) ts odd. 


Proof. First note that u, v, w cannot all be positive. For Descartes’ rule per- 
mits g(x) =0 at most two positive real roots. Now suppose that d is even. With 
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u’=ut, v' =v4, w!=wt, x/=x4, r'=r/d, s'=s/d, we find that x’=wu’, v’, w’ are 
distinct positive real roots of the equation obtained by priming all of the letters 
of (1). 

Let w be the root of f(z) =0 of greatest absolute value. Since replacing T, by 
(—1)"T, changes the signs of the roots of the companion without changing the 
zeros, we may assume that w>0. (See [1]). 


LEMMA 3. Let T>=T,=T,=0 with s>r>0. Then 

(1) af r and s are both odd, f(z) =0 has exactly one positive root, 
(2) if r is even and s is odd, two roots of f(z) =0 are positive, 
(3) r odd and s even is not possible. 


Proof. We have seen that not all the roots of f(z) =0 can be positive. We 
may assume that «<0 so that —w<u<0O. The signs of the coefficients of g(x) 
in the three cases are: (1) +——, (2) +—-+, (3) +—-—, while the signs of the 
coefficients of g(—x) are (1) —+-—, (2) ——+, (3) ++ —. Descartes’ rule and 
Lemma 1 now yield the stated conclusions. 

Proof of the theorem. We see that (J) cannot have three even (or three odd) 
zeros since a suitable translate of (J) would then violate Lemma 2. Thus (7) 
has at most four zeros and no odd (even) zero is between two even (odd) zeros 
or a suitable translate of (T) would violate case (3) of Lemma 3. There remains 
the possibility that (7) has four zeros ki, ke, k3, kg with OSki<ko<k3< ky and 
ki =k, and k3=k,4k, modulo 2. This occurs if and only if some translate of (T) 
has four zeros 0, 7, s, ¢ with O0<r<s<t and with 7 even, s and ¢ odd. But then 
Lemma 3 applied to T)> =7,=T;=0 and to 7)>=T,=T,=0 yields a contradic- 
tion: f(z) =0 has exactly one positive root and f(z) =0 has two positive roots. 
The proof is complete. 

Concluding remark. For non-degenerate real recurrences (T) of order n, the 
analogue of Lemma 2 (with an analogous proof) limits the number of zeros of 
(T) to 2n—2. No doubt there is an analogue of Lemma 3 which will reduce this 
crude bound. 
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AN EIGENVALUE INEQUALITY FOR THE PRODUCT OF NORMAL MATRICES 


M. Marcus, University of British Columbia 


Let s;; be 2? real numbers satisfying 


Siz 2 0; 7,j=1,--- 
nh 
Dy Seg = 1; i= 1, 
k=l 
nh 
>> sw = 1; a=1,:-: 
kunl 


Let ¢;; be any n? real numbers and set 


f(s) = > PijSij- 


$,jonl 
Let » denote any permutation of the numbers (1, 2, ---, ”). It is known 
that 
(4) min )) dip) S f(s) S max Do dint. 
y t=el D i=l 


The inequality (4) may be directly applied to obtain the following 


(5) 


[1] 


THEOREM. If A and B are n-square normal matrices with eigenvalues d;(A) 
and \,(B),+=1,---, ”, then 


min Re >> ),(A)A\pa(B) S Re >>(AB) S max Red, d,(A)Apay(B). 
D ¢aa] D t=] 


i=el 


Proof. First note that 


2Re >> d(AB) = tr (AB + B*A*). 


i=l 


Let U and V be unitary matrices such that 


U*AU = diag (\i(A), + + +, An(A)) = diag (A(A)) 


and 


V*BV = diag (x(B), «+ +, An(B)) = diag (A(B)). 
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Then 
tr (AB + B*A*) = tr (U diag (A(A)) U*B + B*U diag (X(A)) U*) 
= tr (U{diag (A(A))(U*BU) + (U*B*U) diag (X(A)) } U*) 
= tr (diag (A(A)) U*V diag (A(B)) V*U 
+U*V diag (\(B)) V*U diag (A(A))). 
Let T=V*U, T*=U*V and then 
Y Th(diag (\(B)) aT 


k ,A=al 


(7* diag (A(B))T) 


= Y* Tads(B)T es 


k==1 
= » | T x |7\x(B). 
k=l 


We set | T in| 2—s5, and note that since T is unitary (1), (2) and (3) are satisfied. 
Proceeding, we have 


tr (AB + BYA*) = Yn A)(T* diag (MB) Dax + Do R(A)(T* ding (K(B))D) si 


qos] 


Il 


> (A) yp Ax(B) Siz + x \i(A) ys \(B) six 


t=] tax] 


SY” (As(A) M(B) + 2i(A)AA(B)) Sin. 
t, kel 

If we set hx =Ai(A)Az(B) +4,(A)A,(B) it is clear that (4) applies and we obtain 
the inequality (5). 
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SEQUENCES OF 0’s AND 1’s AND TOEPLITZ METHODS OF SUMMABILITY 


G. M. PETERSEN, University of Oklahoma 


It has been shown by Schur [2] that no regular matrix summability method 
sums all bounded sequences. In fact, no regular summability method sums all 
the sequences consisting of 0’s and 1’s [1], [3]. On the other hand, there exist 
many methods which sum all (that is, both) sequences of 0’s and 1’s in which no 
pairs of consecutive 0’s or consecutive 1’s occur. This suggests that we consider 
the next simplest case of sequences of 0’s and 1’s containing no triplet of con- 
secutive 0’s or of consecutive 1’s. 
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THEOREM. For each regular Toeplitz matrix A =(dmn), there exists a sequence 
{Sn \ of 0’s and 1’s, containing no triplet of consecutive 0’s or of consecutive 1’s, and 
such that {s,} is not summable by A. 


Proof. Since every regular matrix is equivalent, for bounded sequences, to a 
matrix such that, for every m, there are tm and jm, Im<jm, With Gmn=0 if 2 <im 
or 2 >jmand limm.oim= ©, we may suppose that A has this property. Moreover, 
by deleting a set of rows from A we obtain a matrix B=(0m,) such that the 
above jim} and {jm} may be taken to be multiples of 3 and i<ji<in<jr< +: 
<u <je< +++. Since the B transform of every sequence is a subsequence of 
its A transform, it is evident that every sequence which is A summable is also 
B summable, so that it suffices to consider the matrix B. 

For k=4p, p=1, 2,---+ and for %Sn<j,, we define s, by repetitions of 
the triplet (1, 0, 0). In the same way, for k=4p+1, R=46+2, R=4p+3 re- 
spectively and %Sn<j,, we define s, by repetitions of the triplets (0, 1, 0), 
(0, 0, 1) and (1, 1, 0). The remaining entries in {Sn} may be made so that no 
consecutive triplet of 0’s or of 1’s appears. 

We assume that B sums o= {s,} as well as the four sequences 


o: = {1, 0,0, 1,0,0,--- }, o: = {0,1,0,0,1,0--- }, 
os = {0,0,1,0,0,1,---}, and o = {1,1,0,1,1,0,--- }, 


for otherwise the theorem would be proved. It now follows that all five se- 
quences are summed by B to the same value c=, = =c3=c,. But it is evident 
that q-+c2=c, and cs3-+c,=1, so that 2c=c and 2c=1. This contradiction es- 
tablishes the theorem. 

Hill [1] has shown that the set of sequences of 0’s and 1’s summable by any 
regular method, when considered as a set of real numbers in binary expansion, is 
of the first category. Since the set of 0’s and 1’s of our theorem is of the first 
category, Hill’s result can not be applied. 


References 


1. J. D. Hill, The Borel property of summability methods, Pac. Jour. of Math., vol. 1, no. 3, 
1951, pp. 399-409. 

2. I. Schur, Uber lineare Transformationen in der Theorie der unendlichen Reihen, J. Reine 
Angew. Math., vol. 151, 1921, pp. 79-111. 

3. H. Steinhaus, Some remarks on the generalization of the notion of limit (in Polish), Prace 
Matematyczno Fizyczne, vol. 22, 1921, pp. 121-134. 


ON COMPLEMENTARY GRAPHS 
E. A. NorpHaus and J. W. Gappum, Michigan State University 


1. Introduction. We are concerned in this note with proving certain relations 
concerning the chromatic numbers of complementary linear graphs. As the 
terminology suggests, the discussion is motivated by the map-coloring problem. 
A graph, for our purposes, is a finite set of abstract elements, called nodes, and 
certain unordered pairs of distinct nodes, called edges. The number of nodes is 
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called the order of the graph. A complete graph on n nodes is the set of all 
n(n —1)/2 edges and the m nodes determining these edges. Two graphs G and 
G’ having the same z nodes are called complementary if each edge determined by 
the 2 nodes is in either G or G’ but not in both. 

A k-coloring of a graph G is an assignment to each node of one of the numbers 
1,2,--+--+,in sucha way that if the edge (a, D) is in G, the nodes a and 0 are 
assigned different numbers. The smallest & for which a graph G admits a k-color- 
ing is called the chromatic number of G. Clearly if G has n nodes, 1SkSn. We 
denote the chromatic number of the complementary graph G’ by k’. 


2. Bounds. Our principal result is the following: If G and G’ are complemen- 
tary graphs on 2 nodes whose chromatic numbers are k, k’ respectively, then 


(1) 2/nsk+k'<n+1 
1 
(2) ns he’ s ("= > 


and these are the best possible bounds, in the sense that each bound is assumed 
for infinitely many values of 2. The lower bound in (2) has been established by 


Zykov [1]. 
Proof. Consider a k-coloring of G, and let n; be the number of nodes assigned 
the i-th color, for7=1,2,---,k. Then m+7.+ -- + +n,=n and max n;2n/k. 


Now if two nodes are assigned the same color in coloring G, the edge they de- 
termine must be in G’, and in coloring G’ they must be assigned different colors. 
Therefore k’=max n;2n/k, or kk’ 2n. Then (k—k’)?20 implies (k-+k’)? 24kR’ 
and k+k’=2/n. This establishes the lower bounds in (1) and (2). 

To show that k+k’Sn-+1, we use induction on n. The result is evident for 
n=1, and we assume that k+k’<n-+1 holds for complementary graphs on 
nodes. To the sum of G and G’, which consists of the complete graph on these n 
nodes, we adjoin a node P. Of the n edges emanating from P, let g be adjoined to 
G and the remaining n—q to G’. If Hand H’ are the graphs so determined (each 
of order n-+1), and these have chromatic numbers / and 2’, respectively, then 


bsk+i, VSk+1. 


These inequalities are evident from the fact that the addition of a node to a 
graph and some or all edges from this node to nodes of the graph can increase 
the chromatic number by at most one. Then /+1'’<n-+2 except possibly when 
J=k-+1, l’=k’+1. In this event, the graph H has the property that if node P 
and all edges of H emanating from P are deleted, the chromatic number is de- 
creased. Such a point is termed a critical point of the graph, and a simple argu- 
ment shows that q2k. Similarly, n—q2k’ and thus k+k’Sn, from which 
1+1’<n+2. This completes the induction. Finally, the inequality 42k’ S (k+k’)? 
implies that kk’ S((n+1)/2)2, establishing the remaining upper bound. 

The following three examples show that each of the bounds established is 
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actually assumed for infinitely many values of n. Example 1. Let G be a complete 
graph on 2 nodes. Then k=n, k’=1, so k+k’=n-+1, kk’=n. Example 2. Let 
n =q*, and consider g groups of gq nodes each, where the nodes in each group bear 
the same color, g colors being used. The edges of G are then defined as those 
edges which join nodes of different colors. Then k =q, k’ =q, so k+k’ =2q =2w/n, 
kk’ =q?=n. Example 3. Let »=2t—1, and separate the nodes of G into two 
groups containing ¢ and ¢—1 nodes, respectively. The edges of G are those of the 
complete graph of order ¢ determined by the first group of ¢ nodes. Then k =#, 
k’=(t—1)+1=t, R+k’ =n+1, and kk’ =#?=((n+1)/2)?. 

No graph with n>1 has kR+k’=2/n and kk’ =((n+1)/2)? holding simul- 
taneously. A simple geometric argument shows that when either of the two 
equalities just mentioned occurs, then k=k’ must hold. 
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ON THE PROPAGATION OF ERROR BY MULTIPLICATION 


N. C. Perry and J. C. MorEtock, Alabama Polytechnic Institute 


In applied mathematics the traditional approach to the analysis of the error 
in a result obtained by computation with approximate numbers is in terms of 
the maximum error possible [5]. The purpose of this paper is to illustrate a more 
statistical approach, which is presented briefly in Householder [2], and dis- 
cussed more fully by Inman [3].* The general approach to be found in these 
references is the development of a distribution function which associates with 
an error of given size the probability of its being exceeded. 

We illustrate this statistical point of view for the case of the multiplication 
of two approximate numbers. More precisely we have the following: 

Problem: Given the numbers a and ), with respective errors ¢ and e’ which 
are on the range — 4 to +4; to find the distribution function of the error E in ab, 
on the assumption that all values of « and e’ are equally likely. 

Since (a+e)(b+¢€’) =ab+ae'+be+ ce’, the probability that E exceeds a fixed 
value K is equal to the P[ae’+be+ ee’ >K |. If we choose an e, then by solving 
the inequality E>K it follows that e’>(K —be)/(a+e). Hence, the probability 
that simultaneously ¢ lies on a small interval of length Ae and e’ lies on the 
interval [(K —be)/(a+e),3] is roughly equal to the product 


(Ae)(3—(K —be)/(a+e)). 


With certain necessary modifications the essential plan of proof is to inte- 
grate this probability for e ranging from —3 to 3. Thus apparently, P[E>K | is 
equal to the expression 


* Specific applications to differential equations and matrix theory can be found in Rade- 
macher [4], and Goldstine and von Neumann [1]. 
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1/2 K — be 

(1) f (3 _ ) de. 
—~1/2 a+e 

However, since e’ lies between —# and 3, the quantity (K —be)/(a+e) in the 
integrand of equation (1) must satisfy the inequality —$(K —be)/(a+e) $4. 
Upon solving for € we obtain (2K —a)/(2b+1) SeS(2K+<a)/(2b—1). Thus, if 
e>(2K+a)/(2b—1) we must replace (K —be)/(a+e) by —, and similarly if 
e<(2K —a)/(2b+1) we must replace (K—be)/(a+e) by 4. More precisely 
P|E>K]| seems to take the form: 


(2K—a)/(2b+1) (2K+a)/(2b—1) K — be 
f (} — Bde + (3-=—“)ae 
—1/2 (2K—~a) / (2b+-1) a+ e 


(2) 7 
+f [b - (- 4) ]de. 
(2K+-a) /(2b—1) 


However, if K<(2a—2b—1)/4 it is impossible for (K—bDe)/(a+e) 
to be greater than 4, and the correction shown in (2) for the range —# to 
(2K —a)/(2b+1) becomes unnecessary. Similarly if K>(2b—2a—1)/4 then 
(K —be)/(a+e) cannot be less than —3, and the correction indicated in equation 
(2) for the range (2K +a) /(2b—1) to 4 is not needed. Thus we have finally the 
distribution function of E defined as follows: 


—2a—20+1 2a — 26-1 
————__——_—— = K s ———_ 


3 


(2K+a)I(2—-1) /1  K — de 1/2 
( ) ae -|- f de 
(2K+-a) /(2b—1) 


Ple> K]= [ 


—1/2 2 ate 
2a—2b—1 2b — 2a — 1 
————_—_—_—— = K s —————__;; 
4, 4 
(2K+a)/(%-)/1 K — be 1/2 
Ple> Kk] =f —— )ae+ f de 
(oK—a)/(b+1) \2 ate (2K-+a)/ (2-1) 
oT te go TTT 
4. 4 


1/2 1 K-—be 
Pl > K) = f — ) ae 
(2K—a) s(t) \2 ate 


Upon performing these integrations we have: 
a+b 3 4(K + ab) 


P(E > K] = — 4 K — (K + ab) log, ——__—__—_; 
[ | 7 tzt ( + ab) loge Fp = ty 
=2a-2+1 5 2-1 


4 4 
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P[E> K] _ (K + ad) 1 or 
= _-_ a e ; 
oT be 5 — 1 
2a — 2b—1 2b —2a—1 
—_——— £ K s ——___ 
4 4 
a+b 1 (2a + 1)(2b + 1) 
PiE> Ki = ——K—(K b) logs ————_—_——_——; 
[ ] 7 +a (K + ab) log UK 4 ab 
2 2o~ 1. at tl 
4 4 


A general notion of the geometric nature of this function can be obtained 
from the graph below: 


Graph of the frequency distribution of E for a=6, and )=8. 


From these results it is readily computed that about half the time the error 
FE in the product (6) (8) will lie outside the range (—2.13, 2.09). Five percent 
of the time it will lie outside the range (—5.32, 5.61), and about one percent of 
the time it will be less than —6.09 or greater than 6.50. 
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THE HEINE-BOREL THEOREM 


C. A. Hayes, Jr., University of California at Davis 


Mathematics is replete with “covering” theorems of one type or another, 
but the Heine-Borel theorem is perhaps the most well-known of them all. 
Virtually everyone who has taken a course in advanced calculus has encoun- 
tered it, and has seen its applications in the proofs of theorems on uniform con- 
tinuity, the boundedness of continuous functions, and so on. 

The theorem is stated explicitly a little farther on; but informally, it says 
that if a family § of open sets covers a certain set A, then there exists a finite 
subcollection @ of § which also covers A. Here we propose what is thought to 
be a new proof of this theorem, one which requires the student to know or accept 
only the barest essential metrical properties of euclidean space and the real 
number system, and which has the philosophical and psychological advantage of 
proving the existence of the required covering family constructively, by actually 
picking out its members one by one. Although the chosen setting is euclidean 
space, the proof is equally valid in any compact metric space. The method does 
not apply in arbitrary topological spaces; but in these cases, elegant proofs can 
be found in suitable books. These naturally require correspondingly advanced 
maturity of the student, which we specifically exclude. Our procedure consists 
of selecting one of the “largest” sets (in a sense made precise below) of the given 
family; then from a certain subset of those remaining, one of the largest of that 
set is chosen, and soon. All that remains is to ascertain that the covering is com- 
pleted after a finite number of such steps. 

We introduce some definitions and notation. We let Z, denote x dimensional 
euclidean space; when points are mentioned, these will be understood to be 
points of E,. If A and B are sets in E,, then A —B will denote the set of those 
points which are in A but not in B; the union of a number of sets will be denoted 
by ++ or >. with appropriate indices; we write A CB to denote the fact that A 
is contained in B. For any two points p and gq, we let 6(p, gq) denote the euclidean 
distance between them. For any given positive number 7 and any given point gq, 
the set of those points p such that 6(q, p) <7 is called the open sphere of center q 
and radius yn. A set G in F, is called bounded if it is contained in some open 
sphere. A set G of points is called open if and only if every point q in G is the 
center of some open sphere S(q, 7) which is contained in G. It is easy to see that 
every open sphere is an open set. A point is called a point of accumulation or a 
limit point of a set F in E, if and only if every open sphere centered at > contains 
infinitely many points of F. The point p may or may not belong to F. In case 
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every limit point p of F does belong to F, we say that F is closed. Finally, if & is 
a family of sets in E,, and A is a set in E,, we shall say that ® covers A if and 
only if A is contained in the union of &; that is, every point of A lies in at least 
one member of &. 

A few properties of euclidean space and the real number system are needed in 
what follows. We assume known, or postulated, that every bounded infinite set 
of points in FE, has a limit point. We assume that the properties of least upper 
bounds are understood; in particular, that if y is the least upper bound of a non- 
empty bounded set E of positive numbers, then there exists at least one number 
yn in E such that n>y/2. Finally, we use the fact that if a>0, and A is a set in 
E, such that for each pair of different points p, q in A, 6(p, g) >a, then A has 
no limit point. This is easily seen, for if t is any point in Z,, then the distance 
between any two points of the sphere S(#, a/2) is less than a. Thus no such 
sphere can contain more than one point of A; A has no limit points. 

We now prove a preliminary lemma which is, in fact, a special case of the 
main theorem. 


LemoMa. If A 1s a bounded closed set in En, and if R, 1s a family of open spheres 
of uniformly bounded radii, such that (i) each point in A 1s the center of at least one 
sphere in Ri, and (ii) each sphere in &1 is centered at some point of A, then there 
exists a finite subfamily ® of &, which covers A. 


Proof. We assume that A has infinitely many points or there is nothing to 
prove. We denote by 7(S) the radius of any sphere S in &,. If is any non-empty 
subfamily of 81, we denote by p(%) the least upper bound of all numbers of the 
form r(S), where S is in &%. Since the radii of all spheres in &, are uniformly 
bounded, we have 0 <p(%) < «. 

We now construct the required family &. We select a sphere S; in &1:, with 
radius r(.S:) >p(&,)/2 and center p, in A. If ACS), the lemma is proved. If not, 
then the set A —S; is non-empty, and we let &, denote the non-empty family of 
those spheres in &; whose centers are points of A —S;. We select a sphere Sy in 
Ke with radius r(S2) >p(R2)/2 and center at pe in A —S,. If A CSi+S:, then the 
family consisting of S; and S_ satisfies our requirements; otherwise we repeat 
the process on the non-empty family #3 of those spheres in &1; whose centers are 
points of A —(.S,+.S:), and continue thus inductively. In this way, we obtain 


a finite or infinite sequence of spheres S,, Se, +--+, Sm, :°*° with centers at 
pi, bo, °° +, Pm, +++ respectively, drawn from the subfamilies §1, &2,-:-, 
Rm, ° + * Of &1, in such a way that for each positive integer m: 


(1) pris in A; Puy isin A— oy Si; 

(2) 0<p(Rm)/2<r( Sm) Sp(Km). 
By condition (1), for each pair of integers p, v, w<v we have 

(3) p, is the center of S,, p, is outside S,; 6(p,y, pr) 2r(Sy). 

We assert that the process outlined above must terminate for some integer 
N; that is, AC >-™., S;. Suppose the contrary, if possible. Let E denote the set 
of points pi, 2, - + +. From (3), no two coincide, hence E is an infinite subset of 
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the bounded set A. Then £ has at least one limit point p, which is a fortiori a 
limit point of the closed set A, so that p is also in A. 

Either p belongs to some sphere S,, or not. If » were in S,, say, then since S, 
is open and ? is a limit point of EZ, there must exist infinitely many points of E 
lying in S,; in particular there must be one such point p, with index »y> yp, con- 
tradicting (3). If p were not in any sphere S,,, then » must be itself the center of 
a sphere S belonging to each of the families ®,, %:, - - -. Hence, using (2) and 
(3), for uw, v=1, 2, +--+, uv, we should have 


0<r(S) S p(®,) < 2r(S,); 5(Pay Pv) > r(S)/2>0. 


This would mean £ could have no limit points. This contradiction forces the 
conclusion AC )-1; S; for some integer N; the family {S,, So, +++, Sv} =8 
covers A as required. 


THEOREM. (Heine-Borel). If ©, 2s a family of open sets covering the bounded 
closed set A in En, then a finite subfamily © of © covers A. 


Proof. We let &; denote the family of open spheres of radii not exceeding 1, 
whose centers are points of A, and each of which is contained in some member 
of @,. &: clearly satisfies the hypotheses of the preceding lemma. We thus 
find a finite family of spheres S,, S2,-++, Sy in §&; covering A. For each 
such sphere S; we pick some set G; in @; which contains S,. The finite family 
iG, Go, °°, Gy} = clearly covers A. 


WHAT IS A POINT OF INFLECTION? 


A. W. WALKER, University of Toronto 


Has the curve y=<x‘ a point of inflection at the origin? At present, the answer 
depends on whether we consider the matter from the point of view of calculus 
or algebraic geometry. 

As Ewing [1] has remarked, considerable care is required in expressing the 
necessary and sufficient conditions for an inflection point in the language of the 
calculus, and inconsistencies are found when various texts are compared. How- 
ever, the generally accepted view is surely the one expressed by von Mangoldt 
[2 | in the section of the Encyklopddie on the application of calculus to curves and 
surfaces, namely, that a point of inflection is any point where a plane curve 
crosses both its tangent and its normal. (The curve may consist of two parts 
with different equations, joining, without discontinuity in the direction of the 
tangent line, at the point in question. An inflection point is not necessarily a 
point of zero curvature, and conversely.) According to this definition, the curve 
y=x* has, of course, no inflection points. 

In algebraic geometry we are concerned to a considerable extent with com- 
plex or abstract fields, in which the above definition has no meaning.* The gen- 
eral viewpoint here (expressed with lack of clarity and consistency by many 


* The writer is indebted to the referee for this significant remark. 
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texts in English) seems to be the one clearly stated by R. J. Walker [3]. After 
remarking that the terms flex and point of inflection are identical, he defines a 
flex of a plane curve as a non-singular point at which the tangent line has n 
coincident intersections with the curve, where n= 3. Berzolari [4], in the section 
of the Encyklopddie on higher plane algebraic curves, refers to an ordinary in- 
flection point when n=3, and to a higher order inflection point when n> 3; in 
particular, the term undulation point is used when n =4. This is so for the curve 
y =x at the origin. (It is instructive to consider y=x!— kx? and let k approach 
zero. ) 

The only known reference to the fact that there are (in the real field) these 
two conflicting definitions is a short footnote in de la Vallée Poussin [5], which 
does not appear in the first edition but was added later. If the dual interpreta- 
tion is to continue, it would avoid confusion if writers of future texts on both 
subjects followed this lead, preferably including a reference to [2] and [4] or 
their equivalents. An alternative would be the universal adoption in algebraic 
geometry of the concise term flex, defined as above. A flex would be either an 
inflection point (z odd) or an undulation point (” even), extending the scope of 
this latter term; the distinction would be significant only in the real field. 
(Salmon [6| remarks: “Cramer calls those points at which the tangent meets 
the curve in an odd number of consecutive points, points of visible inflection, to 
distinguish them from points of undulation, which do not, to the eye, differ 
from ordinary points on the curve.’’) 
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HODOGRAPH OF A CENTRAL ORBIT 


Ku.pip StncH, National Defence Academy, Dehra Dun, India 
Let a particle move under a central force —f(r)(r/r) per unit mass where 7 
is the distance of the particle from the center of force, r is the vector from the 
center of force to the particle, and (r/r) is the unit vector in this direction. Then 
the equation of motion is 


Now r?(d0@/dt) =h, therefore 
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Let r=g(@) be the polar equation of the orbit with center of the force as the 
pole. If R is the position vector of any point on the hodograph (1.e., R is the 
velocity vector), then 


dR 1 @)(cos bi + sin 6) 
—_—_- = ee S Sl —y) 
di h “° rT 


where F(0@) =r*f(r), r=g(0). Hence, 
1 
R= -— f F(6) (cos 6i + sin 0j)d0 + C, 
which is the equation of the hodograph. 


Example. A particle describes a conic under a central force to the focus; 
show that the hodograph is a circle. 


ar a 
Since —_—_ = — — — » 
di? r? or 
a * (cos bi + sin 6) — 
— = — — (cos sin 6j) — - 
di h ar? 
Therefore 
L . . . 
R= — > (sin 4 — cos 6j) + C. 


Hence the hodograph is the circle 


2 
R? — mR-c + (cr “) = 0 
h? 
whose center has the position vector C and whose radius is p/h. 
N. B. The procedure adopted in the above example can be usefully applied 
to most of the examples on hodograph. 


PRINCIPAL VALUES OF CERTAIN INVERSE TRIGONOMETRIC FUNCTIONS 


C. B. READ and FERNA WRESTLER, University of Wichita 


Students often feel the definitions of the principal values of the inverse 
trigonometric functions are purely arbitrary. Texts in trigonometry may fail to 
point out that alternative definitions exist; they sometimes justify the defini- 
tions given on the basis of later use in the calculus. 

The calculus student in turn will be fortunate if his text explains why the 
particular definitions used were selected. He may for example wonder why 
—m/2SArc sin x S/2, rather than 7/2 SArc sin x $32/2. The first choice re- 
sults in a positive slope throughout the interval, in agreement with the usual 
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value of the derivative. This explanation may not be a satisfactory reason why, 
for x«S—1, we define —wSArc sec x<—7/2 rather than 7/2<Arc sec xr 
since the second choice would give a positive slope throughout while the first 
does not. Some calculus texts give the second definition; to many students this 
seems more consistent since it agrees with the definition for Arc cos x. 

Two suggestions are offered in justification of the choice, when xS —1, 
—m SArc sec x < —7/2. If in the usual derivation of the derivative of Arc sec x 
we let x=sec y, then dx/dy=sec y tan y=x tan y. If x21 and OSy<7/2, 
then tan y=+/x?—1; if xS—1 and r/2<yz, then tan y is —~V/x?—1, hence 
dy/dx = +1/x/x?—1, requiring the ambiguous sign. However, if when x S$ —1 
we define —rSy<—7/2, tan y is ~/x?—1 and for all cases dy/dx = +1/x~/x?—1 
(dy/dx is not defined at x= +1). 

As the second suggestion, consider the area bounded by y =1/(x+/x?—1) be- 
tween x= —2 and x=—v1/2. Clearly the area is negative but if the principal 
value of Arc sec x is defined as OS Arc sec x Sm, a positive result is obtained, 
suggesting reasons for another definition. 

These explanations may still leave the student (or the teacher) puzzled as 
to why the “natural” definition Arc sec x = Arc cos (1/x) should not be adopted. 
The ambiguity of signs discussed in the first suggestion just presented can be 
readily removed by defining 0 =Arc sec x =Arc cos (1/x) Sm and using absolute 
values in the formula 


1 
— Arc sec x = ——=: > 
dx | «| vx? — 1 
In the case of integration, we may write, for negative x, 
dx d(—x 
i = _ 4) 8 Are sec (—2) + C 
xv/ xn? — 1 (—x)/x? — 1 
xsl 
-{—=3= a| «| = = Arc sec |x| + C 
| |x| vx? —1 / x? — 


hence for x either positive or negative \ijev x2—1=Arc sec |x| +C(|x| 21). 

Use of this formula (analogous to fdx/x=In |x|-+C) and the definition 
0 <Arc sec x Sm gives, for the integration example presented, a negative result. 
It would appear, then, that there is really no necessity for an apparently artificial 
definition. 

It would not be out of order to suggest that authors might well devote a 
little more space to explaining why the particular choice of definition was se- 
lected. 


Note: The authors wish to thank the referee for a suggestion for expanding and improving 
this note. 


ELEMENTARY PROBLEMS AND SOLUTIONS 


EDITED BY Howarp EVEs, University of Maine 


Send all communications concerning Elementary Problems and Solutions to Howard 
Eves, Mathematics Department, University of Maine, Orono, Maine. This department 
welcomes problems believed to be new and demanding no tools beyond those ordinarily fur- 
nished in the first two years of college mathematics. To facilitate their consideration, solutions 
should be submitted on separate, signed sheets, within three months after publication of 
problems. 


PROBLEMS FOR SOLUTION 
E 1206. Proposed by W. E. Briggs, University of Colorado 


If n is a given positive integer, how many integral solutions does 
1/n = 1/x + 1/y 
have with x and y positive and unequal? 


E 1207. Proposed by R. D. Gordon, California State Polytechnic College 


Given two mutually perpendicular lines 4, and i in a plane, and a point Q in 
the plane located equally distant from /, and /,. Determine the locus of a point P 
in the plane if its distance from Q equals the sum of its distances from }, and h. 


E 1208. Proposed by Gretchen Geller, Student, University of California, Davis, 
Calif. 

Can a closed interval J be covered by an infinite set J of nondegenerate 
closed intervals in such a manner that no finite subset of J covers I? 

E 1209. Proposed by Hiiseyin Demir, Zonguldak, Turkey 

Let ABC be any triangle and (J) its incircle. Let (J) touch BC, CA, AB at 
D, E, F, and intersect the cevians BE, CF at E’, F’ respectively. Show that the 
anharmonic ratio D(E, F, E’, F’) is the same for all triangles ABC. 

E 1210. Proposed by Michael Goldberg, Washington, D. C. 


Given two equilateral triangles of edges a and 6. Show how to dissect them 
by straight cuts into a total of no more than six pieces which can be assembled 
into another equilateral triangle. When the ratio of the larger to the smaller 
satisfies a/b =+/3, then five pieces suffice. When a/b =4/3, four pieces suffice. 


SOLUTIONS 
Good, Better, Best 
E 1176 [1955, 493]. Proposed by J. L. Brenner, State College of Washington 
Given a, b, c, d real and ad—bc =1. Show that 
Q=0+4+0?+C+a+ac+ bd € 0,1, —1. 
186 
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I. Solution by Calvin Foreman, Baker University. We have 


20 —2= (a+ ¢)?+ (a—d)?+ (64+ 4)? + (64+ 0)’, 


the right member of which cannot vanish, since then c= —a=—d=b)=-—c re- 
quiring a =b =c=d=0 which contradicts the stipulation that ad—bc =1. There- 
fore 20—2>0, that is Q>1, from which the desired conclusion follows. 


II. Solution by A. P. Boblétit, U. S. Naval Ordnance Laboratory, Corona, Cal. 


Since 
Q — 3/2 = (a+ c/2 — 3d/4)? + (6 + 3c/4 + d/2)? + 3(c? + d?)/16 
it follows that Q23/2. 


III. Solution by Leonard Carlitz, Duke University. Actually 02/3, as is 
seen from the identity 


Q— V3 = (a+ c/2 — dvV/3/2)? + (b + cV/3/2 + d/2)?. 


That we can have Q=v/3 is seen by taking a?=1/3/2, b=—a//3, c=0, 
d=2a/V/3. 

Also solved by G. E. Bardwell, Hiiseyin Demir, I. A. Dodes, R. V. Esperti, 
Harley Flanders, H. M. Gehman, Michael Goldberg, A. J. Goldman, H. E. 
Gould, E. S. Grable, G. R. Grainger, D. S. Greenstein, W. G. Hanks, Vern 
Hoggatt, Raymond Huck, A. R. Hyde, L. E. Isenecker, J. D. E. Konhauser, 
A. E. Livingston, D. C. B. Marsh, W. H. McKenzie, J. D. Miller, F. D. Parker, 
Kincaid Patterson, Larry Potter and J. T. Robertson (jointly), C. E. Rhodes, 
D. W. Smith, J. A. Tierney, Gene Uretz, Chih-yi Wang, and Charlotte Yessel- 
man. Late solutions by Servet Aybat, Walter Guber and Sheldon Weinberg 
Gointly), M. J. Hellman, and M. A. Rashid. 


Three Associated Loci 
E 1177 [1955, 493]. Proposed by W. R. Utz, University of Missouri 


Describe the three types of plane loci of points the product of whose dis- 
tances from a point and a line is constant. 


Solution by D. C. B. Marsh, Colorado School of Mines. Let the fixed line be 
the y-axis and the fixed point the point (2a, 0) and denote the constant product 
by k. Then 


uy? +. 4?(4 — 2a)? = k? 


is the equation of the desired locus. 

The locus is symmetric in the x-axis, with y-axis as vertical asymptote and 
real intercepts on the x-axis for abscissae a+(a?+h)#/? and/or a—(a?+k)*/? 
which are real; excluded intervals likewise depend on the relative sizes of k 
and a*. (1) If k<a?, the curve consists of two branches asymptotic to the y-axis 
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and an isolated oval surrounding the fixed point; (2) if k=a?, the curve consists 
of two branches asymptotic to the y-axis, one of which has a loop on the x-axis; 
in the third case, (3), where k >a’, the loop has reduced to a point and the curve 
consists of two asymptotic branches only. A noteworthy similarity exists be- 
tween these curves and the conchoids of Nicomedes. 

Also solved by Michael Goldberg, A. R. Hyde, Larry Wan, and the proposer. 

The Proposer has found this problem an interesting one to pose to students 
in or beyond analytic geometry as it replaces quotient in the definition of the 
conics by product. Hyde presented carefully plotted graphs of the three types 
of loci and further distinguished a critical case for type (3) above. When 
a? <k <3+/3a?/4 the curve possesses four real horizontal tangents, when 
k =3./3a?/4 there are two real horizontal (inflectional) tangents, and when 
k > 3+/3a?/ 4 there are no real horizontal tangents. 


An Arithmetical Property of the Triangle 
E 1178 (1955, 493]. Proposed by A. J. Goldman, Princeton University 


Prove that there exists a positive constant c with the following property: 
If T is any triangle whose area exceeds c, then the product of the lengths of the 
sides of T is greater than the area of J. What is the best possible value of c? 


Solution by Calvin Foreman, Baker University. The product P of the lengths 
of the sides of T is greater than the area K of T if, and only if, the circumradius 
R exceeds + since P=4KR. The circumradius is minimal and equals 3 for a 
triangle of prescribed area when the triangle is an equilateral triangle whose area 
equals (3/64)\/3. The desired conclusion follows, and the best value of ¢ is 
(3/64) V/3. 

Also solved by Fred Cherry, Michael Goldberg, D. S. Greenstein, R. E. 
Heaton, Vern Hoggatt, A. R. Hyde, Sam Kravitz, C. W. Langley, D. C. B. 
Marsh, C. M. Sandwick, Sr., Chi-yi Wang, and the proposer. Late solutions by 
C. H. Borgmeyer, John Christopher, C. F. Pinzka, and J. W. Ross. 


Limit of an Iterated Operation 
E 1179 [1955, 493]. Proposed by C. D. Olds, San Jose State College 
Let f be an operator such that f(z) =( | z| +z)/2, and define f(z) =f{f(z) }, 
- ++, f(z) =f{fe-'(z) }. Evaluate 
lim f"(4), where i=+/—1. 


nN 0 


I. Solution by Michael Goldberg, Washington, D. C. The procedure can be 
visualized by the use of the Argand diagram. The value f! is midway between 
1 and 7; f? is midway between f! and | fi : etc. Therefore 


| | = | fe*| cos (4 /2"*). 


The limiting value is real and is evaluated by the well known infinite product 
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cos 7/4 cos 7/8 cos 7/16 +++ = 2/z. 


II. Solution by Michel McKzernan and Berthold Schweizer, Illinois Institute 
of Technology. The problem may be solved for any zg. Let z=r exp (20). By con- 
structing the vector f(z) in the complex plane it is readily seen that 


f(z) = 7 cos (0/2) exp (16/2), 


and that, in general, 
f(z) = al I Cos (0/25) | exp (7 6/2"). 
Since (see, e.g., Knopp, Infinite Series, p. 228) 
II cos (6/2*) = (sin 6)/6 


k=1 


we have 
lim f"(z) = (7 sin 6)/6, 


and in particular, 
lim f*(7) = 2/r. 
n--> 0 


Also solved by W. A. Al-Salam, G. B. Charlesworth, Marius Cohn, Hiiseyin 
Demir, A. L. Epstein, Thomas Erber, R. V. Esperti, Calvin Foreman, A. J. 
Goldman, D. S. Greenstein, J. R. Hatcher, R. E. Heaton, A. R. Hyde, Rufus 
Isaacs, P. G. Kirmser, J. D. E. Konhauser, D. C. B. Marsh, W. H. McKenzie, 
C. S. Ogilvy, F. D. Parker, Paul Payette, C. A. Rogers, B. D. Seckler, Eugene 
Usdin, Chih-yi Wang, J. V. Whittaker, and the proposer. Late solutions by 
T. Y. Chow, P. B. Johnson, and M. S. Klamkin. 


Editorial Note. The limit of the infinite product is apparent from 


= = cos (6/2) Ne = cos (6/2) cos (6/4) a 
sin (0/2*) . 


= +++ = 608 (0/2) c0 (0/4) + + + cos (0/2!) — 


The problem is intimately tied up with Vieta’s famous infinite product for 2/7 
and also with the well known quadratrix of Hippias and Dinostratus. 
The 2319th Digit in 1000! 


E 1180 [1955, 493]. Proposed by M. S. Klamkin and Alex Kraus, Polytech- 
nic Institute of Brooklyn 


Determine the 2319th digit in the expansion of 1000!. 
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Solution by J. B. Muskat, Cambridge, Mass. By Stirling’s formula we find 
that the expansion of 1000! has 2568 digits. Since 5 divides 1000! 249 times, and 
2 divides 1000! more than 500 times, the expansion of 1000! terminates in a 
string of 249 zeros. Further, since 2568 —249 =2319, the digit we seek is the 
last non-zero digit in the expansion. Clearly this digit is even, and depends upon 
the last digits of the factors 1, 2, 3, - +--+, 1000 of 1000! after removal of all 
factors 5. Taking the factors successively in sets of ten and removing the mul- 
tiples of 5 we have, for the product of the final digits of the remaining factors 
in each set, 


(1) 1-2-3-4-6-7-8-9 = 6 (mod 10). 


There are 100 of these products, leaving 200 numbers which are divisible by 5, 
and if 5 is factored out of each, 200! remains. We then have 20 more products 
like (1), leaving 40 numbers which are divisible by 5, and if 5 is factored out of 
each of these, 40! remains. We get 4 more products like (1), leaving 8 numbers 
which are divisible by 5, and if 5 is factored out of each of these, 8! remains. 
Dividing out 5 once more, we have left 


1-2-3-4-6-7-8 = 4 (mod 10). 


Now 4-61!%4=4 (mod 10), whence 4 is the last digit in (1000!) /5%4°. But 2749 must 
also be divided out to complement the 54°, Since 2249=2 (mod 10), it now follows 
that the last digit in (1000!) /102°, which is the digit we are seeking, is 2. 

Also solved similarly by the proposers. Different (in some cases incorrect or 
incomplete) solutions were given by G. E. Bardwell, Hiiseyin Demir, G. B. 
Charlesworth, Fred Cherry, Michael Goldberg, A. J. Goldman, A. R. Hyde, 
C. W. Langley, D. C. B. Marsh, C. S. Ogilvy, Paul Payette, Walter Penney, 
B. E. Rhoades, C. M. Sandwick, Sr., and Chih-yi Wang. Late communications 
from H. F. Bennett, John Christopher, Jerome Manheim, and Harold Saks. 


ADVANCED PROBLEMS AND SOLUTIONS 


EpitEp BT E. P. STarKE, Rutgers University 


Send all communications concerning Advanced Problems and Solutions to E. P. Starke, 
Ruigers Uniersity, New Brunswick, New Jersey. All manuscripts should be typewritten 
with double spacing and margins at least one inch wide. Problems containing results believed 
to be new or extensions of old results are especially sought. Proposers of problems should also 
enclose any solutions or information that will assist the editor. In general, problems in well 
known textbooks or results in readily accessible sources should not be proposed for this de- 
partment. 


PROBLEMS FOR SOLUTION 
4670 [1956, 47]. Correction. For (0, ~) read [0, «). 
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4671 [1956, 47]. Correction. 

The factor a?"*! should appear in the right member of the required relation. 

4678. Proposed by M. R. Spiegel, Rensselaer Polytechnic Institute 

Evaluate 

tan! 1 — tan! $+ tan-!#— ---, 

4679. Proposed by Hiiseyin Demir, Zonguldak, Turkey 

If A,A,A3A,A; is a cyclic pentagon and if 22;; denotes the orthopole of the 
line A;A; with respect to the triangle formed by the remaining three vertices, 
then prove that the ten points {2;; all lie on a circle. 

4680. Proposed by M. S. Klamkin, Polytechnic Institute of Brooklyn 


Solve the following generalization of Clairaut’s differential equation 

ayy! / gn—ly(n—1) a" Fy (n)) 

+ «++ (—1)2-!) ———— + (-—1)* ———— 
2! (“) (n — 1)! (“) n! 


4681. Proposed by Jack Klugerman, Evans Signal Laboratory, Belmar, N. J. 


= Gly). 


Given a real symmetric matrix A which is triple diagonal, 7.e., it has a 
diagonal, an upper diagonal, a lower diagonal, and the remaining elements are 
zero; if c is the eigenvalue with highest multiplicity m, then there must be at 
least m—1 zeros in the upper diagonal. 


4682. Proposed by R. C. Lyness, Preston, England 


(a) Prove that when the series 


1+ D/( ” )= 


is convergent, its sum, y, satisfies y=1-+xy. 


(b) Prove also that 
frat B—-i\2 y-1 
> ( )=-2—. 


r=l r—1 r B 
SOLUTIONS 
An Invalid Inequality 
4603 [1954, 571]. Proposed by H. S. Shapiro, New York University 
Given x;20, ¢=1, 2, --+, 2. Establish 
x Xn— Xn n 
= +——+--. =) 
Xe+ 3 xg % tnt Mt 2 


equality occurring only if all denominators are equal. 
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Note by F. H. Northover, Memorial University of Newfoundland. I am indebted 
to Professor M. J. Lighthill, F.R.S., of Manchester University for the following 
counter-example. 

Let n=20 and take x1, xe, - + + , X99 (in that order) to be 1+5e, 6€, 1+4¢, 5e, 
1+-3e, 4e, 1+26, 3e, 1+e, 2e, 1+2e, €, 1+3¢€, 2e, 1+4e, 3e€, 1+5e, 4e, 1+66¢, 5e; 
where e€ is small. We can easily establish 


x1 Xo 4 X19 X20 


+ e e 
Ho+- X%3 Xs -t X% Xoo + 41 = + Me 


= 10-— 2+ O(e), 
and so, for e small enough, the expression is less than n/2 =10.* 


Simultaneously Vanishing Real Functions 
4617 [1954, 719; 1955, 186]. Proposed by Albert Wilansky, Lehigh University 


Let {un}; {on} be real sequences, 2 =2, 3, 4, -- - , such that 


> (tn +o) <1. 


Let f, g be real continuous functions of two real variables x, y, x?-+y?S1, 
such that 


f(cos 6, sin 6) = cos 6 — >) (tu, cos nO + v, sin 76) 
g(cos 6, sin 6) = sin 6 — >> (v, cos 0 — un sin 76). 


Show that f, g vanish simultaneously at some point (x, y) for which x?+y? <1. 
Solution by the Proposer. The hypothesis on un, ¥, should read >) (un?-+0n”)"/? 
<1. With this change, let 


ive) 


iz) = Z— 2a (thn + itn) for |z| = 1 


f(x, y) + ig(x, y) for |z| =|*+iy| <1. 


Then / is continuous on the complex plane, h(z)/z—>1 as z ©, and h(z) has no 
zeros for | 2 2 1 since the hypotheses ensure that, for such gz, | h(z) | > | 2| —120. 
By a well-known result (e.g., problem 4475 [1953, 271]), has a zero. This gives 
the result. The method can obviously be applied to more complicated examples. 

Also solved by A. J. Goldman and J. J. Kohn who remark that, with the 
original hypotheses it can only be shown that f, g vanish simultaneously at 
some point (x, y) for which x?+y? <1. 


* The proposer submitted proof that the inequality is true for 7 =3, 4, but confessed that he 
had not found a proof for greater values. C. R. Phelps proved the case 2 =5. Nine alleged “proofs” 
for general ” were received by the editor. 
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Hermitian Matrices 


4618 [1955, 45]. Proposed by A. Oppenheim, University of Malaya, Singa- 
pore 


A = (a4), B=(bs) are two non-negative definite Hermitian matrices of order 
n. Cy is a matrix whose elements are ay, +09. If a, b, c, are the determinants of 
A, B, Cn, prove that c,2(a+b)". 


Solution by the Proposer. Let E=(ex), F=(fux) be non-negative definite 
Hermitian matrices. Then G=(eyx-fx) and H=(ex+fx) are both non-negative 
definite Hermitian matrices and their determinants satisfy the inequalities 


(1) g 2 gf, 
(2) jiln > elln + film, 
(See Journal London Math. Soc. 5(1930), 114-119 for references and proofs.) 
Let A =(ax), B=(bs%) and write 
Am = (dix), Bm = (62), = Cm = Am+ Bm, (m= 1,2,-+-). 
If the respective determinants are Gm, Dm, Cm, then, by repeated application of (1), 
am = a”, bn 2 0”, 


and, by (2), 


1/n i/n i/n 
Cm 2 Am + bm 2 amin + min, 


In particular, with m=n, c,2(a+b)", the inequality of the problem. 
A Generalization of Ptolomey’s Theorem 


4619 [1955, 45]. Proposed by V. F. Ivanoff, San Francisco, California 


Let L;, 1=1,2, +--+, 5, be five lines in space. Denote the angle between L; 
and L; by (27). Prove that the determinant 


= 0 (i,j = 1,2,---,5). 


Solution by Louise A. Wolf, University of Wisconsin. We have 


14 1 — cos (47 
sin? Su = en = 3(1 — xxj — yyy — 22;), 


where x;, y;, 3; are the direction cosines of L;. Thus 


| A| = sint = —|1— xa; — yiy; — 22;| , 


which can be expressed as the product of the two singular determinants 
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1am a 0 1 1 1 1 1 
, 1 xX yo 2 O —% —-X%. —X%3 —-X4, —Xs 
| A|= 30 1 x3 ys 23 O —y Yo ys Ye —¥Y 1, 
1 x ys @ O —% —2. —%3 —%4 —25 
1 % vy % O 0 0 0 0 0 


and hence | A| =0. 
Also solved by Robert Breusch, William Kruskal, Bela Sz.-Nagy, H. A. 
Osborn, M. F. Smiley, J. A. Tierney, Chih-yi Wang, and the Proposer. 


Editorial Note. The Proposer notes that the corresponding determinant of the 
fourth order vanishes if Z,, ---, Z4 lie in a plane. In fact the problem can be 
traced to the following problem in Salmon, Conic Sections (1879), p. 134: To find 
the relation connecting the mutual distances of four points on a circle. The 
answer is | (ij)?| =0, where (2) is the distance between points P; and P;. What 
about more than three dimensions? 


An Infinite Radical 
4620 [1955, 45]. Proposed by Herman Hanisch, New York University 


Evaluate 
VIF VI + 3VIFEVIF Vip 
Solution by N. J. Fine, University of Pennsylvania. For x>0, let 
fle) = VI + 0/14 (a + VT + @tu-)Vid¢@Pn) 
Clearly f,(x«) increases with n. But 
e+-1 = 71+ x(* + 2) 
= VI +t evi + (@ + 1)(« + 3) 


Vitevi+ @+IVif--- + @tn— lata tl) > fala). 
Hence f(x) =limn..fn(x) exists, and f(x) <x+41. Also 


(a) > VIF @Vit evi payee tt 
2 


Thus x <f(x) S$x+1. Let 6(x) =x+1—f(x). Then 0S$6(x) <1. From the easily 
derived functional equation 
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f(x) = 1+ af(« + 1) 


we get 
(x + 1+ f(x))6(~) = xd(~ + 1). 
Hence 
0< 3(q) < fer) & ce tM I 
x x+l1 x+t+n x+n 


So f(x) =x-+1 and the given expression =/f(2) =3. 

Also solved by Robert Breusch, W. B. Carver, M. S. Cohen and Cornelius 
Groenewoud, Gerald Freilich, Emil Grosswald, H. M. Gurk, Edgar Karst, 
M. A. Kirchberg, Eugene Levin, D. J. Newman, F. H. Northover, F. R. Olson, 
Walter Penney, C. R. Phelps, W. G. Preble, H. D. Ruderman, Daniel Shanks, 
M. R. Spiegel, O. E. Stanaitis, T. Vij, Viadeta Vucékovié, J. V. Whittaker, and 
Koichi Yamamoto. 


Editor1al Note. Yamamoto mentions that the problem was proposed by 
S. Ramanujan. See Collected Papers, Cambridge 1927, p. 323, Question 289 
(Journ. Ind. Math. Soc., III, 90). For this and similar problems, refer to a 
paper, On infinite radicals, by Aaron Herschfeld, this MONTHLY, August— 
September 1935, pp. 419-429. 


A Diophantine Problem 
4621 [1955, 45]. Proposed by Victor Thébault, Tennie, Sarthe, France 


For each of the following equations 
u(3x% + 1)(64 + 1) = ky?, k=1,2,---,6, 
find the solutions in positive integers or prove it insoluble. 


Solution by W. J. Blundon, Memorial University of Newfoundland. Since x, 
3x+1, 6x-+1 are relatively prime in pairs, their square-free factors are given by 
the following table: 


Case k x 3x+1 6¢+1 Case R x 3x+1 6c+1 
I 1 1 1 1 VI 5 5 1 1 
II 2 2 1 1 VII 5 1 5 1 
III 2 1 2 1 VIII 5 1 1 5 
IV 3 3 1 1 IX 6 3 2 1 
V 4 1 1 1 x 6 6 1 1 


If 6x-+1=5m?, or 3x-+1=5m?, or 3x-+1=2m?, then 2m?=1 (mod 3) which is 
clearly impossible. Therefore cases III, VII, VIII, IX all fail, and it follows that 
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3x-+-1 and 6x-+1 are perfect squares. Let 6x-++1 = X?. Then the original equation 
becomes 


X® — X? = 12ky? k = 1, 2,3, 4, 5,6. 


Let a be the product of the square-free factors of 12k. Then the equation reduces 
to the form x4—1=aZ?, where a is given by 


Case I II IV V VI x 
a 3 6 1 3 15 2 


Now it is known that X4— Y4=aZ? has no integral solutions (other than 
X =Y, Z=0) when a=1, 2, 3. Therefore cases I, IV, X fail. The only integral 
solution for X4— Y4=15Z? with Y=1 is (2, 1, 1) which is clearly inadmissible 
here. In the remaining case II, X*— Y4=6Z? has only one solution when Y=1, 
namely (7, 1, 20). Thus the given equations have no solutions unless k =2, and 
for this value, the unique solution x =8. 

Also solved (partially) by D. C. B. Marsh and R. Venkatachalam Iyer. 


RECENT PUBLICATIONS 
EpiTED By E. P. VANCE, Oberlin College 


All books for review should be sent directly to E. P. Vance, Oberlin College, Oberlin, Ohio 


Universal Mathematics.* Part I. Functions and Limits. Preliminary Edition. By 
the 1954 Summer Writing Group of the University of Kansas. Lawrence, 
Kansas, Student Union Book Store. 1954. 10-+310 pages. Planographed. 
$2.75. 


This book is based upon an outline prepared by a committee of the Mathe- 
matical Association of America which was appointed to study the undergraduate 
program in mathematics and to make recommendations relating thereto. Part I, 
Functions and Limits, encompasses only the first semester’s work of the fresh- 
man year and is intended for a course meeting three times per week. It is to be 
followed by Part IT, Structures in Sets, which is to constitute the second semester’s 
work. As the name implies, Universal Mathematics is intended to be used in a 
basic course in mathematics for all students, including engineering students. 
It is designed for students with normal high school preparation consisting of at 
least two years of high school mathematics, including intermediate algebra. 

The book deviates sharply from other books on first year college mathematics 
both in its organization and in its content. In organizing their material the 


* Editorial Note: In connection with this review the reader should refer to the following ac- 
count by Professor Duren of his experiences in teaching this book at Tulane. 
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authors have given parallel presentations of almost every topic covered, one 
treatment being essentially intuitive, and the other a formal and more difficult 
treatment. It is not intended that the formal treatment be followed continuously 
but that appropriate selections of theorems and proofs be made by the instruc- 
tor. 

More emphasis is placed upon concepts and ideas than is customary in 
books at this level and the authors recognize that the average student with only 
normal preparation will not acquire from this book alone the manipulative 
techniques which are necessary for the further study of calculus and analytic 
geometry. The authors suggest that this situation be met by adding a “Technical 
Laboratory” course to the curriculum of the freshman year. This course would 
meet two hours per week throughout the year and would be intended for engi- 
neering students and other students who plan to take calculus and analytic 
geometry during their sophomore year. 

The many departures from tradition in this book are not suggested by the 
chapter headings, which are as follows: I Coordinate Systems. II Scientific 
Measurements. III Functions. IV Limits. V Derivatives. VI Integrals. VII The 
Logarithmic and Exponential Functions. VIII Summary. In addition there is a 
fifteen page introduction and an eight page appendix. The Introduction con- 
tains an interesting discussion of the relationship of mathematical theories to 
the natural universe. The difference between empirical and mathematical 
proofs, the role of intuitive reasoning in mathematics, and the need for further 
mathematical theories are also discussed in the Introduction. Some of the ideas 
in the Introduction are followed up in the second chapter, where it is explained 
how real numbers and vectors are used for the measurement of physical quan- 
tities. 

Throughout the book a serious effort has been made to present real mathe- 
matics at an elementary level. This is exemplified in the first chapter, where a 
careful discussion of the real number line by means of postulates is given. The 
real numbers are represented as infinite decimals and the postulate for a least 
upper bound is invoked to insure their existence. Further properties of real 
numbers, based upon the postulates for a complete ordered field, are given in the 
appendix. The treatment of real numbers paves the way for a discussion of ap- 
proximate measurements and intervals, and for a discussion of the plane and its 
Cartesian coordinates. Vectors are introduced by means of parallel displace- 
ments and play a prominent role in the mathematical description of the plane. 
The usual analytic Euclidean geometry of the plane is by-passed in favor of a 
geometry of graphs (in which distances not measured along the axes, angles, 
circles, and arc length are undefined concepts). A relation is defined as a subset 
of the pairs which form the Cartesian product of two sets, and graphs of various 
kinds of relations are constructed. 

Functions are introduced as special (single-valued) relations. A careful dis- 
tinction is made between a function f and its functional value f[a] at a. Brackets 
are used to indicate functional values whereas parentheses designate composite 
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functions. The letter x, when placed in parentheses after another function, is 
used to represent the identity function on a set X, so that if a is an element of X 
we have f(x) [a] =f[x[a]]=f[a], and there is no logical distinction between f and 
f(x). Polynomial functions and the algebra of these functions are discussed with 
reasonable thoroughness. A minor criticism might be made that it is neither 
proved nor stated that a polynomial function is expressible uniquely, and that 
without such uniqueness the concept of the degree of a polynomial is not well- 
defined. Convex sets on a line and in the plane, as well as convex functions, are 
also discussed in the chapter on functions. 

The theory of limits which is used is based upon the Moore-Smith definition 
of a limit, which depends upon the properties of partially ordered sets. One 
might believe that these concepts would prove to be bitter pills for most be- 
ginning students. However this may be, and the reviewer is not too sanguine, 
the pills are sugar-coated with good illustrative examples and meticulous 
explanations. The more usual epsilon definition of a limit is given in the guise 
of a theorem. Limits of functions and continuous functions are defined and dis- 
cussed for functions whose domains are convex sets. The theory of limits which 
is adopted leads to an elegant theory of the derivative and the definite integral. 

The divided difference of a function over a neighborhood in its domain, 
which in a sense is a generalization of the familiar difference quotient, is funda- 
mental to the authors’ definition of a derivative. This divided difference is in 
fact an interval in which each point designates a difference quotient. The 
derivative is then defined as the final residue which is contained in all of the 
divided differences which are generated by a certain convergent limit process. 
If the limit process does not converge the final residue is a proper interval rather 
than a point, in which case the derivative does not exist. Even in this case the 
divided difference is a useful concept for the study of functions. These ideas are 
of course expressed in a precise mathematical form in the book. Standard topics 
such as the mean value theorem, maxima and minima, rates, motion, and in- 
verse functions are in no way neglected. 

The chapter on integration begins with a discussion of partitions, step func- 
tions, areas bounded by step functions, and Riemann sums. The Riemann sum 
which is defined, and which is fundamental for the definition of the definite in- 
tegral, is not the classical Riemann sum, but is defined as a certain interval in 
which each point designates a classical Riemann sum. This makes possible the 
definition of a definite integral as a Moore-Smith limit of Riemann sums. 
Proofs of the fundamental theorem of the integral calculus, the substitution 
theorem, and the theorem for the existence of a definite integral of a continuous 
function are then given with an economy of effort. Existence theorems for 
definite integrals of monotone functions and sectionally integrable functions 
are seldom or never discussed in elementary courses, but they are proved in 
this book. The logarithmic function is defined by means of a definite integral 
and e is defined by the equation In[e]=1. It is shown that e* is the inverse 
function of In(x) and the properties of In(x) and e* are derived. 
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The authors have indicated on the cover of the book that it is “a book of 
experimental text materials.” Trial and experiment will determine how much 
of the material can be effectively incorporated into courses designed for a large 
number of beginning students. The formal exposition, which is in a fairly con- 
cise mathematical style, will probably require, for the most part, more in- 
tellectual effort and innate mathematical ability than can reasonably be ex- 
pected of most beginning students. But under the guidance of a experienced 
teacher the more able and ambitious students can study much of this material 
profitably. A larger number will be able to profit from the more discursive in- 
tuitive treatment upon which most of the class work is supposed to be based. 
This treatment makes use of diagrams, figures, and good illustrative examples 
wherever these aids are helpful. Both the formal and intuitive treatments in- 
clude adequate lists of well chosen exercises. In the opinion of the reviewer the 
book would be easier to read if the formal parts were placed in appendices at 
the ends of the various chapters instead of being interspersed with the intuitive 
parts. 

In spite of the general excellence of the exposition the reviewer believes that 
even the intuitive treatment will be difficult for most students to follow and 
that the instructor will not always find it easy to present the material effectively. 
But, as Professor Alfred Whitehead once wrote: “Whenever a textbook is written 
of real educational worth, you may be quite certain that some reviewer will say 
that it will be too difficult to teach from it. Of course it will be difficult to teach 
from it. If it were easy the book ought to be burned; for it cannot be educa- 
tional.” 

Whether or not he expects to experiment with a course organized along the 
lines of this book the teacher of mathematics will do well to examine the book 
carefully. Its treatment of classical subject matter from a fresh and modern 
viewpoint will give him a deeper insight into his subject which cannot fail to 
have an impact upon his teaching. 

H. P. Evans 
University of Wisconsin 


TULANE EXPERIENCE WITH UNIVERSAL MATHEMATICS, PART I 


The University of Kansas and the Social Science Research Council supported 
in 1954 a Kansas Summer Writing Group which wrote a book of experimental 
text materials called: Universal Mathematics, Part I, which was an effort to put 
into concrete form some of the results of the studies of the Committee on the 
Undergraduate Program in Mathematics of the Mathematical Association of 
America. This hastily written preliminary edition was given a mass trial at 
Tulane University as a universal mathematics course for all first year students 
who do not have to take intermediate algebra. Some 750 students in engineering, 
liberal arts, and business administration were involved. About 28 instructors, 
ranging from graduate teaching assistants to full professors, took part in the 
trial. Recently, a staff meeting was held to discuss the results, 
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The book is not yet suitable as a textbook and caused considerable difficulty 
to students and instructors. The main trouble is that students cannot read it. 
However, the chairman’s proposal to replace it with one of the existing mathe- 
matical analysis texts met with unanimous opposition. Most of the staff 
wanted radical revisions of the book. Moreover, the failure rates using this text 
were higher than normal, although the conclusion that this was due entirely to 
the text is unwarranted since the quality of freshman classes was poorer than 
usual. 

One thing is clear; and that is the fact that Universal Mathematics is not 
adaptable to students whose high school background in mathematics is scant. 
It was not intended to be “universal” in the sense that everybody should take 
this course at the beginning of the first college year, but universal in the sense 
that is for everybody who continues mathematics after acquiring competence in 
intermediate algebra and geometry. Thus some students are ready for Universal 
Mathematics while still in school and others are not ready for it when they 
enter college. It was written to what the Committee judged to be realistic 
prerequisites for a beginning first year college student whose high school train- 
ing properly qualifies him for the traditional first college courses in mathe- 
matics. 

In judging the value of Universal Mathematics, Part I, it should be em- 
phasized that it was not intended to be a textbook in the proper sense. For one 
thing, it includes entirely too much material, too many different ideas, for a 
textbook. A proper textbook should be much simpler. This book was intended 
as a kind of mother of textbooks. Another aspect of it, which cannot be over- 
looked, is the unusual method by which it was uncompromisingly written. The 
book was written with two relatively complete and independent presentations. 
First a formal account was written to establish the mathematical structure of 
the work. After the formal account, with its postulates, definitions, theorems, 
and proofs was complete, an intuitive presentation was written to follow it 
closely in the same order. The two accounts appear side by side in the book. 
The intuitive account is used in the classroom, with the formal one as a refer- 
ence. This method has several advantages and disadvantages. With the com- 
plete mathematical theory established and made dominant by principle, the 
textbook writer’s usual freedom to choose his material and to choose the order 
of presentation of his topics is severely limited. It requires much more imagina- 
tion to find appropriate motivations and interpretations for young students if 
mathematical theory determines the formulations of concepts and their order 
of introduction, while serious teaching purpose dictates that the concepts shall 
be well motivated and supported by meaningful exercises so as to become part 
of the student’s working mental equipment. However, it turns out that if the 
really general and abstractly simple form of the theoretical ideas is chosen then 
the interpretation becomes surprisingly easy and rich. 

Thus the advantages of the dual presentation, mathematical and intuitive, 
lie in the fact that every intuitive or incomplete exposition will definitely permit 
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expansion and elaboration in a correct formal theory which has been set down 
in axioms. Moreover the “hard” theory is out of the way so that the “easier” 
intuitive account can be read by itself, with the student and teacher, instead 
of the textbook writer, determining when they shall turn to the more austere 
formal theory; yet the formal theory fits with the intuitive account both in 
notation and structure so that this desirable transition is facilitated. The 
Tulane experience indicates that this was realized in practice. A disadvantage 
of the method is that the first stage of intuitive simplification here presented is 
still too formal. It needs at least two more stages of simplification and many 
more exercises. Another aspect of the same difficulty is concerned with the com- 
promise between a correct formal mathematical language and the common class- 
room jargon of elementary mathematics. This method of writing does not 
facilitate the making of such a compromise and results in difficult reading even 
on the intuitive side. 

The excess of ideas had interesting effects. The early introduction of rela- 
tions and vector concepts which was a kind of side issue seemed to appeal to 
many instructors and students, though others did not like it. In general, one 
class would take hold of one set of ideas, and another class a different one. 
Some instructors found the Introduction very stimulating and used it as a part 
of the text material. The radical method of presenting limits was well liked by 
some and disliked by other instructors. One set of ideas seems to have been 
almost universally disliked, and that was the treatment of the divided difference 
as an interval of numbers. The chapter on scientific measurement was omitted 
to shorten the course. The fact that the book presents more ideas than is con- 
sidered desirable caused unfavorable first reactions on teachers. Mathematics 
textbooks are required by convention to be as empty as possible of ideas, cer- 
tainly empty in comparison with a textbook in chemistry, such as that of 
Pauling, or a first college textbook in physics. The Tulane trial seems to indicate 
that, although an idea-packed book requires that the teacher help the students 
to read the book, it turns out to be less boring to him in the end and also more 
interesting to the better students, without causing excessive trouble for the 
slow student. Why don’t we use textbooks in mathematics which have a high 
density of ideas? What could it hurt? 

Some of the defects of the book as a textbook could be obviously remedied 
by some worked-out examples, some answers to the problems, and more ex- 
ercises. The method of paging two parallel accounts could be much improved, 
though it is more inconvenient to a casual reader than to a student who studies 
the book. 

One of the Committee’s general efforts seems to have been fairly well 
realized. This was an effort to rogue out unessential prerequisites to the study 
of calculus. An important one of these was the reexamination of the relation of 
the Euclidean analytic geometry to the calculus. The Universal Mathematics, 
Part I was written with a consistent “graphs” geometry, which is the geometry 
of the Cartesian product of the real line and the real line without the imposition 
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of the invariant Euclidean metric in the plane. Perhaps, teachers will feel that 
this is a doctrinaire position, but it seems in trial to make things actually easier. 
The modified Menger notation scheme seems to cause no particular difficulty if 
one does not attempt to explain it, and it may make teachers feel more honest. 

There is still a serious difficulty in getting through the foundation of the 
elementary calculus. The method of writing so far has resulted in an excessive 
dwelling upon the real numbers system in the beginning although it was the in- 
tention of the authors to find a correct but brief foundation for calculus. A 
simpler start must be found. But despite the over-formality of this writing, the 
calculus theory presented does represent a real simplification. 

At Tulane, as everywhere else, when the students actually get to elementary 
calculus they find it interesting and comparatively easy. In short, the Tulane 
experience indicates that elementary calculus is more appropriate for beginning 
college students than college algebra, or trigonometry, or analytic geometry. 
The morale of the students is better, and the technical difficulties with it are 
less than in the conventional subjects. Moreover, there is still reason to hope 
that students will learn more algebra by studying a well simplified calculus 
than they will in a course in algebra. 

The treatment of the exponential and logarithmic functions before the 
trigonometric function worked out well. The fact that the calculus was imbedded 
in the “graphs” geometry dictates a postponement of the study of the trigo- 
nometric functions until one returns to Euclidean geometry. This analytic 
trigonometry can be postponed to the beginning of the second year calculus 
without causing any difficulty in most programs. 

Thus Universal Mathematics, Part I, belongs to a growing trend in first 
year college mathematics to start with calculus as soon as possible and on as 
simple a foundation as possible. Whether one continues with more calculus and 
geometry in the second semester or whether one turns to sets and integers, as 
Universal Mathematics, Part II, proposes to do, is a matter to be determined by 
what is the most valuable in actual experiences, rather than by opinion. The 
Committee is preparing Part II which is formally sets and integers and in- 
tuitively “choice and chance” to make a comparison by experience possible. 

W. L. DuREN, JR. 
Tulane University 


Differential and Integral Calculus. By H. M. Bacon. Second Edition. McGraw- 
Hill Book Company, New York, 1955. vii-+547 pages. $6.00. 


Calculus. By William L. Hart. D. C. Heath & Company, Boston, 1955. xiii+-626 
pages. $5.50. 
The first edition of Bacon’s book was published in 1942 but apparently was 
not reviewed in this MONTHLY at that time. The author states that several sec- 


tions have been rewritten for the second edition but he does not claim to have 
added new material or to have changed the order of topics. This book is typical 
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of a large number of texts designed for use in traditional introductory courses 
devoted primarily to the development of formal skills. It deserves to be ranked 
among the best of its class. While individual sections are well written and show 
the result of careful planning in the light of much classroom experience, the 
general organization of the topics could be improved. For example, the pres- 
entation of some sixty pages of material on the computation of anti-derivatives 
before giving any motivation for such activity has obvious disadvantages as 
does a long chapter on limits placed at the very beginning of the text. (The 
author mentions in the preface that this chapter on limits can be omitted.) 
Solid analytic geometry is presupposed and the discussion of partial derivatives 
and multiple integrals is rather brief. The book closes with a chapter on the 
elements of differential equations. 

Several factors combine to render Hart’s book an outstanding addition to 
the list of calculus texts. In the first place it is more extensive than most books. 
At least three semesters would be needed to present all of the material which it 
contains. This is due in part to the fact that in addition to rather full but more 
or less standard chapters on differential equations and hyperbolic functions 
there are three chapters devoted to advanced topics in partial differentiation 
and their applications in which are treated matters such as envelopes, implicit 
differentiation in general systems, elementary differential geometry of space 
curves and surfaces, Taylor’s series for functions of two variables, etc., which 
are not often found together in one elementary text. The definite integral is in- 
troduced as soon as the usual material on the differential calculus has been dis- 
cussed, and the student is required to compute some of these by elementary 
summation and limiting processes before any connection with anti-derivatives is 
mentioned. The sequence of three chapters on methods of integration is inter- 
rupted by a chapter in which the major applications of the definite integral 
are presented. (The fact that the discussion of centroids and moments of inertia 
is here confined to the case of one dimensional mass distributions, while the dis- 
cussion of these topics in the case of two and three dimensional distributions is 
postponed until multiple integrals are available deserves to be noted and ap- 
proved.) While plane analytic geometry is a prerequisite, such topics as para- 
metric equations and polar coordinates are treated ab initio. In fact, unusual 
emphasis is placed on the parametric form. This yields some useful results, not 
the least of which is a most convincing intuitive derivation of L’ Hospital’s rule. 
There is an excellent chapter on solid analytic geometry, and the emphasis 
which has been placed on parametric equations makes the transition to space 
curves a simple matter. A most conspicuous feature is the steady increase in the 
level of sophistication as the book progresses. At no stage however, is there 
hesitation in mentioning results which have proofs beyond the level of the book. 
When this is done the meaning and use of the theorems mentioned are well il- 
lustrated by examples. 

H. T. MuHLy 
State University of Iowa 


OBITUARY 
WILLIAM DEWEESE CAIRNS 
IN MEMORIAM 


William DeWeese Cairns was born in Troy, Ohio, on November 2, 1871, 
and died on July 15, 1955, in Pasadena, California. In 1898 he married Iva M. 
Crofoot, and there were two children, Mary Catharine Cairns who died in 1938, 
and Robert W. Cairns who is Director of Research for the Hercules Powder 
Company of Wilmington, Delaware. After the death of his first wife he married, 
in 1930, Mrs. Bertha N. Pope of Oberlin, who survives him. He was a member of 
the Congregational Church. 

After preparation in the Troy High School, Cairns entered Ohio Wesleyan 
University where he received the A.B. degree in 1892. He taught physics in the 
Troy High School during the years 1894-96, and then went to Harvard Uni- 
versity where he received the A.B. degree in 1897 and a year later, as Schattuck 
Scholar, the degree A.M. After teaching mathematics for a year at the Calumet 
(Michigan) High School, he became an Instructor in 1899 at Oberlin College, 
and in 1904 an Assistant Professor. In the fall of 1905, with a two-year leave of 
absence from Oberlin, he went to Germany and entered Géttingen University 
from which he received the Ph.D. degree in 1907. His Géttingen dissertation was 
entitled “Die Anwendung der Integralgleichungen auf die zweite Variation bet 
isoperimetrischen Problemen.” He returned to Oberlin College where he became 
Professor of Mathematics in 1920 and served as head of the department from 
1920 until his retirement in 1939. In 1943 he taught a pre-meteorological course 
at the University of New Mexico. 

To generations of Oberlin College students he was a patient, friendly, and 
beloved teacher, but members of the Mathematical Association of America will 
remember Will Cairns as the enthusiastic guiding spirit of that organization 
through its early years. He served as its Secretary-Treasurer from the beginning 
in 1916 until he resigned from the office at the end of 1942. On that occasion the 
late Earle Raymond Hedrick wrote for this MONTHLY:* 

“During this time its membership has increased to considerably more than 
twice the eleven hundred charter members; meetings are held in twenty-two 
different sections throughout the country; and an ambitious program of periodi- 
cal and book publication, and of sponsorship of other periodicals and of prize 
competitions, has come to fruition. Throughout this period of increasing useful- 
ness the now retiring Secretary-Treasurer, William DeWeese Cairns, has been 
an outstanding leader in the determination of policy and in the conduct of all 
the Association’s affairs. In the extent and value of his services to the Associa- 
tion, he is rivalled only by Herbert Ellsworth Slaught (1861-1937), also an 


* A remarkably good likeness of Professor Cairns appears as a frontispiece to volume 50 
(1943) of this MONTHLY. 
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enthusiastic and constant worker for the interests of the Association from the 
time of its founding. To these two men far more than to any others the Associa- 
tion owes its success and its present strong position.” 

Unwilling to have Cairns sever his official connection with the organization, 
the Association immediately in 1943 elected him to a two-year term as Presi- 
dent. Then at the annual business meeting in Chicago on November 26, 1944, he 
was made Honorary President of the Association for life. 

Though Professor Cairns’ most important contribution to American mathe- 
matics was undoubtedly the devoted service which he gave to the Association, 
he still found some time for other mathematical activity. He was the author of 
about a dozen papers published in Annals of Mathematics, Bulletin of the Ameri- 
can Mathematical Society, American Mathematical Monthly, Science, and Mathe- 
matics Teacher. He was a member of the American Mathematical Society, the 
Ohio Association of Teachers of Mathematics and Science, and the American 
Association for the Advancement of Science, and he served for many years as 
the representative of the Mathematical Association on the Council of the latter 
organization. 

The Association made William DeWeese Cairns an Honorary President “for 
life,” but his death can not terminate our appreciation of his most valuable 
service, and those of us who had the privilege of knowing him personally may 
continue to honor his memory. 


W. B. CARVER 


NEWS AND NOTICES 


EDITED BY EpitH R. SCHNECKENBURGER, University of Buffalo 


Readers are invited to contribute to the general interest of this department by sending 
news ttems to Edith R. Schneckenburger, University of Buffalo, Buffalo 14, New York. Items 
must be submitted at least two months before publication can take place. 


SHELL MERIT FELLOWSHIPS FOR HIGH SCHOOL SCIENCE AND 
MATHEMATICS TEACHERS 


The Shell Companies Foundation, Inc., has announced a broad program of 
recognition fellowships for high school teachers of science and mathematics. 

Through the program, worked out with the cooperation of leading educa- 
tional associations, Shell will underwrite summer seminars at Stanford and 
Cornell Universities for sixty teachers yearly. The Fellowship recipients, chosen 
on the basis of merit and demonstrated leadership qualities, will receive travel 
allowances, all tuition and fees, living expenses on the university campus and 
$500 in cash to make up for the loss of potential summer earnings. The fellow- 
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ships were particularly designed for able experienced teachers who ordinarily 
might seek remunerative summer employment outside the school system. The 
intensive seminar programs will include graduate-level classes, lectures by out- 
standing scientists, and visits to modern industrial installations and research 
laboratories. 

Mathematics, physics, or chemistry teachers with five years’ experience and 
known leadership ability will be eligible for the Fellowships. Thirty teachers 
from west of the Mississippi River will attend the eight-week Stanford program 
which will be administered by the Stanford School of Education. Thirty from 
east of the Mississippi will be invited to a similar six-weeks’ series of courses at 
Cornell. 

In addition to teachers, present heads of departments or supervisors with 
good backgrounds in mathematics, chemistry or physics who were previously 
teachers are also eligible. Full responsibility for the final selection of the sixty 
will rest with Stanford University and Cornell University. 

Requests for Fellowship applications should be sent to Cornell University 
and Stanford University. The completed form of each applicant must be ac- 
companied by personal recommendations from his high school principal, a 
faculty member from his most recent college, and someone who can attest to the 
applicant’s leadership talents with young people outside school or with his pro- 
fessional associates. 

The Fellowships are in addition to the Shell Companies Foundation’s pres- 
ent $350,000 aid-to-education program which includes fifty graduate fellowships 
and twenty grants in fundamental research in science and engineering at forty- 
one colleges and universities. 


SUMMER INSTITUTES FOR HIGH SCHOOL AND COLLEGE TEACHERS 


The National Science Foundation will sponsor three institutes for teachers 
of mathematics in the summer of 1956. Preliminary announcements of these ap- 
pear below. In each case housing will be provided in university dormitories and 
a limited number of stipends will be available for participants. 

Iowa State Teachers College. This institute for high school teachers will be 
held during the period June 18 to July 27 under the direction of Professor Henry 
Van Engen. Inquiries should be addressed to Professor Van Engen, Iowa State 
Teachers College, Cedar Falls, Iowa. 

University of Michigan. This institute for college teachers will be held during 
the period June 25 to August 14 under the direction of Professor T. H. Hilde- 
brandt with the assistance of Professor P. S. Jones. The principal lecturers will 
be: Professor C. C. MacDuffee of the University of Wisconsin, whose title is 
“Elementary Algebra from an Advanced Viewpoint” and Professor G. B. Price 
of the University of Kansas whose title is “Limits, Derivatives and Integrals.” 
Inquiries should be addressed to Professor Hildebrandt, University of Michigan, 
Ann Arbor, Michigan. 
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Williams College. This institute for high school and college teachers will be 
held during the period July 2 to August 11 under the direction of Professor 
Donald E. Richmond. The principal speakers will be Professor B. W. Jones of 
the University of Colorado who will lecture on “Algebra and Number Theory,” 
and Professor S. C. Kleene of the University of Wisconsin whose title is “Sets, 
Logic, and Mathematical Foundations.” Shorter lecture series will be given by 
R. H. Bing, “Topology”; W. L. Duren, Jr., “Universal Mathematics”; W. Preno- 
witz, “Geometric Vector Analysis and the Concept of Vector Space,” and others, 
some from industry. Inquiries should be addressed to Professor Richmond, 
Williams College, Williamstown, Massachusetts. 


SUMMER INSTITUTE FOR HIGH SCHOOL TEACHERS OF MATHEMATICS 


The University of Minnesota will conduct a program in the basic and applied 
aspects of mathematics as these are related to the pedagogical needs of high 
school teachers. The program will be offered by the Department of Mathematics 
during the first term of the Summer Session. Scholarships covering tuition and 
living expenses will be available. Six credits in the Graduate School will be given 
to those who have been admitted to the Graduate School and who satisfactorily 
complete the work in the program. These credits will be applicable toward ad- 
vanced degrees for those whose major subject is Education and whose minor 
subject is Mathematics and for those whose major subject is Mathematics. 
Those interested in the institute should write to B. R. Gelbaum, Associate Pro- 
fessor of Mathematics, 119 Folwell Hall, University of Minnesota, Minneapolis 
14, Minnesota. 


PERSONAL ITEMS 


Catholic University announces the following: Mr. Eugene Lukacs, previously 
head of the Statistical Branch, Office of Naval Research, Washington, D. C., 
has been appointed to a professorship; Assistant Professor Choy-tak Taam has 
been promoted to an associate professorship; Interim Associate Professor N. A. 
Wiegmann has been promoted to an associate professorship. 

Fenn College reports: Assistant Professor A. W. Brunson of Michigan Col- 
lege of Mining and Technology has been appointed to an assistant professorship; 
Mr. David Helacher, formerly a graduate assistant at the State University of 
Iowa, has been appointed to an instructorship. 

Pennsylvania State University announces: Dr. Robert Ellis of the University 
of Chicago, Dr. P. C. Gilmore, formerly a research associate at the University of 
Toronto, Assistant Professor Harry Gonshor of the University of Miami, and 
Dr. G. N. Raney of Brooklyn College have been appointed to assistant professor- 
ships; Mr. R. L. Duncan, formerly a graduate assistant at the University, has 
been appointed to an instructorship; Mrs. Catherine Euwema and Miss Audrey 
Weber, previously a graduate assistant at the University, have been appointed 
to part-time instructorships. 
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At Purdue University: Professor Ralph Hull, head of the Department of 
Mathematics, is on leave of absence as a consultant at the Ramo-Wooldridge 
Corporation, Los Angeles, California; Professor Arthur Rosenthal is Acting 
Head of the Department during the academic year 1955-1956; Assistant Pro- 
fessor O. P. Aggarwal of the University of Washington, Dr. Helen Bozivich, 
formerly a research associate at Iowa State College, and Dr. W. H. Fleming, 
previously a mathematician at the Rand Corporation, Santa Monica, Cali- 
fornia, have been appointed to assistant professorships; Assistant Professors 
P. E. [rick and J. H. B. Kemperman have been promoted to associate professor- 
ships; Dr. Robert Baer, Dr. N. D. Kazarinoff, and Dr. Daniel Waterman have 
been promoted to assistant professorships; Dr. Chester Feldman of the Ham- 
mond Extension Center of the University has been promoted to an assistant 
professorship; Mr. J. E. Forbes, previously a teaching assistant, has been pro- 
moted to an instructorship; Professor C. T. Hazard and Associate Professor 
C. N. Wunder have retired with the title of Professor Emeritus; Assistant Pro- 
fessor Henry Teicher is on leave of absence for the year 1955-1956 and is in the 
Department of Mathematical Statistics at Stanford University; Dr. Robert 
Baer and Dr. Daniel Waterman received research grants for the summer of 
1955. 

University of New Hampshire reports the following: Mr. F. J. Lorenzen, 
Jr., previously an instructor at Tilton Academy, New Hampshire, has been 
appointed to a graduate assistantship; Mr. C. W. Schenck, formerly a lecturer 
at the University, has been appointed to an instructorship in the Mechanical 
Engineering Department. 

Dr. M. Q. Barton, formerly a teaching assistant at the University of Illinois, 
has been appointed a research associate at Brookhaven National Laboratory, 
Upton, Long Island, New York. 

Dr. J. S. Bendat, previously a research engineer at Northrop Aircraft Com- 
pany, Hawthorne, California, has accepted a position as a member of the techni- 
cal staff of the Ramo-Wooldridge Corporation, Los Angeles, California. 

Assistant Professor W. H. Carnahan of Purdue University now has a posi- 
tion with D. C. Heath and Company, Publishers. 

Professor Emeritus E. W. Chittenden of the State University of Iowa has 
accepted a position as mathematician with the Diamond Ordnance Fuse Labora- 
tories, Washington, D. C., for the year 1955-1956. 

Dr. A. E. Danese of the University of Tennessee has accepted a position asa 
mathematician with Eastman Kodak Company, Rochester, New York. 

Mr. Reid Haywood, formerly a mathematician at the United States Naval 
Proving Ground, Dahlgren, Virginia, has a position as a senior computation 
mathematician at the Glenn L. Martin Company, Baltimore, Maryland. 

Assistant Professor Jacob Korevaar of the University of Wisconsin has been 
promoted to an associate professorship. 

Mr. G. N. Landes, previously a mathematical analyst at the Sandia Corpora- 
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tion, Albuquerque, New Mexico, has been appointed an aerophysics engineer at 
Consolidated-Vultee Aircraft Corporation, Fort Worth, Texas. 

Dr. Mark Lotkin of the Radio Corporation of America Service Company, 
Inc., Patrick Air Force Base, Cocoa, Florida, has accepted a position as a mathe- 
matician with the Republic Aviation Corporation, Farmingdale, New York. 

Mr. W. C. Lowry, previously an assistant instructor at Ohio State Uni- 
versity, has been appointed to an assistant professorship in education at the 
University of Virginia. 

Miss Mardell S. Miskowski, formerly a mathematician at Aberdeen Proving 
Ground, Maryland, has accepted a position as a research engineer at North 
American Aviation, Downey, California. 

Mr. C. R. Perisho of Mankato State Teachers College has been promoted to 
an assistant professorship. 

Dr. C. M. Petty of Purdue University has a position with the Lockheed 
Missile Division, Van Nuys, California. 

Mr. S. L. Prosser, previously a graduate assistant at the University of Ala- 
bama, has been appointed an applied science representative with the I.B.M. 
Corporation, Atlanta, Georgia. 

Dr. Anatol Rapoport of the Center for Advanced Study in the Behavioral 
Sciences, Stanford, California, has been appointed to an associate professorship 
in mathematical biology at the Mental Health Research Institute, University of 
Michigan. 

Mr. W. G. Stokes of Vanderbilt University has been appointed Associate 
Professor and Head of the Department of Mathematics at Austin Peay State 
College. 

Dr. R. G. Stoneham, recently a mathematician at Logistics Research, Inc., 
Redondo Beach, California, has been appointed to an assistant professorship at 
the University of California, Santa Barbara College. 

Mr. Irwin Stoner, formerly a dynamics engineer at the Bell Aircraft Corpo- 
ration, Niagara Falls, New York, has accepted a position as an associate mathe- 
matician with the Cornell Aeronautical Laboratory, Buffalo, New York. 

Miss Virginia R. Swann, previously a graduate student at the University of 
North Carolina, is now employed as a mathematician at the Naval Ordnance 
Laboratory, Silver Spring, White Oak, Maryland. 

Mr. L. O. Thompson has been appointed to an instructorship at Marshall 
College. 

Assistant Professor S. I. Vrooman of Rensselaer Polytechnic Institute has 
been appointed to a visiting professorship at the University of Pittsburgh. 

Dr. D. T. Walker has been appointed to an assistant professorship at Mem- 
phis State College. 


Mr. L. F. Babcock of the Woodmere Academy, Long Island, New York, died 
on August 27, 1955. 
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Mr. A. D. Pierson, retired chairman of the Department of Mathematics of 
the Junior College of Kansas City, died on October 26, 1955. He was a member 
of the Association for thirty-five years. 

Professor Emeritus Mary E. Sinclair of Oberlin College died on June 3, 1955. 
She was a charter member of the Association. 

Professor Emeritus M. O. Tripp of Wittenberg College died on November 30, 
1955. He was a charter member of the Association. 


THE MATHEMATICAL ASSOCIATION OF AMERICA 


Oficial Reports and Communications 
THE THIRTY-NINTH ANNUAL MEETING OF THE ASSOCIATION 


The thirty-ninth annual meeting of the Mathematical Association of 
America was held at the Rice Institute, Houston, Texas, on Friday, December 
30, 1955, in conjunction with the annual meeting of the American Mathematical 
Society. Three hundred and eighty-two persons were registered, including two 
hundred and fifty-four members of the Association. 

Sessions of the Association were held on Friday morning and afternoon in the 
Physics Amphitheatre of Rice Institute. Vice-President G. B. Price presided at 
the morning session, President W. L. Duren at the annual business meeting, and 
Professor W. T. Reid presided at the remainder of the afternoon session. The 
Program Committee for the meeting consisted of Wallace Givens, Chairman; 
W. T. Reid, and C. R. Sherer. 


FIRST SESSION OF THE ASSOCIATION 


“Some aspects of the theory of knots,” by Dr. Guillermo Torres, Institute 
of Mathematics, University of Mexico. 

“Simple unsolvable problems about semi-groups and groups,” by Professor 
W. W. Boone, Catholic University of America and the Institute for Advanced 
Study. 

“Mathematics instruction and the new fields of electronic computation,” by 
Dr. H. R. J. Grosch, Aircraft Gas Turbine Division, General Electric Company. 


SECOND SESSION OF THE ASSOCIATION 


Annual Business Meeting of the Association. 

“Report on current programs to improve science teaching,” by Dr. L. W. 
Cohen, National Science Foundation. 

“Some recent discoveries and near misses in topology,” by Professor R. H. 
Bing, University of Wisconsin. 

“Stimulating interest of youthful talent in mathematics and other sciences,” 
by Professor H. J. Ettlinger, University of Texas. 
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MEETING OF THE BOARD OF GOVERNORS 


The Board of Governors of the Association met on Thursday evening in the 
lounge of the Cohen House, with eighteen members present. Among the more 
important items of business transacted were the following: 

The Board approved the appointment by President Duren of the following 
Nominating Committee for 1956: Ivan Niven, Chairman; H. E. Bray, and M. R. 
Hestenes. 

Professor W. B. Carver was re-elected as a member of the Finance Commit- 
tee for 1956-1959. 

It was voted to hold the Thirty-eighth Summer Meeting at Pennsylvania 
State University in August 1957 and to hold the 1957-1958 annual meeting 
(normally scheduled for December 1957) during the latter part of January 1958. 

The Board voted to approve the printing of two ninety-six page issues of the 
MoNTHLY during 1956. The publication of two Slaught papers during 1956 was 
approved if suitable manuscripts are available. The Editor was instructed to 
omit from the MONTHLY hereafter the names of members attending meetings 
of the Association and its sections, giving only the number of persons and of 
members in attendance. 

Professor J. C. Oxtoby of Bryn Mawr College was invited to deliver the 
Hedrick Lectures on “Category and Measure” at the 1956 Summer Meeting. 

On the recommendation of the Committee on Sections, the Board voted to 
hold meetings of section officers annually, preferably at the time and place of 
the summer meeting; to authorize the establishment of a Northeastern Section 
of the Association to include the territory previously included in the New 
England Region; to transfer Huntington (Cabell County), West Virginia, from 
the Allegheny Mountain Section to the Ohio Section. 


ANNUAL BUSINESS MEETING OF THE ASSOCIATION 


The annual business meeting of the Association was held on Friday, De- 
cember 30, 1955, in the Physics Amphitheatre of the Rice Institute, Houston, 
Texas. President W. L. Duren presided. 

The Secretary announced the results of the balloting for officers in which 
1635 votes were cast: Professor R. V. Churchill of the University of Michigan 
was elected First Vice-President for the two-year term 1956-1957, and Dr. 
A. S. Householder of Oak Ridge National Laboratory and Professor M. F. 
Smiley of the State University of Iowa were elected Governors for the three- 
year term 1956-1958. 

The Association was organized on this same date forty years ago with a 
charter membership of 1045 persons. Of these, 208 are still living and have main- 
tained continuous membership in the Association. The membership as of De- 
cember 23, 1955, is 6045. 

A report for the Committee on Visiting Lecturers was presented by Professor 
D. E. Richmond. Professor J. S. Frame reported for the Committee on Employ- 
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ment Opportunities that the Employment Register had been available through- 
out the meeting in Anderson Hall. Dean W. L. Duren described the plans of the 
Committee on the Undergraduate Program, and Professor G. B. Price asked 
that suggestions be sent to him as chairman of the Committee to Review the 
Activities of the Association. 


MEETINGS OF OTHER ORGANIZATIONS 


The American Mathematical Society held its sessions from Tuesday, De- 
cember 27 through Thursday morning. The Gibbs lecturer was Professor Joseph 
E. Mayer. Professor G. T. Whyburn delivered his retiring presidential address 
and an invited address was delivered by Professor S. S. Chern. 


ARRANGEMENTS, ENTERTAINMENT, AND RECREATION 


The Committee on Arrangements for the meeting consisted of: F. E. Ulrich: 
Chairman; H. E. Bray, A. H. Brown, L. K. Durst, H. M. Gehman, Guy John- 
son, Jr.,G. R. MacLane, Szolem Mandelbrojt, and J. W. T. Youngs. 

Registration headquarters was in the Fondren Library of Rice Institute. 
Dormitory accommodations were provided in Wiess Hall and meals were avail- 
able in the Rice Commons. The lounges of the Fondren Library and of the 
Cohen House (Faculty Club) were open daily. Tea was served every afternoon 
in the Cohen House. A banquet was held on Wednesday evening in the Com- 
mons. On Thursday afternoon a trip was taken to the Baytown Refinery of the 
Humble Oil and Refining Company, and on Thursday evening there was a con- 
cert by the Lyric Art String Quartet in Fondren Library. 

President R. L. Wilder of the Society acted as toastmaster at the banquet. 
President W. V. Houston of Rice Institute spoke on the critical shortage of 
mathematicians and other scientists, and President W. L. Duren responded for 
the Association by telling of some of the steps being taken by the Association to 
attempt to alleviate this shortage. Dr. L. W. Cohen presented a resolution of 
thanks which was unanimously adopted expressing the deep appreciation of the 
members of both mathematical organizations to the Faculty and their ladies, 
to the President and Trustees of the Rice Institute for the excellent arrange- 
ments and accommodations provided for the meeting. Both organizations will 
remember the characteristic Texas hospitality they enjoyed during the Annual 
Meeting in 1955. 

H. M. GeuMAN, Secretary-Treasurer 


ITINERARIES OF VISITING LECTURERS, 1956 


G. B. Price 
Univ. of Arkansas and environs Fayetteville, Ark. Feb. 13~22 
Memphis State College Memphis, Tenn. Feb. 23-25 
Denison Univ. Granville, Ohio March 12-14 


Case Institute of Technology Cleveland, Ohio March 15-17 
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Univ. of Detroit and Wayne Univ. 
Michigan Section, M.A.A. 

Iowa State Teachers College 

St. Olaf Coll. and Carleton Coll. 
Macalester College 

Beloit Coll. and Univ. of Wisconsin 


Nat’l. Council of Teachers of Math. 


Univ. of Omaha 

Univ. of Nebraska 

State Teachers College 
Drew Univ. 

Hunter Coll. and environs 
Skidmore College 

Alfred Univ. 


San Jose State College 
Univ. of Redlands 
Whittier College 
Univ. of Arizona 

New Mexico A and M 


New Mexico Inst. of Mining and Tech. 


Univ. of Colorado and environs 
Texas Christian Univ. and environs 
Fresno State College 

Univ. of Oregon 

Oregon State College 

Univ. of Washington and environs 
Montana State Univ. 


State Coll. of Washington and Univ. of Idaho Pullman, Wash. and Moscow, 


Northwest Nazarene College 


Tulane Univ. 

Philander Smith College 

Univ. of Mississippi 

Alabama Polytechnic Inst. 
Univ. of Miami 

Univ. of Florida 

Univ. of South Carolina 
Southeastern Section of M.A.A. 
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Detroit, Mich. 

Ann Arbor, Mich. 
Cedar Falls, Iowa 
Northfield, Minn. 

St. Paul, Minn. 

Beloit and Madison, Wis. 
Milwaukee, Wis. 
Omaha, Neb. 

Lincoln, Neb. 
Shippensburg, Pa. 
Madison, N. J. 

New York, N. Y. 
Saratoga Springs, N. Y. 
Alfred, N. Y. 


D. H. Lehmer 


San Jose, Calif. 
Redlands, Calif. 
Whittier, Calif. 
Tucson, Ariz. 
Las Cruces, N. M. 
Socorro, N. M. 
Boulder, Colo. 
Fort Worth, Tex. 
Fresno, Calif. 
Eugene, Ore. 
Corvallis, Ore. 
Seattle, Wash. 
Missoula, Mont. 


Idaho 
Nampa, Idaho 


George Polya 


New Orleans, La. 
Little Rock, Ark. 
University, Miss. 
Auburn, Ala. 
Coral Gables, Fla. 
Gainesville, Fla. 
Columbia, S. C. 
Athens, Ga. 
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March 19-23 
March 24 
April 2—4 
April 5-8 
April 9-10 
April 11-12 
April 13 
April 16-18 
April 19-21 
May 7-9 
May 10~12 
May 14-16 
May 17 
May 18 


Feb. 20 or 21 
Feb. 29~March 2 
March 2 

March 5-9 
March 12-13 
March 14-16 
March 19-22 
March 26-28 
April 3 

April 23-25 
April 26-27 
April 30-May 4 
May 7-8 


May 9-12 
May 14~15 


Feb. 17-21 
Feb. 23~25 
Feb. 27-28 
March 1-3 
March 5-7 
March 8-10 
March 12-15 
March 16-17 


The visiting lecturers for 1956-57 will be Professors Edwin Hewitt of the 
University of Washington, Kurt Mahler of the University of Manchester, Eng- 
land, A. W. Tucker of Princeton University, and J. L. Walsh of Harvard Uni- 
versity. It is expected that detailed announcements will be sent out April 15 to 
all mathematics departments having members of the Association. Anyone not 
receiving an announcement by early in May may write to the Secretary of the 
Association for details and application blanks. 


214 THE MATHEMATICAL ASSOCIATION OF AMERICA {March 


OFFICERS AND COMMITTEES AS OF JANUARY 1, 1956 


OFFICERS 


President, W. L. DuREN, JR., University of Virginia (1955-1956) 

First Vice-President, R. V. CHURCHILL, University of Michigan (1956-1957) 

Second Vice-President, G. B. Price, University of Kansas (1955-1956) 

Editor, C. B. ALLENDOERFER, University of Washington (1952-1956) 
Secretary-Treasurer, H. M. GEHMAN, University of Buffalo (1953-1957) 

Associate Secretary, EpItH R. SCHNECKENBURGER, University of Buffalo (1953-1957) 


ADDITIONAL MEMBERS OF THE BOARD OF GOVERNORS 
Ex-Presidents 


R. E. LANGER, University of Wisconsin (1951-1956) 
SAUNDERS MAcLANE, University of Chicago (1953-1958) 
E. J. McSHANE, University of Virginia (1955-1960) 


Governors at Large 


PHILip FRANKLIN, Massachusetts Institute of Technology (1954-1956) 
C. E. SPRINGER, University of Oklahoma (1954-1956) 

H. W. BRINKMANN, Swarthmore College (1955-1957) 

M. A. Zorn, Indiana University (1955-1957) 

A. S. HousEHOLDER, Oak Ridge National Laboratory (1956-1958) 

M. F. Smivey, State University of Iowa (1956-1958) 


Sectional Governors (July 1, 1953-June 30, 1956) 


Illinois, E. B. MILueER, Illinois College 

Iowa, E. N. OBERG, State University of Iowa 

Louisiana- Mississippi, F, A. RICKEY, Louisiana State University 
Maryland-Dist. of Col.- Virginia, S. B. JAcKson, University of Maryland 
Michigan, P. S. Jones, University of Michigan 

Minnesota, K. O. May, Carleton College 

Philadelphia, C. O. OAKLEY, Haverford College 

Southern California, C. W. TricG, Los Angeles City College 

Texas, E. R. HEINEMAN, Texas Technological College 


Sectional Governors (July 1, 1954—-June 30, 1957) 


Allegheny Mountain, Morris Ostrorsky, Westinghouse Electric Corporation 
Indiana, RaLPH HULL, Purdue University 

Kentucky, H. H. DowntneG, University of Kentucky 

Metropolitan New York, R. M. Foster, Polytechnic Institute of Brooklyn 
Nebraska, M. A. Basoco, University of Nebraska 

Northern California, W. H. Myers, San Jose State College 

Oklahoma, L. W. JoHNson, Oklahoma Agricultural and Mechanical College 
Rocky Mountain, C. A. HutcHinson, University of Colorado 

Wisconsin, R. C. HuFFer, Beloit College 


Sectional Governors (July 1, 1955-June 30, 1958) 


Kansas, C. B. Reap, University of Wichita 

Missouri, F. F. HELTon, Central College 

Northeastern, G. B. THomas, JR., Massachusetts Institute of Technology 
Ohio, L. L. LOWENSTEIN, Kent State University 

Pacific Northwest, IVAN NIVEN, University of Oregon 
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Southeastern, F. W. KoKomoor, University of Florida 
Southwestern, M. S. HENDRICKSON, University of New Mexico 
Upper New York State, J. F. RANDOLPH, University of Rochester 


STANDING COMMITTEES OF THE ASSOCIATION 
FINANCE COMMITTEE 
W. B. Carver (1956-1959), J. F. RANDOLPH (1954-1957), H. M. GEHMAN, ex officto. 


EDITORIAL COMMITTEE ON CARUS MONOGRAPHS 


Trpor Rapo, Chairman (1954-1959), I. S. SoKoLNIKoFF (1951-1956), P. R. HatMos (1952-1957), 
SAMUEL EILENBERG (1953-1958), C. G. Latimer (1955-1960), E. E. Fioyp (1956-1961). 


COMMITTEE ON EARLE RAYMOND HEDRICK LECTURES 
Epwin Hewitt, Chairman (1954-1956), Mark Kac (1955-1957), S. C. KLEENE (1956-1958). 


Jotnt COMMITTEE ON PLACES OF MEETINGS 


W. M. WHysBurn, Chairman (1954-1956), C. B. Morrey, JR. (1955-1957), R. M. THRALL (1956- 
1958). 


COMMITTEE ON THE PUTNAM PRIZE COMPETITION 


L. M. KEtty, Chairman (July 1954-June 1957), R. E. GREENwoop (July 1955—June 1956), LEo 
MoseER (July 1955~-June 1958); L. E. Busu, Dtrector (July 1953-June 1958). 


COMMITTEE ON SECTIONS 
J. C. PoLttey (1953-1956), C. H. Frick (1955-1958), EpirH R. SCHNECKENBURGER. ex officto. 


COMMITTEE ON SLAUGHT MEMORIAL PAPERS 


J. L. KELLEY, Chairman (1954-1956), H.S. M. Coxeter (1955-1957), R. D. SCHAFER (1956-1958), 
C, B. ALLENDOERFER, ex officio. 


Joint COMMITTEE ON EMPLOYMENT OPPORTUNITIES 


J. S. FRAME, Chairman, H. M. Bacon, Ray BERKowit1z, W. M. Hirscu, Morris Ostrorsky, 
G. W. PATTERSON, J. A. WARD. 


COMMITTEE ON FILMS FOR CLASSROOM INSTRUCTION 


P. S. Jones, Chairman, H. H. CAMPAIGNE, MARGUERITE LEHR. 


COMMITTEE ON HiGH ScHooL CONTESTS 


T. F. Cope, Chairman, R. P. BAILEY, MAX KRAMER, EpitH R. SCHNECKENBURGER, ROTHWELL 
STEPHENS. 


COMMITTEE ON MATHEMATICAL PERSONNEL AND EDUCATION 


TOMLINSON Fort, Chairman, E. A. CAMERON, H. P. Evans, M. GwWENETH HUMPHREYS, IVAN 
NIvEN, E. P. Norturop, E. T. WELMERS. 


COMMITTEE TO STUDY THE ACTIVITIES OF THE ASSOCIATION 
G. B. Price, Chairman, C. W. Curtis, DAvip GALE, ROTHWELL STEPHENS, R. R. STOLL, PATRICK 
SuppeEs, G. B. THOMAS, JR. 
CoMMITTEE ON THE UNDERGRADUATE PROGRAM IN MATHEMATICS 


E. J. McSHANE, Chairman, J. G. KEMENY, G. B. Price, A. L. Putnam, A. W. Tucker, W. L. 
DUREN, JR., ex officio. 
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COMMITTEE ON VISITING LECTURERS 


B. W. JoNnEs, Chairman, G. B. Hurr, D. E. Ricomonp, R. A. RoSENBAUM. 


COMMITTEE ON THE 1956 CHAUVENET PRIZE 
P. A. WHITE, Chairman, J. D. MANcILL, J. G. WENDEL. 


NOMINATING COMMITTEE FOR 1956 


IVAN NIVEN, Chairman, H. E. Bray, M. R. HESTENES. 


REPRESENTATIVES OF THE ASSOCIATION 


On the Policy Committee for Mathematics: 


D, E. RicHMoND (1955-1957), W. L. DUREN, JR., ex officto, H. M. GEHMAN, ex officio. 


On the National Research Council: 


EINAR HILLE (July 1, 1953-June 30, 1956). 


On the Council of the American Association for the Advancement of Science: 
L. M. GRAvEs (1955-1956), H. J. ETTLINGER (1956-1957). 


On the American Council on Education: 


W. L. DuREN, JR., ex officio, H. M. GEHMAN, ex officio. 
On the A.A.A.S. Cooperative Committee on the Teaching of Mathematics and Science: 


Davip BLACKWELL (1954-1956). 


On the Committee on Definitions of Electrical Terms: 


S. A. SCHELKUNOFF. 


On a Committee of the N.C.T.M. on a Vocational Pamphlet: 


A. L. Putnam. 


Associate Editor of Mathematics Student Journal: 


IZAAK WIRszuP (1954-1956). 


THE CARUS MATHEMATICAL MONOGRAPHS 


These Monographs are a series of expository books intended to make topics in pure and 
applied mathematics accessible to teachers and students of mathematics and also to non-specialists 
and scientific workers in other fields. One copy of each Monograph may be purchased by members 
of the Association for $1.75 each. Additional copies and copies for non-members of Monographs 
1-8 are priced at $3.00 each, and must be purchased from the Open Court Publishing Co., LaSalle, 
Illinois. In the case of Monographs 9 and 10, additional copies and copies for non-members must 
be purchased at $3.00 from John Wiley and Sons, 440 Fourth Ave., New York 16, N. Y. These 


numbers have been issued to date: 


No. 1. Calculus of Variations by G. A. Bliss, 
xli-++189 pages. 

No. 2. Analytic Functions of a Complex Variable 
by D. R. Curtiss, ix-+-173 pages. 

No. 3. Mathematical Statistics by H. L. Rietz, 
ix-+181 pages. 

No. 4. Projective Geometry by J. W. Young, ix 
+185 pages. 

No. 5. History of Mathematics in America before 
1900 by D. E. Smith and Jekuthiel Gins- 
burg, viii +210 pages. 


No. 


No. 


6. Fourier Series and Orthogonal Poly- 
nomials by Dunham Jackson, xiv+234 
pages. 

7. Vectors and Matrices by C. C. MacDuf- 
fee, xi+192 pages. 


. 8. Rings and Ideals by N. H. McCoy, xii 
+216 pages. 
. 9. The Theory of Algebraic Numbers by 


Harry Pollard, xii-+143 pages. 


. 10. The Arithmetic Theory of Quadratic 


Forms by B. W. Jones, x-+212 pages. 


CALENDAR OF FUTURE MEETINGS 
Thirty-seventh Summer Meeting, University of Washington, Seattle, Wash- 


ington, August 20-21, 1956. 


Fortieth Annual Meeting, University of Rochester, Rochester, New York, 


December 29, 1956. 


The following is a list of the Sections of the Association with dates of future 
meetings so far as they have been reported to the Associate Secretary. 


ALLEGHENY Mowuntaln, Geneva College, Bea- 
ver Falls, Pennsylvania, April 28, 1956. 

ILuInNots, Eastern [Illinois State College, 
Charleston, May 11-12, 1956. 

INDIANA, Wabash College, Crawfordsville, May 
5, 1956. 

Iowa, Grinnell College, Grinnell, April 20-21, 
1956. 

Kansas, University of Wichita, April 21, 
1956. 

Kentucky, University of Kentucky, Lexing- 
ton, April 28, 1956. 

LovuIsIANA- MISSISSIPPI 

MARYLAND-DISTRICT OF COLUMBIA- VIRGINIA 

METROPOLITAN NEw York, Stevens Institute 
of Technology, Hoboken, New Jersey, 
April 28, 1956. 

MicuiGAN, University of Michigan, Ann Arbor, 
March 24, 1956. 

MinnEsoTA, Augsburg College, Minneapolis, 
May 5, 1956. 

MissouR!I, Fontbonne College, St. 
April 21, 1956. 


Louis, 


NEBRASKA, University of Nebraska, Lincoln, 
April 21, 1956. 

NORTHEASTERN 

NORTHERN CALIFORNIA 

Ouro, Oberlin College, Oberlin, April 14, 1956. 

OKLAHOMA, University of Tulsa, March 31, 1956. 

Paciric NoRTHWEsT, Oregon State College, 
Corvallis, June, 1957. 

PHILADELPHIA 

Rocky MovuntaIn, University of Utah, Salt 
Lake City, May 4-5, 1956. 

SOUTHEASTERN, University of Georgia, Athens, 
March 16-17, 1956. 

SoUTHERN CALIFORNIA, Pomona College, Clare- 
mont, March 17, 1956. 

SOUTHWESTERN, New Mexico College of Agri- 
culture and Mechanical Arts, Las Cruces, 
April, 1956. 

Texas, Southwest Texas State Teachers Col- 
lege, San Marcos, April 20-21, 1956. 
Upper New York State, Alfred University, 

Alfred, April 28, 1956. 

WIsconsin, Marquette University, Milwaukee, 

May, 1956. 


THE HERBERT ELLSWORTH SLAUGHT MEMORIAL PAPERS 


The Herbert Ellsworth Slaught Memorial Papers are a series of brief expository pamphlets 
published as supplements to the American Mathematical Monthly. The following four numbers 


have already been published: 


1. Fourier Serves; The Genesis and Evolution of a Theory by R. E. Langer. v+86 pages. 
2. Outline of the History of Mathematics (6th edition) by R. C. Archibald. iv-+114 pages. 
3. Proceedings of the Symposium on Special Topics in Applied Mathematics. iv+-73 pages. 


4, Contributions to Geometry. iv+-75 pages. 


Copies at one dollar each postpaid may be ordered from: Professor Harry M. Gehman, Mathe- 
matical Association of America, University of Buffalo, Buffalo 14, New York. 


RCA offers opportunities 
IN MISSILE TEST 
Data Reduction 


f Degree plus experience in reduction of 
or 


test data, applied mathematics, statis- 
tical techniques, or observatory prac- 
> MATHEMATICIANS Florida's central east coast, 
> STATISTICIANS 
> PHYSICISTS 
> ASTRO-PHYSICISTS 


Liberal company benefits—Relocation 
assistance. 

For information and arrangements for per- 
sonal interview, send complete resume to: 
Mr. D. E. Pinholster 
Employment Manager, Dept. N-11C 
Missile Test Project 
RCA Service Co., Inc. 

P.O. Box 1226 
Melbourne, Florida 


@ RADIO CORPORATION OF AMERICA 
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NEW REPRINT 
Ready Spring 1956 


American Mathematical Monthly 
Volumes 1-20, 1894-1913 


Cloth bound set $275.00 
Paper bound set 245.00 
Volumes 1-9, paper bound $15.00 each 
Volumes 10-20, paper bound 10.00 each 


This reprint is being undertaken with the permission of the Mathematical 
Association of America. Please address orders and inquiries to 


JOHNSON REPRINT CORPORATION 
125 East 23 Street 
New York 10, New York 


Hundreds of IBM electronic data processing ma- 
chines are already in use, and many more will be 
installed during 1956. These data processing ma- 
chines have become essential for computations in 
Science, engineering, and _ business management, 


FOR THE MATHEMATICIAN 
who’s ahead of his time 


'BM is looking fora special kind of mathe- 
matician, and will pay especially well for 
his abilities. 

This man is a pioneer, an educator—with a 
major or graduate degree in Mathematics, 
Physics, or Engineering with Applied 
Mathematics equivalent. 


You may be the man. 


If you can qualify, you'll work as a special 
representative of IBM’s Applied Science 
Division, as a top-level consultant to busj- 
hess executives, government officials and 
Scientists. It is an exciting position, crammed 
with interest, and responsibility. 


Employment assignment can probably be 
made in almost any major U. S. city you 
choose. Excellent working conditions and 
employee-benefit program. 


For applicants with the same basic qualifi- 
cations, opportunities are available to teach 
in this exciting, new field. 


Your reply will, of course, be held in the 
strictest confidence. Write, giving full de- 
tails of education and experience, to: 


Dr. C. R. DeCarlo 


DIRECTOR, APPLIED SCIENCE DIVISION 


INTERNATIONAL BUSINESS MACHINES CORP. 
590 Madison Avenue, New York 22, N.Y. 


Producer of electronic 

data processing machines, 
electric typewriters, 

and electronic time equipment. 


COLLEGE ALGEBRA, Revised 


E. A. Cameron and E. T. Browne 

Highly successful in the earlier edition, this revision presents 
the topics of college algebra with as much rigor and precision 
as is consistent with maintaining student interest. Features new 


material on statistics, ample exercises and problems, increased 
emphasis on applications to physics and chemistry. 


New March 1956 
INTRODUCTION TO MATHEMATICS 


Lee Emerson Boyer 


A stimulating, readable account of the development of mathe- 
matics from earliest times to the present. Covers the most 
important and useful topics of arithmetic, algebra, geometry 
and trigonometry. New material on installment buying, stocks 
and bonds, introductory algebra. 

January 1956 


and recent 


Brixey - Andree MODERN TRIGONOMETRY 


Brixey - Andree FUNDAMENTALS OF 
COLLEGE MATHEMATICS 


Sisam - Atchison ANALYTIC GEOMETRY, Third Ed. 


Hill - Linker INTRODUCTION TO COLLEGE 
MATHEMATICS, Rev. 


E. G. Begle INTRODUCTORY CALCULUS 
With Analytic Geometry 


G. M. Merriman CALCULUS 


Henry Holi and Co. New York 17 


San Francisco 5 


The leading MATHEMATICS TEXTS 


for courses offered to science and engineering students 


A 
vv 


ADDISON-WESLEY 


CURRENT ADOPTIONS 


CALCULUS or CALCULUS AND ANALYTIC GEOMETRY 


by GreorceE B. Tuomas, JR., Massachusetts Institute of Technology 


University of Alberta 

American University of Beirut 
(Lebanon) 

Antioch College 

Bard College 

University of British Columbia 

Brown University 

Bucknell University 

University of California (Berkeley) 

University of California at L. A. 

Carleton College 

Case Institute of Technology 

Casper College 

Catholic University of America 

Christian Brothers College 

City College of New York 

University of Connecticut 

Cornell University 

East Los Angeles Junior College 

Ecole Polytechnique (Montreal) 

Fisk University 

Florida Southern College 

Fullerton Junior College 

General Electric Company, N. Y. 

Georgetown University 


Gonzaga University 

Graceland College 

Hanover College 

University of Havana 

Hunter College 

University of Illinois 

Institute Technologico de Monterrey 
(Mexico) 

Johns Hopkins University 

King College 

Lafayette College 

Laval University 

Lawrence College 

Loras College 

Lowell Technological Institute 

Manhattan College 

College of Marin 


Massachusetts Institute of Technology 


University of Michigan 
Monterey College 

Mt. San Antonio College 
New England College 
New York University 
Northwestern University 


University of Omaha 


Olympic College 

Pacific Union College 
Polytechnic Institute of brooklyn 
Princeton University 

Rensselaer Polytechnic Institute 
Rice Institute 

Rockhurst College 

San Benito County Junior College 
St. Josephs College 

St. Peters College 

Syracuse University 

Trinity College (D.C.) 

Tulane University 

Vallejo College’ 

Valparaiso University 

Vanderbilt University 

Vassar College 


‘Virginia Military Institute 


University of Virginia 
Whittier College 
University of Wisconsin 
Xavier University (Ohio) 
Yale University 


Catcutus — 614 pp, 333 illus, Ist ed., 2nd ptg, 1955 — $7.50 
CaLcuLus AnD ANALYTIC GEOMETRY — 731 pp, 418 illus, 2nd ed., 3rd ptg, 1955 — $8.50 


ADVANCED CALCULUS 


by WitFrReD Kap.an, University of Michigan 


Abilene Christian College 
University of Alaska 

Arizona State College 
University of Arizona 

Ball State Teachers College 
Brandeis University 

Bucknell University 

University of California (Berkeley) 
Carnegie Institute of Technology, 
Catholic University 

City College of New York 
Clemson Agricultural College 
Colorado College 

Columbia University 

Cornell University 

Dartmouth College 

Davidson College 

Deep Springs College 

Ecole Polytechnique (Montreal) 
Emory & Henry College 

Florida State University 
Georgetown University 
Grinnell College 

Harvard University 

Holy Cross College 


Howard University 

University of Illinois 

Johns Hopkins University 
Lafayette College 

LaSalle College 

Louisiana State University 
University of Michigan 
Middlebury College 
University of Minnesota 
University of New Hampshire 
University of New Mexico 
New York University 
University of Notre Dame 
Oakland Junior College 
University of Oklahoma 
Pacific Union College 
University of Pennsylvania 
Pennsylvania State University 
University of Pittsburgh 
Polytechnic Institute of Brooklyn 
Princeton University 

Regis College 

University of Rochester 
Rutgers University 

South Dakota College of A & M 


College of South Jersey 
Southwest Louisiana Institute 
Swarthmore College 
Syracuse University 
University of Texas 
Texas Lutheran College 
Trinity College 

Trinity University 

Tufts University 

Tulane University 
Union College 

Utica College 
University of Vermont 
University of Virginia 
Washington University 
Waynesburg College 
Whitman College 
Whittier College 
Willamette University 
Williams College 
University of Wisconsin 
College of Wooster 
Xavier College 

Yale University 


679 pp, 241 illus, Ist ed., 2nd ptg, 1953 — $9.00 


PUBLISHING COMPANY, Inc. Cambridge 42, Mass. 


ADVANCED CALCULUS 


nema Wale 


COLLEGE TEXTS 


by DAVID V. WIDDER, Harvard University 


Although a student using this text is expected to 
have considerable skill in the manipulations of 
elementary calculus, it is not assumed that he 
will be very familiar with the theoretic side of 
the subject. Therefore, the book first emphasizes 
the type of manipulative problem the student has 
been accustomed to, gradually shifting to the 


more theoretic problems. 

This same method appears in the chapters them- 
selves. In some cases, for example, a fundamental 
theorem, the meaning of which is easily under- 
stood, is stated and used at the beginning of the 
chapter, while its proof is deferred to the end. 
432 pages 6” x 9” Published 1947 


HANDBOOK OF INDUSTRIAL STATISTICS 


by ALBERT H. BOWKER and GERALD J. LIEBERMAN, Stanford University 


This book covers statistical quality control, 
sampling inspection, the design and analysis of 
experiments, basic concepts, common significance 
tests, curve fitting, analysis of variance and 
analysis of enumeration data. 


Special attention is paid to methods of making 
decisions with preassigned risks on the basis of 
the limited information afforded by samples. 
These methods are illustrated by examples. 

192 pages 6” x 9” August, 1955 


METHODS OF APPLIED MATHEMATICS 


by FRANCIS B. HILDEBRAND, Massachusetts Institute of Technology 


This text applies advanced mathematical prin- 
ciples to the solution of engineering problems. In 
each of the four chapters, the approach consists 
of: 1) showing how certain types of problems 
may arise; 2) establishing those parts of the 


relevant theory which are of practical signif- 
cance; 3) developing techniques for obtaining 
exact or approximate solutions to the problems 
involved. 

923 pages 


54” x 814” Published 1952 


ADVANCED CALCULUS FOR ENGINEERS 


by FRANCIS B. HILDEBRAND, Massachusetts Institute of Technology 


Here is an integrated presentation of special 
topics and useful methods of calculus essential 
to engineers and physicists who desire to under- 
stand and appreciate modern developments in 


their fields. This text is also useful to mathe- 
maticians who wish to apply their mathematics 
personally, or to teach others who may do so. 

594 pages 54%” x 8%" Published 1949 


ENGLEWOOD CLIFFS 
NEW JERSEY. 


Soon 


you® will receive your examination copy of 


Britton’s CALCULUS 


* If you have not already requested a copy, send for one now. 


You will be interested particularly in 


@ The organization of this text—a carefully planned presentation 
of differentiation and integration as nearly side-by-side as logical 
development permits. 


@ The generous supply of carefully graded problems—including 
those of a theoretical nature. 


@ The review questions—designed to develop the student’s critical 
and analytical faculties at the same time that they test his under- 
standing. 


Written by Professor Jack R. Britton, the author of several other 
highly successful texts in college mathematics, this new CALCULUS 
is the result of many years’ thought and teaching experience. With- 
out sacrificing mathematical rigor, it presents an exceptionally clear, 
easy-to-grasp and thorough introduction to the calculus. 


In press 


Miller’s ENGINEERING MATHEMATICS 


A modern, thorough treatment of differential equations, network 
theory and random functions by a mathematician widely experienced 
in current engineering research. Includes much material needed in 
today’s engineering development projects that has not heretofore ap- 
peared in similar textbooks. 


Rinehart (2) Texts in Mathematics 


Under the expert supervision of CARROL V. NEWSOM, Executive 
Vice-Chancellor, New York University, Rinehart’s steadily growing 
mathematics list presents a distinguished group of texts noted for 
their mathematically modern point of view, pedagogical excellence, 
and beauty of design. Send for our latest catalog. 


RINEHART & COMPANY, INC. 232 Madison Avenue, New York 16 


E. J. CAMP 


Mathematical Analysis 


A new text containing an integrated treatment of topics from 
college algebra, trigonometry, analytic geometry, and calculus for 
the freshman year. Provides a sound foundation for later courses 
in mathematics. 624 pages. $6.00.* 


Texts by WILLIAM L. HART 
Calculus 


A modern presentation, rigorous, yet skillfully adapted to stu- 
dent understanding. Organization, textual exposition, examples, 
exercises, and problems of widely varied application make this a 
teaching instrument of the highest quality. 6389p. (558p. text). 
$5.50* 


College Algebra, Fourth Edition 


Contains several unusual features—a novel introduction to 
signed numbers, a unique approach to probability not based on 
“equally likely” cases, appendix notes on sets, with probability 
contacts. 490p. (420p. text). $4.00* 


Intermediate Algebra for Colleges 


Provides a substitute for third-semester algebra. Specifically 
designed for students who will take a regular algebra course later, 
or for students who need algebra as a prerequisite for elementary 
courses in the social sciences or business administration. 323p. 


(276p. text). $3.75" 


*Answers for odd-numbered problems included in the back of the book. 
Answer book for even-numbered problems available free. 


Home Office: Boston 16 


Sales Offices: Englewood, NJ., D e C e H E AT H 


Chicago 16, San Francisco 5, 


Atlanta 3, Dallas 1 AND COMPANY 


spring 1956 publications 
R. S. Underwood 
Fred W. Sparks 
ANALYTIC 
GEOMETRY 


SECOND EDITION 


a revision of tested innovations 


YORK ) 
wen 6 ® 


Gs ~~. 
R. S. Underwood 
H. E. Underwood 


PRACTICAL 
TRIGONOMETRY 


all the topics of the classical 
trigonometry course pared down 


to their essentials 


Houghton Mifflin Company 


Just P. ublished 
INTERMEDIATE ANALYSIS 


AN INTRODUCTION TO THE THEORY OF THE 
FUNCTIONS OF ONE REAL VARIABLE 


By JOHN M. H. OLMSTED. This new book is de- 
signed for courses in mathematical analysis or the 
theory of functions which presuppose only one year 
of calculus. Both the text and the exercises are so 
arranged as to make the book adaptable both to be- 
ginning and advanced students in modern analysis, 
and to longer or shorter courses. 


APPLETON 
CENTURY 
CROFTS 


35 West 32nd S?. 
New York 1, N.Y. 


The book contains 1336 carefully chosen and well 
arranged exercises, the answers to all of which are 
provided. Great care has been taken to avoid inexact- 
ness and ambiguous statement, and the text contains 
numerous illustrative examples, 


Three noteworthy mathematics texts 


Calculus: A Modern Approach 
By Karl J. Menger, Illinois Institute of Technology 


This text introduces a new method of systematization and clarification 
of the foundations of analysis in order to reduce the effort needed to 
master calculus. 


Advanced Calculus 
By Angus E. Taylor, University of California, L.A. 
A thorough treatment with emphasis on sound understanding of con- from 
cepts and basic principles of analysis. Nice balance is maintained be- 
tween theory and problems and applications. 


Differential Equations 
By Frederick H. Steen, Allegheny College GINN AND 


A one-semester or full year’s course devoted principally C 0 M p A N Y 
to methods of solving differential equations and to HOME OFFICE: Boston 
their applications. Designed for a maximum of self- SALES OFFICES: New York - 
study. Chicago 6 Atlanta 3 
Dallas 1 Columbus 16 
Write for descriptive circulars. San Francisco 3 Toronto 7 


5 important mathematical texts - 
BEGINNING, INTERMEDIATE AND ADVANCED 


First Year Mathematics for Colleges 
by PAUL R. RIDER, Professor Emeritus, Washington University 


Written in response to wide-spread demands, this single volume of the basic 
topics for the first year course in mathematics, features simple language and 
presentation plus a generous number of problems accompanying each topic. 


1949 714 pages $5.00 


Trigonometry 
by JOHN F. RANDOLPH, University of Rochester 


This flexible text for plane trigonometry courses features trigonometric con- 
cepts and their applications; it reviews elementary algebra, pertinent prin- 
ciples of analytic geometry, and logarithms in the appendices. 


1953 220 pages $3.00 


Analytic Geometry, Fifth Edition 


by CLYDE E. LOVE and EARL D. RAINVILLE, both at the University of 
Michigan 
Retaining the important successful features of previous editions, the fifth 
edition treats such new topics as: the distance formula in polar coordinates, 
circles of Appolonius, radical axis, common chord, generation of surfaces of 
revolution. 


1955 302 pages $4.00 


Differential and Integral Calculus, Fifth Edition 
by CLYDE E. LOVE and EARL D. RAINVILLE, both at the University of 
Michigan 


Incorporating new features and improvements, the fifth edition of this fa- 
mous text contains 3900 exercises (2400 new) many new important topics, and 
a new treatment of the section on Newton’s method for solution of equations. 


1954 526 pages $5.75 


Methods In Numerical Analysis 


by KAJ L. NIELSEN, Head of the Mathematics Division of the United States 
Naval Ordnance Plant, Indianapolis 


Incorporating recent developments and modern methods, this text details the 
two major portions of numerical analysis: (1) the analysis of tabulated data, 
and (2) the numerical methods of finding the solutions to equations. 


1956 382 pages £6.90 


The Macmillan 


60 FIFTH AVENUE, NEW YORK 11, N.Y. 


PRINCIPLES OF MATHEMATICS 


By C. B. ALLENDOERFER, University 
of Washington; and C. O. OAKLEY, 
Haverford College. 466 pages, $5.00 


A new approach in both content and em- 
phasis directs this important text toward 
the reform of the basic curriculum in 
mathematics. The emphasis is on an under- 
standing of the methods of mathematical 
reasoning, the basic ideas of the subject, 
and a clear understanding of the reasons 
behind the mathematical processes. For 
students who have completed a course in 
intermediate algebra and who need prep- 
aration for a standard calculus course. 


MATHEMATICS OF FINANCE. 
New Second Edition 


By PAUL M. HUMMEL and CHARLES 
L. SEEBECK, Jr., University of Ala- 
bama. 390 pages, $4.75 


Thoroughly covers the mathematics in- 
volved in finance and investments, including 
simple interest, bank discount, compound 
interest, annuities, perpetuities, sinking 
funds, amortization of debts, installment 
buying, bonds, depreciation, life insurance, 
and life annuities. This new edition has 
been made more complete and brought fully 
up to date. 


ESSENTIAL BUSINESS 
MATHEMATICS 


By L. R. SNYDER, City College of San 
Francisco. Second Edition. 421 pages, 
$4.50 


A college text in business mathematics for 
those who want to develop accuracy and 
speed in the business processes of frac- 
tions, decimals, measurements, and per- 
centages. No knowledge of algebra is 
necessary. The WORKBOOK accompany- 
ing this new edition has also been revised 
and brought up to date (160 pages, $2.50). 


330 West 42nd Street 


Send for copies on approval 


McGraw-Hill Book Company, Inc. 


ELEMENTS OF BUSINESS 
MATHEMATICS FOR COLLEGES 
By L. R. SNYDER, 264 pages, $3.75 


Presents a sound review of arithmetic and 
its practical application in solving the most 
frequently occurring types of business 
and of personal finance problems. Espe- 
cially practical for those with only a fair 
background in high school mathematics. 
Includes only problems that occur con- 
stantly in business and personal life. A stu- 
dent workbook with 67 assignments is avail- 
able. 


PLANE TRIGONOMETRY 


By C. R. WYLIE, JR., University of 
Utah. 392 pages, $4.00 


Focused primarily on the analytical aspects 
of plane trigonometry indicating its impor- 
tance in a subsequent study of mathematics, 
physics, or engineering. Includes a discus- 
sion of complex numbers, trigonometric 
series, and hyperbolic functions. A glos- 
sary of terms and a basic review of geom- 
etry and algebra are in the appendix. 


CALCULUS 
By C. R. WYLIE, JR. 554 pages, $6.00 


Covers all material usually taught in a 
first-term calculus course, including a re- 
view of solid analytic geometry and an in- 
troduction to ordinary differential equa- 
tions. Introductory and summary para- 
graphs in each chapter make the material 
easy to follow. 


New York 36, N.Y. 


GEORGE BANTA COMPANY, INC,, MENASHA, WISCONSIN 
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MATHEMATICAL MONTHLY 


THE OFFICIAL JOURNAL OF 
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SOLVABILITY AND CONSISTENCY FOR LINEAR EQUATIONS 
AND INEQUALITIES* 


H. W. KUHN, Byrn Mawr College 


1. Introduction. The term consistent is in common use in two contexts that 
appear to be quite different at first sight. It is often applied to systems of linear 
equations as a synonym for solvable. Thus, Dickson says in [3]: “We shall call 
two or more equations consistent if there exist values of the unknowns which 
satisfy all of the equations.” Again, Bécher writes in [1]: “The equations may 
have no solution, in which case they are said to be inconsistent.” Elsewhere, it 
is applied by logicians to deductive systems as a synonym for non-contradictory. 
Thus, Tarski defines the term in [8]: “A deductive theory is called consistent 
or non-contradictory if no two asserted statements of this theory contradict 
each other.” 

Our preliminary purpose is to reconcile these two usages, agreeing informally 
that “solvable” means “satisfiable” and that “consistent” means “non-contra- 
dictory.” The reconciliation is brought about by setting forth explicitly the 
definition of consistency that has been employed implicitly in ordinary treat- 
ments of linear equations. This definition is based on a non-effective character- 
ization of the logical consequences of the system, and is almost trivially equiva- 
lent to solvability under much more general conditions than are considered 
here. Therefore, this equivalence adds little or nothing to our knowledge of the 
special subject of linear equations. 

These considerations are in sharp contrast with another use of consistency, 
which considers only those consequences that can be derived by applying a finite 
number of algebraic operations to the system. We shall show that the ordinary 
criteria for the solvability of systems of linear equations follow directly from 
the latter notion when the only algebraic operation that is allowed is that of 
forming linear combinations. Whatever novelty there is in this approach con- 
sists in viewing the system of equations asaset of postulates added to an under- 
lying logic that includes the laws of real numbers, and then investigating the 
“methods of proof” appropriate to it. 

The main object of this paper is to extend this formulation to systems of 
linear inequalities. It is somewhat remarkable that the same theorems persist 
with only minor modifications, namely, with reasonable care in the type of 
linear combinations that are allowed, and with the use of a process of elimina- 
tion designed for linear inequalities. The criteria for solvability that are proved 
in this manner form a basis for the modern disciplines of linear programming 
and game theory. They also admit important geometric interpretations. These 
and other applications will be treated in a sequel. 


* A preliminary version of this paper was prepared while the author was a consultant to the 
National Bureau of Standards. The preparation of the present version was supported, in part, by 
the Social Science Research Council and, in part, by the Office of Naval Research Logistics Project, 
Princeton University. 
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2. Systems of linear equations. The system of linear equations 
3x4 — 6y + 42 = 1 
—x“-+2y — 22 = 3 
x—2y+ 2=0 


does not have a solution. Despite its triviality, let us examine an argument 
that might be advanced as a proof of this statement. 

Suppose the equations are multiplied by new unknowns, u, v, and w, respec- 
tively, and added. Represent this by listing the multipliers to the left of the 
equations and the sum below, thus: 


U: 3% —6y +42 = 1 
v: —%* +2y —2z = 3 
Ww: x —2y +z =0 


(34 —-v+ w)x + (—6u + 20 — 2w)y + (44 — 20+ wiz 


i 


u-+ 3u 


If the original system were satisfied by numbers #, 9, and 2, then the same opera- 
tions would yield 


(34 —v+ wt + (—6u + 20 — 2w)h + (4u — 20 + we = u + 39 


and this would be a true statement for all values of 4, v, and w. However, if 
the multipliers «=1, v=1, w= —2 are chosen, this says 


Of + 0F + 0 = 4, 


a false statement about numbers. 

We shall see later how such multipliers can be found by successively eliminat- 
ing the unknowns. For the moment it is important to remark that they were 
chosen to satisfy 


3u—- v+ w=0 
—6u + 20 — 2w = 0 
4u—-20+ w=0 

uw + 30 # 0 


and thus establish the contradiction. This is, of course, the original system 
transposed in a special way. 

So much for motivation; the object of this section is to state precise condi- 
tions for the solvability of general systems S of linear equations. The systems 
will be assumed to contain 7 inhomogeneous equations in 2 unknowns, 1, +: 
%,, and hence will have the form 


? 
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Cut +t + Cindn = 1 
(S) 
Cri %1 + an + CrnXn = Cy. 
The cx; and c are given real numbers (for R=1,---,rand/=1,---,m) and 


define the system S. The adjective “inhomogeneous” means that no assumption 
is made about the right hand members ¢,. 

An indexed set X of real numbers (#, - ++, €,) is called a solution for S if 
all of the equations 


Cedi +++ + Ckndn = Cr (R=1,--+,7) 


are true statements. The set of solutions for S is denoted by S(S) and S is 
called solvable if S(S) is not empty. An equation 


dy%,+°++ + dnt, = d 


in the unknowns “1, ---, Xa is called a (logical) consequence of S if did:+ -- > 
-+dn&n=d is a true equation whenever X =(%, +++, n) is a member of S(S), 
in symbols, if X €S(S). A curious situation occurs if S is not solvable, Then the 
definition of a consequence places no restriction on an equation d\x1-+ +++ +dnXn 
=d because there are no solutions %1,--°-+, #, to check for equality. Hence 
we are forced to conclude that, if S is not solvable, then every equation in the 
unknowns %1, ++ +, Xn is a consequence of 5S. 

Our first definition of consistency will be based on the idea of consequence 
and the form of the patently false equation, 0#+09-+02 =4, derived in the exam- 
ple above. Namely, a system S is said to be inconsistent if some equation 


Ox, +---+ 0x, = d, with d ~ 0, 


is a consequence of S; otherwise it is called consistent. (Thus, the contradictory 
assertions used in this definition are 0 =d and d0.) 

The first theorem will establish the logical connection between solvability 
and this notion of consistency. Its statement explains immediately why these 
terms have often been confused (or used interchangeably) in textbook discus- 
sions of linear equations. The triviality of its proof reveals that it is a theorem 
without special content for linear equations. 


THEOREM 1. A system S is solvable if and only if it is consistent. 


Proof. If S is solvable, choose an X = (1, +++, &)€S(S). Then 04+ -- - 
+0, is equal to zero by the rules of operating with real numbers and hence 
O#:-+ +--+ +02Z,=d is not a true equation for any d0. Therefore, no 0x,-+ -- > 
+-0x, =d, with d0, is a consequence of S, and S is consistent. 

On the other hand, if S is not solvable, then every equation in x1, °---, Xn 
is a consequence of S. In particular, 0x,-+ -- + -+0Ox,=1 is a consequence of 
S, and S is inconsistent. 
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The significant content of the theory of linear equations comes not from 
the fact that an absurd consequence can always be exhibited when 5S is not solv- 
able, but from the form of this equation and from how it can be obtained. To 
this end, form a scheme analogous to that used in the example, with multipliers 
appearing at the left of the system and the sum appearing below: 


Wi: Ci%1 tts + Cinkn = C1 
We: CX + ++ * + Conkn = C2 
Wyre Cr1%1 + °c. + CrnXn = Cr 


G1X, ++: + AnXn = d. 
The coefficients of the sum are easily read off; they are: 


dy = Wier tet Hf Weer 


dn = Wilin + 2+ +  Wrlrn 
d= Wye, t+ + Wye 


An equation, 
dix, + +e-> + ditn = d, 


that is formed in this manner, is called a linear combination of the equations of 
S. The multipliers w, --- , w, are called the coefficients of the linear combina- 
tion. 

With this set of definitions, the central theorem on the solvability of systems 
of inhomogeneous linear equations is: 


THEOREM 2. (a) Every linear combination of the equations of S is a consequence 
of S. (b) If S ts solvable, then every consequence of S 1s a linear combination of the 
equations of S. If S 1s not solvable, then an equation 


Om +--+ +0, = d, with d ¥ 0, 
4s a linear combination of the equations of S. 


Several informal remarks may help to explain the content and intent of this 
theorem. First, it characterizes the consequences of solvable systems S as being 
exactly the linear combinations. Since “consequence” is a logical notion and “li- 
near combination” is algebraic, this is quite remarkable. Often we may obtain 
the information that some statement holds whenever other statements are true; 
however, it is seldom that this forces such a narrow and explicit connection. 
Secondly, this theorem says that it is always possible to demonstrate the incon- 
sistency of an unsolvable system by exhibiting as a linear combination an equa- 
tion that is false for all values of the unknowns. Thus both parts of the theorem 
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yield information through the medium of linear combinations. 

The statements of Theorem 2 (b) can be strengthened to constructive 
assertions, that is, there is a finite computational procedure that will find the 
multipliers w, - + + , w, in the linear combinations (and hence the solution to the 
transposed system) for every case. This procedure is based on the familiar tech- 
nique for eliminating an unknown from the system. 


THEOREM 3. The process of elimination either yields a solution for S or exhibits 
an equation 


Ox, +--+ +02, = d, with d ¥ 0, 
as a linear combination of the equations of S. 


Although the technique of elimination is known to every algebra student in 
practice, it will be described here for the sake of comparison with the generaliza- 
tions to follow. (Actually, “elimination” is something of a misnomer; for formal 
reasons, we will not eliminate an unknown, but will make all of its coefficients 
equal to zero.) It is applied only to systems S in which some coefficient cx: is 
different from zero. For notational convenience, assume that ¢1 #0, renumbering 
unknowns and equations if necessary. Then define a new system S’ of r equations 
in the unknowns x1, - +: , Xn by: 


041 + Ox. + eee + 0x, = 0 
€21C12 . €21Cin C21 
O21 + (a Jet + (cm in =a — Se 
C11 /: C11 C11 
(S’) 
C1012 Cr1Cin Cri 
On + (a2 - Verte + (Gn Jemma - Se 
C11 C11 C11 


The formation of this system follows an obvious rule; it is obtained by subtract- 
ing Cma/cu times the first equation from the kth equation for R=1,---, 17. 
Thus the coefficient of x: in the kth sum equation is cu —¢acu/c1=0 for k 
=1,---,r. The seemingly redundant first equation, 0x,+ --- +0x,=0, is 
retained to avoid the logical complications involved in considering void systems. 
The proof of Theorem 3 is then based on the following three assertions: 


1° Every equation of S’ 1s'a linear combination of the equations of S. 
2° If S’ is solvable, then S ts solvable. 


3° More unknowns have all zero coefficients in S’ than in S. 


The details of the proof are straight-forward and will not be given. Theorem 2 
(b) follows immediately from Theorem 3; however, the details of this derivation 
are also omitted because we shall prove a more general statement for inequalities 
in Section 3. At this stage, presenting the proofs might obscure the simplicity 
of the logical structure of the results. To emphasize this structure, the theorems 
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will be reproduced in a condensed form to arm the reader for the section that 
follows. 
The core of this section is contained in the diagram: 


solution 
e e —_ 
contradiction | x, Xo °°* Xn 

W1| C11 C12 °° * Cin = ¢1 
We {| Ca1 Coz ° °°) Can = C2 
J e e e e e 
Wr Cri Cor °° *° Grn = Cr 
=Q0 =0---=0/ #0 


It presents a schematic expression of the statement that exactly one of the two 
systems 


Crt +t + Cindn = C1 
(5) 

Criky t+ * PF Crn%n = Cy 
and 

Wien bees Wr = 0 
(7) 


WiCin + ee + WrCrn = 0) 
W101 + +++ + wc, x 0) 


is solvable. A solution to J means that S is inconsistent. Successive elimination 
of x1, :- -, Xn leads either to a solution for S or to a solution for T. 

The relation of solvability to consistency for linear equations should now 
be clear. Any confusion is caused by two different uses of the word consistency. 
The first (which we have called “consistency”) might be called “consistency 
with respect to consequences” (following Church [2]) and is the notion that is 
used interchangeably with “solvability” because Theorem 1 is valid. The second 
might be called “consistency with respect to linear combinations” and leads to 
the following formulation of the results: Forming a linear combination is a rule 
of inference (i.e., never leads from true statements to a false statement) for 
systems of linear equations. If a system S is solvable then every consequence 
can be derived in this manner. If S is inconsistent with respect to consequences, 
then it is inconsistent with respect to linear combinations. Elimination is an 
effective procedure for deciding whether a system is solvable or inconsistent 
(in either sense). 
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3. Systems of linear inequalities. The object of this section is to establish 
conditions for the solvability of general systems S of linear inequalities. We shall 
pattern our definitions upon those given for equations and, happily, the same 
theorems will be found to hold with only slight and obvious modifications. 

The systems S under consideration are assumed to contain p-++q>0 inequali- 
ties in the unknowns x, - - - , x,; of these 20 are assumed to be strict. Thus, 
they can be written 


(S) Ait, + +++ + Anta > A; (c= 1,---, p) 
Dyixy tees + Ont 2 0; (GG=1,--:,q) 
where the a,x, ai, bj, and b; @=1,---, p; j=1,°°-,q; R=1,---, m) are 


given real numbers that define the system S. Again, no assumption is made 
concerning the right hand members a; and b;, and the inequalities are called 
inhomogeneous. 

An indexed set X of real numbers (4, +++, %n) is called a solution for S if 
all of the inequalities | 


Qinks + +++ + inka > 4; (c=1,---,p) 
bids +++ + Ojnkn 2 5; g=t,---,9) 


are true statements. The set of solutions for S is denoted by S(S), and is possibly 
empty. An inequality, 


d1X1 + .. + dnX7Rd, 


where ® is one of the relations > or 2, in the unknowns x, -- - , x, is called 
a consequence of S if divi+ +--+ +d,%,Rd is a true inequality wherever #= 
(#1, ° °°, &,) is a member of S(S). If S is not solvable then every inequality in 
the unknowns %1, - - - , %, is a consequence of S. A system S is said to be in- 
consistent if the inequality 


Ox +--+: + 0%, > 0 


is a consequence of S; otherwise, it is called consistent. The choice of this “stand- 
ard” contradiction will be explained below. 

The logical connection between solvability and consistency holds without 
change; to emphasize the strict parallel, this theorem and those following it will 
be given roman numerals corresponding to their counterparts for equations. 


, THEOREM I. A system S is solvable if and only af tt 1s consistent. 


Proof. If S is solvable, choose any X = (#1, +++, #n.)€S(S). Then 0%,+ -- - 
+0, is equal to zero by the rules for operating with real numbers and hence 
O%i+ +--+ +0%,>0 is not a true inequality. Hence 0x1-+ ---+0x,>0 is nota 
consequence of S and S is consistent. 

On the other hand, if S is not solvable, then every inequality in 1, +--+, 4%, 
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is a consequence of S. In particular, 0x:+ -- + +0x,>0 is a consequence of S 
and S is inconsistent. 

The significant content of the theory of linear inequalities is found again in 
the form of the consequences that can be derived from S and the manner of 
their derivation, namely, as linear combinations. We must exercise some care 
in forming these, but no more than is indicated by the following rules for mani- 
pulating inequalities. 

RULE 1. Any inequality (strict (>) or ordinary (2)) still holds if it is multi- 
plied by a positive number throughout. 

RvuLeE 2. Strict inequality (>) holds for the sum of two similarly directed 
inequalities if and only if strict inequality holds in at least one of the summands. 
Ordinary inequality (2) can always be asserted for the sum. 

Rute 3. Strict inequality (>) always implies ordinary inequality (2). 

These three rules make possible a precise description of the nature of the 
linear combinations that will be used. Rule 1 suggests that the multipliers should 
be restricted to be non-negative (a zero multiplier means that that inequality is 
not being used). Rule 2 says that the relation holding for the linear combination 
can be > only if some strict inequality has a positive coefficient. Rules 2 and 
3 say that the relation 2 can always be asserted for the linear combination. 
Following these precepts, form a multiplier scheme patterned on the scheme 
used for equations, with non-negative multipliers at the left and the sum below: 

uw 20: Ox+---+ Ox,> —-1 


Uy, ZO: Git fees + Aintn > 1 


Up 2 OO? ApiXi + +++ + ApnXn > Ay 
W120: b1%1 + +++ + Ointn 2 01 
Uq = 0: bgi%1 + ee “+ DqnXn = by 


04%, +--+ + dax,Rd 


The insertion of the first line is related to the choice of a standard inconsistent 
inequality. The coefficients of the sum are easily calculated to be: 


dy 


l 
: 
Ay 
+ 
+ 
S 
a 
wo) 
- 8 
+ 
. ¢ 
a 
+ 
+ 
Se 
oO 
rer 


dn = Usdin +e + Updpn + din + °° + + Uden 
Dd = — Uy 1d + + Upp + 1b) + + + + Qdg. 
An inequality, 
dit1 + +++ + daxaRd, 
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that is formed in this manner from a system S, is called a legal linear combination 
of the inequalities of S provided that R is 2, or Ris > and some 4; is positive 
(1=0,1, +--+, p). The reader should notice that this definition has been framed 
so as to conform to Rules 1, 2, and 3 and thus to insure the fact that every legal 
linear combination is a consequence. Another important fact to be noted is that 
every inequality in the multiplier scheme above can be proved to be a legal 
linear combination by choosing its multiplier equal to one and all other multi- 
pliers equal to zero. In particular, the definitions make 0x,+ ---+0Ox,>-—1 
a legal linear combination of every system. 

With these definitions, the central theorem on the solvability of systems of 
inhomogeneous linear inequalities is: 


THEOREM II. (a) Every legal linear combination of the inequalities of S is a 
consequence of S. (b) If Sts solvable then every consequence of S 1s a legal linear 
combination of the relations of S. If Sis not solvable, then the inequahty 


Om+-::+0x,>0 
as a legal linear combination of the relations of S. 


Proof. Theorem II (a) follows immediately from the definitions and Rules 1, 
2, and 3. As before, the statements of Theorem II (b) will be strengthened to 
constructive assertions; that is, elimination is an effective procedure for finding 
the multipliers 0, w1, +--+, Up, %1, °° *, Vg in the legal linear combinations for 
every case. Precisely, the proof of Theorem II (b) will be based on 


THEOREM III. The process of elimination either yields a solution for S or exh- 
bits the inequality Ox + +--+ +0xn,>0 as a legal linear combination of the 1n- 
equalities of S. 


Proof. The process of elimination is applied only to systems Sin which some 
coefficient a;; or bj: is different from zero. Assume that ]=1, renumbering un- 
knowns if necessary, and set about eliminating x; from the system. Separate 
the inequalities of the system into three classes (Classes I, II, III) according to 
whether the coefficient of x: is positive, negative, or zero. These classes will be 
distinguished notationally by the number of primes on the indices. Define a 


new system S’ of inequalities in the unknowns 1, + - , Xa by: 
Ox. + Ove +:-° + Ox, > — 1 
, Q;"2 Ayre Qi'n Ayn ay ay 
(S’) , Ox + — Xeaterre +t — “> 
Qi Qy'y Qt Qyert Qy'1 Qyr'y 


for all pairs 1’ and 2" with a4. >0 and ay. <0, 


a; b yer Qin b In ay! b or) 
ee m2) nN Ce) 


Qj1 Byrn | gry Q3'1 Bjrry 


for all pairs i’ and j" with aj >0 and bj <0, (S’ continues on next page.) 
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bye Ayrra Dyn Aylin by ay 
(S’ cont.) On + (5 Jato +( — )m > — 


bj Ayr'y by Ayrry byry ayy 


for all pairs j’ and 2’’ with bj,>0 and ayy <0, 


Ox, + (< - =) Xo + ak 4 ( _ =) xt, > on by 
Bry b jig . 


for all pairs 7’ and j’’ with bj, >0 and by <0, 
0x + AyrrrgXe + oo 8 + AyrinXn > Aye 


for all 2’"’ with ayn =0, 


0x + b jrrr9Xe + oe + Byrn Xn = D jr 


for all 7’"’ with bj =0. 

Although it may seem formidable at first glance, the formation of the system 
S’ follows a simple rule. Namely, the coefficient of x1 in each inequality in Class 
I is made +1 through the use of the positive multipliers 1/a;1 and 1/bj1, while 
the coefficient of x1 in each inequality of Class II is made —1 through the use 
of the positive multipliers —1/aye1 and —1/bjy. By Rule 1, the inequalities are 
all preserved. Then, all pairs of inequalities, one from Class I and one from Class 
II are added and the inequality type of the sum is assigned by Rule 2. The in- 
equalities of Class III are copied, unchanged; the first inequality, Ox1+ -- - 
+0x,>—1, is inserted in S’ to avoid the logical complications involved in 
considering the empty system that would arise if all of the inequalities of S were 
in Class I or II. This characterization of the formation of S’ proves: 


1° Every inequality of S’ 1s a legal linear combination of the inequalities of S, 
and hence 1s a consequence of S. 


Another manner of viewing the formation of S’ is revealed by isolating x; on 
one side of all of the inequalities of Classes I and II, then pairing the results as 
follows: 

ay Qirre, Qin ay Q4'2 Ain 


Ay Aird Qin ay1 ay Qi 


for all pairs 2’ and 7”’ with aji>0 and ayn <0, 


bj b jr Byrn ay! Qi2 Qin 
Xn = v1 > 
D jrry b jig B yrry Ay 1 Ay 1 Qyj'1 


4 


for all pairs 2’ and j’’ with aji>0 and bj <0, 


ay Ayrrg Aylin by b je Dyn 
Xo — ee ¢ © o_o 
QAyrry QAyrrt Ayrt bj bjt by 
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for all pairs 7’ and 2”’ with b)1>0 and a, <0, 


by b jrre Dijin 


D jrry by D jr 


> —— 


e e e =: 


Xn = a 


Nqg—m stom 


for all pairs 7’ and j”’ with bj1>0 and bj <0. 

(Again, the reader should not ignore the possibility that either Class I or 
Class II might be empty, in which case there would be no such pairs; he should 
check that each assertion holds in this case, too.) If x: is dropped from each of 
the pairs and the result arranged with unknowns on the left and constants on 
the right, and if the inequalities of Class III and 0x,+ ----+0Ox,>-—1 are 
adjoined to the system, the result is exactly S’. 


Suppose #o, °° 


-, &, solve S’ (note that x, can be given any value in this 


system). Then, arranging S’ as in the previous paragraph, the inequalities that 
are notin S are: : 


(i’, i”): 


(1, q”") : 


(7, i’’) . 


9"): 


Ayr 


Ayry 
by 
Dyer 


a,’ n 


Ayr 


Dyin 


Dyiry 


Aylin 


Ayrt 


b jrrn 


B jrry 


Qy 
tn > 
Qi 


Aire 


Qi'1 


Qire 


Qyy 
b irs 


bj 
Biro 


bj 


_ Qin 

X92 Ce os Xn 
Qi1 

_ Qin 

Xo — e e e — Xn 
Qi1 

: Din _ 

X92 — ee 6 6 — Xn 
bjt 

_ Din 

1 Xn 
Birt 


The problem of completing #, +--+, #, to a solution for S by a proper 
choice of # is clearly that of fitting #, into these inequalities as required by the 
system immediately above them. With an eye to picking out those inequalities 
of S that restrict the choice of # most severely, define 


, Qi aire Qi'n 
a = max — Hy —- tet Xnes 
a’ Qin Qin Qi'n 
; by) D jo 7 Dyn 7 
B= max 4—— — —— #%e —- tt nes 
jt bj Dy bj 
” ay Ajrrga Ayn 
a!’ = min — hy — cee Lnp 
iad Ayry Ayrry Ayrry 
” . by D jrr9 Dyin 
B’= min 4~— — — a — ++: — Xnp 
j'' Dy Dyrry Dyer 


(We shall adopt the convention that a maximum over an empty set is — © 
while a minimum over an empty set is -+- «©: Thus, if there are no inequalities 
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in Class I, a’=— ©, etc.) It is important to realize these maxima and minima 
are actually achieved for a proper choice of the indices 7’, 7’, 7’’, and 7”’ if the 
sets concerned are non-empty, and so among the inequalities immediately above 
one can find: 


al’ > a’, p” > a’, al’ > B’, and p”’ > 6’, 
(where the inequalities are trivially true if the sets are empty and the conven- 
tion is applied). 
If i>a', 2B’, <a’’, and %SB"', then %, Xe, +--+, Xn 48 a Solution for S. 


Proof. Since the inequalities in S of Class III are also in S’, only those of 
Classes I and II need be checked. For these, 


Qi y%1 + Ayoke +++ + ainda > Ayia! + ayes + + Anda 
= (dy — Aivoke — +++ — Ginkn) + (Geroke + +++ 4 Gynkn) = ay 
for all 2’ with aj.>0, 


Dirk Ayaka oo bh Ayinkn > Ayryoe” + ayrake fs fb ay nEn 
= (Ayr — Ayrroh, — 6+ — AyrnBn) Hh (Gerreke fe + + Oyn8n) = ay 


for all 2’’ with ayn <0, 
b jr Dyroke ++ + Ojndn > Dy B! + byake ++ + Oynkn 

= (dy — Dyrak, — +++ — Dyna) + (Dyatte + +++ + Oy nde) = 0} 
for all 7’ with bj1>0, 


b jr ky + Dyrroke +t H+ Oprntn 2S byiB! + Oyreke +++ + He Dyrndn 
= (by — Dyrreke — ++ + — DyrnBn) + (bjrrode os Hb Dyna) = bye 


for all 7’’ with by». <0. This proves that S is solved by 1, #2, - ++, Xn. 

To choose an % satisfying these conditions, consider the four exhaustive 
cases, corresponding to the four possible orderings of a’ with B’ and a’’ with B”’, 
separately: 

CasE 1. B’Sa’ and a’’Sp". 

Choose #, so that a’<ii<a’’. 

CaSsE 2. B’Sa’ and B’’ <a". 

Choose #, so that a’<%,<p"’. 
‘CASE 3. a’ <P’ and a’’ SB”. 
Choose # so that B’/<ii<a"’. 
CasE 4. a’ <P’ and B’’<a”’. 
Choose # so that B/S$% Sf”. 
This proves the crucial fact: 


2° If S’ ts solvable, then S is solvable. 
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Suppose that the process of elimination is applied several, say /, times to 
yield successively the systems S, S’, S’’,- +--+, S®. It is clear that 1° and 2° 
still hold, with S® replacing S’. The only detail that needs verifying, namely, 
that legal linear combinations of legal linear combinations are legal linear com- 
binations, is obvious and tedious to write out. The termination of the process 
is insured by a third property of S’ relative to S. 


3° More unknowns have all zero coefficients in S' than in S. 


This is clear, since any unknown with all zero coefficients in S still has all zero 
coefficients in S’ while x; had a non-zero coefficient in S (some aa or bj was 
assumed non-zero) and has all zero coefficients in S’. 

Property 3° insures that the process of elimination must end after a finite 
number of steps (no more than 2) with a system S™ in which all of the unknowns 
have all zero coefficients. If all the right hand members of the strict (or ordinary) 
inequalities are negative (or non-positive) then any set of numbers X¥ = (H, °° -, 
%n) solves S® and hence S is solvable by h applications of 2°. Otherwise, 
Ox1+ ---+0x,>d with some d20, or 0x%1+ --:+ +0x,2d with some d>0 
appears in S®, In this case, the proof is completed by writing down the two 
multiplier schemes: 


1: Ox, +---+0x,>d, withanyd2 0 


d: 0x, +:---+0x, >-1 
Ox+---+0x, > 0 


1: Ox, +---+0x%, 2d, withanyd>0 


d: Om +---+0x%, > -—1 


(The reader should verify that the result is a legal linear combination in each 
case.) Hence, 0x1+ - - + +0x,>0 is a legal linear combination of S” and can 
be exhibited as a legal linear combination of the inequalities of S (and possibly 
Oxi+ ---+-+0x,>-—1) by at most h-+1 applications of 1°. This completes the 
proof of Theorem ITI. 

Before returning to the proof of Theorem II (b), these results will be sum- 
marized in a multiplier scheme. This diagram expresses the fact that exactly 
one of the two systems listed there admits a solution. A solution to T means 
that S is inconsistent. Successive elimination of x1, - +--+, Xn leads either to a 
solution for S or to a solution for 7. 
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solution 
| 
contradiction | 4%; Xo ¢ ++ Xn 
um 20! 0 0 --- O|>-1 
not |% 20} ay 38 aie Gin | > a 
all 4% 20 | da Q22 Gon | > ae 
ZELO 
Up =O | Apr Ape Aon | > ap 
7120 | du Bio bin | 2 by 
v= 0 | ba boo - bon | 2 de 
v9 201 ba bas bon | & by 
The system S is defined by 
Qik, +++ + inka > a: (@=1,---,?p) 
b 1%1+ cc + Bb inXn = b; G = 1, rn) q). 
The system T is defined by 
W101. + - + Up pt + 01011 + a + Ugbqi = 0 (1 = 1, se. , N) 
— Uy F U1d2 + +s Upp +010) +++ + bg = 0 
with all of the unknowns uw, ™, °° +, Up, V1, °° * , Yq Non-negative and not all 
of the uo, m1, °° + , Up» equal to zero. 


Proof of Theorem II(b). The case for systems without solutions is stated 
directly in Theorem III and so it is only necessary to show that, for solva- 
ble systems, every consequence is a legal linear combination. Assume that 
the strict inequality dixi+ +--+ --+d,x,>d is a consequence of S. Thus, if X= 
(41, ° °°, #.) is any solution for S, then d,%,:+ - +--+ +d,%, is a number that is 
larger than d. This means the insolvability of the system U (to save rewriting 
the system, multipliers have been included): 


u 20: Ox+---+ Ox, > —-1 


4 


(U) u; = 0: Qik, fee: + Ginkn > a; (4 = 1,---,p) 
v; = 0: bX tees + One, 2D; (Gg =1,--+:,q) 
t20: —d,x%,-—°+: — d,%,2 —d. 


By Theorem III, there exist non-negative multipliers %o, wh, - - 
v,, # with not all of %, m4, - - + , %) equal to zero, such that 


° ; Un, V1, eee ’ 
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Ey! Hayy t+ + + dpdy: + Gib + +++ + Gb — td = O (T= 1,-- -,m) 
—1: — thy + 410; + +++ + @ya, + 916; + +++ + 0,5, — id= 0. 


If £ were known to be positive, then all of these equations could be divided by it, 
establishing dix:+ +--+ +d,x,>d as a legal linear combination of the inequali- 
ties of S. Recall that S is assumed to be solvable and let #, - + + , #, bea solution. 
These have been written as multipliers at the left of the last system, using —1 
to multiply the last equation. Multiplying and adding, 


tho + du U(Ay%1 + +++ + Aink, — ai) + Du 0j(bjr%. +++ + Dink, — 5;) 


= i(d1%1 + . ee + Ann — a). 


Since the left side of this equation is positive, the right side is also, and hence 
i>0. Hence diai+ +--+ +dnx,>d is a legal linear combination of the inequalities 
of S with multipliers w/t, a,/t, +--+, d/l, t/t, +++, 0,/t. If the consequence 
is an ordinary inequality dix,:+ --- +d,x,2d, afew changes must be made in 
the proof. The inequality —dix,— +--+ —d,x,2 —d in U should be replaced by 
—dyx1— +++ —dnxX,>—d. Using the same notation for multipliers, the same 
transposed system of equations is obtained, with not all of %, #1, +--+, %, and 
i equal to zero. If ¢ is assumed zero, we are in the previous case (with not all of 
ilo, t1, * * * , %p equal to zero) and can conclude #>0 as before, a contradiction. 
Hence # is positive and dyx:+ + + + +daxn2d is a legal linear combination of the 
inequalities of S with multipliers a%/i, w/i, +--+, m@p/t, t:/t,-+-+, t,/t. This 
completes the proof of Theorem II (b). ° 

4, Aninfinite example. Of course, the results of Section 3 can be paraphrased 
in logical terms exactly in the form of the conclusion to Section 2. At this point 
the reader may be led to the erroneous belief that consistency with respect to 
consequences is always equivalent to consistency with respect to linear combi- 
nations for linear systems. The following (infinite) system shows that this is not 
SO. 


(S) 42> —1/n (n = 1, 2, 3,°--). 


Clearly «20 is a consequence of this system, yet is not a linear combination of 
any number of inequalities of S. We infer that 


(S1) —x> 0, x > —1/n (n = 1, 2,3,-°-) 


is inconsistent with respect to consequences but is consistent with respect to 
linear combinations. The natural way out of this dilemma is to add new rules of 
inference based on limiting operations. 

5. Acknowledgments and historical remarks. The author is indebted to 
T. S. Motzkin, who first suggested that his “transposition theorem” [6] might 
be viewed as asserting the disjoint alternatives of solvability or contradiction 
via linear combination. He also called attention to a remark of Fourier [5] that 
elimination was a natural method for solving linear inequalities. However, the 
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author takes full responsibility for the logical consequences of these ideas. 

Elimination, as a method for solving linear inequalities, has been used for 
theoretical purposes by a number of authors, notably by Dines [4]. However, 
his treatment seems to conceal rather than emphasize the parallel with equa- 
tions. 

The distinction between logical consequences and provable consequences 
for logistic systems was first made by Tarski [7]. Our definition of the logical 
consequences of a system of linear equations or inequalities is in an obvious way 
parallel to Tarski’s definition of logical consequence, but the two are not the 
same. They might be compared in the following manner. The logical conse- 
quences, in the sense of this paper, of a system of equations or inequalities are 
the same as the logical consequences, in Tarski’s sense, of the system together 
with some categorical system of postulates for the real numbers—provided 
that the unknowns in the equations or inequalities, before considering the con- 
sequences in Tarski’s sense, are first replaced by new symbols, which play the 
role of primitive constants, and which do not appear elsewhere. The author is 
indebted to A. Church for unraveling the relation between the two ideas; the 
general metatheorem parallel to Theorems 1 and J, and valid for functional 
calculi of all orders is stated by Church in [2]. 
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SELECTED SELECTION THEOREMS 
E. MICHAEL,* University of Washington 


1. Introduction. The theory of selections, a systematic account of which 
appears in the Annals of Mathematics [6] [7] [8], contains two theorems which 
are both of general interest and relatively easy to prove ([6; part of Theorem 
3.2’’] and [7; part of Theorem 1.2]). The purpose of this note is to make these 
theorems, together with their proofs and some applications, accessible to the 
casual reader, who might find the sheer bulk of the more detailed Annals in- 
vestigation somewhat discouraging. 

If X and Y are topological spaces, and ¢@ a function from X to the subsets 
of Y, then a selection for ¢ is a continuous f: X— Y such that f(x) Ed(x) for every 
xin X. All other unfamiliar concepts appearing in the following theorems will be 
defined at the end of this introduction. 


TueEoreM 1 [6]. If X is a paracompact space, then every lower semi-continuous 
function o from X to the non-empty, closed, convex subsets of a Banach space Y 
admits a selection. 


TuEorEeM 2 [7]. If X is paracompact and zero-dimensional, and if Y is a 
complete metric space, then every lower semi-continuous function o from X to the 
non-empty, closed subsets of Y admits a selection. 


The difference between Theorem 1 and Theorem 2, it should be noted, is 
that Theorem 1 restricts the range of ¢, while Theorem 2 restricts its domain. 
Intermediate results, where dim X <u and where the range of ¢ is subjected to 
restrictions weaker than those in Theorem 1, can be found in [7 - Theorem 1.2]. 

It is shown in [6; Theorem 3.2’’| that the converse of Theorem 1 is also true; 
in other words, any 71-space X which has the property stated in Theorem 1 is 
paracompact. This provides a new characterization of paracompactness. 

We now state the three most important corollaries to Theorems 1 and 2. The 
first of them was first proved by R. Bartle and L. Graves [2]; the second and 
third are Corollaries 1.4 and 1.5 of [7]. 


CoROLLARY 1 (Bartle-Graves). If X and Y are Banach spaces, and if u: YoX 
is continuous, linear, and onto, then there exists a continuous f:X—Y such that 
uf(x) =x for every xCX.** 


COROLLARY 2. If X is a zero-dimensional paracompact space, Y a complete 
metric space, and tf u: YX 1s continuous, open, and onto, then there extsts a con- 
tinuous f:X—>Y such that uf(x) =x for every xEX. 


* The results in this paper were obtained while the author was an A. E. C. fellow. 

** One can not always pick f to be linear, since this would imply the existence of a continuous 
projection from Y onto the null-space of u, which need not exist [9]. One can, however, at least 
pick f such that f(x) = a(x) for every scalar a [6; Proposition 7.2]. 
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CoROLLARY 3. Let X be a zero-dimensional paracompact space, let C be the 
complex numbers, and let g:X—>C be continuous. Also let w be any polynomial with 
complex coefficients.{ Then there exists a continuous f:X—C such that w(f(x)) 
=9(x) for every xin X.T 


We conclude this introduction with a quick review of our principal concepts. 
Let X bea topological space. A function ¢ from X to the subsets of a topological 
space Y is lower semicontinuous if {xEX lox) U x~o} is open in X for every 
open UC Y. If Uand W are coverings of X, then VU is a refinement of W if every 
VEU isa subset of some WEW. A collection U of subsets of X is locally finite 
if every x©X has a neighborhood which intersects only finitely many VEWV. 
We call X paracompact if it is Hausdorff, and if every open covering of X has 
an open, locally finite refinement. (It is known [3] [10] that every metric space 
and every compact Hausdorff space is paracompact, and that every paracom- 
pact space is normal; for more details, see [4; p. 156].) Finally, X is zero-di- 
mensional (dim X =0) if every finite open covering of X has a disjoint, finite, 
open refinement. This implies (and for compact Hausdorff or separable metric 
spaces is implied by) the condition that X has a base consisting of sets which are 
both open and closed. 


2. Proof of Theorem 1. Before embarking on the proof of Theorem 1, we 
state, and for completeness prove, a useful and standard result about “partitions 
of unity” on paracompact spaces [5]. 


PROPOSITION 1. If { Vat aca ts a locally finite, open covering of normal space X, 
then there exists a family { Pebac a Of continuous functions from X to the closed 
unit interval with the following properties: 

(a) pe vanishes outside Va, 

(b) Zaeapa(x) =1 for every x in X. 


Proof. By a theorem of Dieudonné, [3; Theorem 6], there exists an open 
covering { Wea } aca of X such that W.C Va for every x EX. By the normality of 
X, we can find continuous functions ga: X—[0, 1] such that 


Qa(x) = 1 2 € Wa, 
da(x) = 0 xexX — Vz. 
Now define ~,:X—[0, 1] by 


_ Qa(x) 
Pals) ™ Dd 9a(x) 
BEA 


+ As the proof shows, w may actually be any open (in particular, any analytic) map from a 
subset of C into C whose range contains g(X). 

¢ This corollary can be used to prove the known result that every normal operator A ona 
Hilbert space has an -th root lying in the smallest strongly closed *-algebra of operators contain- 
ing A. 
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The family { Pat oe a satisfies all our requirements. 
Turning now to the proof of Theorem 1, we begin with the following lemma, 
which will be used in an inductive proof of the theorem. 


Lemna 1. If X ts paracompact, Y a normed linear space, y a lower semi-con- 
tinuous function from X to the non-empty convex subsets of Y, and r>0, then there 
exists a continuous f:X—Y such that f(x) ES,((x)) for every x EC X.* 


Proof. For every yEY, let Uy = {xEX| yE Sb (x)) \ Then 
Uy = {x E X| W(x) A Sy) ¥ BI, 


and it follows from the definition of lower semi-continuity that every U, is open 
in X. Hence { Uy wey is an open covering of X, and therefore has an open 
locally finite refinement { Va} ee a-1 Now pick the family { Pa} oe a of continu- 
ous functions from X to the interval [0, 1] as in Proposition 1. Also pick, for 
each aGA, a y(a)EY such that VaC Uy). The desired f: XY can now be 
defined by 


f(x) = 2, bal) y(@). 


To see that this works, observe first that each x©X has a neighborhood U 
intersecting only finitely many V,, and on this U, f is the sum of finitely many 
continuous functions. Hence every x©X has a neighborhood on which f is con- 
tinuous, and therefore f is continuous on X. Moreover, for each «CX, f(x) isa 
convex, linear combination of finitely many y(qa), all of which lie in the convex 
set S,(@(x)), and hence f(x) €S,(W(x)). This completes the proof of the lemma. 

Proof of Theorem 1 itself. We are going to construct a sequence of continuous 
functions f;:X— Y such that, for every xEC X, 


(a) f(x) SG So(f_1(x)) (4 = 2, 3, — ‘) 
(b) fix) © S2($(x)) (@= 1,2, --+). 


This will be sufficient, because then (by (a)) the sequence {f;},{., is uniformly 
Cauchy, and therefore converges uniformly to a continuous f:X—Y, and it 
follows from (b) that f(x) €¢(x) for every x in X. 

We construct { fit 21 by induction. The existence of a function fi, satisfying 
(b) for 7=1, follows immediately from Lemma 1. Suppose that fi, - +: , fr have 
been constructed to satisfy (a) and (b) for i=1, -- +, m, and let us construct 
fay to satisfy (a) and (b) for ¢=n-+1. 

For each xX, let 


dnis(x) = b(x) OV (S2x(fa(x)); 
* If Bis a subset of a metric space Y with metric p, and if r>0, then .S,(B) denotes {fy C Y| 


o(y, B) <r}. 
{| We assume that V.+Vz for a8. 
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then @nii(x) is never empty by our induction hypothesis. Let us check that 
dni 1S also lower semi-continuous. We must show that, if U is open in Y, then 
V= {xEX | bnar(x)Y UES } is open in X; to do this, we will show that every 
xo€ V has a neighborhood contained in V. Now for x»E V, pick yoe€d(xo), and 
a positive \<2-* such that yoCSy(fn(x%o)). Let 


Wi = {x © X| (x) NM (Sil fa(aoe)) OU) # @}; 
Wa = {x © X| fala) © Sr»a(fa(x0)) }. 


Then W, is open because ¢ is lower semi-continuous, We is open because fx is 
continuous, and x.€(WiNW2) CV. 

Since @ay is lower semi-continuous, we can apply Lemma 1 to find a con- 
tinuous faii:X—Y such that 


frsi(*) © Se(bayi(2)) 
for every xCX. But then 
frai(#) E Sem4(fn(x)), 
which is (a), and 
Fnai(#) E So(9(x)), 


which is (b). 

3. Proof of Theorem 2. In the proof of Theorem 2, we shall need the equiva- 
lence of (a) and (b) in the following elementary and known result, which we 
prove here for completeness. Note that for compact X the equivalence of (a) and 
(b) is obvious. 

PROPOSITION 2. The following three properties of a normal space X are equiv- 
alent: 

(a) Every finite open covering of X has a disjoint finite open refinement (1.e., 

dim X =0). 

(b) Every locally finite open covering of X has a disjoint open refinement. 

(c) If ACVCX, with A closed and V open, then there exists an open and 

closed WCX with ACWCYV. 


Proof (a)—»(c): Let A and V be as in (c). Then { V, X—A} isa finite open 
covering of X, which by assumption has a finite, disjoint open refinement VU. 
Let W be the union of all elements of U which are subsets of V. The W satisfies 
all,our requirements. 

(c)—>(b): Let { OF } aga bea locally finite open covering of X. Again applying 
Dieudonné’s theorem [3; Theorem 6], we can find an open covering { Vat of X 
such that V.2C Uz for all a. By assumption we can now find, for each a, an open 
and closed W. such that VaC WaC Ua. Now well-order the index set A, and 
for each aGA, let Ra= Wa—-WUseaWs. Now for each a, UgeaWa is the union of a 
locally finite collection of closed sets, and is therefore closed. Hence each R, is 
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open, and {Ra}aea is a disjoint, open refinement of { Ua}aca. 

(b)—>(a): This is obvious. 

Having established Proposition 2, we now turn to the proof of Theorem 2. 
It begins with the following lemma, which is a precise analogue of Lemma 1. 


LEMMA 2. If X 1s paracompact and zero-dimensional, Y a metric space, Wy a 
lower semi-continuous function from X to the non-empty subsets of Y, and if r>0, 
then there exists a continuous f:X-—>Y such that f(x) ES,Q(x)) for every x in X. 


Proof. For every yEY, let U,= {xEX|yvyES,(p(x))}. Just as in the proof 
of Lemma 1, each Uy, is open in X, and j Uyfyey is an open covering of X. Since 
X is paracompact, { Uy vey has an open, locally finite refinement R. Since X 
is a zero-dimensional normal space, R has an open disjoint refinement @, by 
Proposition 2. For each WEY, pick a y(W) E Y such that WC Uy), and define 
f:X—Y by 


f(x) = y(W) ifx ec W. 


It is obvious that f satisfies all our requirements. This completes the proof of the 
lemma. 

Theorem 2 now follows from Lemma 2 in verbatim the same way that Theo- 
rem 1 followed from Lemma tf. 


4. Proof of the corollaries. To see how Corollary 1 follows from Theorem 1, 
we begin by observing that, by the open mapping theorem of Banach [1; p. 38, 
(1) ], « is open (i.e., maps open sets into open sets). Define ¢ from X to the non- 
empty, closed, convex subsets of Y by #(x) =u-1!(x). The openness of u immedi- 
ately implies (in fact, is equivalent to) the lower semi-continuity of @. Since X is 
a Banach space, it is metric, and therefore paracompact. Hence, by Theorem 1, 
there exists a selection f for ¢, and this f obviously satisfies our requirements. 

The proof that Theorem 2 implies Corollary 2 proceeds in precisely the same 
fashion, except that this time it is assumed that u is open. 

Finally, observe how Corollary 3 follows from Theorem 2. The polynomial 
w, like any analytic function, maps open sets into open sets (see, for instance, 
[11]). This implies that the function ¢ from X to the closed, non-empty subset 
of C, defined by (x) =w7(g(x)), is lower semi-continuous. Hence, by Theorem 
2, there exists a selection f for ¢, and this f clearly does the trick. 
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ESSENTIAL MAPPINGS* 
M. K. FORT, JR., The University of Georgia 


1. Introduction. The reader is requested to perform (at least mentally) the 
following experiment. Tie the ends of a piece of string together to form a loop, 
drive two pegs into a plane surface, and place the loop around the pegs as in 
Figure 1. 


Fie. 1 


Now, if one attempts to pull the string from around the pegs, keeping it on 
the plane and not lifting it over the pegs, it will be discovered that this is im- 
possible. However, if either of the pegs is removed, then it is easy to pull the 
loop free from the other peg. 

In this paper we discuss a generalization of this phenomenon. It is shown 
that if 7 is any positive integer, and 7 pegs are inserted into the plane surface, 
then it is possible to place the loop around the pegs in such a way that it is 
impossible to slide the loop free from the pegs, but if any one of the pegs is re- 
moved then it is possible to slide the loop free from the remaining n—1 pegs. 
Such a position of the loop for the case » =3 is shown in Figure 2. 


* This work was completed during a period in which the author was partially supported by 
National Science Foundation grant NSF-G1353. 
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Fic, 2 


2. A theorem about essential mappings. Let EH? be Euclidean 2-space, and 
let I be the closed interval of real numbers from 0 to 1. If X is a subset of E?, 
a path in X is a mapping (continuous function) on I into X. A path f is a loop 
if f(0) =f(1). If p=f(0) =f(1), then f is a loop at p. 

If f and g are paths in E? and f(1) =g(0), then fg is the path # for which 


h(t) = f(22), 0<is}i, 
h(t) = g(2t — 1), L<ii. 


If f, g and h are paths for which f(1) = g(0) and g(1) =H(0), then fgh is defined 
to be the path (fg)h. Likewise, fghk is (fgh)k, etc. 

If f is a path, then f—! is the path defined by f—!(¢) =f(1—2). 

If f and g are paths in X, f(0) =g(0) and f(1) =g(1), then f and g are equiva- 
lent in X if and only if there exists a continuous function H on IXJ into X such 
that: 

(i) (0, t) =f(4) for OS#S1; 
Gi) H(1, )=g( for OStS1; 

(ii) H(s, 0) =f(0) =g(0) for OSs 1; 

(iv) H(s, 1)=f(1) =g(1) for OSs 1. 

The basic facts concerning paths, loops and equivalence of paths are con- 
tained in [1]. 

The constant loop at p is the function f for which f(t) = for each ¢ in J. A 
loop g in a set X is essential in X if and only if g is not equivalent in X to the 
constant loop at g(0). 

We now state and prove a theorem which is suggested by the string experi- 
ment. 


THEOREM 1. Jf A is a non empty finite subset of E*, then there exists a loop g 
which 1s essential in E?—A, but which 1s not essential in E? —B for every proper 
subset B of A. 


Proof. For each positive integer n, let a, be the point (2n—1, 0), and let A, 
be the set whose members are a, -- +, Ga. If the set A of our theorem has n 
members, then there exists a homeomorphism of E? onto itself which maps A 
onto the set An. It follows that we may assume without loss of generality that 
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for some n, A is the set A,. We prove our theorem by induction on n. 
We define for each positive integer x, paths u, and v, by the formulas 


tn(t) = (2% — 1+ cos xt, sin x) 
vn(t) = (2n — 1 — cos wt, — sin xt) 


for OSS. 
For each positive integer n, let p,=(2n, 0). We define loops f, at p, induc- 
tively by letting 


f 1 = 1%, 
—1 —1 —1 
f ntl = Until, nllnpiOntty, n Un+1. 


We let Rn be the range of f,. It is obvious that there exists a retract of 
E?—A, onto R,, and consequently f, is essential in £?—A, if and only if fn is 
essential in R,. We wish to prove by induction that f, is essential in R, for each 
positive integer 2. It is well known that f; is essential in R;. Let us assume that 
fx is essential in R,, and show that this implies that fi41 is essential in Rp41. We 
definealoop gat # by letting g=u7 nai ftgitegi. It iswell known that f,4: is essential 
in Ry41 if and only if g is essential in Ry41. However, g is equivalent in Ry4 to 
h=frlgr erie Yeritess. If we can prove that h is essential in R41, then it will 
follow that g and f,41 are also essential in R41. 

Let C be the circle with center a4; and radius 1. Both R, and C are homeo- 
morphic to connected complexes, Ri41=R,UC, and R,(\C consists of the single 
point p,. It follows from a well known theorem (see [1] p. 179) that the funda- 
mental group of Rx4 is the free product of the fundamental groups of R, and C. 
Since fy, Upper f,*, and %41Ue41 are essential loops in R;, C, R, and C respec- 
tively, it follows that h is an essential loop in R41. We have thus proved that 
fn is essential in EH? —A, for each n. 

Now let B be a proper subset of A,. We wish to prove that f, is not essential 
in H?—B. In order to accomplish this, we prove by induction the following 
slightly more general proposition: 


If B 1s a set which consists of a finite number of the points a1, G2, ds, ++ + , and 
A,—B 1s non-empty, then f, is not essential in E*?—B. 


The above proposition is obvious for 7=1. Let us assume that it is true for 
n=k and that B is a finite subset of a1, de, a3, - +: - such that Az41—B is non- 
empty. If A,—B is non-empty, then jf, is non-essential in E?—B, and hence 
ferris equivalent to UpsiUpe1%e4¢1%41 Which is equivalent to a constant loop. If 
A,—B is empty, then ag41€B, and it follows that testers and uppi%41 are not 
essential in H?— B; and hence f,4; is not essential in E?—B. 


3. Conclusion. Although there is an obvious correspondence between the 
physical problem concerning the string which we stated in section 1 and the 
theorem which we proved in section 2, there is not a complete analogy between 
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the two problems. This is seen by examining Figure 3. 


Fic. 3 


The strings pictured in Figures 1 and 3 project onto the same loop in the plane, 
and this loop is not essential in the complement of either of the two points. 
However, if one of the pegs is removed, the string in Figure 1 can be slid free 
from the remaining peg, while the string in Fig. 3 cannot be slid free from the 
remaining peg. We now formulate a mathematical theorem in 3-space which 
more nearly approximates the string problem. 

Let E® be Euclidean 3-space. If X is a subset of E*, a simple loop in X isa 
mapping f of J into X which has the property that f(t) =f(s) if and only if either 
t=s or one of the numbers #, s is 0 and the other is 1. A simple loop f in X is 
isotopically non-essential in X if and only if there exists a mapping H of I XT into 
X such that: 

(i) H(0, t)=f(t) for OSt S11; 
(ii) H(s, t) =f(0) if t=0, t=1, or s=1; 

(iii) for each fixed s, OSs <1, the function F, defined by F,(t)=H(s, t) isa 

simple loop. 
A simple loop in X that is not isotopically non-essential in X is said to be tso- 
topically essential in X. 
The following theorem is a mathematical formulation of the string problem. 


THEOREM 2. If A 1s the union of a finite number of parallel lines in E°, then 
there exists a simple loop in E?—A which 1s tsotopically essential in FE? —A, but 
which 1s tsotopically non-essential in E? —B for every proper subset B of A. 


Proof. Let n be the number of lines in A. We may without loss of generality 
assume that A is the set of all points (2k—1, 0, 7) for which ¢ is real, & is an 
integer, and 1 Sk <n. Let f, be the plane loop which was defined in the proof of 
Theorem 1, let X(t) be the first coordinate of f,(¢) and let Y(t) be the second 
coordinate of f,(¢). We define paths g and k in E8—A by letting g(t) =(X(Q), 
Y(t), 2f) and h(t) =(2n-+sin wt, 0, 1+cos wt) for OStS1. Since g(1) =h(0), the 
product path gh is defined. It is easily verified that gh is a simple loop in E?— A, 
and that gh has the properties of the loop whose existence is asserted in our 
theorem. 


Bibliography 
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MATHEMATICAL NOTES 
EpDITED BY F, A. FicKEen, University of Tennessee 


Because of the large number of papers on hand, consideration of new papers for this Department 
has been temporarily suspended. 


A CERTAIN CLASS OF SEMIGROUPS 


EUGENE SCHENKMAN, Louisiana State University and The Institute for Advanced Study 


Recently I had occasion to consider a certain cancellation semigroup S in 
which the equation ab =<xba is solvable for x when a and 0 are arbitrarily given 
in S. It is clear that every group is such a semigroup; so also is every subsemi- 
group of a group which contains the commutator subgroup of the given group. 
On the other hand it will be pointed out here that such semigroups although 
more general than groups have many properties of groups. This will be done in 
connection with the proof of our main theorem below and the remarks following 
it. 

THEOREM. If S 1s a cancellation semigroup in which the equation ab=xba 
as solvable for x when a and b are arbitrarily given in S then S contains a subgroup 
Gy and S 1s contained in a super group G* such that G*/G» is Abelian. 


Proof. We show first that S has a unique identity e. By assumption there is 
an e so that aa =eaa; it follows that a=ea, ea=e’a and e=e?. Then for any 0 in 
S, be = be? and b=be; similarly b=eb. Hence e is an identity for S. If f were also 
an identity then f=fe=e and hence e is unique. 

Now if a and 6 are arbitrary in S then by assumption ab=xba. We denote 
this x by [a, b] and call it the commutator of a with 6. This commutator is unique; 
for xba = yba implies x=. 

[a, b |b will be called the conjugate of b by a and will be denoted by b+. 

Then WN will be called a normal subsemigroup of Sif N is a subsemigroup and 
if, for every 2 in N, n? is also in N for every sin S. 

If N is a normal subsemigroup of S then there is a homomorphism oa of S 
under which the set of elements mapped onto ge is precisely N. That is, there is 
a mapping @ so that if b is in S then gb is defined to be DN, the set of elements 
bn where n ranges over NV; thus ab=0N and a(ab) = (ca)(ob). As usual DN will 
be called a coset of S with respect to N, and our assertion is that the set of co- 
sets constitutes a semigroup denoted by S/N which is a homomorphic image of 
S. For the proof of the above statements we refer the reader to [2], pp. 33-34, 
the proof for groups being applicable. 

We next show that the subsemigroup S’ generated by all the commu- 
tators of S is a group. We have ab=[a, b|ba and ba=[b, alab whence ab= 
[a, b\{b, aljab and e=[a, b|[b, a|. Hence every commutator y has an inverse 
y~!, Suppose mn --- p, and rs - - + t are elements of S’ where m, n, p, r, s, and 
t are commutators; then the equation mn ---p=x(rs ---t) has for solution 
mn +--+ pit}. .-+s5—'y-! which is in S’, and hence S’ is a group. S’ will be the 
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group G» mentioned in the theorem. 

We will refer the reader to acriterion of Doss (cf. [1]), essentially a formula- 
tion of a result of Ore [3], for the proof that Scan be imbedded in a group. The 
criterion of Doss requires that certain elements be regular on the left (a is 
regular on the left if for every b there are r and s so that ra=sb). Now in S we 
have that ab =xba and hence every element is regular on the left; it follows that 
S can be imbedded in a group K. We will let G* be the subgroup of K generated 
by the elements of S, and observe that every element of S has an inverse in G*. 

Now let [a, b| be in Gy and let c be arbitrary in S. Then |a, 0 ]¢=caba“b—c7 
=caba—!cb!beb-1c! = [ca, b|{b, c| is in Gx and hence Gx is transformed into 
itself by the elements of S. Then since the normalizer of S isa group (cf. [2] 
p. 26) it is clear that G, is normal in G*, the group generated by the elements 
of S. But now modulo Gx the generators of G* commute with one another and 
hence G*/Gs is Abelian as the theorem asserts. This completes the proof. 

It is clear how one would define solvable, nilpotent, simple, normal series 
and so on for the above class of semigroups. In general one should have no difh- 
culty in carrying over those theorems of group theory in which the ideas of 
conjugacy and normal subgroups play the major role. Also one notes that both 
simple and finite semigroups are groups and hence the distinction between com- 
position series by groups and composition series by semigroups appears in the 
infinite Abelian factors. 
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THE MATRIC EQUATION AX=B IN A FINITE FIELD 


J. H. HopGes, Duke University 


Let q=p” where is a prime and let GF(g) denote the Galois field of order 
q. Capital letters A, B,--- will denote matrices with elements in GF(q). 
A(s, m) will denote a matrix of s rows and m columns and A(s, m; p) a matrix 
of the same dimensions having rank p. I(s, m; p) will denote the matrix of s 
rows and m columns having the identity of order p in its upper left-hand corner 
and zeros elsewhere. J, will denote the identity of order p. 

We seek the number V(A, B) of solutions X(m,t) of the equation 


(1) AX = B, 


where 4 =A(s, m; p) and B=B(s, t; r) and rp. By [{1, p. 281, Corollary 1]| 
there exist non-singular P, Q, R, T such that PAQ=I(s, m; p) and RBT= 
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I(s,t; 7). If we put C= PR =(¥;;), then (1) will reduce to 
(2) I(s, m; p)X = CI(s, t; 1). 


We will discuss the case when p S?. By slight variations in the procedure, the 
same results are obtained when p>?. We write (2) as 


K i" a? _ fo of] p31) i" 
0 OJLX1 Xe Cu Cos 0 of 
where An =X1(p, p); X12 = X32(p, t—p), Xo = Xa(m—p, Pp); X22 = X20(m —p, 


m—p) and Cu=Cu(p, p), Ciz=Cie(p, s—p), Cu=Cu(s—p, p), Cr2=Cr2(s—p, 
s—p). This implies that 


(3) Xu = Cul(p, p; 1); Xv = 0; X21, X22 are arbitrary 


and also a necessary condition on C, namely Cul(p, p; 7) =0. Writing this con- 
dition as 


2 


1 I, 0 1 1 2 2 
[Cor cll 0 ql = 0, whereCn = Ca(s — p,7), Ca =Cals — p, p — 7), 


we obtain the necessary condition Cj,=0. Thus if y;;=0 for p<isSs, 1S7Sr, 
the number of solutions of (2) is the number of choices of Xo and Xo. Thus 
we have proved | 


THEOREM 1. If the equation (1) has any solutions, their number is 
(4) N(A, B) = gi. 
The condition for the existence of solutions is given by 


THEOREM 2. A necessary and sufficient condition that the equation (1)have solu- 
tions X(m, t) 1s that there exist non-singular P, Q, R, T such that PAQ=I(s, m; 
p) and RBT=I(s,t;7r) andif C=PR = (yi;), then yi; =0 forp<iSsand1SjSr. 


The same method may be used to determine the number N(A, B, C) of 
solutions U= U(s, m), V= V(t, 2) of the matric equation 


(5) UA + BV =C, 

where A=A(m, n; 11), B=B(s, ¢; re.) and C=C(s, n; p). We are able to prove 
THEOREM 3. If the equation (5) has any solutions, their number 1s 

(6) ° N(A, B,C) = geimrptalteentryre , 


A necessary and sufficient condition, similar to that given in Theorem 2, 
may be obtained for the existence of solutions of (5). 


Reference 
1. Garrett Birkhoff and Saunders MacLane, A Survey of Modern Algebra, New York, 1941. 
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PARTICULAR INTEGRALS OF LINEAR DIFFERENTIAL EQUATIONS 
I. A. BARNETT, University of Cincinnati 


In a recent issue of this MONTHLY (March, 1955, p. 174), Fettis develops 
a method for obtaining a particular integral of the linear differential equation 
with constant coefficients 


YOO) + a VOD +--+ + ariY = f(x). 


The method given by the author is known as that of the Cauchy function and is 
explained in Goursat-Hedrick-Dunkel, Differential Equations, Vol. 2, Part II, 
p. 108. It applies equally well to equations with variable coefficients. 

It is interesting to note that the Cauchy function described by Fettis is 
closely related to the resolvent kernel of an integral equation of the Volterra 
type (Goursat, Cours d’Analyse Mathématique, 5th ed. Vol. 3, pp. 309-21). 

In fact, let 


D(Y) = Y¥™ — d[ao(x) VOY + a(x) VO-® + +++ + ana(x)¥] = 0 


be a linear differential equation of the mth order containing the parameter \ 
and having variable coefficients a;(x). If the function K(x, y) defined by 


K(x, y) = ao(") + ai(x)(x — y) + a(x) aoe Gn—a(@)(@ — 9)" 


Fo FG bl 


is the kernel of the integral equation 


(x) [K(2, )o(s)ds = a(x), 


and I(x, y; A) is the resolvent kernel of K, then 


P(x, 950) = Ke») +0 fT, 55 KG, vs 


y 


Let G(x, y; A) be the Cauchy function of D(y) =0. Then the relation referred 
to above is 


1 d°G(4%, y;A) 
C(x, y;\) = — ————_: 
( 4 rv Ox” 


If the coefficients a; are constant, the preceding functions have the respective 
forms K(x—y), T'(x—y; \) and G(x—y; d). Thus a particular integral is 
J¢G(x—s)f(s)ds as given by Fettis. For the special equation treated, namely 


Vie 2¥"” +V = f(x); (a= 1), 


the kernel is 2(n—y)—4(x—y), and I(x, y; 1) =$(x—y)ch(x—y) +§sh(x—y). 
The Cauchy function is 
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G(x — y) = (%— y) ch (x — y) — sh (x — y). 


It may be verified that I(x, y; 1) =G@ (x, y; 1). 

Finally, similar remarks may be made for Cauchy functions of simultaneous 
differential equations for which we would need to consider systems of Volterra 
equations. 


UNIMODULAR COMPLEMENTS 


IRVING REINER, Institute for Advanced Study and University of Illinois 


A vector with rational integral components is called primitive if the greatest 
common divisor of its components is unity. A well-known theorem* (valid when 
the components lie in any principal ideal ring) states that any primitive vector 
can be completed to a unimodular matrix, that is, given any primitive row 
vector a, there exists a matrix of determinant +1 whose first row is a. 

Due to the many applications of this theorem, it may be of interest to point 
out that the result holds in situations more general than that of a principal ideal 
ring, although the standard proof* depends strongly on the hypothesis that all 
ideals are principal. In 1911, Steinitz} developed the theory of elementary divi- 
sors for matrices over the ring R of algebraic integers in an algebraic number 
field. Even though R is not in general a principal ideal ring, his results imply 
that if a1, - ++, d@,€R generate the unit ideal in R, then there exists a matrix 
with first row (a1 - - « dn) whose determinant is a unit in R. The purpose of this 
note is to give a simple proof of this theorem, valid for any ring R in which 
classical ideal theory holds (see van der Waerden, Modern Algebra II, p. 83. 
New York, 1950, Ungar), and in particular valid for the case considered by 
Steinitz. 

The theorem clearly holds for n»=1. When n=2, we note that the ideal 
(a1, @2) generated by a; and ae in R consists of all sums x10: + x2d2, 11. ECR, mER. 
Hence if (a, dz) = (1), there exist b1, bk R for which 


a, a2 
b, de 


? 


so the result holds for » =2. 

Now let »>2, and assume the result established for a primitive k-component 
row vector, where k<n. Observe that if U is unimodular, then a= (aq - - + dn) 
is completable if and only if aU is completable; for if a is the first row of the 
unimodular matrix T, then aU is the first row of the unimodular matrix TU. 
Since U has an inverse, the argument also goes in the other direction. 

Next we show there exists b€© R for which (a1, ++ + , Gn—2, @n-1—0Gn) = (1). 
For let (a1, °° +, Qa-2)=py!--+-+ per be the factorization of (a1, °° +, @n—2) 


* MacDuffee, Theory of Matrices, Th. 21.1, p. 31. Berlin 1933, Springer. 
{+ Math. Ann., Vol. 71, 1911, pp. 328-354. 
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into powers of distinct prime ideals. We need only choose 6 so that 
an—1 A ban (mod iy) (4 =1,---,7r). 


For any p; dividing a,, this holds for all 0, since such a p; does not divide a@n_1. 
For the p; not dividing a,, the congruence a,%=dn_1 (mod p;) has a unique solu- 
tion x;. For these p;, we impose the condition 


b = x; + 1 (mod »,). 


These congruences can be solved for b by the Chinese Remainder Theorem, 
which is certainly valid under the hypotheses on R (see van der Waerden, op. 
cit., II, p. 41). 

Now we have 


[(n~2) 0 
(d1°** Gn-1 Qn) 0 1 O| = (@1°** Qn2 Gn1— ba, an), 
—b 1 
with the above matrix unimodular. Furthermore, by the induction hypoth- 
esis, (d1 °° * Gn-2 Gn-1—ban) is completable to a unimodular matrix V. Hence 
(di * * * Gn—-2 Gn-1—DAn An) is completable to 
an 
V 0 
O---Q 1 


This completes the proof. 


CLASSROOM NOTES 


EDITED By G. B. THomas, Massachusetts Institute of Technology 


Because of the large number of papers on hand, consideration of new papers for this department 
has been temporarily suspended. 


THE IRRATIONALITY OF 1/2 


RosBeERT GauntT, Purdue University, and GUSTAVE RABSON, Antioch College 


(The following proof was invented by Robert James Gauntt, in 1952, while 
he was a freshman at Purdue. I was unable to induce him to write up his proof. 
G. R.) 

a? = 2b? cannot have a non-zero solution in integers because the last non-zero 
digit of a square, written in the base three, must be 1, whereas the last non-zero 


digit of twice a square is 2. 
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ADDITION THEOREMS FOR THE SINE AND COSINE 


Car. CoHEN, Cambridge Junior College 


If the angles x and y are both positive and acute, the following construction 
leads to simple proofs of the addition theorems for the sine and cosine. We as- 
sume a knowledge of the formula for the area of a triangle in terms of two sides 
and the included angle, as well as the law of the cosine. 

We draw angles x, y, and x+y with common vertex A. Since x and y are 
positive acute angles, a line perpendicular to the common edge AE of x and y at 
E will intersect the other edges of x and y as indicated in the figure, at points 
which we call B and C respectively. 


a 
In this figure, the area S of ABC is: 

(1) Sasc = 3bc sin (x + y). 

On the other hand, by construction, 

(2) Sapo = Sace + Sapz = 30h sin y + $ch sin x. 


Equating (1) and (2), we obtain 
be sin (« + y) = bhsin y + ch sin x, 
and, after dividing by bc, 


h h 
sin (x + y) = — sin y + — sin # = sin y cos # + sin % COS ¥. 
C 


Applying the law of the cosine, we write 
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(3) a? = §? + ¢? — 2be cos (x + y). 
Again, by construction, we have a=p-+4q, therefore 
(4) a? = p? + 2pq + q?. 
After applying the theorem of Pythagoras to both right triangles, we change 
(4) into 
(5) a? = b? + 2pq — 2h? + ce’. 
Now, we equate (3) and (5) and obtain: 
b* +- 2pq — 2h? + c? = 6? + c? — 2be cos (x + ¥). 
We cancel b? and c? and divide both sides by 2bc. The result is: 


hh 
cos (v¥ + y) = —:— — Ps, 
b ¢ b ¢ 


which leads immediately to the wanted formula. 


AN AVERAGING METHOD OF EXTRACTING ROOTS 
J. P. BALLANTINE, University of Washington 


1. Statement of the averaging method. To find the -th root of any positive 
number, W, write 


(1) W=n = a1 2 


where x is the value sought, x; is an approximation to x, and x2 is found by di- 
viding W by x77". 

The next approximation, £, is found by taking the weighted average of x1 
and x2. The usual practice is to give x, and x2 weights n—1 and 1, the same as 
their exponents in equation (1). By making the weights depend on the values of 
x, and X2, better results may be had. It is the purpose of this paper to work 
out such weights, when the dependence is linear. 

2. Derivation of the weights. Let 
(2) t= wits FT eate where 

W1 + We 


(3) Wy = W11%1 + Wie%, and 


Worx + Wee Xo. 


We 


The constants Wi, Wi2, Wa, and wee will now be determined in such a way as to 
make £ as nearly equal to x as possible. 
Let 


v, = a(1 + a). 
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Then 


vo = x(1 + a) 
—n(i — n) n(i — n?) 
= «(1 +(i- nop gs), 
2 6 

We are, of course, supposing that a is small, so that the binomial expansion 
converges. Similar series are easily written for x1, x1%2, and x3. 

In equation (2), the letters w; and w: are replaced by their values in equation 
(3), and now the letters x, and x. are replaced by their values in terms of x, 
a, and n. The result will be a fraction, with both numerator and denominator 
expressed in powers of a, namely: 


(4) gw TU t Via + Usa? + ***) 
“(Vo + Via + Vea? +++) 


where 


Uo = Vo = Wir + Wie + Wei + Wee. 

Oy = 2wiy + (2 — n) wy + (2 — n)wa + (2 — 2n) woe. 

Vi = Wy + wa + (1 — 2) wie + (1 — 1) wre. 

Us = Wi11 + a(n _ 1)(” —_ 2) (wre + Wa1) + (n _ 1)(2n _ 1) woo. 
Vo = n(n — 1)(wie + wre). 

U3 = e(n)(m — 1)(2 — n)(wire + wor) + 3n(2n — 1)(1 — 2) woe. 
V3 = tn(1 _— n)(1 + n) (wre + Wa2). 

In order for x and # to be nearly equal, the parentheses in equation (4) must 
be nearly equal. Fortunately Up = Vo, without restriction on the weights. Though 
we have 4 weights, only the ratios between them count, so we may expect to 
impose 3 conditions, namely U,;=V,, U2=V2, and U3=V3. These are three 
homogeneous linear equations among the four weights, w,;. Their solutions are: 
(5) Wi, = (2n — 1)(m — 1), Wy. = (n — 1)(4n + 1), 

Wo. = 5n — 1, Wo. = n+ 1. 

3. Square roots. When n=2, a factor 3 drops out, and 

(6) Wi = i, Wig = 3, Wo, = 3, and wo = 1. 


For example, to find ./30, take x1.=5 and x2=6. Then 5 has a weight of 
5+3-6=23 and 6 has a weight of 6-+3-5=21. The weighted average is 


23-5+ 21-6 241 
$$ = — = 5.4772727 ---. 
23 + 21 44 
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Actually, 
4/30 = 5.4772255---. 


The usual $(5-+6) =5.5 gives a much poorer approximation. 

For the special case when »=2, formula (2) can be put into a more con- 
venient form for computation, by substituting w, and we from equation (3) 
into formula (2). 

Wiis + (wre + Wo1) 1X2 + WoW, 
tee 
(wir + Wei) %1 + (Wie + Wee) Xe 

4a? +> (1 + a2)? 

4(x1 + %2) 


For a direct derivation of formula (7) with remainder, write: 


S21 
H 


(7) % 


x — $(%1 — %) =e 
2x — (%1 + x2) = 2e 
407 — 4x(01 + x2) + (41 + 42)? = 4e 
4x? +- (41 + %2)? e” 


(8) x= ——________- — ——_—_ 
A(x, + x2) 1 + Xe 
For example, suppose the approximation 1.4 to ./2 is known. Then x, = 1.4, 
xe = 1.428571428 --- by division, and x?=2. 


4(2) + (2.828571428)? 16.0008163265 


= ——___—__——— = 1,414213564. 
4(1.4 + 1.428571428)  11.3142857143 


X= 


To approximate e of formula (8), write 
ex & — (4, + wv) = 1.4142135 — 1.4142857 ~ — 0.000072 
e” 0.0000000052 
X1 + Xe ~ 2.8 


= 0.000000002. 


So that 
x = & — 0.000000002 = 1.414213562. 
4. Cube roots. When  =3, a factor 2 drops out, and 
(9) Wy = 5, We = 13, wy = 7, and we = 2. 


For example, to find ~/100, write 52-4=100. Then 5 has a weight 5-5 
+13-4=77, and 4 has a weight of 7-5+2-4=43. The weighted average is 
77-5 + 43-3 557 


% = ——_—_—_—__—_ = —— = 4,641666:.-.-. 
77 + 43 120 
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This compares with the correct answer, 7/100 = 4.6415888 - - - , and the usual 
average of 5 and 4 with weights 2 and 1 of 4.666--.-. 

Referee’s Note. The method given is a fourth-order iterative process for the 
determination of an ath root. It happens that the iteration formula is identi- 
flable with the third of a sequence of such formulas obtaingble as successive 
convergents of the formal continued fraction 


i (n — 1)w/(2%;) 


1—- 


X= *%1— 


where 


1 W 1 
= —~ | M1 nl = (x1 — x2), 
n 


n xi 
with the author’s notation, the two preceding formulas consequently being of 
the forms 


1 
x) = %1—-o=— [(n _ 1)a1+ x2 | 
n 


and 


w _ (n — 1)a1 + (n + 1) x. 


1 n—-1o ~G@tDa+tin—Da 


i (2) = X41 — 


2 v1 


of second and third order, respectively. 

‘The definition of #™ corresponds to the Newton-Raphson iteration, as ap- 
plied to f(«) =x*— W, while the approximation £®) corresponds to the so-called 
Halley iteration, as applied to the same function. For the generation of the 
sequence, see Frame (this MONTHLY, vol. 60, 1953, pp. 293-305). 

In the special case n=2, the iteration (7) is equivalent to two successive 
applications of the Newton-Raphson iteration #. 

Whereas, for the purpose of minimizing the total labor, the usual tendency 
is to use a second-order process twice rather than one of the fourth order proc- 
essés once, the author’s calculational arrangement is a simple one and it may 
find some favor in practice. 


ELEMENTARY PROBLEMS AND SOLUTIONS 
EpITED BY HowArRpD EvEs, University of Maine 


Send all communications concerning Elementary Problems and Solutions to Howard 
Eves, Mathematics Department, University of Maine, Orono, Maine. This department 
welcomes problems believed to be new, and demanding no tools beyond those ordinarily fur- 
nished in the first two years of college mathematics. To facilitate their consideration, solutions 
should be submitted on separate, signed sheets, within three months after publication of prob- 
lems. 


PROBLEMS FOR SOLUTION 
E 1211. Proposed by Alan Wayne, Cooper Union School of Engineering 


Prove the following theorem, discovered by Cipriano Ferraris of the New 
York Riddlers Club: “For any positive integer k, the total number of digits in 


the sequence 1, 2, -- - , 10% equals the number of zero digits in the sequence 
1, 2,---, 10*".” 


E 1212. Proposed by H. A. Osborn, University of California, Berkeley 
Show that ¢>0 implies (2-++cos f)#>3 sin ¢. 
E 1213. Proposed by F. D. Parker, Clarkson College of Technology 


Find the Wronskian, W(n, k), of the set of functions x”, x" In x, x" In? x, -- - 
x” In* x. 


E 1214. Proposed by Paul Payette, Ecole Polytechnique de Montreal 


Find the envelope of the family of ellipses of constant major axis having 
one focus at a given point and the other focus on a given straight line. 


E 1215. Proposed by J. P. Ballantine, University of Washington 


State a necessary and sufficient condition for an ordered set of m line seg- 
ments to be the consecutive sides of an m-gon possessing an inscribed circle. 


SOLUTIONS 
E 1171 [1956, 121]. Correction. The Editorial Note should be corrected to 
read “..., then (w*—1, n’—1) =n—1 if and only if (a, b) =1.” 


Divisors of a String of Ones 


= 1181 [1955, 581]. Proposed by F. L. Wolf, Carleton College 


Show that if an integer has all its prime factors greater than 5 then it divides 
some integer whose decimal representation is a string of 1’s. 


Solution by W. E. Briggs, University of Colorado. Since (n, 10) =1, n divides 
10%) —{=9(111 - - - 1). Since (m, 3) =1, m divides the factor consisting only of 
ones. 
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Also solved by J. A. Bond, Jr., D. H. Browne, R. L. Causey, G. B. Charles- 
worth, Fred Cherry, P. A. Clement, A. E. Danese, M. Delcourte, Calvin Fore- 
man, Michael Goldberg, A. J. Goldman, D. S. Greenstein, C. A. Grimm, Na- 
thaniel Grossman, Cornelius Groenewoud, Virginia Hanly, Juris Hartmanis, 
B. A. Hausmann, M. J. Hellman, Vern Hoggatt, C. W. Langley, D. C. B. Marsh, 
J. D. Miller, Leo Moser, T. F. Mulcrone, J. B. Muskat, C. S. Ogilvy, Paul 
Payette, Walter Penney, L. L. Pennisi and N. C. Scholomiti (jointly), Azriel 
Rosenfeld, David Rothman, C. M. Sandwick, Sr., J. P. Scholz, R. E. Shafer, 
G. J. Simmons, E. P. Starke, R. P. Tapscott, C. W. Topp, Chih-yi Wang, R. J. 
Wisner, F. S. Zusman, and the proposer. Late solutions by J. G. Clunie, F. I. 
John, M.S. Klamkin, and C. F. Pinzka. 


An Identity 
E 1182 [1955, 581]. Proposed by I. A. Barnett, University of Cincinnati 
If dx =u’ —x* —y*—2*, for k=1, 2, 3, - - - , establish the identity 


Ongs — ("+ y + 2)dngi + (xy + ys + 2x)dn — (xyz)dn-1 
= u"1(4 — x)(u — y)(u — 3). 


Solution by J. A. Tierney, U. S. Naval Academy. Denote the left member of 
the proposed identity by f(u). A simple calculation shows that f(x) =f(y) =/(z) 
=0. Hence f(u) has u—x, u—y, u—z as factors. In fact, f(u) =u""!(u—x) (u—y) 
-(u—g), since the four coefficients of like powers of u are equal by inspection. 

Also solved by A. N. Aheart, Norman Anning, G. B. Charlesworth, A. E. 
Danese, J. E. Darraugh, M. Delcourte, H. M. Feldman, Edward Fleisher, Cal- 
vin Foreman, A. J. Goldman, D. S. Greenstein, C. A. Grimm, Nathaniel Gross- 
man, M. J. Hellman, Vern Hoggatt, A. R. Hyde, P. W. M. John, D. R. Lewis, 
D.C. B. Marsh, W. R. McEwen, J. B. Muskat, Herbert Nadler, A. R. Nolstad, 
Walter Penney, B. E. Rhoades, James Robertson and Dale Woods (jointly), 
D. A. Robinson, Azriel Rosenfeld, David Rothman, R. E. Shafer, O. E.Stanaitis, 
E. P. Starke, Chih-yi Wang, Charlotte Yesselman, David Zeitlin, and the pro- 
poser. Late solutions by J. E. D’Atri, Hiiseyin Demir, F. I. John, M. S. Klam- 
kin, C. F. Pinzka, K. Subba Rao, and D. C. Russell. 


Editorial Note. Denote the left member of 
1rt2 — (4 + y + z)rrtt + (xy + ys + ax)r® — xysr™) =r l(r — x)(r — y(r — 2) 


by g(r). The left member of the proposed identity is then given by g(u) —g(x) 
—g(v) —g(g), or, since g(x) =g(y) =g(z) =0, by g(u), which establishes the pro- 
posed identity. 


A Simple Series Summation 
E 1183 [1955, 581]. Proposed by F. J. Duarte, Caracas, Veneguela 


Prove that aa (n—1)/n!=1. 
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I. Solution by H. M. Gehman, University of Buffalo. Let >, denote summa- 
tion from n=1 to n=k. Then S= >o(n—1)/n!= Do1/(n—1)!— Do1/n!= 
1—(1/k!). As k becomes infinite, S approaches 1. 

This problem occurs in the Mathematics Student Journal for October, 1955, 
p. 4, problem 46. It is attributed to the eighth annual Stanford University 
Competitive Examination, April 11, 1943. 


II. Solution by Edward Fleisher, Brooklyn, N. Y. Since the series converges 
absolutely, we have 


YS (n—-D/nl = 1/m—VYi—- Vi t/nl=e-(—-N =. 


n=l n=] neal 


Also solved by W. A. Al-Salam, Ferrel Atkins, G. E. Bardwell, P. M. Berry, 
Nardler Berseck, W. E. Briggs, J. L. Brown, Jr., R. L. Causey, G. B.Charles- 
worth, George Cherlin, P. L. Chessin, A. E. Danese, J. E. Darraugh, M. Del- 
courte, Thomas Erber, H. M. Feldman, Allen Fenstermacher, Walter Fleming 
and David Lewis (jointly), W. L. Fields, Calvin Foreman, David Freedman, 
Joyce Friedman, B. A. Fusaro, A. M. Glicksman, Michael Goldberg, A. J. 
Goldman, D. S. Greenstein, C. A. Grimm, Cornelius Groenewoud, Nathaniel 
Grossman, Peter Hagis, Jr., W. G. Hanks, Frank Harary, Juris Hartmanis, 
M. J. Hellman, Vern Hoggatt, F. A. Homann, Raymond Huck, A. R. Hyde, 
L. E. Isenecker, P. W. M. John, J. D. E. Konhauser, M. A. Kirchberg, P. G. 
Kirmser, W. D. Lambert, C. W. Langley, Kenneth Loewen, P. K. Maloof, D. C. 
B. Marsh, L. C. Marshall, W. R. McEwen, G. M. Merriman, Erich Michalup, 
J. D. Miller, Leo Moser, T. F. Mulcrone, J. B. Muskat, A. R. Nolstad, C. S. 
Ogilvy, Hyman Orlin, F. D. Parker, M. J. Pascual, Paul Payette, W. O. Pen- 
nell, Walter Penney, L. L. Pennisi and N. C. Scholomiti (jointly), W. J. Pervin, 
J. P. Phillips, R. B. Plymale, B. E. Rhoades, L. A. Ringenberg, James Robertson 
and Dale Woods (jointly), D. A. Robinson, Azriel Rosenfeld, J. W. Ross, David 
Rothman, C. M. Sandwick, Sr., Nina Schub, R. E. Shafer, W. A. Small, D. W. 
Smith, O. E. Stanaitis, E. P. Starke, F. M. Stein, D. D. Strebe, R. P. Tapscott, 
C. W. Topp, Chih-yi Wang, Alan Wayne, R. R. Williams, Jr., R. L. Wilson, 
David Zeitlin, F. S. Zusman, and the proposer. Late solutions by Hiiseyin 
Demir, R. F. Gabriel, A. G. Grace, Jr., F. I. John, M. S. Klamkin, D. J. Peter- 
son, C. F. Pinzka, K. Subba Rao, D. C. Russell, and Bernard Smilowitz. 


Evaluation of a Limit 
E 1184 [1955, 581]. Proposed by Viktors Linis, University of Ottawa 
Let f(x) be differentiable at «=a and let f(a) #0. Evaluate 


Tim [f(a + 1/n)/f(a) |. 
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Solution by R. F. Church, Nicolas Johnson, and F. J. Lorenzen, Prof. R. M. 
Conkling's Advanced Calculus Class, University of New Hampshire. The limit 
sought is the same as 


tina [f(a + x)/f(a) }'/*. 


For x small enough, f(a+x) and f(a) have the same sign. Then 


lim log [f(a + x)/f(a) ]¥* = iim [log f(a + x) — log f(a) ]/x. 


Since a differentiable function of a differentiable function is differentiable, this 
last limit is, by definition, the derivative of log f(x) at x =a, or f’(a)/f(a). Hence 


lim [f(a + «)/f(a) /* = exp [f’(2)/f(a) ]. 


Also solved by W. A. Al-Salam, Nardler Berseck, W. E. Briggs, G. B. 
Charlesworth, P. L. Chessin, A. E. Danese, M. Delcourte, Thomas Erber, H. M. 
Feldman, Walter Fleming, David Freedman, B. A. Fusaro, Michael Goldberg, 
A. J. Goldman, D. S. Greenstein, Nathaniel Grossman, Peter Hagis, Jr., Vir- 
ginia Hanly, Juris Hartmanis, R. E. Heaton, M. J. Hellman, Vern Hoggatt, 
A. R. Hyde, L. E. Isenecker, P. G. Kirmser, D. C. B. Marsh, L. C. Marshall, 
J. D. Miller, Morris Morduchow, Leo Moser, A. R. Nolstad, C. S. Ogilvy, M. J. 
Pascual, Paul Payette, Walter Penney, H. P. Rawlings, L. A. Ringenberg, 
Azriel Rosenfeld, J. W. Ross, David Rothman, W. A. Small, O. E. Stanaitis, 
E. P. Starke, F. M. Stein, D. D. Strebe, R. P. Tapscott, Chih-yi Wang, J. V. 
Whittaker, David Zeitlin, and the proposer. Late solutions by Hiiseyin Demir, 
A. G. Grace, Jr., F. I. John, M. S. Klamkin, and D. C. Russell. 

The Proposer pointed out that this problem permits the construction of 
interesting examples, such as 


lim tan"(r/4 + 1/n) = e? 


and 


lim [cos (a + 1/n)/cos a|* = et 2, cos a ¥ 0. 


Infinite Monotone Subsequences 


E 1185 11955, 581]. Proposed by Frederic Cunningham, Jr., University of 
New Hampshire. 


Prove that every infinite sequence of real numbers contains an infinite mono- 
tone subsequence. 
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I. Solution by A. J. Goldman, Princeton University. Let {x,} be an infinite 
sequence of real numbers. If, on the one hand, every infinite subsequence of 
{xn} has a (strictly) largest term, then let y, be the largest term of {xn}, let 
ye be the largest term of the subsequence of {x,} consisting of all terms of 
{xn} after y1, etc. Then {41, yz, -- + } is a (strictly) monotone decreasing sub- 
sequence of {xn}. If, on the other hand, some infinite subsequence {u;} of {xn} 
does not have a strictly largest term, then we set 21=1, choose z, to be aterm 
after 2 in {ui} which is no smaller than 2, etc. Then { 21, Ze, °° } is an infinite 
monotone ascending subsequence of {x,}. 

The proof uses only order-theoretic properties of the real numbers, and is 
valid in any totally-ordered set. 


II. Solution by Azriel Rosenfeld, Columbia University. If the sequence is 
unbounded, say to the right, the construction of a strictly ascending subse- 
quence is immediate. Similarly, unboundedness to the left yields a strictly de- 
scending subsequence. | 

If the sequence is bounded, it has a cluster point (in the generalized sense 
in which the same point, counted infinitely often in the sequence, is a cluster 
point of the sequence too). Then an infinite number of terms of the sequence are 
contained in some (small, half-closéd) interval either to the right or to the left 
of this point. The construction respectively of a nondecreasing or a nonincreas- 
ing subsequence is then clear. 


III. Solution by Leo Moser, University of Alberta. This is an immediate con- 
sequence of the following theorem due to P. Erdés and G. Szekeres (A combina- 
torial problem in geometry, Composition Mathematica, vol. 2, 1935, pp. 463-470): 


Theorem. From n points with monotonically increasing abscissae it is always 
possible to select at least 1/n points with increasing abscissae and either mono- 
tonically increasing or decreasing ordinates. (If two ordinates are equal, the 
case may equally be regarded as increasing or decreasing. ) 

Also solved by A. E. Danese, D. S. Greenstein, Virginia Hanly, Juris Hart- 
manis, Vern Hoggatt, A. R. Hyde, L. E. Isenecker, C. W. Langley, Norman 
Levine, D. C. B. Marsh, Paul Payette, L. A. Ringenberg, J. W. Ross, David 
Rothman, J. P. Scholz, W. L. Shepherd, O. E. Stanaitis, E. P. Starke, D. D. 
Strebe, R. P. Tapscott, R. J. Wisner, and the proposer. Late solutions by Na- 
thaniel Grossman, M. S. Klamkin, C. F. Pinzka, and D. C. Russell. 


Editortal Note. This problem provides a direct method of proving that a 
Cauchy sequence has a limit. See, e.g., Dick Wick Hall and Guilford L. Spencer 
II, Elementary Topology (John Wiley and Sons, 1955), pp. 30-32. 


ADVANCED PROBLEMS AND SOLUTIONS 
EDITED By E, P. STARKE, Rutgers University 


Send communications concerning Advanced Problems and Solutions to E. P. Starke, 
Rutgers University, New Brunswick, New Jersey. All manuscripts should be typewritten 
with double spacing and margins at least one inch wide. Problems containing results believed to 
be new or extensions of old results are especially sought. Proposers of problems should also en- 
close any solutions or information that will assist the editor. In general, problems in wel] 
known text books or results in readily accessible sources should not be proposed for this de- 
partment. 


PROBLEMS FOR SOLUTION 
4683. Proposed by Edgar Karst, Independence, Missourz 


Where fails the “interesting conjecture” (so called by D. H. Lehmer in a 
letter to the proposer, March 1952): If 2”—1 is prime, then also 2>—1-+100 is 
prime? 


4684. Proposed by D. J. Newman, Republic Aviation Corporation, Farming- 
dale, N. Y. 


Prove that a,—0 as n—«, where 


n—-1 (n—2)? (w—3)8 1 1 
1! 2! 3! (n — 1)! 


@, =1—- 


4685. Proposed by L. J. Mordell, University of Toronto 
Prove that the n-dimensional polytope 
Jar] + [ool +---+ [a | tlatmt-:--+a| 32, 


has 2“+!—2 faces of n—1 dimensions and contains an n-dimensional volume 


of (2n)!/(n})%. 
4686. Proposed by Leonard Carlitz, Duke University 


Show that 
n 2k — 1 
n—-> oo k=l 
n 1 
(2) lim {> k coth kr — eee = 1/12 — 1/4. 
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4687. Proposed by John Wermer, Brown University 


Let I be a simple closed curve in the complex plane containing the origin 
in its interior. Show that if I is not rectifiable, then we can approximate the 
constant 1 uniformly on I by functions 


N 
» Cn2", Co = 0. 


n=—N 


SOLUTIONS 
An Indeterminate Form 
4622 [1955, 45]. Proposed by Harry Furstenberg, New York City 


Let r be any positive integer and letz=7,7r+1,---,nandj=1,2,---,7. 
Prove 


I. Solution by Vladeta Vuékovié, Mathematical Institute, Belgrade, Yugo- 
slavia. 


Direct computation and application of Stirling’s formula give 


le r an) ( n ) 
—_ WV] 1{—-——)(1—- ..-(1—- 
~ Xloe ( ——)\( n+j n+ j 
r n — 1) 1 r 1 
(n—r+ 7) ~ Slog t=. 


re] ag ea cr Efe PPPS 
jal G-D)in+jett a € 


IJ. Solution by O. E. Stanaitis, St. Olaf College, Northfield, Minnesota. 
If we write 


1 1 2 
tim — F tog (1 - ——.) = tim — 3) tog (1 - ——) 


no MN i,j n+ no Wo soup n+ 1 


12 1 1 2 1 
im — 1- ——— oe lim — l 1 — , 
-+ lim D log ( ——)+ + lim tos ( —) 


n>0 No joo no WL jump 


and make use of the definition of the definite integral, it follows at once that 
each of the r terms on the right side is equal to the familiar integral 


1 
f log (1 — x)dx = — 1. 
0 
This completes the proof. 


Also solved by A. J. Goldman, M.S. Klamkin, Julius Lieblein, A. E. Living- 
ston, L. A. Ringenberg, Chih-yi Wang, J. V. Whittaker, and the Proposer. 
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A Variant of the Probability Integral 
4623 [1955, 126]. Proposed by L. L. Pennisi, University of Illinois, Navy 
Pier, Chicago 
Prove that 


00 vent 


2 55 Gm PD (/- 
lim ———————___——- = _. 
L—3 0 >> yen 2 
nao 2°4°-°2n 
Solution by Emil Grosswald, University of Pennsylvania. 


Let $(x)=f(x)/g(x), with f(x) = Dix+1/3-5---(2n+1), and g(x) = 
>x2"/2-4+++2n. It is easily seen that f(«) and g(x) are entire functions, 
satisfying the differential equations and initial conditions 


f(x) — af(~) —1=0 f(0) = 0, 
g’(x) — xg(x) = 0 g(0) = 1. 


The solutions by familiar methods are 
f(x) = etn f e~P2gt g(x) = e*/2, 
0 


Consequently (x) = f%e-*/?dt, the classical probability integral, and the desired 
limit is W/7/2. 

Also solved by W. J. Blundon, B. J. Boyer, G. U. Brauer and Chih-yi Wang, 
Robert Breusch, F. A. Butter, Jr., G. B. Findley, N. J. Fine, Harley Flanders, 
A. J. Goldman, S. W. Golomb, W. O. Gordon, Cornelius Groenewoud, Emil 
Grosswald, Peter Hagis, Jr., Peter Henrici, A. R. Hyde, M. S. Klamkin, J. A. 
Larrivee, David Lovenvirth, L. I. Lowell, S. Marein-Efron, D. C. B. Marsh, 
C.S. Ogilvy, F. R. Olson, W. J. Pervin, G. Pélya, E. D. Rainville, L. A. Ringen- 
berg, P. G. Rooney, D. C. Russell, F. C. Smith, M. R. Spiegel, T. W. Summers 
R. P. Tapscott, Arnold Walfisz, the Proposer, and one whose name does not 
appear. Late solution by O. E. Stanaitis. 


Editorial Note. Pélya notes that the essential part of the problem appeared 
on the Putnam Prize examination for 1950. See [1950, 469]. 


A Beta-Function 
4625 [1955, 127]. Proposed by K.-F. Moppert, Basel, Switzerland 


For a>0, b>-—1, prove 


1 /b\ 1 b\ 1 _T@)r(1 + 8) 
—-()ret Qa t ~~ T1+a+5) 


1956] ADVANCED PROBLEMS AND SOLUTIONS 261 


I. Solution by M. R. Spiegel, Rensselaer Polytechnic Institute. We have 


z x b 
f wa - wan = f wet] 1 —( )u+() )w—o faw 
0 0 1 2 
b Pad b gatl b ate 
=) 
a 1ji+a 2/2+ a4 


if 0<x<1 and b>-—1. Letting x—»1 and employing Abel’s theorem it follows 
that 


1 : r(a)P(1 + 8) 1 b 1 b 1 

fo wt - iin = = — -( aot ( ———— tt, 
0 Triita+ob) a i/i+a 2/2+a4 

which proves the result. If } is a positive integer or zero the series terminates 


and Abel’s theorem is unnecessary. The uniform convergence of (1—<x)® in the 
interval (0, 1) justifies the interchange of summation and integration. 


II. Solution by E. D. Rainville, University of Michigan. The restrictions a 


not a nonpositive integer and Re(b) > —1 are sufficient. Let y denote the series 
to be summed: 


00 1 < b)n(@)n 1 
y= >) == ae = F(t, aja + 1; 1). 


If Re(b) > —1, then 
1Te+ir(e+i+bo-—a) IT(a@ar(bo+1) 


ree SO Tw 


a VWiat+ti-al(at+i+sd) Fa+od+1) 


Also solved by P. M. Batchelder, B. J. Boyer, Leonard Carlitz, A. E. Danese, 
G. B. Findley, C. L. Gape, A. J. Goldman, V. C. Harris, Peter Henrici, A. R. 
Hyde, M. S. Klamkin, S. Marein-Efron, F. H. Northover, C. D. Olds, P. G. 
Rooney, D. C. Russell, N. Shklov, F. C. Smith, T. W. Summers, and Chih-yi 
Wang. 


Editorial Note. The problem may be found in several places, e.g., Gibson, 
Advanced Calculus, p. 498, no. 23; Bromwich, Infinite Series, p. 194, ex. 31. 


Point Set Dense in the Plane 


4626 [1955, 127]. Proposed by W. A. Michael and D. A. Page, University of 
Illinois 


Let A be a subset of the plane. Join each pair of distinct points of A bya 
line. Let A; consist of the points of A together with the points of intersection of 
distinct lines. Starting with A, the same construction yields a set A». In this 
way an increasing sequence of sets Ai, Ao, -- - , is obtained. Let Q=UA4A,,. If A 
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is denumerable then so is Q, and hence Q is not the entire plane; however, under 
what conditions will 2 be dense in the plane? 


Solution by the Proposers. Q will be dense in the plane if and only if there are 
four points in A such that 

(i) no three are collinear, and 

(ii) the four points are not the vertices of a parallelogram. 

For suppose A contains four such points fy, po, p3, ps. Exactly two possibilities 
arise: Case 1. One of the points, say fu, is interior to the triangle determined by 
the other three. We first show that the set £ of points of Q which lie on the line 
segment ~)/2 is dense in $:/2. For this purpose it is enough to show that for each 
pair of distinct points x, y in £& there exists a point z in EZ distinct from x and y 
and lying between x and y. Suppose x to be between #, and y. Construct lines 
Pips and pops, and let qi and gq: be their intersections with pops and psp; respec- 
tively. Construct lines xqi and yq2, and let w be their intersection. Let z be the 
intersection of the lines p3w and pipf2. Clearly z is the required point. 

Similarly it follows that the set of points of Q which lie on the segments 
pops and psp, is dense in these segments. 22 contains points of intersection of lines 
joining points of these dense sets, and hence 2 must be dense in the plane. 

Case 2. The four points form a convex quadrilateral. Since this quadrilateral 
is not a parallelogram we may extend a pair of opposite sides to a point of inter- 
section, thus obtaining a triangle. Since the intersection of the diagonals of 
the quadrilateral lies inside this triangle we may now apply the argument for 
Case 1. 

The necessity of conditions (i) and (ii) is easily verified. 

If the plane referred to is the real projective plane, the condition(ii) may be 
discarded. 

Also solved by Robert Breusch, Harley Flanders, J. K. Jacobsen and C. D. 
Gorman, and P. G. Kirmser. 


Series Representing an Irrational Number 


4627 [1955, 127]. Proposed by M. S. Klamkin, Polytechnic Institute of 
Brooklyn, New York 


In Chrystal, Textbook of Algebra, vol. 2, p. 225, there is the following theorem 
on the representation of an irrational number: 
The number represented by the series 


nal 1172 °° * Tn 
is irrational provided that 
(1) r, and , are integers such that 0<py</7n, 


(2) Ynti mtn > 1, 
(3) the sequence {rire tes rn} includes all powers of the primes. 
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(A) Construct a counter-example, z.e., a number of the stated form which is 
rational even though conditions (1), (2) and (3) are satisfied. 

(B) Complete the list of conditions (1), (2) and (3) so that the theorem is 
indeed valid. 


Solution by Ivan Niven, University of Oregon. (A) The following number is 
of the required form and is rational: 
2 n 2 61 2 1 
ye ot 
n=1 (n + 1)! n=l n! n=l (n + 1)! 
(B) The theorem is valid if the following condition is also satisfied: 
(4) ba<r,—1 for infinitely many values of x. 
For if the series converged to a rational number, a/b, then by condition (3) 
we could choose an integer m so that b is a divisor of rir. + + + 2m. When we multi- 
ply the equation 


a ~ Pn 
b — T1T2° °° Tn 
by rif2 + + * Ym, and rearrange terms to get 
11%2.° °° Ym Sy Pal iva st tm oS Dnti 
b n=l 1%Q°** Tn i=l Ymti1?m42° °° Pmbi 


we note that the left side is an integer. We get a contradiction by establishing 
that the series on the right converges to a value between 0 and 1. Indeed, the 
series on the right is positive because of condition (1), and by condition (4) 
the series is less than 


io) 


ae | 
j=l Um41%m4+2° °° Umi 
but this series converges to the value 1 because the sum of the first k terms has 
the value 

1 
{ —- ————____—. 

Pim+1%m42° °° Tm+k 

Thus the proof is complete and we make the following comment. Condition 
(2.) may be replaced by the weaker inequality 7,>1, and the theorem remains 
valid by the same proof. 

Also solved by Robert Breusch, Leonard Carlitz, S. W. Golomb, and the 
Proposer. 


RECENT PUBLICATIONS 
EpITtEpD By E. P. VANCE, Oberlin College 


All books for review should be sent directly to E. P. Vance, Oberlin College, Oberlin, Ohio. 


Beginning Algebra for College Students. By Lloyd L. Lowenstein, New York, 
John Wiley and Sons, Inc., 1953. xiii+279 pages. 


This book is designed for students who have no previous preparation in alge- 
bra but who are mature enough to profit by a postulational approach to the 
subject. Since this approach is the distinctive feature of the book, most of the 
review will be given over to it. 

The seven postulates on which the rest of the book is based refer to the set 
of natural numbers: this set is closed under addition and multiplication, which 
are also associative and commutative, and the distributive law holds. Each 
postulate is introduced by examples from arithmetic and some are followed by 
generous discussions which include examples of sets or operations for which the 
stated property does not hold. Repeated application of the postulates leads to 
generalizations in the form of rules, such as the laws of exponents and certain 
rules for factoring. 

The algebra of the natural numbers is developed somewhat (parentheses, 
exponents, polynomials, simple equations) before introducing any new opera- 
tions. Extension of the number system is motivated by inverting the operations 
of addition and multiplication and devising an enlarged system in which the 
seven postulates continue to hold. The natural numbers are introduced on page 
4, zero on page 43, directed numbers on page 52, and fractions on page 88. The 
rational number system is defined on page 125, and the property of closure with 
respect to the four elementary operations is shown. 

In the second half of the book, pages 137 to 248, some of the topics begun 
earlier receive enlarged treatment, e.g., polynomials, factoring, equations, and 
exponents, while new topics include functions and graphs, the real number sys- 
tem (with a discussion of radicals), and the complex number system. 

The placing of the irrational and complex numbers at the end is good in a 
book which is not just a review of high school algebra. Another good feature is 
the six-page appendix containing discussions of questions asked in the text, 
together with references for further study. In general the exposition throughout 
is clear, and the problems are well chosen. 

As for the distinctive feature of the book, the postulates are carefully stated, 
and they are actually used to derive rules of procedure. The definitions are also 
carefully stated, and many are preceded by a generous preliminary discussion. 
(An exception is the word “term,” which is not defined at all.) However, the same 
care is not used in extending to the gradually enlarged number system the prop- 
erties stated in the postulates. It is not made clear that these properties require 
proof based on the original postulates and such definitions as have been made or 
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may be made. Thus on page 44, after the definition of zero, we find the declara- 
tion that all the rules previously built up are going to apply to the new number. 
Then the commutative, associative, and distributive laws are stated with zero 
as one element. 

On the whole the book accomplishes well its main purpose, which is to pre- 
sent algebra as an orderly development from a few basic assumptions. After 
studying it, a student should be quite ready for college algebra. 

W. G. CLARK 
Mt. Union College 


Algebra for College Students. By W. M. Whyburn and P. H. Daus. New York, 
Prentice Hall, Inc. 1955. 254 pp. plus tables and index. 


As the authors remark in the preface, the “difficulties experienced by college 
mathematics students result not only from weaknesses in the manipulative 
skills of algebra, but also from deficiencies in geometry and arithmetic and the 
lack of correct habits of thinking and reasoning.”’ These incorrect habits are 
often inherited by the students from the teachers in high school mathematics. 
The reviewer recalls a remark of a high school teacher in one of his classes, “I do 
not see what logic has to do with mathematics.” 

Texts like the Chicago syllabus or Principles of Mathematics by Allendoerfer 
and Oakley (McGraw-Hill) are specially aimed at this deficiency. The present 
text is a compromise between such texts and the usual college algebra texts 
which are often “an unenthusiastic rehash” of high school mathematics. 

The book has eight chapters and an introductory review of elementary arith- 
metic. Chapters I—-II are devoted to direct and inverse operations on numbers. 
The fundamental properties are given by axioms and the usual “rules” such as 
those concerning removal of parentheses, multiplying two negative numbers 
etc. are derived from these axioms. Real numbers are introduced by the axtom 
of linear measure. Article 16 on “Change of Base” brings out clearly the role of 
number 10 in writing natural numbers in arithmetic. The chapters conclude with 
factor theorem and Euclidean algorithm for finding the H.C. F. 

Chapter III entitled “Fractions” deals with negative exponents, terminating 
and non-terminating decimals, approximation, variation illustrated by simple 
interest and simple discount, and elements of the trigonometry of an acute angle. 
Chapter IV treats of linear equations, graphically as well as arithmetically. The 
latter method introduces us to determinants and matrices. Chapters V—VI treat 
quadratic equations. Complex numbers are introduced and their sum and prod- 
uct’ properly defined. Simple conics come in as graphs of simple quadratics in 
two variables. The sine law and cosine law complete the trigonometry of a 
triangle. Chapter VII treats of exponents and logarithms. Irrational exponents 
are introduced by two explicit assumptions. The last chapter deals with “Se- 
quences of Numbers” and “Mathematical Induction.” The latter is stated in an 
axiom underlying a procedure used to prove or disprove “conjectured” results 
of a certain type. 
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The text is very carefully written and does not contain anything that a stu- 
dent will have to forget when he learns more mathematics. There are no bold- 
type framed “Formulas” nor any annoying schemes for working problems: 
Step I, Step II, etc. such as we find in many texts. 

In conclusion, a few minor defects may be noted here: On page 9, a variable 
is defined as “a quantity that may change its value during the discussion.” On 
page 113, the x and y intercepts are defined as “points” ; and almost immediately 
we read “If the intercepts are small, an additional point is desirable.” 

V. D. GOKHALE 
Atlanta University 


Parmzi les belles figures de la Géométrie dans l’espace (Géométrie du tétraédre). By 
Victor Thébault. Paris, Vuibert, 1955. 11+287 pages. 2000 french francs. 


Victor Thébault is known on both sides of the Atlantic as a geometer inter- 
ested in the triangle and the tetrahedron. For over thirty years he has been seek- 
ing analogies between the geometry of the triangle and the geometry of the 
tetrahedron. His researches have been published in many journals including this 
MONTHLY and have been issued in the form of memoirs, articles, notes and prob- 
lems. He has now gathered into one volume the principal results concerning the 
tetrahedron, its associated points, lines, planes and spheres. 

After an introduction explaining the terminology and notation, which in- 
cludes a number of distance relations, the material is divided into four chapters: 
Chapter I: basic configurations; Chapter II: spheres associated with a tetra- 
hedron and a skew polygon; Chapter III: additions to the recent geometry of the 
tetrahedron; Chapter IV: problems proposed concerning the tetrahedron. 

The topics in the first chapter include the Monge point, Euler lines, the 12- 
point sphere, the orthocentroidal and the Miquel spheres, the Steiner ellipsoids 
and some hyperboloids, associated planes and tetrahedra and some special 
tetrahedra. In the second chapter is the Longchamps sphere and a skew curve 
associated with a tetrahedron; it ends with a discussion of spheres associated 
with a skew polygon whose vertices lie on a sphere. The third chapter treats 
of the first and second Lemoine points, the spheres of Tucker, Adams, Lucas and 
Hagge, and the orthopole of a line. In the final chapter are 81 original problems 
proposed since 1913 whose solutions have led often to interesting results. 

This volume should be of interest to those who are acquainted with the 
geometry of the triangle and the tetrahedron, and to all those who enjoy wit- 
nessing a trained mind at work in bringing into view the relations existing among 
lines, planes, spheres and tetrahedra associated with the configuration formed 
by four planes. 

J. R. MussELMAN 
Western Reserve University 


NEWS AND NOTICES 
EDITED BY EpitH R. SCHNECKENBURGER, University of Buffalo 


Readers are invited to contribute to the general interest of this department by sending news 
items to Edith R. Schneckenburger, University of Buffalo, Buffalo 14, New York. Items 
should be submitted at least two months before publication can take place. 


REPRINTS OF VOLUMES OF THE MONTHLY 


By arrangement with the Mathematical Association of America, Johnson 
Reprint Corporation of New York is now reprinting the first twenty volumes of 
the American Mathematical Monthly. These early volumes have not been avail- 
able in bound form for some time, and the reprint will therefore afford libraries 
an opportunity to complete their sets. Cloth bound sets are priced at $275.00, 
paper bound sets are available at $245.00, and individual paper bound copies of 
Volumes 1-9 are priced at $15.00, and of Volumes 10—20, $10.00. It is antici- 
pated that the reprinted sets will be available by May, 1956. 

Orders and inquiries should be addressed to: Johnson Reprint Corporation, 
125 East 23 Street, New York 10, New York. 


MATHEMATICS INSTITUTE FOR TEACHERS 


The second annual Mathematics Institute of the University of Oklahoma 
will be held June 4-15, 1956, in the air-conditioned Union Building on the main 
campus. 

Opportunity will be given to study methods of teaching the various subjects 
in the high school mathematics curriculum, to get a deeper insight into the sub- 
ject matter of high school mathematics with its new-type applications and to 
acquire source material for use with talented students. A study will also be made 
of some relatively simple developments in modern mathematics. 

One hour of graduate credit will be given for either week of the Institute— 
two hours for both weeks. Send inquiries to the Institute Chairman, J. O. 
Hassler, Department of Mathematics, University of Oklahoma, Norman, 
Oklahoma. 


COMMISSION ON MATHEMATICS 


A Commission on Mathematics that will investigate the need for revision 
of the secondary school mathematics curriculum has been appointed by the 
College Entrance Examination Board. 

New frontiers in mathematics are creating almost unlimited opportunities 
for growth in mathematical knowledge and its applications to physical science 
and engineering, to the social and biological sciences, and to business and in- 
dustry. The Commission has been established by the College Board in recogni- 
tion of a growing divergence between these developments and the type of mathe- 
matics taught in secondary school. 

After stressing modern mathematical concepts only in graduate courses for 
many years, many college mathematics departments are readjusting freshman 
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courses to include these ideas. No equivalent trend has yet developed widely on 
the high school level. 

The Commission on Mathematics, a group of 13 high school and college 
mathematics teachers, proposes to investigate the need and possibilities for 
revision of the high school syllabus. One or more conferences of high school and 
college teachers and administrators will be summoned to advise and assist the 
Commission. Following such meetings, and in the light of the experience and 
deliberations of its own members, the Commission will recommend necessary 
and desirable action to the College Board. 

Curricular reform has often failed to result from the work of previous con- 
ferences and commissions in mathematical education because their recommenda- 
tions have been only partially implemented. In view of this, the College Board 
is prepared to take further action. If there is general agreement as to the need 
and form of curricular revision, the College Board will, if necessary, foster the 
development of teaching materials and workshops to prepare teachers to utilize 
these materials. 

With this charge at hand, the Commission met for the first time at Ann 
Arbor, Michigan, in August, 1955, and reached the following tentative conclu- 
sions: 

(1) High school mathematics is in need of revision which would include the 
addition of new materials and the elimination of some and reorganization of 
other topics now being taught; 

(2) In considering a topic for deletion or inclusion the Commission will bear 
in mind the relevance of the topic to modern. mathematics, social and natural 
science, and engineering; 

(3) Liaison with and the cooperation of all groups interested in school and 
mathematics curricula is essential: and 

(4) The development of a single definitive syllabus is undesirable, if not 
impossible. The Commission therefore proposes to formulate a broad list of 
topics and to suggest where and how they might be introduced. 

Members of the Commission include: Professor A. W. Tucker, Princeton 
University (Chairman); Professor C. B. Allendoerfer, University of Washington; 
Mr. E. C. Douglas, The Taft School, Watertown, Connecticut; Professor H. F. 
Fehr, Teachers College, Columbia University; Miss Martha Hildebrandt, 
Proviso Township High School, Maywood, Illinois; Dean A. E. Meder, Jr., 
Rutgers University; Professor Frederick Mosteller, Harvard University; Pro- 
fessor E. P. Northrop, University of Chicago; Dr. E. R. Ranucci, Weequahic 
High School, Newark, New Jersey; Mr. Robert Rourke, The Kent School, Kent, 
Connecticut; Professor G. B. Thomas, Jr., Massachusetts Institute of Tech- 
nology; Professor Henry Van Engen, Iowa State Teachers College; Professor 
S. S. Wilks, Princeton University. 

The Commission welcomes the assistance and suggestions of organizations 
and individuals. Those interested in corresponding with the Commission should 
write to Mr. Robert Kalin, Executive Assistant, Commission on Mathematics, 
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P.O. Box 592, Princeton, New Jersey. 


NEW TELEVISION SERIES 


Professor Francis A. C. Sevier of the College of South Jersey is presenting a 
television series on WFIL-TV. The series began on January 30 and will run 
through May 14. It is titled “Mathematics in Modern Life.” Outlines of Pro- 
fessor Sevier’s syllabus can be obtained by writing to him at 406 Penn Street, 
Camden 2, New Jersey. 


WAYNE UNIVERSITY COMPUTATION LABORATORY PROGRAM 


The Computation Laboratory of Wayne University is again offering an in- 
tensive training program of three weekly courses. 

First Course: July 23-28. Automatic computers—their application and evalua- 
tion. 

Second Course: July 30—-August 4. Electronic data processing in business and 
government. 

Third Course: August 6-11. Applications of computors to engineering, science 
and industry. 

The final program with full information on lectures, staff, and other perti- 
nent information will be distributed well in advance of the summer courses. For 
further information, write to A. W. Jacobson, Director, Computation Labora- 
tory, Detroit 1, Michigan. 


DU PONT FELLOWSHIPS AT THE UNIVERSITY OF CHICAGO 


The University of Chicago announces six graduate fellowships of $1,920 for 
students who wish to prepare for teaching chemistry, mathematics or physics 
in secondary schools. E. I. du Pont de Nemours and Company has granted the 
University funds for these fellowships to encourage able college graduates of 
both sexes to enter high-school mathematics and science teaching. 

The du Pont fellows will register for science and/or mathematics courses, 
for professional courses in the teaching of the subject, and for apprentice teach- 
ing courses. Their program of study is designed to enable them to meet the re- 
quirements for the secondary-school teaching certificate issued by most states 
and to advance them toward a Master of Science degree. 

Applications for fellowships for 1956-1957 must be made before May 15, 
1956. Further information about the du Pont Fellowships may be obtained 
from the Center for Teacher Education, University of Chicago, Chicago 37, 
Illinois. 


INSTITUTE OF MATHEMATICAL SCIENCES TEMPORARY MEMBERSHIPS 


The Institute of Mathematical Sciences of New York University, Professor 
R. Courant, Director, offers temporary memberships to mathematicians and other 
scientists holding the Ph.D. degree who intend to study and do research in the 
fields in which the Institute is active. These fields include functional analysis, 
ordinary and partial differential equations, mathematical physics, fluid dy- 
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namics, electromagnetic theory, numerical analysis and digital computing, and 
various specialized branches, such as group theory, topological methods of anal- 
ysis, hydromagnetics, reactor theory. 

The temporary members will have complete freedom to select their own ac- 
tivities. They may participate in the advanced graduate courses, research semi- 
nars, and research projects of the Institute and will have the opportunity of us- 
ing computational facilities. 

The temporary members will receive a stipend commensurate with their 
status. Membership will be awarded for one year, but may be renewed. Special 
arrangements can be made for applicants who expect to be on leave of absence 
from their institutions. 

Requests for information and for application blanks should be addressed to 
the Membership Committee, Institute of Mathematical Sciences, 25 Waverly 
Place, New York 3, New York. 


INDUSTRIAL MATHEMATICS SOCIETY 


Mathematics in an Industrial Economy is a new booklet issued by the Indus- 
trial Mathematics Society. It will be sent free to all who request it by writing 
to the Industrial Mathematics Society, 100 Farnsworth, Detroit 1, Michigan. 


SUMMER SESSIONS 


The following institutions announce advanced courses in mathematics for the 
summer of 1956. 

Boston University. July 9 to August 18: Professor Scheid, calculus of varia- 
tions. 

The Catholic University of America. June 27 to August 10: Mr. Tomiuk, ad- 
vanced calculus I; Professor Moller, higher algebra I; Professor Wiegmann, 
introduction to matrix theory; Professor Rice, advanced calculus II; Professor 
Finan, higher algebra II; Professor Ramler, college geometry, synthetic projec- 
tive geometry, differential equations. 

Columbia University, Teachers College. July 9 to August 17: Professor Fehr, 
teaching arithmetic in elementary school, current problems in teaching second- 
ary school mathematics; Professors Fehr and Rosskopf, research in teaching 
mathematics, departmental seminar in teaching mathematics; Professor Ross- 
kopf, teaching of algebra in secondary school, history of mathematics; Dr. Sobel, 
feld work in mathematics, teaching non-academic mathematics in the high 
school; Mr. Rourke, survey of higher mathematics for teachers, professionalized 
subject matter in advanced secondary school mathematics; Professors Fehr, 
Rosskopf, Sobel and Rourke, conferences and discussions on current questions 
in the teaching of mathematics. 

DePaul Uniersity. June to August: Professor DeCicco, classical Lie theory of 
continuous groups, fundamental concepts of algebra; Professor Caton, introduc- 
tion to the calculus of variations. June to August (evenings): Professor Caton, 
engineering mathematics. 
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Duke University. June 12 to June 17: Professor Carlitz, probability; Profes- 
sor Roberts, plane geometry and trigonometry from the advanced standpoint; 
Professor Thomas, mathematical analysis for teachers; Professors Carlitz, 
Roberts and Thomas, thesis seminar. 

Indiana University. June 14 to August 10: Professor Wolfe, theory and appli- 
cation of statistics, projective geometry; visiting Professor Snapper (Miami 
University), topics for mathematics teachers, higher algebra I; Professor Mac- 
Kenzie, differential equations, theory of functions of a complex variable I. 
For the first time there will be available for qualified secondary school teachers 
three David A. Rothrock Summer Scholarships amounting to $200 plus basic 
fees. 

North Carolina State College. Southern Regional Graduate Summer Session 
in Statistics. June 11 to July 20: Professor Hader, statistical methods I; Profes- 
sor Cox, statistical methods II; Dr. Grandage, theory I; Professor Duncan 
(University of Florida), theory II; Professor Finkner, sample survey designs; 
Staff, special problems; Professor Anderson, econometric methods; Professor 
Monroe, advanced topics in statistical analysis II; Professor Harrell, introduc- 
tion to linear programming; Professor Hildreth (Michigan State University), 
linear equations; Professor Heady (Iowa State College), estimation and analysis 
of production functions; Professor Levine, advanced calculus; Professor Smith 
(University of North Carolina), stochastic processes and their applications. 

The Institute in Quantitative Research Methods in Agricultural Economics, 
sponsored by the Social Science Research Council, will meet at the College in 
conjunction with the Graduate Summer Session in Statistics. 

Northwestern University. June 23 to August 18: Engineering mathematics 
I, theory of statistics, introduction to the theory of numbers, the history of 
mathematics II, foundations of calculus for teachers, topics in modern mathe- 
matics for teachers, nonlinear problems of the physical sciences, introduction to 
the theory of groups. 

Syracuse University. July 2 to August 10: Professor Cole, analysis and appli- 
cations I; Professor Gilbert, introduction to probability; Professor Kibbey, 
intermediate course in algebra II; Professor Exner, heuristic methods in ele- 
mentary geometry. August 13 to September 14: Professor Hemmingsen, analysis 
and applications II (vector analysis); Professor Welch, higher mathematics for 
engineers and scientists I. 

University of Buffalo. July 2 to August 10: Professor Montague, rings and 
ideals; Professor Gehman, theory of games. 

University of California. June 18 to July 28 and July 30 to September 8. 
Graduate Courses in Statistics. The faculty will include Professor Cox (Univer- 
sity of North Carolina), Professor Bates (Mount Holyoke College), Professor 
Blackwell and Mr. Ferguson of the Department of Statistics. The program in- 
cludes two of the usual undergraduate courses in each session, adapted primarily 
to meet the need of students transferring from other centers who would like to 
undertake advanced study at the University of California during the regular 
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academic year. Also a graduate seminar will be conducted by Professor Black- 
well. This seminar will allow for individual consultation for students working 
toward higher degrees. 

June 18 to July 28. Graduate Course in Mathematics: Professor Jacobson 
(Yale University), ring theory. 

University of Chicago. June 25 to August 31: A program in analysis including 
special courses and seminars will be offered. Visitors in residence will include 
A. P. Calderon, H. Helson, J. E. Littlewood, W. Rudin, R. Salem, and A. C. 
Schaeffer. Further information can be obtained from E. H. Spanier, Depart- 
ment of Mathematics, University of Chicago, Chicago 37, Illinois. 

University of Colorado. June 18 to August 25: Professor Whyburn, theory of 
functions; Professor Hultquist, vector analysis; Dr. Crow, mathematical statis- 
tics; Professor Britton, complex variables, boundary value problems. 

University of Delaware. June 18 to July 27: Professor Webber, fundamental 
concepts of mathematics I (designed especially for teachers). 

University of Florida. June 15 to August 13: Professor Blake, introduction to 
mathematical thought; Professor South, mathematical statistics; Professors 
Lang, Blake and Smith, higher mathematics for engineers and physicists; Pro- 
fessor Smith, tensor analysis; Professor Phipps, foundation of geometry; Pro- 
fessor Cowan, Fourier series; Professor Gager, history of elementary mathemat- 
ics; Staff, individual work. 

University of Illinois. June 18 to August 11: Professor Suzuki, linear algebra; 
Professor Landin, number, length, area; Professor Bateman, measure and inte- 
gration. 

University of Maryland. June 25 to August 3: Professor Jackson, foundations 
of number theory (primarily for teachers); Professor Hall, elementary topology; 
Dr. Rosen, introduction to complex variable theory. 

University of Michigan. June 25 to August 17: Professor Alexander, theory 
of probability, elementary mathematical statistics; Professor Brauer, higher 
algebra, seminar in algebra; Professor Carver, mathematical statistics, finite 
differences; Professor Coburn, operational mathematics; Professor Craig, sig- 
nificance tests; Professor Dushnik, advanced calculus; Dr. Gehring, advanced 
mathematics for engineers; Professor Gentry, synthetic projective geometry, 
topics in geometry; Professor Hay, vector analysis, theory of plates and shells; 
Professor Herzog, functions of a complex variable, partial differential equations; 
Professor Hildebrandt, calculus of variations; Professor Jones, teaching of alge- 
bra, history of geometry; Professor LeVeque, matrix theory; Professor Ullman, 
Fourier series, application of functions of a complex variable; Professor Young, 
foundations of mathematics, general spaces. 

A Summer Institute for Teachers of Collegiate Mathematics will be held 
at the University during the summer session. (See this Montuiy, March, 1956.) 

University of Nebraska. June 13 to August 3: Professor Jackson, differential 
equations; Professor Magnus, vector analysis; Professor Leavitt, topics in 
algebra; Staff, reading course, thesis. 
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University of North Carolina. June 7 to July 14: Professor Brauer, some re- 
cent results in number theory; Professor Cameron, fundamental concepts; 
Professor Garner, history of mathematics; Professor Jones, non-euclidean geom- 
etry; Professor Linker, differential equations; Professor Mackie, theory of 
equations; Professor Winsor, introduction to higher geometry. July 16 to August 
22: Professor Hill, elementary mathematical statistics; Professor Hoyle, elemen- 
tary algebra from an advanced viewpoint; Professor Lasley, analytic geometry 
from a higher standpoint; Professor MacNerney, summability; Professor Wall, 
introduction to the theory of determinants and matrices. 

University of Oklahoma. June 7 to August 5: Professor Bernhart, college 
geometry; Professor Pan, elementary differential equations; Professor LaFon, 
vector analysis; Professor Springer, ordinary and partial differential equations; 
Professor Brixey, theory of numbers; Professor Goffman, theory of probability. 

University of Pennsylvania. June 25 to August 4: Professor Herstein, matrix 
theory and numerical applications; Professor Epstein, methods of analysis; 
Professor Fine, probability and statistics; Professor Gottschalk, concepts of 
mathematics (this course carries credit towards a master’s degree in education 
with specialty in mathematics). 

University of South Carolina. Professor Lytle, theory of equations; Professor 
Novak, college geometry; Professor Hedberg, theory of algebraic numbers; 
Professor Strebe, theory of functions of a real variable; Professor Williams, 
theory of functions of a complex variable. 

University of Texas. June 5 to July 17: Professor Craig, vector and tensor 
analysis, applications of tensor analysis; Professor Moore, theory of sets; Pro- 
fessor Guy, potential theory (two terms). July 18 to August 31: Professor 
Cooper, functions of a complex variable; Professor Lubben, modern algebra; 
Professor Wall, infinite processes, analytic functions; Professor Guy, poten- 
tial theory. 

University of Washington. Professor Avann, linear algebra; Professor Cram- 
let, differential equations; Professor Ballantine, vector analysis; Professor Mc- 
Farlan, topics in applied analysis; Professor Leipnik, advanced analytic geome- 
try; Professor Haller, differential geometry; Professor Livingston, convolution 
transforms. 

University of Wisconsin. June 25 to August 17: Professor Evans, vector 
analysis; Professor Hammer, theory and operation of computing machines; 
Professor Immel, introduction to mathematical statistics, survey of the founda- 
tions of arithmetic; Professor Jones (University of North Carolina), topics in 
geometry, topics in topology; Professor Kaplansky (University of Chicago), 
determinants and matrices, advanced topics in algebra; Professor Marden, ap- 
plied differential equations, potential theory; Professor Mayor, projective 
geometry. 

University of Wyoming. June 11 to July 13: Professor Varineau, theory of 
equations; Professor Steen, ordinary differential equations; Professor Barr, 
college geometry; Professor S. R. Smith, numerical analysis. July 16 to August 
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17: Professor Schwid, partial differential equations, Fourier series and boundary 
value problems, theory of functions of a complex variable; Professor Neubauer, 
history of mathematics; Professor W. N. Smith, mathematical theory of prob- 
ability. 

West Virginia University. June 6 to July 17: Professor Cunningham, Fourier 
series and partial differential equations; Professor Posey, advanced calculus; 
Professor Stewart, history of mathematics. July 18 to August 24: Mr. Cochran, 
modern geometry; Professor Peters, advanced calculus; Professor Vest, opera- 
tional methods in partial differential equations. 


PERSONAL ITEMS 


Assistant Professor H. L. Alder of the University of California, Davis, has 
been promoted to an associate professorship. 

Mr. A. I. Benson, formerly a staff member of the Los Alamos Scientific 
Laboratory, New Mexico, is manager of Lynn Digital Computations, General 
Electric Company, West Lynn, Massachusetts. 

Mrs. Audrey J. Benson, previously a research assistant at the Los Alamos 
Scientific Laboratory, New Mexico, is now an assistant mathematician at the 
Rand Corporation, Lincoln Laboratory, Lexington, Massachusetts. 

Mr. Jonas Beraru, formerly a mathematician with the Reeves Instrument 
Corporation, New York, New York, has a position as a member of the technical 
staff of Hughes Aircraft Company, Culver City, California. 

Miss Ida Brisky has a position as a systems engineer with the Datamatic 
Corporation, Newton Highland, Massachusetts. 

Mr. C. L. Davis, previously an instructor at the General Motors Institute, 
has accepted the position of Mathematician in the Mathematics and Computing 
Group of Curtiss-Wright Research Division, Clifton, New Jersey. 

Mr. M. J. Di Carlo-Cottone, formerly a mathematician for the United States 
Air Force, Washington, D. C., is a member of the technical staff of Bell Tele- 
phone Laboratories, Whippany, New Jersey. 

Dr. D. O. Ellis, associate mathematician for the Rand Corporation, Santa 
Monica, California, has accepted a position as Senior Research Scientist with 
the National Cash Register Company, Electronics Division, Hawthorne, Cali- 
fornia. 

Mr. J. H. Fountain is employed as a research engineer by Consolidated- 
Vultee Aircraft Corporation, San Diego, California. 

Mr. M. P. Friedman of Brooklyn College is now with the Research Division 
of the College of Engineering, New York University. 

Mr. F. W. Gibson, formerly a mathematical analyst with Lockheed Aircraft 
Corporation, Burbank, California, is now a research engineer for the Radio- 
plane Company, Van Nuys, California. 

Dr. G. R. Glabe has been appointed to an assistant professorship at Sacra- 
mento State College. 
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Visiting Professor G. H. Handelman of Rensselaer Polytechnic Institute is 
in charge of a new program of research sponsored by the Air Force Office of 
Scientific Research, Air Research and Development Command, Baltimore. 

Mr. M. A. Kirchberg, previously a teacher at Hopkins Township School, 
Michigan, has a position as a computer operator for Allis-Chalmers Manufactur- 
ing Company, Milwaukee, Wisconsin. 

Miss Lola F. Kiser of the University of Georgia has been appointed to an 
assistant professorship at Birmingham-Southern College. 

Professor Emeritus E. E. Moots of Cornell College has been appointed to a 
visiting professorship at Whittier College for the second semester of 1955-1956. 

Assistant Professor Eugene Park of Clemson College has been promoted to an 
associate professorship. 

Mr. Conrad Rennemann, Jr., formerly an aeronautical research scientist 
with the National Advisory Committee for Aeronautics, Langley Field, Virginia, 
has a position as a senior aerodynamicist with the Republic Aviation Corpora- 
tion, Farmingdale, L. I., New York. 

Mr. L. A. Rife of Mississippi Southern College has been promoted to an 
assistant professorship. 

Mr. J. J. Schoderbek, previously a research assistant at the University of 
Michigan, Willow Run Research Center, Ypsilanti, Michigan, has a position 
as a research engineer for Lockheed Aircraft Corporation, Van Nuys, California. 

Mr. C. E. Seabold, recently a mathematician at Wright-Patterson Air 
Force Base, Ohio, is employed as a senior technical programmer with the Stand- 
ard Oil Company of Ohio. 

Mr. H. F. Simmons, formerly a graduate assistant at Iowa State College, 
has been appointed to an assistant professorship at the University of Wichita. 

Mrs. Lois B. Smith is teaching in the San Diego City Schools, California. 

Mr. A. G. Wilford, previously a meteorologist for the Department of Trans- 
port, Toronto, Canada, is employed as a programmer by Computing Devices 
of Canada, Ottawa, Canada. 

Dr. John Wishart, director of the Statistical Laboratory at St. Andrew’s 
Hill, Cambridge, England, will be a visiting professor at the University of Wis- 
consin for the first semester of the academic year 1956-1957. 

Associate Professor Herbert Wolf of Tri-State College has a position as a 
research mathematician at the Avco Manufacturing Company, Stratford, Con- 
necticut. 


Mr. T. I. Gilroy, fellow at the University of Wisconsin, died in July, 1955. 

Miss Clara Hancock, retired instructor of Junior College, Virginia, Minne- 
sota, died on March 23, 1955. She was a member of the Association for thirty- 
five years. 

Mr. D. H. Leavens of Colorado Springs, Colorado, died on December 3, 1955. 
He was a charter member of the Association. 
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Professor Emeritus H. P. Manning of Brown University died on January 
11, 1956. He was a charter member of the Association. 

Professor Emeritus F. R. Morris of Fresno State College died on January 
6, 1956. He was a charter member of the Association. 


THE MATHEMATICAL ASSOCIATION OF AMERICA 


Offictal Reports and Communications 


REPORT OF THE TREASURER FOR THE YEAR 1955 


Following is a summary of the report of Professor H. M. Gehman as 
Treasurer of the Association for the year 1955. The complete report has been 
approved by the Finance Committee and accepted by vote of the Board of 
Governors. Any member of the Association who wishes the complete report of 
the Treasurer may obtain it by writing to the office of the Association. 

As was the case at the end of the preceding year, the total funds of the Associ- 
ation at the end of the year 1955 include balances held for the Committee on 
Visiting Lecturers and the Committee on the Undergraduate Program. These 
funds will be expended as the plans of these Committees require. 

The Current Fund ended the year with a surplus of $2,065. Anticipated 
expenditures during 1956 indicate that a rather substantial deficit will be in- 
curred in 1956. The Finance Committee is considering whether an increase in 
dues to $5.00 per year may become necessary. The Secretary-Treasurer will be 
glad to have the comments of members of the Association on this matter. 


I. TotaL FUNDS OF THE ASSOCIATION ON JANUARY 1, 1955 


M & T Trust Co., Buffalo..... $ 11,467.06 Current Fund................ $ 495.62 
Securities............00e eee ee 104,831.00 Carus Fund................. 19 626.04 
Chace Fund................. 14,797.47 

Houck Fund................. 10,830.03 

Chauvenet Fund............. 1,363.14 

Dunkel Fund................ 17 ,865 .41 

General Fund................ 40,348.91 

105 ,326.62 

Visiting Lecturers Fund....... 10 ,462 .28 

Fund for Com. on Und. Program 509.16 


$116,298.06 $116,298 .06 
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II, CURRENT FuND 


Balance, January 1, 1955....... $ 495.62 Monthly 
Dues.........0c cece ee eee ees 23 ,004.76 Publication................. $19 , 794.83 
Initiation fees................. 908 .00 Reprints............-.-.-00. 510.87 
Subscriptions................. 4,688.13 Editor’s Office............... 1,986.34 
Sale of back numbers.......... 260.23 Secretary-Treasurer’s Office 
Advertisements................ 5,993.50 Clerical help................ 8,805.91 
Sale of exchange periodicals.... . 125.50 Postage and printing......... 2,037.70 
Interest on General Fund....... 1,493.97 Office expenses.............. 405.90 
Income from Hardy Fund...... 120.00 Bank and Auditing fees...... 238.55 
Transfer from other Funds... . 2,323.42 Board of Governors............ 1,737.83 
Foreign exchange and bank Meetings................0005. 684 .00 
ChargeS.........-.. cece eee 3.70 Committees................... 160.00 
Subventions.................. 493.53 
Balance, December 31, 1955.... $ 2,561.37 
ITI. IV. V. 
CaRUS CHacE Hovuck 
FUND FuND FUND 
Balance, January 1, 1955....... 0... 0. e cece eee $19,626.04 $14,797.47 $10,830.03 
Sales of publications. .........00.0. 00. e cece ces 1,456.41 518.98 7.00 
Interest... 0... ec eect ee teen ens 729.52 547.14 399 .69 
Increase in value of securities....................00. 566.68 425.01 310.47 
Less: charges and bank fees...................0.0005 237.71 146.49 51.14 
Printing... 0.0... eee cee ee et teen e ees — 2,302.86 — 
Balance, December 31, 1955.......... 0.00.0 00 ee euee $22,140.94 $13,839.25 $11,496.05 
VI. VII. VIII. 
CuHau- DUNKEL GEN- 
VENET FUND ERAL 
FUND FuND 
Balance, January 1, 1955............ 0.200 e eee eee ee $ 1,363.14 $17,865.41 $40,348.91 
Interest. 2.0... ccc cc cece eee teen nes 50.45 659.67 — 
Increase in value of securities...................-05- 39.19 512.42 1, 60.49 
Less: charges and bank fees.................-...004-. 6.37 83.26 — 
Balance, December 31, 1955... ...... 00.00.20 eee eee $ 1,446.41 $18,954.24 $41,509.40 
IX. X. 
VISITING FUND FOR 
LECTURERS COMMITTEE ON 
FUND UNDERGRADUATE 
PROGRAM 
Balance, January 1, 1955............0.. 0... cee eee $10 ,462 .28 $ 509.16 
National Science Foundation grant.................. 20,500.00 — 
Contributions toward travel expenses................ 1,568.33 — 
Ford Foundation grant............. 0.0. eee e ee eee — 25,000.00 
Less: salaries, services, travel expense................ 7,535.54 2,313.68 
Committee expenses. ......... 2.00 cee ee cee ene 1,082.54 256.15 
Administrative expenses.............. 000 cece cece 750.00 1,375.00 


Balance, December 31, 1955. ...........-. 202s eee eee $23 162.53 $21,564.33 
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XI. TotaL FUNDS OF THE ASSOCIATION ON DECEMBER 31, 1955 


Current Fund................ $ 2,561.37 
Carus Fund................0. 22,140.94 
Chace Fund................. 13,839.25 
Houck Fund................. 11,496.05 
Chauvenet Fund............. 1,446.41 
Dunkel Fund................ 18 954.24 
General Fund................ 41,509.40 
111,947.66 
Visiting Lecturers Fund....... 23,162.53 
Fund for Committee on Und. 
Program...........00e000es 21,564.33 


$156,674.52 


[April 
M & T Trust Co., Buffalo. .... $ 12,842.52 
Buffalo Savings Bank......... 20,000.00 
Securities... 0.0.2.0... cee ees 123,832.00 


$156,674.52 


NEW MEMBERS 


Professor H. M. Gehman, Secretary-Treasurer, announces that the follow- 
ing 150 persons have been elected to membership by the Board of Governors 


on applications duly certified. 


ANGELA K. AIvALiotTis, Student, Kent State 
University. 

O. H. ALisBAu, Ph.D. (Berlin) Professor, Uni- 
versity of Ankara, Turkey; Visiting Pro- 
fessor, University of Pennsylvania and 
Rutgers University. 

D. R. ANDERSON, Student, Bradley University. 

RicHARD FE. ANDERSON, M.S.(Michigan) 
Grad. Student, University of Michigan. 

J. S. Avars, Jr., M.A.(Ilinois) Grad. Stu- 
dent, Stanford University. 

F. T. BAKER, Student, Yale University. 

G. E. Baxter, Ph.D.(Minnesota) Instr., 
University of Minnesota. 

HEsTER C. Boyp, Ed.M.(Mississippi) Grad. 
Asst., University of Mississippi. 

W. H. Braprorp, Ph.D.(Texas) Dean, Di- 
vision of Liberal Arts, McNeese State Col- 
lege. 

L. R. Brace, Ph.D. (Wisconsin) Instr., Duke 
University. ' 

CHRISTINE V. BRANNAN, A.M. (Missouri), M.S. 
(Kansas S.T.C.) Instr., University of 
Houston. 

H. W. Brockman, M.A.(Ohio S.U.) Asst. 
Professor, Capital University. 

Mrs. HELEN L. Brooks, M.A.(Toledo) Instr., 
University of Toledo. 


FELIX BROWDER, Ph.D.(Princeton) Asst. Pro- 
fessor, Brandeis University. 

A. W. Brunson, M.A. (Illinois) Asst. Profes- 
sor, Fenn College. 

B. P. BusseLt, M.A.(Columbia) Instr., Uni- 
versity of Massachusetts. 

J. W. BustTaMANTE, B.S. in E.E.(Okla. A & 
M. C.) Grad. Asst., Oklahoma Agricul- 
tural and Mechanical College. 

J. L. Casie, Student, University of Buffalo. 
Rev. R. I. CANAvAN, S.J., A.B. (Woodstock) 
Grad. Student, New York University. 
VIRGINIA CASTELLUCCIO, Student, Montclair 

State Teachers College. 

R. L. Cavusgty, M.S.(Kentucky) Applied 
Math., U.S. Naval Air Missile Test Cen- 
ter, Point Mugu, Calif. 

W. A. Cava, Student, City College of New 
York. 

DorotHy CHMIEL, Student, Montclair State 
Teachers College. 

R. E. Cotzins, Ph.D. (A.&M.C. of Texas) Re- 
search Engr., Humble Oil & Refining Co., 
Houston, Texas. 

T. K. Coox, B.S.(Cincinnati) Grad. Asst., 
University of Cincinnati. 

R. J. Corn, Student, Georgia Institute of Tech- 
nology. 
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Mrs. EstHeEr B. Cou.Ter, B.S. in Ed.(Bowling E. F. Go.Lprars, 


Green S.U.) Instr., University of Arizona. 

H. L. Crowson, M.S.(Florida) Grad. Asst., 
University of Florida. 

T. W. DanreEt, M.A.(Arkansas)  Instr., 
Mississippi State College. 

G. L. Davey, M.S.(Stanford) Acting Instr., 
Stanford University. 

Mrs. ELEANOR G. DAWLEY, M.S. (Howard) 
Instr., Hampton Institute. 

G. W. Day, Student, San Jose State College. 
R. S. DEZuR, M.A.(Montana S.U.) Acting 
Instr., State College of Washington. 

R. J. Driscott, M.A.(Loyola, Ill.) Math. 
Asst., White Sands Proving Ground, N. 
Mex. 

L. E. Dusins, Ph.D.(Chicago) Asst. Profes- 
sor, Carnegie Institute of Technology. 

C. D. Dunn, Student, Texas Christian Uni- 
versity. 

W. H. Epwarps, M.A.(Texas) Asst. Profes- 
sor, University of Houston. 

E. G. EIGEL, Jr., B.S.(M.I.T.) Grad. Fel- 
low, St. Louis University. 

W. K. ErGen, Ph.D.(Vienna) Principal 
Physicist, Oak Ridge National Lab., Oak 
Ridge, Tenn. 

W. A. Fercuson, Ph.D. (Illinois) Asso. Pro- 
fessor, University of Illinois. 

H. K. Fiescu, Ph.D. (Illinois) Instr., Cornell 
University. 

Capt. A. R. GALLAHER, U.S.N., B.S.(U.S. 
Naval Acad.) Head, Department of 
Mathematics, U. S. Naval Academy. 

RHEBA E. GALLOwAy, B.S.(Virginia S.C.) 
Grad. Student, Virginia State College. 

B. S. GarsBow, M.S.(Chicago) Asst. Math., 
Argonne National Lab., Lemont, III. 

A. M. GarsiA, Res. Asst., Stanford University. 

G. R. Gipson, Student, University of Buffalo. 

J. M. Gm, Graduate in Math. (Coimbra, 
Portugal) Teacher, Liceu de Santarém, 
Portugal. 

L. O. GrRoOUARD, Jr., B.S. in E.E. (California) 
Statistician, Pacific Telephone and Tele- 
graph Co., Los Angeles, Calif. 

N. W. GopsEy, Teaching Asst., Oklahoma 
Agricultural and Mechanical College. 
JacK GoLpDBERG, M.A.(N.Y.U.) Math. 
Teacher, Hackensack Board of Education, 

N, J. 
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M.A.(C.C.N.Y.) White 
Sands Proving Ground, N. Mex. 

Mrs. Emity W. J. Goop, M.S.(North Caro- 
lina) Temporary Instr., University of 
Alabama. 

J. E. Groves, Jr., B.S.(Arkansas S.C.) Grad. 
Fellow, St. Louis University. 

J. F. Hannan, Ph.D.(North Carolina) Asst. 
Professor of Statistics, Michigan State 
University. 

G. H. Hart, S.M.(M.I.T.) Newcastle, Maine. 

D. F. HAyEs, Student, St. Mary’s University. 

R. E. Heaton, Ph.D.(Indiana) Asst. Pro- 
fessor, University of Richmond. 

PETER HeEnrici, Ph.D.(Swiss Federal I.T.) 
Asst. Professor, American University. 
Davip HERLACHER, M.S. (Iowa) Instr., Fenn 

College. ° 

E. H. HiETBRINK, B.A.(Central C.) Grad. 
Student, University of Nebraska. 

D. B. HotpripGE, A.B.(Fresno S.C.) Teach- 
ing Asst., California Institute of Tech- 


nology. 

J. R. Ho_tpswortH, Student, San Jose State 
College. 

D. F. Huntincton, Student, University of 
. Maine. 


DorTHEA I. JAcKSoN, B.A.(Baker) Seismol- 
ogist Asst., Shell Oil Co., Houston, Texas. 

D. E. Jones, B.S.(Fort Hays Kansas S.C.) 
Grad. Asst., Kansas State College. 

P. M. Kaun, Student, Stanford University. 

L. A. Kenna, M.A.(Arizona S.C.) Instr., 
University of Arizona. 

H. C. KERPELMAN, B.S.(Maryland) Grad. 
Student, Asst. Instr., University of Penn- 
sylvania. 

Rev. Puitip KErRsHAW, O.S.B., B.S. in Ed. 
(Loyola, La.) Professor, St. Joseph Semi- 
nary, St. Benedict, La. 

J. J. Kinney, A.M.(Harvard) Instr., St. 
Lawrence University. 

D. B. Kirk, M.A.(Pennsylvania) Res. Ana- 
lyst, Mutual Benefit Life Ins. Co., Newark, 
N. J. 

B. Y. Koo, M.A.(Maryland) Junior Instr., 
University of Maryland. 

J. C. KosanxeE, Student, Baylor University. 

FRANK Kozin, M.S.(Illinois I.T.) Instr., 
Illinois Institute of Technology. 

S. R. Krart, B.A. (George Washington) Grad. 
Student, University of Maryland. 
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MavuricE L’Asst, Ph.D.(Princeton) Asso. 
Professor, University of Montreal. 

H. L. Lawton, M.S.(Florida S.U.) Math., 
U. S. Navy Mine Defense Lab., Panama 
City, Fla. 

W. T. LayBourn, JR., Junior Engr., Philco 
Corp., Philadelphia, Pa. 

IRWIN LEwis, Student, Brooklyn College. 

N. J. Lewis, Student, Colorado College. 

J. T. Lippxe, Jr., Student, Rutgers University. 

J. P. Line, M.S.(Michigan) Instr., Univer- 
sity of Rochester. 

H. G. Loomis, M.A.(Pennsylvania S.U.) In- 
str., Pennsylvania State University. 

Rev. H. J. Lucer, S.J., M.A.(Gonzaga) 
Instr., Gonzaga University. 

M. R. Luttre.u, B.S.(Florence S.T.C.) 
Equipment Engr., Western Electric Co., 
Chicago, III. 

J. P. Mayserry, Ph.D.(Princeton) Profes- 
sional Engr., Radio Corp. of America, 
Moorestown, N. J. 

S. G. MAyFIELD, M.Ed.(Texas) Asst. Pro- 
fessor, Virginia Military Institute. 

W.B. Mitter, M.A.(Lehigh) Asst. Professor, 
Moravian College. 

A. M. Moop, Ph.D.(Princeton) President, 
General Analysis Corp., Santa Monica, 
Calif. 

Z. C. MotTTELER, Student, Stanford Univer- 
sity. 

R. W. NEwcoms, B.S. in E.E.(Purdue) Grad. 
Student, Stanford University. 

D. A. Norton, Ph.D.(Wisconsin) Asst. Pro- 
fessor, University of California, Davis. 
KATHLEEN M. O’DONNELL, M.A. (Northwest- 

ern) Instr., University of Kansas. 

I, B. O_tpHAm, Student, University of Okla- 
homa. 

H. C. Owens, M.A.(Alabama) Instr., Uni- 
versity of Alabama. 

D. B. Pease, M.S.(Kansas S.T.C.) Elec- 
tronic Scientist, U. S. Navy Mine Defense 
Lab., Panama City, Fla. 

J. E. L. Pecx, Ph.D.(Yale) Asso. Professor, 
McGill University. 

Rosetta V. PEpicin1, M.A,(Missouri) Instr., 
University of Kansas. 

H. D. PERRY, M.A.(Sam Houston §S.T.C.) 
Instr., Agricultural and Mechanical Col- 
lege of Texas. 

H. A. Petrea, M.A.(North Carolina) Asst. 
Professor, North Carolina State College. 
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ALEXANDER PEYERIMHOFF, Dr.rer.nat. (Tue- 
bingen) Visiting Asso. Professor, Uni- 
versity of Cincinnati. 

S. C. Port, Student, Northwestern University. 

E. E. Posey, Ph.D.(Tennessee) Asst. Pro- 
fessor, West Virginia University. 

Dorotuy L. POWELL, A.M.(Missouri) Tem- 
porary Instr., Kansas State College. 

L. E. PurseELt, Ph.D.(Purdue) Asst. Pro- 
fessor, Grinnell College. 

DovuGLAs RAGLAND, JrR., Student, Kinkaid 
School. 

Emity B. RaGspaLeE, M.A.(Florida S.U.) 
Instr., Virginia Polytechnic Institute. 

B. A. Raymonp, M.S.(Cincinnati) Instr., 
University of Cincinnati. 

LERoy REAMEs, M.S.(Iowa) Instr., Illinois 
Institute of Technology. 

ARTHUR REETZ, JR., B.S. in Ed.(South Da- 
kota) Instr., Missouri School of Mines. 

R. W. ReicHHARDT, B.S.(Marquette) Grad. 
Asst., Marquette University. 

L. P. Reity, M.E.(Louisiana S.U.) Asst. 
Professor, McNeese State College. 

T. C. RicwarpDs, Student, San Jose State 
College. 

G. W. Ricker, M.S.(Rutgers) Teaching Asst., 
Rutgers University. 

H. K. Rices, Ph.D. (Chicago) Asst. Professor, 
University of Vermont. 

W. H. Rosertson, A.B.(Washburn) Grad. 
Asst., Oklahoma Agricultural and Mechan- 
ical College. 

J. S. Ruz, M.S.(North Dakota) Instr., Uni- 
versity of North Dakota. 

K. M. SaAKsENA, Ph.D.(Agra) Professor, 
D.S.B. Government College, Nainital, 
India. 

R. W. Sampson, M.A.(Boston U.)  Instr., 
Bates College. 

D. M. Saxe, A.B.(Harvard) Res. Math., 
Bausch & Lomb Optical Co., Rochester, 
N. Y. 

I. S. ScHECHTMAN, B.A.(Pennsylvania) Pro- 
grammer, Sperry-Rand, Philadelphia, Pa. 

MorTueErR Ruts M. ScHIcKEL, B.A. (Manhattan- 
ville C. of the Sacred Heart) Teacher, 
Country Day School of the Sacred Heart, 
Washington, D. C. 

T. J. Secnari, Math., Army Map Service, 
Washington, D. C. 

R. D. SHEFFIELD, M.A.(Mississippi) Asst. 
Professor, University of Mississippi. 
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R. F. Saortt, B.S. (Syracuse) Instr., Clarkson 
College of Technology. 

AARON SIEGEL, M.S.(Rutgers) Teaching 
Asst., Rutgers University. 

J. E. Simpson, M.A.(Loyola, IIl.) Instr., 
Marquette University. 

SISTER EILEEN IMELDA, O.P., B.A. (Caldwell 
C.) Instr., Caldwell College. 

R. W. SLoan, Ph.D. (Illinois) Asst. Professor, 
University of New Hampshire. 

A. H. SprRAGuE, Ph.D.(Princeton) Professor, 
Amherst College. 

R. L. SPRECKELMEYER, B.S. (Illinois Wesleyan 
U.) Teacher, School District of the City 
of Ladue, Mo. 

F, M. Stavey, Jr., M.A.(CoLumsia)  Instr., 
Fort Valley State College. 

F. T. STARKWEATHER, B. A.(Omaha) Math., 
White Sands Proving Ground, N. Mex. 

T. D. Sreruinc, Ph.D.(Tulane) Asst. Pro- 
fessor of Psychology, University of Ala- 
bama. 

A. P. StoxEs, B.S.(Notre Dame) Grad. Stu- 
dent, University of Notre Dame. 

J. E. Strane, B.A.(Arizona) Teaching Asst., 
University of Arizona. 

R. K. Srump, B.S.(Muhlenberg) Teaching 
Asst., Rutgers University. 

R. E. Swett, B.A.(Nebraska) Grad. Asst., 
University of Nebraska. 
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J. D. TEsrerman, B.A.(Okla. A.&M.C.) 
Grad. Asst., Oklahoma Agricultural and 
Mechanical College. 

Mrs. GWENDOLYN B. THompson, B.A. (Colo- 
rado C.) Instr., Colorado College. 

L. J. Topp, M.A.(Tulane) Asso. Professor, 
Loyola University, La. 

SHIH-HSIUNG TuNG, B.A.(Taiwan Normal U.) 
Asst., Taiwan Normal University, Taipei, 
Taiwan, China. 

H. H. VINNEDGE, B.A. (Mississippi Southern) 
Math., U. S. Weather Bureau, Washing- 
ton, D.C. 

H. N. Warp, Student, Swarthmore College. 

R. J. WARNE, M.S.(N.Y.U.) Teaching Asst., 
University of Tennessee. 

G. C. WaTKINS, B.S. in Ch.E. (Florida) Math., 
U. S. Navy. Mine Defense Lab., Panama 
City, Fla. 

Mack WitxiaMs, M.S.(North Texas S.C.) 
Math. Teacher, Agricultural and Mechani- 
cal College of Texas. 

A. M. Yaqus, Ph.D. (California) Instr., Pur- 
due University. 

N. D. YLvisaKer, B.A.(Concordia) Grad. 
Asst., University of Nebraska. 

F. S..ZusMAN, M.A.(Harvard) Asso. Math., 
Applied Physics Lab., Johns Hopkins 
University. 


THE NOVEMBER MEETING OF THE NORTHEASTERN SECTION 


A meeting of members of the Association living in the New England Region 
was held at the University of New Hampshire, Durham, on November 26, 1955, 
for the purpose of organizing a section of the Association. Professors Howard 
Eves and Donald Kearns presided at the morning and afternoon sessions, re- 
spectively. There were 80 persons in attendance including 56 members of the 
Association. 

At a business meeting with Professor A. A. Bennett as temporary chairman, 
a petition to the national organization for the establishment of a section was 
circulated and a set of by-laws was adopted. It was agreed that the name of the 
section should be the Northeastern Section, even though its geographical bound- 
aries coincide with those of the New England Region. It was felt that this 
name was more appropriate in view of the fact that four Canadian provinces 
are to be included in the Section. The following officers were elected for a one- 
year term: Chairman, Professor Howard Eves, University of Maine; Vice- 
Chairman, Reverend S. J. Bezuszka, Boston College; Secretary-Treasurer, 
Professor R. E. Johnson, Smith College. 
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President E. L. Johnson of the University of New Hampshire gave a short 
welcoming address at the morning session. There was a tea at the President’s 
home following the afternoon session. 

The following papers were presented: 

1. A system of dimensional analysis, by Reverend S. J. Bezuszka, Boston 
College. 

2. Concerning sines and cosines, by Professor Ralph Beatley, Harvard Uni- 
versity. 


The speaker discussed the use of the law of sines to solve triangle problems normally solved 
by the law of cosines, and vice versa. 


3. The structure of a ring, by Professor R. E. Johnson, Smith College. 


There are six basic operations that can be performed on a given set of rings to yield new rings. 
It was shown how these operations could be used to express each semi-prime ring in terms of prime 
rings. 


4. Some applications of matrices, by Professor R. A. Rosenbaum, Wesleyan 
University. | 

The incorporation into the undergraduate curriculum of diverse applications of matrices was 
recommended for a number of reasons, chief among them being the stimulus to a development of 
mathematical maturity on the part of the student. Examples were drawn from the areas of recursion 
relations (Fibonacci sequence, and the problem of the weighted string) and geometry (Mdébius 
tetrads). In the latter case the symbiotic relationship of algebra and geometry was emphasized. 


5. Mathematicians at Ticonderoga, by Professor D. J. Struik, Massachusetts 
Institute of Technology. 

Among the combatants around or at Fort Carillon (Ticonderoga), 1757-58, were men with good 
mathematical training. Discussed are the cartographers J. F. V. Des Barres and S. Holland, the 
astronomer-engineer M. C. De Lotbinitre and the mathematician-explorer L. A. De Bougainville. 
De Bougainville’s two tome Calcul integral (1754, 1756) allows insight into early stages of the theory 
of elliptic integrals and ordinary differential equations. The work of the cartographers illustrates 
the importance of the three body problem for longitude determination. 


6. The use of computers in industry, by Dr. R. F. Clippinger, Raytheon 
Manufacturing Company, Waltham, Massachusetts, introduced by the Secre- 
tary. 

R. E. JOHNSON, Secretary 


THE DECEMBER MEETING OF THE MARYLAND-DISTRICT OF COLUMBIA- 
VIRGINIA SECTION 


The fall meeting of the Maryland-District of Columbia-Virginia Section of 
the Mathematical Association of America was held at the Catholic University 
of America, Washington, D. C., on December 3, 1955. Professor F. E. Johnston, 
Chairman of the Section, presided at the morning and afternoon sessions. There 
were 124 persons in attendance, including 96 members of the Association. 

By a unanimous vote of the members present, the By-Laws of the Section 
were amended in such a way as to add a Treasurer to the roster of officers of the 
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Section. The Secretary presented a report of the Meeting of Section Officers held 
at Ann Arbor, Michigan, on August 30, 1955. Mr. W. H. Norris, Chairman of 
the Committee on High School Contests, discussed the results of the 1955 High 
School Contest conducted by the Section. 

The following papers were presented: 

1. Evaluation of the definite integral [fu exp (—¢2u/4—u—)du, by Pro- 
fessor Anne E. Scheerer, Georgetown University, introduced by Professor Oli- 
phant. 


Differentiation of the integral with respect to the parameter @ produces a Bessel equation 
whose solution is a linear combination of Bessel functions of the first and third kinds. The known 
asymptotic behavior of these functions permits the coefficients to be calculated and the integral 
thus evaluated. 


2. Generalized complex numbers and addition formulas, by Professors John 
Tyler (ret.) and J. A. Tierney, United States Naval Academy, presented by 
Professor Tierney. 


A generalized complex number was defined and a method for writing such a number in polar 
form was developed. When the modulus is unity the components satisfy addition formulas which 
are generalizations of the hyperbolic and trigonometric addition formulas. An application to Dio- 
phantine analysis was presented. 


3. Two theorems of plane geometry suggested by certain formulae in kinematics, 
by Professor J. P. Hoyt, United States Naval Academy. 


If ve and v, are the rectangular components of the velocity of a point having plane motion, 
and if a, and a, are the rectangular components of its acceleration a, then the rectangular compo- 
nents of a along the tangent to the path and normal to the path are given respectively 
by (v,@2-+v,ay)/v and (v,d@y—v,az)/v, where v is the magnitude of the velocity. The geometric inter- 
pretation of these results leads to two interesting and perhaps new theorems in plane geometry. 


4. Numerical solution of ordinary linear differential equations, by Dr. C. H. 
Frick, U.S. Naval Proving Ground. 


By use of an integration formula y—y,=L(yh, yo’, > ++, 96, ¥0',°°°*), where L is a linear 
function, the numerical solution of a system of linear differential equations was reduced to the 
solution of a system of linear algebraic equations. Such integration formulas include: the trape- 
zoidal rule, a truncation of the Euler-Maclaurin formula, an extremely accurate formula given in 
Milne’s book on the numerical solution of differential equations, and extensions of the “Milne” 
formula. The truncated Euler-Maclaurin formula was used in an undergraduate paper by Miss 
Mary Moskos at Mary Washington College in 1953. One extension of the “Milne” formula was 
shown. 


5. An approximate solution of a system of non-linear equations, by Mr. C. H. 
Murphy, Jr., Aberdeen Proving Ground. 


Although the techniques of non-linear mechanics are usually applied to second order equations 
in one variable, they may be generalized to larger systems of equations. In exterior ballistics, for 
example, the yawing motion of a spinning projectile acted upon by a non-linear moment is described 
by two second order non-linear equations in two dependent variables. An approximate solution of 
these equations is obtained by a perturbation method and applied to the results of free flight tests. 
The great value of this technique is shown by the excellent internal agreement as well as by good 
agreement with direct wind tunnel measurements. 
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6. Weakly compact transformations, by Professor J. W. Brace, University of 
Maryland. 


In order that all continuous linear transformations from a Banach space X to an arbitrary Ban- 
ach space Y which have the property of transforming bounded sets into weakly compact sets 
have the additional property of transforming weakly compact sets into compact sets, it is necessary 
and sufficient that X have the following property: limn..%n(%n) =0 for every sequence {x,} in 
X converging weakly to zero and every sequence {x° } in the first adjoint space of X converging 


weakly to zero. The paper also presents Banach spaces which have the desired property. 


7. The evolution of extended decimal approximations to 7 and e, by Dr. J. W. 
Wrench, Jr., David Taylor Model Basin. (By invitation.) 


The speaker traced the historical development of extended decimal approximations to w and 
e from the eighteenth century up to the present and sketched his own work in this field. 


R. P. BaItLey, Secretary 


CALENDAR OF FUTURE MEETINGS 
Thirty-seventh Summer Meeting, University of Washington, Seattle, Wash- 


ington, August 20-21, 1956. 


Fortieth Annual Meeting, University of Rochester, Rochester, New York, 


December 29, 1956. 


The following is a list of the Sections of the Association with dates of future 
meetings so far as they have been reported to the Associate Secretary. 


ALLEGHENY Mountain, Geneva College, Bea- 
ver Falls, Pennsylvania, April 28, 1956. 

ILLINOIS, Eastern [Illinois State College, 
Charleston, May 11-12, 1956. 

INDIANA, Wabash College, Crawfordsville, May 
5, 1956. 

IowA, Grinnell College, Grinnell, April 20-21, 
1956. 

Kansas, University of Wichita, April 21, 1956. 

KENTUuCKy, University of Kentucky, Lexington, 
April 28, 1956. 

LovuIsIANA- MISSISSIPPI 

MARYLAND-DISTRICT OF COLUMBIA-VIRGINIA, 
U. S. Naval Academy, Annapolis, Mary- 
land, May 5, 1956. 

METROPOLITAN NEw York, Stevens Institute 
of Technology, Hoboken, New Jersey, 
April 28, 1956. 


MICHIGAN 

MiInnEsota, Augsburg College, Minneapolis, 
May 5, 1956. 

Missour!, Fontbonne College, St. Louis, 


April 21, 1956. 


NEBRASKA, University of Nebraska, Lincoln. 
April 21, 1956. 

NORTHEASTERN 

NORTHERN CALIFORNIA 

Ou10, Oberlin College, Oberlin, April 14, 1956. 

OKLAHOMA 

PaciFic NorRTHWEsT, Oregon State College, 
Corvallis, June, 1957. 

PHILADELPHIA 

Rocky Mountain, University of Utah, Salt 
Lake City, May 4-5, 1956. 

SOUTHEASTERN 

SOUTHERN CALIFORNIA 

SOUTHWESTERN, New Mexico College of Agri- 
culture and Mechanical Arts, Las Cruces, 
April, 1956. 

TExas, Southwest Texas State Teachers Col- 
lege, San Marcos, April 20-21, 1956. 
Uprer New York State, Alfred University, 

Alfred, April 28, 1956. 
WIsconsIN, Marquette University, Milwaukee, 
May 12, 1956. 


THE SLAUGHT PAPERS 


The Herbert Ellsworth Slaught Memorial Papers are a series of 
brief expository pamphlets published as supplements to the American 
Mathematical Monthly. Four numbers have appeared: 


1. Fourter’s Series; The Genesis and Evolution of a Theory by RB. E. 


Langer. v + 86 pages. 


2. Outline of the History of Mathematics (6th edition) by R. C. 


Archibald. iv + 73 pages. 


3. Proceedings of the Symposium on Special Topics in Applied 


Mathematics. iv + 73 pages. 


4, Contributions to Geometry. iv +- 75 pages. 


Copies at one dollar each postpaid may be ordered from: 


The Mathematical Association of America 
University of Buffalo 
Buffalo 14, New York 


ENGINEERS 
MATHEMATICIANS 


For very specialized positions 
for well qualified individuals 
who have the ability to lead 
and to participate in the de- 
velopment of Digital Com- 
putation activities in the fields 
of: 


Applied Mechanics 
Thermodynamics 


Mechanical Laboratory Experi- 
mentation 


Aerodynamics 


Mechanical Design 


GENERAL 


Men of mature technical judgment, with at 
least 3 to 5 years’ experience in power plant 
analysis and design, and proven ability in the 
art of supervision. 


These are not the typical engineering posi- 
ions. Your work is extremely advanced, and 
the promotional opportunity is clearly out- 


. lined. 


Our operation offers stability in its product 
appeal to .both commercial and military 
markets. 


Positions are open in New England and Cin- 
cinnati. 


For further information, please write, giving 
details of education and experience to: 


MR. MARK PETERS 
TECHNICAL RECRUITING BLDG. 100 
AIRCRAFT GAS TURBINE DIVISION 


@ ELECTRIC 


Cincinnati 15, Ohio 


RCA offers opportunities 
IN MISSILE TEST 
Data Reduction 


Degree plus experience in reduction of 
test data, applied mathematics, statis- 
tical techniques, or observatory prac- 
tices. Positions now available on 
Florida’s central east coast. 


Liberal company benefits—Relocation 
assistance. 

For information and arrangements for per- 
sonal interview, send complete resume to: 
Mr. D. E. Pinholster 
Employment Manager, Dept. N-11D 
Missile Test Project 
RCA Service Co., Ine. 

P.O. Box 1226 
Melbourne, Florida 


® RADIO CORPORATION OF AMERICA 


or 


> MATHEMATICIANS 

> STATISTICIANS 

> PHYSICISTS 

> ASTRO-PHYSICISTS 


Now you can enjoy advanced projects, a professional atmosphere 
and top employee benefits too. These and other advantages await 
you in North American’s supersonic manned aircraft programs. 


Apply elementary and advanced mathematical techniques to 
the formulation, solution and programming of engineering problems 
relevant to aircraft design. High speed digital computers 
are available for this work, including the IBM 701 Calculator. 
You should have a knowledge of applied and theoretical mathematics. 
The specialized experience you need may be acquired 
on the job; this includes such fields as aerodynamics, stability and 
control, engine performance and computing equipment. 


If you can qualify, contact Les Stevenson, Engineering Personnel, 
Dept. 56AM, North American Aviation, Inc., Los Angeles 45, Calif. 
Phone: ORegon 8-3011, Extension 2885. 


RTH AMERICAN AVIATION, 


You mean | can get $20,000 jf 
of TIAA Term insurance for — 
less than $100 a year? Le 


Assistant Professor from Purdue 
asked us the other day when he 
heard about TIAA’s new dividend 
scale. 

And it’s true! At his age 34 the 
annual premium for $20,000 of 10- 
Year Term insurance is $178.40 and 
the first-year dividend on the new scale is $89.40, making a net 
annual payment of $89.00. Dividend amounts, of course, are not 
guaranteed. 

“At that cost,” he said, “I can’t afford not to have enough 
insurance.” 

This is just one example of the many low-cost TIAA plans avail- 
able to you if you’re a college staff member, part- or full-time. To 
get complete details, send us the coupon below. 


That’s precisely the question an == 


TIAA employs no agents—no one will call on you. 


+ 
} Teachers Insurance and Annuity Association 
} 522 Fifth Avenue, New York 36, New York 
| Please send me a Life Insurance Guide and the booklet, Plan Your | 
)” Life Insurance. 
Name____ SSS Date of Birth. | 
Address_______ 
} Ages of Dependents | 
| F Employing Institution 


FOR THE MATHEMATICIAN 
who’s ahead of his time 


§68M is looking for a special kind of mathe- 
matician, and will pay especially well for 
his abilities. 

This man is a pioneer, an educator—with a 
major or graduate degree in Mathematics, 
Physics, or Engineering with Applied 
Mathematics equivalent. 


You may be the man. 


If you can qualify, you'll work as a special 
representative of IBM’s Applied Science 
Division, as a top-level consultant to busi- 
ness executives, government officials and 
scientists. It is an exciting position, crammed 
with interest, and responsibility. 


Employment assignment can probably be 
made in almost any major U. S. city you 


ale choose. Excellent working conditions and 
ome employee-benefit program. 

- For applicants with the same basic qualifi- 

le cations, opportunities are available to teach 


in this exciting, new field. 


Your reply will, of course, be held in the 
woes nner  StYictest confidence. Write, giving full de- 
tails of education and experience, to: 


Dr. C. R. DeCarlo 


DIRECTOR, APPLIED SCIENCE DIVISION 


INTERNATIONAL BUSINESS MACHINES CORP. 
590 Madison Avenue, New York 22, N.Y. 
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Hundreds of IBM electronic data processing ma- 
chines are already in use, and many more will be 
installed during 1956. These data processing ma- 
chines have become essential for computations in 
science, engineering, and business management. 


Producer of electronic 
data processing machines, 


electric typewriters, 
and electronic time equipment. 


MATHEMATICAL 
ANALYSIS 
A Modern Approach 


READY IN APRIL 
By JOHN R. HAMILTON 


and WALTER T. HAMILTON 


Long Island University Iwo 


An outstanding text for the first-year course in [ mportant Texts 
mathematics designed especially for engineering 

and physical science majors whose preparation | 

in mathematics is limited to elementary and For 
intermediate algebra and plane geometry. It is 
directed toward pteparing such students for 
entrance into a rigorous sophomore coutse in 
calculus. Beginning with a chapter on deductive 
logical thinking, it presents a systematic study 
of mathematical analysis that will make critical 
inquity and sound reasoning the foundation of 
normal thinking processes. Algebra, Trigonom- 
etry, analytic geometry, and the basic principles 
of calculus are covered. 


379 pages $4.50 


Elementary Classes 


ENGINEERING 
PROBLEMS 


By CHARLES A. HUTCHINSON, 


HARPER | LEON W. RUTLAND, JR., 


and WALTER W. VARNER 


& BROTHERS University of Colorado 


Publishers A tested text-workbook for laboratory courses 

| dealing with the applications of mathematics to 

49 East 33rd Street basic engineering topics. The text covers the 
slide rule, which is discussed at considerable 

New York 16, N.Y. length, approximate numbers, dimensional 


analysis, mensuration of plane and _ three- 
dimensional figures, use of tables, statistics, 
curve plotting, and elementary problems from 
mechanics, electrical engineering, and modern 
physics. This text is designed to meet a recog- 
nized need in engineering mathematics. 


179 pages $3.00 


Two new PRINCETON Books iv Mathematics... 


AUTOMATA STUDIES 
Edited by J. McCartuy and C. SHANNON 


A collection of important papers dealing with various aspects of computing 
machines, Turing machines, and machines designed to simulate the brain. 
Annals of Mathematics Studies +34. 296 pages. $4. 


SURFACE AREA 


By LAMBERTO CESARI 


A study of the analytic and geometric properties of parametric surfaces under 
the sole hypothesis that they be continuous and have finite area. Annals of Mathe- 
mathics Studies +£35. | 606 pages. $8.50 


Order from PRINCETON UNIVERSITY PRESS, 


Princeton, New Jersey 


_AMS C Texts in Wathematics 


Commercial Algebra 


Robert M. Parker, Texas Technological College 


This text presents algebra as a practical tool for business use. A thorough review of 
the fundamental principles of algebra precedes the application of these principles to 
commercial problems. Carefully graded exercises in abundance and cumulative reviews 
after every third chapter are among the functional aids to learning. 


Mathematics of Finance 


Albert E. May, Racine Extension Center, University of Wisconsin 


Thinking and understanding are the goals of this text as opposed to substituting 
blindly in formulas. The fundamentals of investment theory are built on just eight 
simple formulas. The student is trained in basic principles so that he is able to adapt 
these few formulas to many types of problems. Numerous illustrative examples and 
graphs support the explanatory material. 


§5 Fifth Avenue, New York 3, New York 


American Book Company 


Check yowr nods by these popular 
ROSENBACH ¢ WHITMAN fexta 


COLLEGE ALGEBRA, THIRD EDITION 
ESSENTIALS OF COLLEGE ALGEBRA 
INTERMEDIATE ALGEBRA FOR COLLEGES 


ROSENBACH ¢ WHITMAN ¢ MOSKOVITZ 


ESSENTIALS OF PLANE TRIGONOMETRY, WITH AND WITHOUT 
TABLES 


PLANE TRIGONOMETRY WITH TABLES 


PLANE AND SPHERICAL TRIGONOMETRY WITH AND WITHOUT 
TABLES 


MATHEMATICAL TABLES 


GINN and COMPANY 


HOME OFFICE: Boston SALES OFFICES: New York I! Chicago 6 
Atlanta 3 Dallas | Columbus 16 San Francisco 3 Toronto 7 


LLOYD L. SMAIL 


Analytic Geometry and Calculus 


Designed for college courses which combine a 
study of calculus with that of analytic geometry, 
this book emphasizes the meaning of fundamental 
concepts and states important formulas in the form 


of theorems. 672 pages, $5.75 


Calculus 


Among the distinctive features of this text are the 
early introduction of integration, involving both 
definite and indefinite integrals and the replace- 
ment of Duhamel’s theorem with a simpler theorem 
due to Bliss. 592 pages, $5.35 


APPLETON-CENTURY-CROFTS, INC. 
35 West 32nd Street, New York 1, N.Y. 


. 


Ready For 


Topics in Number Theory 
By WiiiiaM J. LEVeque, University of Michigan 


The purpose of this two-volume work is to provide sufficient textbook material for a 
more thorough study of the theory of numbers than was heretofore possible. 


VOLUME I is intended for use in an introductory course on the advanced under- 
graduate—graduate level, and assumes no specific background except for a few 
sections where calculus is used. However, a certain amount of mathematical 
maturity will be of great value to the student in developing a sound feeling for 
the subject. 


VOLUME U1, which is self-contained, considers essentially more difficult topics. It is 
designed as a text for a more advanced course on the graduate level. 


The selection of topics to be included has been made on the basis of the technical 
importance of the methods developed or of the results obtained. Thus, for example, a 
standard function-theoretic proof of the prime number theorem is given in Volume II; the 
analytic method has proved so powerful, and applicable to such a large variety of problems, 
that it must be considered an essential tool. Care has been taken to include problems that 
will offer a challenge to the student; profuse hints to aid in their solution are appended. 


VOLUME I—¢. 150 pp, 6 illus. VOLUME ll1—c¢. 215 pp, 7 illus. 
To be published June 1956 — price to be announced. 


Introduction to Riemann Surfaces 
By GeorceE Sprincer, University of Kansas 


A modern, self-contained presentation of the fundamental concepts and basic theorems 
concerning Riemann surfaces, designed primarily for use as a textbook on the advanced 
undergraduate—graduate level. However, physicists and engineers who want to acquaint 
themselves with the field will find in this book a complete and understandable treatment. 


A knowledge of elementary complex function theory and some real variables and 
algebra is assumed. While the book also draws heavily from topology and Hilbert space 
theory, an introduction to these fields is contained in the text, so that no previous knowledge 
of them is required. 


Introduction To Riemann Surfaces is not meant as a survey of current work in the 
subject, but rather as a modern presentation of the classical theory which will prepare the 
student for further study in this and in related fields, such as the modern theory of mani- 
folds, algebraic geometry, and topology. It is designed for a two-semester course; however, 
by proper selection of material, it may also serve as a text for a one-semester course. 


c. 250 pp, 78 illus... . To be published Summer 1956 — price to be announced. 


ADDISON-WESLEY PUBLISHING COMPANY, INC., Cambridge 42, Massachusetts 


BASIC MATHEMATICS FOR GENERAL EDUCATION, 2nd Edition (1955) 


By H. C. TRIMBLE and L. C. PECK, both of Iowa State Teachers College and F. C. BOLSER, 
Analyst, U. S. Government. 


This new edition of a basic text presents a simple, direct treatment of the mathematical ideas fresh- 
men need and are most interested in. A new chapter has been added on Logic. There are new sec- 
tions on The Slide Rule and an introduction to Statistical Calculations. Chapter editing and inclusion 
of more examples and exercises has improved readability. Emphasis is on simplicity and meaning, 
with the conversational tone retained to heighten beginning students’ interest. 


363 pages e 558" x 83%” e Published 1955 


COLLEGE ALGEBRA 
By MOSES RICHARDSON, Brooklyn College 


This extremely lucid text gives unusual insight into sound mathematics. It is adaptable to classes 
of any degree of preparation and combines careful explanation of procedure with reasonable motiva- 
tion for the student. Your students will not find it excessively rigorous—where correct proof would 
be too difficult, a searching discussion is substituted. The difficult sections have been starred both 
in the text itself and in the Table of Contents. (Those exercises which are related to starred topics 
have also been starred.) 


472 pages e 6" x 9" e Published 1947 


PLANE TRIGONOMETRY, 3RD EDITION 
By FRED W. SPARKS, Texas Technological College and PAUL K. REES, Louisiana State 


University 


Easily understood by college freshmen—this book covers all the essentials of Plane Trigonometry, 
including logarithms, graphs of the trigonometric functions and trigonometric equations, The 3rd 
Edition contains more than 1800 problems. Also, the arrangement of problems enables the in- 
structor to make a desirable assignment without having to study through the exercises, and also 
assures adequate coverage of the material by using any one of 4 entirely different problems, 


With tables—275 pages e 6” x 9" e Published 1952 
Without tables—199 pages 


CALCULUS, SRD EDITION 
By GEORGE E. F. SHERWOOD, UCLA and ANGUS E. TAYLOR, UCLA 


Here is one of the leading sellers in the calculus. (All editions have sold over 100,000 copies.) An 
outstanding feature of this text is the very early introduction of the inverse of differentiation, in 
Chapter IT, items 16, 17, and 18. The actual techniques here are limited to polynomials. 


Of particular interest is the section on applications to problems of velocity and acceleration in 
rectilifiear motion. Students who take physics concurrently with the beginning calculus, engineering 
students, for example, will find this section extremely useful. 


Answers to exercises and problems available. 


579 pages e 6” x 9” e Published 1954 


For approval copies unile 


ee 
Bn, e | [ — ENGLEWOOD CLIFFS: 
| - , uC. NEW JERSEY 


completely clear, easy-to-understand presentation, without 


sacrifice of mathematical rigor 


by an author already widely known for the clarity, accuracy 


and reliability of his college mathematics texts 


ing experience 


based on years of careful planning, class-testing, and teach- 


= with HUNDREDS of well graded exercises, including inter- 
esting problems of a theoretical nature and review questions 
designed to develop the student’s critical and analytical 


faculties 


Britton's CALCULUS 


Applauded 


The well-thought-out organization of this beautifully clear presentation 
of the calculus makes each concept and procedure easy to grasp. Initial 
chapters introduce the derivative through examples and on an intuitive 
basis, bringing in the exact definition of a limit when the student has 
been shown the need for it. Integration is introduced by the definite 
integral, with clear distinction made between this concept and the anti- 
derivative. In the following chapters differentiation and integration are 
unified as closely as logic permits. There is notably full, clear treat- 
ment of all such topics as transcendental functions, rate problems and 
centroids and moments. Complete logarithmic, trigonometric and other 
numerical reference tables are included at the end of the book. 


If you have not already requested your 
examination copy, write us for one now. 


JOHNSON, McCOY & O’NEILL McCOY & JOHNSON 
Fundamentals of College Analytic Geometry 
Mathematics formerly $4.00; NOW $3.50 
formerly $6.00; NOW $5.00 
LARSEN 


BRITTON & SNIVELY 
Algebra for College Students 


Rinehart Mathematical 
Tables, Formulas & Curves 


Rev. Ed. 


Highly commended for its direct, easy- 
to-understand exposition, this popular 
text is successfully used in colleges 
and universities throughout the coun- 


try. 


Known and used everywhere as out- 
standingly legible and complete. In- 
cludes Bessel functions, complete 
elliptic integrals, values and _ log- 
arithms of the Gamma function. 

$4.50 $2.50 


RINEHART & COMPANY 


232 Madison Ave. 
New York 16, N.Y. 


Published this March 


Mathematical 
Analysis 
By E. J. CAMP 


Macalester College 
St. Paul, Minnesota 


WILLIAM L. HART 


College 
Algebra 


FOURTH EDITION 


A distinctly teachable text in strikingly hand- 
some format .. . It presents an integrated 
treatment of topics from college algebra, 
trigonometry, analytic geometry, and calculus 
for the freshman year ... The author writes 
in a simple, straight-forward style, employing 
the motivating devices used by the best teach- 
ers. 624 pages. $6.00* 


Among the features of the Fourth Edition are: 
a novel introduction to signed numbers; a 
unique approach to probability not based on 
“equally likely’? cases; appendix notes on sets, 
with probability contacts. 490 pages (420 
pages of text). $4.00* 


WILLIAM L. HART 


Intermediate 
Algebra 
for College 


Designed for students who may not have had 
third-semester high school algebra but who 
will take a regular college algebra course 
later; or for students who need algebra as a 
prerequisite for elementary courses in the so- 
cial sciences or business administration. 323 


pages (276 pages of text). $3.75* 


*Answers for odd-numbered problems in- 
cluded in the back of the book. Answer book 


for even-numbered problems available free 


Sales Offices 
Englewood, N.J. 
Chicago 16 


San Francisco 5 
Atlanta 3 ¢ Dallas 1 
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CONSISTENCY AND COMPLETENESS—A RESUME 
FRANK DESUA, Ohio. University 


The modern foundational investigations of mathematics, encroaching as they 
do on unresolved philosophical questions, have had their polemic aspects. Con- 
troversy over ontological problems gave rise at the turn of the century to the 
three “schools” associated with the programs of Russell and Whitehead, of 
Hilbert, and of Brouwer, a trichotomy which is preserved to some extent even 
today. However, those results of the investigations which are perhaps the most 
significant for the mathematician, namely those embodied in the famous in- 
completeness theorems of Gédel, must be considered as well established and 
unimpeachable as any found in the whole of mathematics, based as they are on 
methods acceptable to the devotees of each of these programs. 

Among the values to be gained from these investigations is the insight 
afforded into the nature of our mathematical preconceptions, and the revelation 
that even some of the most compelling of these may actually be misconceptions. 
Of course, once this is discovered, the void created by the dissolution of these 
misconceptions is apt to be immediately filled by newly formed assumptions, 
consciously or otherwise. The history of mathematics, as of any science, is to 
some extent the story of the continual replacement of one set of misconceptions 
by another. This is of course no cause for despair, for the newly instated as- 
sumptions very often possess the merit of being closer approximations to truth 
than those which they replace. 

We are concerned in this paper with the detection of one such misconception 


296 CONSISTENCY AND COMPLETENESS—A RESUME {May 


—a misconception concerning the scope and power of formal mathematical 
methods—and Gédel’s remarkable discovery of largely unsuspected limitations 
inherent in such methods. This discovery is part of, and a product of, the “crisis 
in the foundations” of which the rumblings have not yet died away. It is not 
yet entirely clear what new assumptions are to supplant the old, but it is cer- 
tainly clear that the old must give way. 

Our paper is divided into three sections, the first of which is entitled “the 
Problem,” which is the problem of the consistency and completeness of mathe- 
matics, first explicitly formulated by Hilbert. The last section “the Solution,” 
concerns the surprisingly negative solution of Gédel. The second section, “For- 
mal Systems,” is a digression necessary for an appreciation of the nature of the 
solution. Before we attempt a statement of the problem, we concern ourselves 
to some extent with how it arose. 

The problem. The theory of abstract sets or classes may be said to be the 
basic discipline of pure mathematics. Belief in the existence of sets is almost 
universal among mathematicians, a belief which seems to be preordained by the 
dictates of common sense. So compelling is the notion of set that even those 
who harbor doubts must at least feign belief part of the time in order to dis- 
course intelligibly. Yet this concept, despite its seeming necessity and superficial 
innocence, has proved to be the Pandora’s Box of mathematics. 

Consider how sets are specified. Two methods are conceivable. A set may be 
specified extensionally, i.e., by a listing of the members such as “the set consist- 
ing of the numbers 2, 3, 5, and 7” or intensionally through some defining prop- 
erty or necessary and sufficient condition for membership—technically known 
as a “monadic propositional function”—as “the set of all primes less than 10.” 
The extensional specification of sets is, of course, precluded as soon as we con- 
sider infinite sets. 

The intensional method is often canonized in the form of a so-called logical 
principle, the (unrestricted) Principle of Abstraction, which states that every 
property determines a set, or in technical language, every monadic propositional 
function has exactly one set as extension. Symbolically, this becomes: 


(35) (x) [« ES <> P()] 


where S is the set determined and FP is the defining property. 

Briefly the argument in support of this principle is this: Every condition or 
property determines the set of all entities possessing the property or obeying 
the condition (even in the case where no such entity exists, the set determined 
being empty). Conversely every set determines at least one property, namely 
the property of being a member of the set, if no other. 

The principle is widely appealed to in mathematics—often in some restricted 
form—either explicitly or tacitly. It is implicit, for example, in the high school 
geometry definition of a “locus” as a point set every element of which obeys 
some metric condition. 

In the principle of abstraction, then, we have an intuitively obvious prin- 
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ciple of wide applicability. Unfortunately there is one thing wrong with it. In 
the unrestricted form stated above, it happens to be false. It was proved to be 
false by Bertrand Russell in 1901. 

Let’s examine the process of set formation as embodied in the principle of 
abstraction. Out of the aggregate of all entities we choose those which possess a 
given property to form our set. The flaw in the principle of abstraction lies in 
the fact that it ignores one entity, namely the newly formed set. Conceivably 
the property used to form the set may neither apply nor fail to apply to this set. 
In this case no set is actually determined. Russell discovered a property, pos- 
sessed by many entities, yet which cannot consistently be said to determine any 
set. 

The property in question is the property which a set x may possess of “not 
being a member of itself” (x@x). Many sets possess the property—a set of 
material objects, for example—while other sets fail to possess the property—the 
set of all sets would, assuming the existence of such a set. Indeed in an unre- 
stricted universe of discourse (assuming the allowability of such a universe), 
there must be as many sets of one kind as of the other, for the complement of 
any set possessing the property is a set which does not, and conversely. 

It is easily seen that the above mentioned property determines no set, for 
suppose there were such a set S. From the defining property, xG Sex Ex. 
Does S itself possess the property, or not? Putting S for x we have, SES 
>SES, which is a contradiction. Therefore no such set S exists, although 
innumerable sets x possess the property x€x. 

Actually, the first proof of the non-validity of the principle of abstraction 
came several years earlier in a result by Burali-Forti concerning ordinal num- 
bers. Sets of numbers of various kinds are common objects of study in mathe- 
matics. It would seem then that the set of all ordinals is perfectly well defined 
according to the canons of common sense mathematics. Given any entity we 
can decide whether it is a member of the set or not if we can determine whether 
it is an ordinal number or not. It came therefore as a surprise when in 1897 
Burali-Forti demonstrated the non-existence of the set of all ordinals. 

To recapitulate the proof, recall the following theorems of ordinal number 
theory: Any initial segment of the ordinals, that is, any set of ordinals contain- 
ing all ordinals preceding any of its members, can be ordered according to the 
magnitude of its members. The resulting ordered set is well-ordered; conse- 
quently it has an ordinal number. Further this number exceeds any member of 
the set (in fact, it is the least number which exceeds every member of the set). 

Now suppose the property of being an ordinal number determined a set S, 
t.e., let S be the set of all ordinals. Then S would be a set to which the above 
theorems apply, so that it would have an ordinal number Q. Accordingly, Q 
would exceed every member of S. But if S is the set of all ordinals, (2 must be 
one of its members. Consequently, Q exceeds itself, which is a contradiction. 

Superficially somewhat similar difficulties arise, not only in the theory of 
sets, but also in the theory of statements or propositions. It would seem that 
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any statement which purports to be a statement of fact must be either true or 
false. If the statement conforms with the facts it is true, otherwise false. Thus, 
for example, the statement “John has quit smoking” is true only if John has 
actually quit smoking. (There are difficulties of an existential nature in some 
cases, as for example with such statements as “Pegasus has wings” or “Four 
sided triangles are isosceles.” But such difficulties are capable of resolution 
through the adoption of certain conventions of interpretation, as in Russell’s 
and Quine’s theories of singular terms and descriptions.) 

This view of the validity of statements, however, is subject to difficulties of 
another kind if no restrictions are imposed on statement formation. For if we 
are talking about statements themselves, 2.e., if we consider statements about 
statements, as we often do in mathematics, the statements themselves become 
part of the facts. Conceivably in an unrestricted discussion the facts may be so 
affected as to render certain such statements about statements neither true nor 
false. 

That this is actually the case was discovered by the ancient Greeks. They 
constructed a statement (the Epimenides), of the form “This statement is 
false,” which asserts its own falsehood. This statement, referring as it does to 
itself, can only be true if it is indeed false, and conversely. 

It might be pointed out that such Epimenidean statements cannot be con- 
structed in any properly restricted mathematical system, so that the contradic- 
tion does not arise in practice. (The Russell and Burali-Forti contradictions 
actually did arise in mathematical discourse, and still do occasionally.) How- 
ever, as we shall see, something very closely resembling such Epimenidean state- 
ments actually can be constructed in certain formal systems, namely Gédelian 
formulas. This is a profound syntactical fact which we shall examine later. 

A great many of these demonstrations running counter to intuitive prin- 
ciples have unexpectedly come to light. Cantor proved the non-existence of the 
set of all cardinal numbers. Berry and Richard have shown the non-existence 
of certain apparently well defined denumerable sets of finite numbers. Skolem 
has shown conversely the existence of certain number sets possessing no defining 
property. 

We have taken the position here that these “contradictions” actually con- 
stitute demonstrations, by reductio ad absurdum, of the non-validity of certain 
intuitive principles of long standing, such as the principle of abstraction. Other 
positions concerning the significance of these contradictions are widely held. 
The authors of the contradictions themselves very often tacitly defended these 
principles, and consequently regarded the contradictions as “paradoxes.” They 
had then to revise their concept of “property” or “condition,” rather than “set,” 
etc. Whatever position is taken however, it is clear that unbridled intuitive rea- 
soning, even on the most basic level, can and sometimes does lead to difficulties. 

With this realization we are now in a position to state what was until re- 
cently a central problem of the modern foundational investigations of mathe- 
matics, namely to devise restrictions on intuitive reasoning sufficiently strong 
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to preclude the possibility of inconsistency but sufficiently weak to allow mathe- 
matics the greatest possible latitude for development, at least to allow the 
development it has already undergone. Further the problem is to prove, if 
possible, by unimpeachable methods (and therein lies a danger—the principles 
discredited by Russell were “unimpeachable” in their day) that these restric- 
tions are actually sufficiently strong, 7.e., that the resulting mathematical sys- 
tems are consistent. 

With the first part of this problem we shall not concern ourselves except to 
say that restrictions have been devised which seem to fulfill the requirements. 
There are Russell's type theory, Ramsey’s simplification of this theory, Quine’s 
stratification, and Zermelo’s axiomatic set theory to mention a few. The ade- 
guacy of the resulting system for the derivation of classical mathematics is 
proved very directly. Either classical mathematics is actually derived within 
the system (as in Russell and Whitehead’s Principia Mathematica) or it is shown 
that any theorem that can be derived in, say, Principia, can also be derived in 
the system under consideration. The proof of the consistency of these systems 
is quite another matter, and this is the part of the problem with which we are 
mainly concerned. 

Formal systems. The systems whose consistency is investigated are not 
actual systems of ordinary intuitive mathematics but rather certain specializa- 
tions thereof known as formal systems or formal languages. We shall investigate 
this concept in some detail presently, but here we want to point out differences 
between formal mathematics and the postulate systems of ordinary mathe- 
matics. In ordinary mathematics it is helpful in carrying out deductions to know 
the meanings of the technical terms (or “undefined” terms) involved. The se- 
mantics of the system is of consequence. Even when the system is semi-formalized 
with regard to technical terms, so that they become truly undefined, semantics 
plays a heavy role in the logic involved in the deductions, which is usually on a 
primitive verbal level. 

In formal mathematics on the other hand the technical terms are analyzed 
to the point where all their properties which matter for the deduction of theorems 
have been expressed by axioms. The terms must then have a recognizable form 
rather than an apprehensible meaning. It is then possible to treat these terms 
as words essentially without meaning, for to say that these terms have meanings 
essential to the deductions amounts to saying that not all their properties have 
been expressed by axioms, 7.e., that the analysis is incomplete. Even the logic 
of the system is explicitly incorporated into the system in the form of axioms 
and rules of inference, and the whole is rendered in symbolic rather than verbal 
form. When this analysis is completed, and meanings thus left out of account, 
questions of form or structure become the sole consideration. Semantics has 
been replaced by syntax. 

There are several good reasons for this preference for formal over intuitive 
systems in many foundational investigations, not the least of which is the fact 
that intuitive mathematics is a function of the mathematician as well as of the 
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subject matter. Whereas a topologist may embrace such principles as the axiom 
of choice or the continuum hypothesis without hesitancy, an algebraist may do 
so with compunction. Thus it becomes of interest to compare systems in which 
these principles are explicitly included with systems in which they are excluded. 
Also standards of rigor vary with the times and the mathematician, one man’s 
proof being another man’s sophistry. The intuitive mathematics of the great 
eighteenth century analysts, for example, is demonstrably inconsistent. Ques- 
tions of rigor do not arise however in a system restricted to finitary and con- 
structive methods of proof as is the case in many formal systems. Perhaps the 
chief reason for the use of formal systems rather than intuitive systems, how- 
ever, is that only within formal systems can such vague semantical concepts as 
axiom, theorem, proof, consistency, etc., be made explicit and precise. Formaliza- 
tion is a necessary concomitant to precision. 

The study of formal systems has been criticized (and extolled!) on the 
grounds that it “reduces mathematics to a meaningless game.” It seems plausible 
that such criticism is based on a misconception concerning the purpose of these 
studies. It would be as much to the point to criticize the study of topological 
spaces on the grounds that such “spaces” are incapable of propagating electro- 
magnetic radiation. It must be kept in mind that the partial formalization of 
much of mathematics—of algebra, for example—has proceeded steadily since 
the time of the Babylonians, yet algebra certainly remains meaningful mathe- 
matics. Abstraction of meaning does not imply loss of meaning. 

The extent to which intuitive mathematics can be formalized is a problem 
on which much light has been shed by recent foundational investigations. That 
at least a very considerable measure of formalization is possible for mathemati- 
cal theories is evident upon a perusal of some of the attempts at such formaliza- 
tion—Whitehead and Russell’s Principia Mathematica, for example. But that 
limitations do exist on the kinds of problems which can be stated and proved 
within a formal system is revealed by the researches of Gédel, Church, and 
others. And the delineation of such limitations is the subject of continuing 
research. Involved in the process of formalizing a theory may be difficulties as 
great as those involved in the subject matter of the theory itself. 

Let’s examine the way in which a formal system is actually set up. We start 
with a certain set of symbols which may be infinite in number. Any finite linear 
array of these, allowing repetitions, is called a formula. The formulas are di- 
vided into two disjoint sets called well-formed formulas (w.f.f.) and gibberish 
(only the w.f.f. are to have meaning in a semantic interpretation of the system). 
The w.f.f. are defined recursively, and in a purely syntactical or morphological 
manner, 1.e., solely in terms of their structure. Moreover they are defined effec- 
tively, t.e., a finite process is specified whereby we can determine whether a 
given formula is well-formed or not. 

A certain subset of the w.f.f. are chosen to be our initial axioms. (The age- 
old criterion of “self-evidence” of axioms is dispensed with, there being no de- 
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grees of perspicuity in a system from which all meaning has been abstracted.) 
New w.f.f. are obtained or “derived” from these axioms by the application of 
certain rules of inference, which again are recursive, syntactical, and effective. 
By a proof we mean a finite sequence of w.f.f.’s, each of which is either an axiom 
or is obtainable from one or more earlier formulas of the sequence by an ap- 
plication of a rule of inference. 

The last formula of a proof is, by definition, a theorem. We write KA to 
denote that A is a theorem. (The symbol ‘}’ is called the assertion symbol.) 
Whether a given sequence of formulas constitutes a proof or not can be effectively 
determined, but whether a given formula is a theorem or not generally can not 
be determined by any effective uniform procedure. 

An actual example of a formal system may serve to clarify some of these 
definitions. The following is one possible formalization of a fragment of modern 
logic known as the “propositional calculus”: 


Symbols: An infinite list of lower case letters, primed and unprimed: a, 0,c,---, 
a’, b’, c, rey a”, b”’, cl ok 
parentheses: (, and ) 
negation symbol (tilde): ~ 
alternation symbol: V 
Any finite array of these, for example \/))a’~, is a formula. This 
particular one happens to be gibberish. 
wff.: Any letter (primed or unprimed) alone is w.f. If A and B are w-f., so 
are ~A and (A\/B). Examples: r is w.f. So are ~r and (7 V~7). 
Axioms: An infinite list of axioms which come under the following axiom 
schemata: 
(1) (AV~(AVA)) 
(2) ((~BVC)VB) 
(3) (W~DV~E)V (W(EVF)V(FVD))) 
Each of these schemata represents an infinite set of axioms, namely one 
for each possible choice of w.f.f. in place of A, B, C, D, E, and F. 
Rule of inference: From two formulas of the form G and (~G\/H), we infer the 


formula H. 
This system is capable of a semantical interpretation in terms of the so- 
called logical connectives “not,” “either - -- or - - - ,” etc. The letters may stand 


for sentences or propositions. Thus if we let “rv” denote “it is raining,” then 
“~r” becomes “it is not raining” and “(r\V~r)” becomes “either it is raining 
or it is not.” As an example of a theorem and its proof we assert that +k (7, V~r). 
Proof: 
(1) (~7V~(47V~7)) 
from axiom schemata 1 replacing A by ~7| 
(i) (Wl Vw (er Ver))V (O(n Vn) VN V OV 1) 
[from 3 replacing D by ~r, E by (~rV~71), and Fbyr] 
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(ili) (~(n7rVaenVNV OV) 

using the rule of inference on steps (i) and (ii) | 
(iv) (~rV~7) Vr) 

[from 2 replacing B by r, and C by ~ 
(v) (*V~7r) 

[using the rule of inference on steps (iii) and (iv) | 

Thus we have “proved” that it is either raining or it is not. 

We note here, for later use, a binary connective of considerable importance, 
namely the conditional or material implication, symbolized by “—,” and trans- 
lated by one sense of the idiom “if ---then---.” If A and B are w.f., then 
(A—B) is w.f. A rule of inference equivalent to that given in the above system, 
but much more widely used, is modus ponens (or strictly speaking, its syntacti- 
cal analogue, detachment) which allows us to obtain from two formulas of the 
form A and (A—B) the formula B. 

Two further definitions are important for our discussion. A formal system is 
consistent if there is no w.f.f. A such that both KA and K~A. (In what follows 
a stronger condition called w-consistency is sometimes required, but we shall 
forego an explanation of this for the sake of brevity.) A formal system is com- 
plete if, for every w.f.f. A, either + A or the system would become inconsistent 
if A were introduced as an additional formal axiom (the reader may think of 
this as either FA or  ~4A, 1.e., the system is complete whenever every w.f.f. 
is theoretically “decidable,” although strictly speaking the two concepts do not 
coincide in all formal systems). 

The solution. Our problem now becomes the problem of setting up a formal 
system which is adequate for the derivation of mathematics, and which further 
is consistent (1.e., leads to no contradiction) and complete (1.e., we would like 
every mathematical proposition to be at least theoretically decidable in the 
sense that it can either be proved or refuted). The problem of adequacy was 
solved by Frege, Whitehead, and Russell. (Of course, the adequacy of their 
systems was demonstrated for extant mathematics only. Nothing can be ascer- 
tained concerning the adequacy for all future developments of mathematics.) 
Several systems have been proposed which it is hoped are consistent as well as 
adequate. To mention a few, there is Russell and Whitehead’s Principia Mathe- 
matica, Quine’s Mathematical Logic, and systems by Bernays, Fraenkel, Gédel, 
von Neumann, Zermelo and others. Although it is hoped that these systems are 
consistent, none have actually been proved to be so. 

The consistency problem was partially reduced in classical mathematics by 
the so-called “method of models.” Thus Beltrami in 1868 reduced the con- 
sistency of Lobatchevsky’s non-Euclidean geometry to that of Euclidean geom- 
etry. In this and other manners, the consistency of large parts of classical mathe- 
matics is ultimately reducible to that of the arithmetic of natural numbers, 
particularly as this theory is embodied in the Peano axioms, or in a set theory 
sufficiently comprehensive for the derivation of the Peano axioms. 

For several inadequate partial systems the consistency problem has been 
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successfully solved. Post in 1921 demonstrated both the consistency and the 
completeness (in a somewhat different sense than that defined above) of the 
propositional calculus. The first order functional calculus was proved consistent 
in 1928 by Hilbert and Ackermann, and complete (in still another sense) in 
1930 by Gédel. More recently Tarski has demonstrated the consistency and 
completeness of the arithmetic of real numbers, and also of elementary geom- 
etry. 

With this background of success it was widely felt that the solution of the 
consistency problem for the arithmetic of natural numbers was essentially at 
hand, that it was now merely a matter of detail. The necessary tools had already 
been forged in Hilbert’s new branch of research, metamathematics, and few 
doubted that a positive solution to the problem was already within reach. Sur- 
prisingly however, despite intensive efforts by Hilbert and others, and very close 
approaches to a solution, the problem remained refractory. 

This puzzling situation was illuminated in 1931 by the appearance of certain 
remarkable and unexpected results of Gédel which solved in a negative fashion 
both the consistency and the completeness problem. These theorems, among the 
most remarkable in all of mathematics, revealed an unforeseen limitation in the 
methods of formal mathematics in some ways analogous to the limitations on 
physical measurements imposed by the Heisenberg Uncertainty Principle. 
Working within systems either presupposing the Peano axioms or possessing a 
syntax sufficiently rich for the derivation of these axioms—systems related to 
the Principia Mathematica—Gédel showed the impossibility of proving the 
consistency of such systems by so-called “finitary” methods, that is by construc- 
tive methods formalizable within the system itself. So the proof of consistency 
which seemed so close to attainment is actually impossible of attainment, at 
least in the form originally envisioned by Hilbert. 

This remarkable result is but a consequence of even more fundamental 
results concerning the completeness of the formal systems studied by Gédel. 
Gédel demonstrated the incompleteness of such systems, that is, he revealed the 
existence of “undecidable” propositions, of which consistency is one. This result 
is particularly surprising in view of the fact that the formal systems with which 
Gédel worked are sufficiently rich in syntax for the derivation of all of classical 
mathematics (and presumably of much of mathematics yet to be developed). 
Yet despite this richness of syntax, it is possible to formulate within these sys- 
tems arithmetical problems which are theoretically unsolvable within the system. 

No attempt will be made here to outline Gédel’s demonstrations, for even 
such an outline would of necessity be long, detailed, and technical. Instead we 
will content ourselves with a heuristic account of Gédel’s reasoning which we 
hope will at least reveal the “point” of the proof. 

Suppose we denote by “CONSIS” a syntactical formula whose semantic 
interpretation implies the consistency of the formal system (for example, 
CONSIS may mean “there is no proof for 1=0”). The consistency problem 
would then be related to the problem of demonstrating / CONSIS. One pos- 
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sible line of attack on the problem would be to seek a sufficient condition A 
such that + (A—CONSIS) and then to try to demonstrate -A. KCONSIS 
would then follow by modus ponens. 

Now Gédel foresaw what others had failed to suspect, namely that CONSIS 
was neither provable nor refutable if the system is truly consistent. To demon- 
strate this he hit upon the following ingenious scheme. Suppose we seek a condi- 
tion B, necessary for CONSIS [so that / (CONSIS-—B)] and then show that 
B is true but unprovable within the system. It would then follow that CON SIS 
is undecidable, for if KCONSIS, then B would be provable by modus ponens, 
which would be a contradiction. 

The question now remains, can we construct such a formal statement, or 
formula B which, assuming consistency, is true but unprovable within the 
formal system? If we could, we will have solved in a negative fashion both the 
consistency problem and the completeness problem, 7.e., we will have shown 
that the methods available in a formal system adequate for extant mathematics 
are inadequate to demonstrate its own consistency, and thus inadequate to de- 
cide even theoretically all mathematical propositions. 

Taking a hint from the Epimenides antinomy, Gédel constructed such an 
undecidable formula B by constructing a formula whose semantical content is 
that B is undecidable. Consider the Epimenidean statement: “This statement is 
false.” By analogy, we might try “This statement can neither be proved nor dis- 
proved” for our statement B. However, one difficulty in following this Epi- 
menidean construction in the construction of our Gédelian statement B is that 
the self-reference occurring in the Epimenidean statement is semantical in char- 
acter. Such semantical self-reference is of course precluded in a formal system. 
We must seek a syntactical device which will enable statement B to refer to itself 
in a purely structural manner. 

A semi-syntactical device is available in the English language through the 
use of quotation marks. The following statement, for example, is Gédelian in 
character: 

“yields a statement which can neither be proved nor disproved when 
appended to its own quotation” yields a statement which can neither be 
proved nor disproved when appended to its own quotation. 

Of course the device of quotation is a part of the syntax of natural languages 
and not of mathematics, formal or otherwise, so it was necessary to seek further. 
Gédel accomplished his aim by a very elaborate and ingenious numerical device, 
assigning coordinates to the decidable formulas of the formal system, establish- 
ing an enumeration of these formulas, and constructing the undecidable formula 
B by an application of Cantor’s diagonal process. 

These results on incompleteness refer of course only to certain formal sys- 
tems whose syntax is adequate for the formalization of many properties of the 
natural numbers used in the construction of the “undecidable” proposition B 
(of the Chinese remainder theorem, and of the possibility of mapping integers 
onto finite sequences of integers, for example). It might be thought that the 
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defect of the incompleteness of such systems could be remedied by the addition 
of further effective lists of axioms which would enable one to derive the proposi- 
tions which were previously undecidable. But very surprisingly even this ex- 
pedient, for all its apparent reasonableness, fails utterly. For Gédel has further 
shown that not only are the formal systems incomplete but also they are in- 
completable in the sense that new undecidable propositions can always be con- 
structed within the system enlarged by the addition of these new axioms. 

A final word concerning the significance of these syntactical results for ordi- 
nary intuitive mathematics. Gédel has shown that the formal systems known to 
be adequate for the derivation of mathematics are unsafe in the sense that their 
consistency cannot be demonstrated by finitary methods formalizable within the 
system, whereas any system known to be safe in this sense is inadequate. We 
are left in the position of the student of elementary mathematics who “knows 
what a logarithm is, but just can’t put it into words.” We know, or at least 
strongly suspect, mathematics to be consistent. But we just cannot incorporate 
this knowledge into a formal system. | 

The methods used in Gédel’s demonstrations were constructive and finitary 
in character, and consequently acceptable even to the most cautious of the 
critics of mathematical methods. In view of Gédel’s results, if a proof of con- 
sistency is to be forthcoming it must employ methods which are not formalizable 
within the system. Such proofs have been devised. Thus Gentzen has proved 
the consistency of number theory using transfinite induction up to a sufficiently 
large ordinal—a method of proof not formalizable within the system whose con- 
sistency it proves. While such methods are perhaps acceptable to most mathe- 
maticians, the acceptance is by no means universal. Indeed there are those to 
whom no proof will be acceptable except one of a type explicity ruled out by 
Gédel’s discoveries. In view of the lack of a universally acceptable proof, belief 
in the consistency of mathematics becomes then somewhat a matter of faith 
rather than reason. 

Suppose we loosely define a religion as any discipline whose foundations rest 
on an element of faith, irrespective of any element of reason which may be 
present. Quantum mechanics for example would be a religion under this defin1- 
tion. But mathematics would hold the unique position of being the only branch 
of theology possessing a rigorous demonstration of the fact that it should be so 
classified. 
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A CHAIN OF CIRCLES ASSOCIATED WITH THE n-LINE 
J. W. CLAWSON, Ursinus College 


1. Introduction. The Clifford-de Longchamps-Morley-Bath series of theo- 
rems in the geometry of the z-line are well known and were stated in an earlier 
paper.* We now add another chain of circles to the system. In section 2 an 
analytic method is set up and applied to the Morley circles. In sections 3 and 4 
the de Longchamps points and the Clifford points and circles are discussed. 
In sections 5 and 6 a chain of circles which we shall call the Miquel circles and 
a chain of points which we shall call the Hermes points are defined. In section 7 
the new chain of circles is reached and its chief properties proved. In the final 
sections the special cases of the 5-line and the 6-line are considered. 

2. The Morley circles.+ We take lines in the plane, no three concurrent 
and no two parallel, and consider the “normal” equation of J: x cos ag-+y sin ay 
=p, If z=x-+1y and =x—1y, this can be put into the form z+f72 =k, where 
f is an abbreviation for cos a;-+7 sin ay, and ky is twice py. Throughout this paper 
the boldface numerals 1, 2,---, n are used in this sense. For example 
13=cos 3a,+72 sin 3a4. 

Thus i; is g+1°9%8=11 and l, is 2+272=h.2. Then Ais, the intersection of 
and J, is found to be z= —12{ki2—kel } /(12), where (12) is an abbreviation for 
12—2?. We shall use (123) as an abbreviation for (12)(13)(23), (2346) for 
(23) (24) (26) (34) ( 36)(46), and so on. The numerals will always be placed in 
ascending order. c 

If, asin this ase, zis a function of k’s and boldface numerals, 2 can be found 
by replacing 1, 2,---, n by 1/1, 1/2,---, 1/m, since cos a;—i sin ay 
= 1/(cos ay +4 sin ay). Thus, for Ax, Z= { Ral —hkp2}/(12). 

The square of the distance between two points (%1, 1) and (2, ye) is given by 
(21 — 22) (21-22). Hence the equation of the perpendicular bisector of A12A93 1s 


tl ale al Sa) 


This reduces to 


2 — 2% = —___ 
(12) (23) 


[#112(23) — kof 24 — 1232} — k523(12) J. 


* 


Similarly the perpendicular bisector of Ai3sA23 is 


* This MONTHLY, vol. 61, 1954, p. 161. 

+ These circles were first announced by de Longchamps, Nouv. Corres. de Math., 1877, p. 306. 
Because of an important paper by F. Morley, Trans. Amer. Math. Soc., 1900, p. 99, they have been 
called Morley circles. R. Goormaghtigh in a paper in this MONTHLY, vol. 54, 1947, p. 327, calls them 
the centric circles. Other references are found in H. F. Baker, Introduction to Pure Geom., note 1, 
p. 330, Cambridge, 1943. 
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pa ‘292 
3 — 3% = 3) (23) [4113(23) -+ h223(13) + &,{34 — 1227} ]. 


Eliminating 2, we find that Cy3, the center of the circle circumscribing 
A12A13A93 is 


123 {h25@) — k13(13) + pte?) 
(123) 


The radius of this circle is 


33 {nie — kp2(13) + asa | 
(123) 
The equation of the circle is 
(123)2z — z{ h19(23) — h,29(13) + b533(12) } 
— £123 { k123(23) — k13(13) + k312(12)} 
= 123 { kyko3(12) — kiks2(13) + keksl(23)}. 


We shall abbreviate these expressions so that C13 is 123 > h123 (23) /(123), riss is 
123 > >k11(23)/(123), and the circle is 


(123)2% — z >. ky18(23) — 2123 D> &23(23) = 123 D> hy he3(12). 


In these summations the numerals in the subscripts of the k’s and in the 
boldface numbers are to be rearranged in every possible way except that they 
must always be in ascending order among the k’s and the boldface numbers re- 
spectively; the sign of a term is plus or minus according as the number of trans- 
positions needed to put the numerals back into the original order is even or odd. 

We shall use n! for 12 ---n, n!/f for n! with f omitted, n!/fg for n! with 
f and g omitted, n!/f! for £+1 £+2 ---n and so on. The same abbreviations 
will be used for integers. 

It may be noted that (n!/12)(n!) =(n!/1)(n!/2)(12). We now set up a chain 
of points as follows. C,! is defined as (—1)*—!n! }oAyn!/1(n!/1)/(n!), Cni/f as 
(—1)*n!/f > Ain!/1£(n!/1f) /(n!/f). 


If we take the first of these to be 2 and the second 2, then 


- >> kil?*-8(n!/1) >> kyl2"-5(n!/1f) 
3, = ————————_-_ and 2 = ——_"_— 
(n!) (n!/f) 


Then 2:—ze=(—1)""'{n!/f}? 0 k1(n!/1)/(n!), 21-2 =f? Dil 2*(n!/1)/(n!). 
Then the square of the distance between Cy! and Cyl/y is (—1)"-1{ n!}2/ (n!)? 
» hil (n!/1)- Doi ?*-8(n!/1). 

Since this is independent of f, it follows that C,! is the center of a circle pass- 
ing through the points Cyt, Cate, - + * » Calyn. It follows that Cig, passes through 
Cie3, Cies, Ciz4, Ce3q and is therefore the Morley circle of the 4-line; Cie345 passes 
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through Cie34, Ciess, Cie4s, Cis4s, Ces4s and is therefore the Morley circle of the 
5-line; and so on indefinitely. 
We also note that the square of the radius of the circle C,1/; is 


{n!/f}? 
(n!/f)? 
3. The de Longchamps points.* Consider the circles Cie3 and Cig: 
(123)23 — zg >> &13(23) — 2123 >> &y23(23) = 123 D> ky k23(12) 
(124)22 — z >> k,13(24) — 2124 >> 24(24) = 124 D> hy he4(12). 


(—1)* >, Bil (n!/1f)- >> kil2*-7(n!/1f). 


Eliminating 2, we have 
(123)z — 123 >) #123(23) sz +), By13(23) + 123 >> By ko3(12) 
This reduces to 
[2(12) + 12{ #12 — kel} ][z >> 113(234) — 1234 >> 2, k234(12)(34)] = 0. 


This means that these circles intersect at Ai, and also at a point which we 
shall call Kies, which is given by 


1234 >) k1ke34(12)(34) 
>. 15234) 


Evidently @is4 and @es4 also pass through this point. This is the de Longchamps 
point of the 4-line. 
We now set up a chain of points K,!, defined as 


(—1)*n! >> ki kon!/12(m!/12) {129-6 — 229-6} | 
>, Ryl?"-5(n!/1) 


If we use for 2, and % the values given in the last section for C,1,¢ and for 
ze the value given above for K,!, then 


D kikel2(m!/12) { 12-8 — 22"-8} 


— >> kyl(n!/1) 
Then 
(—1)"{n!/f}?- Do Ril(m!/1)- Do Ril??"(n!/I1f) 
a as (nl/f) > kyl?"-(n1/1) ; 
+ ne >. Byl?"-5(n!/1)- >> Bil (n!/1f) 


(n!/f) >) Ril (n!/1) 
Hence the square of the distance between these two points is 


* de Longchamps, loc. cit. Goormaghtigh calls these points the centric foci of the z-line. 
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(=1)*{n/e}? > ky1(n!/1f) - > ky1?"-7(n!/1). 


(n!/f)? 
Comparing this with the result given at the end of section 2, we see that 
K,! lies on the Morley circles Cnt, Crate, ° ++, Cala. Thus Crog4, Cie3s, Cr24s, 


Cis45, Cosas, all pass through K1ie343; and so on indefinitely. 
4, Clifford points and circles. t We shall not be concerned greatly with these. 
However, if we take the point F2345 to be 


—12345 >) b,k.345(12)(345) 
>> 13(2345) 
we may readily prove by the methods used above that Fi2g45 is the center of a 


circle passing through Kies, Ki35, Kies, Kiss, Kosag. This is the Clifford circle 
of the 5-line. The square of its radius is 


— {12345}2[ >) &1k_12(12)(345) |? 
[ #,19(2345) |? 
It may readily be verified that this circle also passes through K1s34s, which is 


Bath’s theorem. f 
Similarly it may be shown that Fig3456, which is given by 


— 123456 >. ki keky456(123)(456) 
>, kik21823(12)(3456) 
lies on this circle and also on the Clifford circles Siezag, Fiegs6, S12456, 913486, F28486- 
This can be generalized to prove the existence of the Clifford circle of the 
2p+1-line and the Clifford point of the 2p-line. 
5. Miquel circles. We call the circle concentric with the Morley circle of the 


n-line and passing through its de Longchamps point, the Miquel circle§ of the 
n-line. Taking C,! to be 2% and K,! to be 2, we find that 


(—1)™1{nt}2. > kyl2"-"(n!/1)- SD Ail (n!/1) 
(n!) >> Ry1?"-5(n!/1) 
De Ril%(n!/1)- D0 kal?*-(n!/1) 
(a!) > fl(n!/1) 
Hence the square of the radius of the Miquel circle is 
(—1)-1{ nl}? 5) ,13(n!/1)- >> Ry12"-7(n!/1) 
(n!)* | 


2177 £2. > 


3-23, = 


+ Clifford, Mess. Math., 1871. 

t Bath, Proc. Camb. Phil. Soc., 1939, p. 518. 

§ Miquel, Jour. de Math., 1838, p. 485, announced important properties of the 4- and 5-lines. 
He did not make explicit reference to these circles. 
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Note that when n =4, the Miquel circle coincides with the Morley circle. 
6. Hermes points. Consider the circles Cjo3, and Cig3. 


(1234)22—z >> y15(234)+21234 >> 1234(234) = —1234 >> ky ke34(34) {14-24} 
(123)22—z >> k,13(23) —2123 >) #123(23) =123 >> ki k.3 {12-27}. 
Eliminating 2, 

(1234)z + 1234 )> k,234(234) 2 >> k,13(234) — 1234 >> by ho34(34) {14 — 24} 
(123)z — 123 >> h:23(23) sD By 3(23) + 123 D> Bike {12 — 23} 
This reduces to 

[z >> 13(234) — 1234 >> k1k.34(34)(12) | 
[242(123) — 123 >> k,23(23) {12 + 42}] = 0. 
The Miquel circle of the 4-line thus intersects the Morley circle of the 


3-line obtained by omitting J, in the de Longchamps point of the 4-line and also 
in the point given by 


123 >, #123(23) {12 + 47} 
4?(123) 


We shall call this one of the Hermes points of the 4-line and denote it by Hz 123. 
There are four Hermes points of the 4-line, H4.123, A: 124, He:134, Hi: 234. * 
We shall now consider the point Hy, 21); which we shall take to be 


(—1)°n!/f >> Ryn!/1f(n!/1f) {12 + £2} 
f?(n!/f) 


We wish to show that this represents a Hermes point of the m-line, which we 
define as the intersection other than K,! of the Morley circle of the n—1-line 
C,1r, and the Miquel circle of the -line. 

We take z; to be the value just given. Then 


B= > lk1?-7 (n!/1f) {12+£2} /(n!/f). 
For 2. and , we take the values for Cy17 given in section 2. Then 
(—1)*{n!/f}? >> kl (m!/1f) _ £2 DY Ryl2*-7(n!/1f) 
a 207; 1) 
Then the square of the distance between Hy. »1;7 and Cats is 
(—1)"{n!/f}? DY kil(al/1f). D0 kal2"(nl/1f) | 
(n!/f)? 


21 — 23 


* Hermes, Nouv. Ann., 1859, p. 359. 
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But this is the square of the radius of @,1!/;. Hence Hy: nt/s lies on this circle. 
Again, let 2 and % have the same values as above, but give z2 and Z the 
values given in section 2 for C,!. Now 


(—1)"{n!/£}? >> 213(n!/1) =f > 12"-7(01/1) 
a= Oe eee — ON 


; 2-2 = 
?(n!) mo (n!) 
Then the square of the distance between Hy, n1/; and Cy! is 


(—1)7-* {nt}? $0 by18(n!/1)- D> Ril2*-7(n!/1) 
(n!)? 

But this is the value obtained in section 5 for the square of the radius of 
the Miquel circle with center C,!. Hence Hj: n17 gives the » Hermes points of 
the -line by taking f=1,2,---+, 1. 

7. The new chain of circles. We are now ready to set up the new chain of 
circles which it is the main purpose of this paper to announce. 

These circles have Hy, .1/; for center and pass through Kyl/y. 

We must first find the square of the radius of this circle. Here 2 and 2, have 
the values given in the last section for Hy. n1;7 and 


(—1)""n!/f » ky kon!/12£(n!/12f) { y27-8 — 22n-8} 
= © by bel 2(nt/126) {12-8 — 220-8}, 


21 — 


22 


- P(n!/) 5 Al—"(al/1 : 


21 — 22 


and 
SS By?27(n!/1f)- > kil (n!/1£) {12 + £2} 
z, — 22 = 
(n!/f) >> &y1(n!/1f) 
Then the square of the radius is 
(—1)"{n!/£}? >> bl (m!/1f) {12 + £2} - >> 2112*-8(m1/1f) { (12 + £2)} 
f?(n!/f)? 
We shall now show that this circle also passes through the points Hy, at/fg, 


where g is any value from 1 to z other than f. 
Here 2, and Z have the values used above, while 


_ (-1)"n!/fg >, Ain!/1fg(n!/lfg) {12 + £7} 
7 f#(n!/fg) 


23 
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Dy Ail*-9(n!/1fg) {17 + £7} | 


22 


(n!/fg) 
a (—1)"{nl/fg}? D0 bil (m!/1f) {1? + £7} | 
f?(n!/f) 
a g? >) ky12"-*(n!/1f) {12 -+ £2} | 
(n!/f) 


And the square of the distance between Hy. 1/7 and Ay. n'y, turns out to be 
the same as that given above. Hence we have proved 


THEOREM 1. Each of the n Hermes points of an n-line, such as Hy. n\z, f being 
any integer from 1 to n (where the Miquel circle whose center is Cy1 is intersected 
by the Morley circle Cnijr), 1s the center of a circle which passes through the de Long- 
champs point Kyyz and also through n—1 Hermes points Hy:atny, Hyatt, °°; 
ET ys Vigne 


Using these methods we may show that the equation of the circle with 
Af: nj aS Center and passing through Ky, is 


(n!/f) £223 —2f? >) yl?*-"(n!/1£) {12-+£2} —2(—1)"n!/f >) kn!/1£(n!/1f) { 12-++-£?} 
=(—1)n!/f >) kiken!/12F(m!/12f) { 12~-8— 22-8} {12-1 ¢2} {22-41-¢2} 
In the same way, the circle with A; 2!;, as center passing through K,1!;, may 
be written down by replacing f by g in the above. 
Multiplying the first of these equations by g?(1f)(2f) - - - (fn) and the second 


by f#(1g)(2g) - - - (gn) and subtracting, we obtain the equation of the radical 
axis of these two circles to be 


ef?g? >) hil2*-"(n!/1) — #(—1)"{n!/fg}? >) k18(n!/1) 
= (—1)""n!/fg >> kykon!/12fg(m!/12) {12"-8 — 22-8} {1424 — fags} | 
Similarly, the radical axis of the circles of this system with centers Hy. »1/s 


and Ai; n1;, can be written down by substituting h for g in the above expression. 
Eliminating 2 between these two equations, we find that 


7 > Fil?"-7(n!/1) 


Since this is independent of f, g and h, it follows that 


2 


THEOREM 2. The n circles of Theorem 1 form a system which has a common 
radical center. 


8. The 5-line. In the special case » =5, the radical center becomes 
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—12345 >) k1k.345(345) {12 — 2} 
>, 213(2345) 
But this is the value of F343 given in section 4. 


THEOREM 3. The radical center of the five new circles of the 5-line 1s the center 
of the Clifford circle of the 5-line. 


Moreover it may be proved that 


THEOREM 4. The Clifford circle of the 5-line 1s orthogonal to each of the five new 
circles of the 5-line. 


It may also be proved laboriously that: 


THEOREM 5. The inverse points of the de Longchamps point of the 5-line with 
respect to each of its five new circles all lie on the Clifford circle of the 5-line. 


The equation of the straight line Ai2Cie, is easily shown to be 
12[k:2{12 + 42} — kel {2? + 47} ] 
_ 7 . 
This may be proved to pass through H4.123. Similarly Ai3Ci34 and Ae3Co34 pass 


through H14;123. This theorem of Hermes is the reason for giving the name of 
Hermes points to this set of points. 


4% — 19293 = 


COROLLARY. A12Cy3 passes through 3,124 and Hz; 195. 
ACs passes through FA s123 and H 4125. 
AwCies passes through H;. 123 and H5:124. 


There are three such lines passing through each of the ten vertices of the 
5-line. 
Again the equation of the straight line H4:123 Hs: 123 is 


123 k123(23) } 12 + 42; 512 + 5? 
42527 1 1292325 _ i Eien ST . 


similarly the equation of the straight line Hs; 124H 5124 is 
124 >) k:24(24) {12 + 32} {12 + 52} 
(124) 


These two lines intersect at —1234 > hk, 234(234) { 12-52} /(1234), which is 
Hs; 1234+ 


It may be shown that Hs. 134/Ze:134 and Hs. 234/71: 234 also pass through Hs; 1234. 
This may be generalized as follows. 


3°5% + 1°2%4%% = 


THEOREM 6. Through Hy. s\r pass four straight lines joining Hy: sir, and 


Aly: 8\tg, where f has any of the values 1, 2, 3, 4 or 5, and g any of these values other 
than that taken for f. 
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CoROLLARY. Hy; 57, and Hy: st/zg te on the line of centers of the new circles with 
centers Hy, st), and HH; 51/9. 


9. The 6-line. In the special case n= 6, the radical center becomes 
123456 >» k1ko3456(3456) {14 — 24} 
>, k115(23456) 


It is easily proved by the methods used above that this point lies on each of 
the six new circles of the 6-line and also on the Morley circle of the 6-line. 


THEOREM 7. The six new circles of the 6-line intersect at a common point, which 
also lies on the Morley circle of the 6-line. 


Again, Ali: 2345: 1345 is 
_ 345 D> h45(45) (1? + 37} (2? + 37} 


12222 -+- 3242523 ; 
+ (345) 


and EN, 9346/22: 1346 is 
346 k346(46) } 12 + 32% 5 2? + 3? 
(346) 


These intersect at 
—3456 >» s456(456) {12 + 32} {22 + 33} 
nas) . 
Evidently Ai: e35efle:1356 aNd Ay: e45¢fZ2:1456 also pass through this point. But this 


point may also be proved to lie on the new circles with Ahi;23458 and Ho:13456 as 
centers. Hence 


THEOREM 8. Iu a 6-line the two new circles with centers Hi-2345¢ and Ho: 13456 
meet in a point other than that common to all six circles and through this point pass 
also the f our lines AX,, 234519: 1348; FX; 2340He: 1346) i;, 2366119; 1856; FX; 24562: 1456- 


This may also be generalized. 


It was proved in my previous article* that Ai2K 1048, A1341348, Aogh2345 inter- 
sect at a point which we shall call X123,4s, which is on the Clifford circle of the 
5-line. There are ten such points on this circle. 

Similarly, AizKiese, Ai3Kisas, AosKosag intersect at Xies,46; and ArKiese, 
Ai3K1356e, AosKosse intersect at X103,56. 

Now in the Clifford circle with center Fies4; which passes through F, the 
Clifford point of the 6-line, 


ZL Kie34F X 193,48 = ZKi934K1245X 193,45 = LZ Kisg4K 12484 12. 
And in the Clifford circle with center Fie34¢, 


* Loc. cit. 
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Z K y234F X 123,46 =Z K 1234K 1246X 123,46 =Z K 1034K 12464 12- 


But Ai, Ky234, Kieas, Ky24¢6 all lie on the circle Cio4. Hence L Ky034 PX 123,48 
= Z K934F-X 423,48. Therefore X123, 48.4 123,46 passes through F. Similarly Xj23,53 may 
be proved to lie on this line. We thus obtain 


THEOREM 9. The sixty points on the 6 Clifford circles of the 5-lines obtained by 
omitting in turn each of the sides of the 6-line, le three by three on twenty straight 
lines all of which pass through the Clifford point of the 6-line. 


The analytic proof of this theorem is very laborious. Lachlan, in the preface 
to his Modern Pure Geometry* said: “Although Analysis may be more powerful 
as an instrument of research,... it might well be taken as an axiom, based 
upon experience, that every geometrical theorem admits of a simple and direct 
proof—by the principles of Pure Geometry.” If the writer had possessed enough 
acumen to develop his other theorems by such methods, a good deal of space 
might have been saved. | 


* London, 1893. 


THE SOLUTION OF A SPECIAL HEAT AND DIFFUSION EQUATION 
DOUGLAS ALLAN, University of Toronto 


1. Introduction. The solution of the problem discussed here has been used 
to obtain results of some importance to geophysics [1-3]. Although the deriva- 
tion has little mathematical novelty, it has never been published, and may prove 
interesting, if only as a slightly out-of-the-ordinary example for differential 
equations courses. 

The equation to be considered arises in connection with the problem of 
finding temperatures and heat flows due to radioactivity within a sphere. It 
is shown in [2]| that, assuming spherical symmetry, constancy of the thermal 
conductivity, etc., the required solution may be obtained by the superposition 
of a number of solutions of the same general type, namely, solutions of the 
equations 


(1) pom K(+—)4 4 », OSrsn, 
ot or” r or Hye, nmsrsa, 
with boundary conditions 
6(a, t) = 0, 
(2) A(0, t) < @, 


6(r,0) = 0. 
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Call the temperatures in the regions OSrS7, and 1 SrsSa 6; and 62 respec- 
tively, and let 


(3) “N= 70, 
(4) “a = 700. 
Write k for K/pc and J for Ho/pc. Then the problem is to solve the equations 
Ou 0*u 
(5) — = k—> 
ot or? 
Ou Oe 
(6) —=k + Jre 
ot or” 


subject to the conditions 
u1(0, t) = 0, ur(r, 0) = 0, 


uy(ri, t) = U(r, t), 
0 
oy u(ri, t) = or ua(ri, t), 


u2(a, t) = 0, u(r, 0) = 0. 


The most obvious method of solution is to apply the Laplace Transform, 
and this will be given here. A second method, which gives the final solution ina 
slightly neater form, will be discussed a little later. 

2. Solution using the Laplace transform.* The subsidiary equations obtained 
by applying the Laplace transformation to (5), (6), and (7) are 


at, 
(8) pt =k dr? ) 
(9) pil, _ athe Jr 
dr? p+a 
where 


a(0)=0, #(a) =O, 


(10) fi(r1) = a2(r1), 


—_— hy (11) = ar fio(11). 


dr 
The general solution of (8) is 


(11) thy = c1e% + C26", 


* The notation used is the same as that in Carslaw and Jaeger: Conduction of Heat in Solids, 
Oxford, 1947. 
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where g stands for +»/p/k. The boundary condition #(0) =0 will be satisfied if 
this is taken in the form 


(12) ti, = A sinh gr. 

Similarly, the general solution of (9) is 

(13) @e, = Bsinh gr + C cosh gr + TT ; 
b(p + A) 


In order for the remaining boundary conditions (10) to be satisfied, the following 
equations must hold: 


aJ 
(14) B sinh ga + C cosh ga -- ————— = 0, 
b(p + A) 
(15) B sinh gry + C cosh gry + —» — = A sinh 
sinh qr; cosh gr; + ————— = A sinh qn, 
b(p + A) 
(16) B h gr; + Cq sinh gr; + / A h 
g COSN qr, g Sinn q7i ————— = 4g Cosn q7r\. 
b(p + A) 
Hence, 
J sinh — 
Ar=— ——(« — 7, cosh q(a — 11) — mY, 
p(p + dA) sinh ga 
J cosh ga sinh qr; 
(17) B= ae (s — r, cosh ga cosh gr; + en ee) 
b(p + A) sinh ga q 
J sinh qr; 
C= ——(— — 7, cosh an). 
Pip+A\ g 


Thus the solutions of (8) and (9) satisfying (10) are 


(18) 2 J sinh qr ( in ha 4 sinh g(@¢ — ~) 
ay = ——————_{ —a@ +7, cosh g(a — 7 — 
' p(p +2) sinh ga oe q 
J sinh qr sinh gr; cosh ga 
i, = ————— E —— (« — r, cosh ga cosh gr; + eee) 
(19) p(p + dA) sinh ga 


sinh gr; 
-+- cosh ar( — 7, cosh ar). 
q 


The solutions for “4, and wu, may now be obtained by inverting the above 
solutions, using the Fourier-Mellin theorem. The calculation of residues in- 
volved is tedious, but elementary, and need not be given here. The poles of the 
functions are at the points p=0, p= —A, and p= —m?r*k/a’, form=0,1,2,---. 
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Thus the solution obtained is in each case in the form of a single first term plus 
an infinite series, v7zz.: 


uy ae! 1} 1. 
— = ———_| sin nr{ 1 — — cos n(@ — 71) — — sin n(a — 14) 
(20) J A sin na a na 
ry MrT, 1 2 mr, 
(—1)™ — —cos —— sin 
2a® & 82.8 mnr a a mr a 
— —— SF gmat 10. sin —- | ———_—_______________—_ |, 
TR mat a m(a*n? — m1?) 
ue ae7*t . r . 11 1 e ° 
(21) —= | sin nr — —sinna+ (= COs nr; — — sin nr) sin n(@ — »| 
J sin na a a na 
ri Mir, 1 2 mrr, 
(—1)™ — —cos + —— sin 
2a® = marr a a mr a 
—_ ——— > en (m x*k/a")t. gin ——wne 0 aon enn eee ne na SE 
TR mot a m(a*n? — m1?) 


where » stands for d/B. 
The solution for @ is therefore* 


. r1 1 : 
sin (1 — — cos 7(@ — 71) — —sing(a — r)) 
a na 


6 ae forOSrsrny 
J rrsinga |. r mr i. 
sin yr — —sin na + | —cos 7, — — sin nr, | sin n(@ — 7) 
(22) a a na 
form Srsa 
ral MnP 1 mmr, 
_— (—1)" — —cos -+- —— sin 
_ 2a SF eclmtateratye. gin a a mr a 
WR mot a m(a*n? — m1”) 


3. Second method of solution. The second method of solution} is simply 
to try a solution of equations (5) and (6) of the form 


(23) ui = Ry(r)e™, 
(24) uf = Ri(ne™. 


* This solution was first obtained by G. Comenetz [1]. That for the simpler problem with 
r,=0 has been worked out independently by H. C. Urey, and is given in his book, The Planets, 
p. 52. Both can be obtained quite easily from a very general solution by A. N. Lowan, Phys. Rev., 
vol. 44, 1933, p. 769. 

} This was kindly suggested to me by Professor G. F. Duff. 
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Then R, and R, satisfy 


(25) oe + oR: = 0, 
dr* 
d*R, 
(26) + 7?Ro + Jr = 0, 
dr* 
where 
Ri(0) =0, Rile) = 0, 
Ri(ri) = Ri(r1), 
(27) dR,(r1) _ dR2(11) 


dr dr 


These equations can be solved in much the same manner as equations (8) and 
(9), giving 


Jasin yr ") 1 
(28) Ry =— 1 — — cos n(@ — 71) — — sin n(a — 1) 
A sin na a na 
a ; r, ri 1. ; 
(29) Re = ————|[ sin nr — — sin na + | — cos nr, — — Sin nr } sin n(@ —7) J. 
A sin na a a n@ 


The corresponding solutions uj and uj satisfy (5) and (6) and all of the boundary 
conditions (7) save the two 


u(r, 0) = 0, u(r, 0) = 0. 


However, this is easily corrected, for if 


(30) uw=un'+ U, 

where 

(31) ye {" Osrsn 
u nsrsa, 


then in order for u to satisfy (5), (6), and (7) completely, U must satisfy 


32 —— = f — 
(32) at ar? 
where 
U ’ t) = 0, U 0, j= 0, 
(33) (a, t) (0, #) 


U(r, 0) = — u(r, 0). 


This of course is a standard heat conduction problem, and the solution is 
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(34) U = Age PP blet sin 
ma] a 
where 
2 a mrr 
(35) An =— f U(r, 0) sin dr. 
ado 


The calculation of the A,» is fairly easy, and the final solution obtained is 
the same as (22), where now the summation term corresponds to U and the 
first term to u’. 

However, this method of solution points to a neater and better way of 
writing (22), for from (33) 


u(r, 0) = — U(r, 0). 
But 
u(r, t) = u'(r, O)e™ 
= — U(r, 0)e™ 
(36) 11 marr 1 | mr 
2a* = _ mar | (—1)" — —cos -+ —— sin 
= — )) e*-sin a a mr a |. 
TRI mot ca anna 


m(a°n? — m1?) 


Hence the final solution can be written 


6 2a8 = btn, a, Marr 
—= —» (et — go (maka?) sin 
(37) T1 MTT 1 , mur, 
(—1)™ — —cos + —— sin 
° a mT a 


m(a*v\ — m*r?k) 


(remembering 7?=)/k). 
4. Remarks. The heat flow can at once be found from (37), viz. 


00 
F(r,t)) = —K— 
Or 
2a°Hok 2 1 mrr mr marr 
(38) = . DS (et — ema /0%)2), (— sin — —— cos ) 
r mrr 1 mrr 
(—1)™ — — cos wt sin il 
a mr a 


m(a*r7 — m?r*k) 


The average temperature is also of interest. This is given by 
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~ 3 2 
6 = f Anr*@dr 
4nra® 0 
6a7J = , 2 tpg? 
= — 2 (eM — @- (mPa? k]a*) 8) (— 4) mt! 
11 MTT 1 2 mrr, 
(—1)™ — — cos + —— sin 
a mar a 


m(a*rv — m*r*k) 


The behaviour of these solutions is quite complicated. Some results for the 
special case of the Earth are given in the references; [3 | contains a discussion of 
the reasons for using this solution, and the method of applying it to fairly com- 
plicated distributions of radioactivity. 

5. Application to the diffusion of argon. An interesting application of the 
above solution is to the problem of the diffusion of a gas being produced within 
a solid by radioactive decay.* The differential equation which applies is (using 
the notation for the case of the gas argon-40 being produced by the decay of 
potassium-40) 


aA, 


(40) = DV A; +d4Ko e™ 


where A%° denotes the concentration of argon-40, K¢° the initial concentration 
of potassium-40, and Xd and X, are constants. 

The solution required is that for the average argon content at time ¢ (denoted 
by A*) of a spherical solid with the potassium distributed homogeneously 
throughout, and with zero argon content at ¢=0 and zero surface concentration 
of argon (1.e., similar boundary conditions to those of section 1). This solution 
is given by setting 7; =0 in (39), and substituting A“ for 6, D for k, and \,Kq’ for 
J. Thus, 


A?*? 6a? a) gone — e—(m?a*D /a*)t 
= ——— —_—__—_————_—— ; 
,Ke 7. ma. m?(m?Dr? — ar) 
or, writing K*° for Kq’e™*, c for \z/A, and s for a/d/D, 
1 A‘ 62% 1— en (Gn? x? J?) —1 XE 


(42) ——==) 


mm? — — 1 
32 


(41) 


The diagram shows the behaviour of this function for various values of s. (The 


* This was pointed out to me by Dr. H. A. Shillibeer, who developed the results independently 
in connection with his researches on the potassium-argon method of dating minerals. The diagram 
and most of this section are taken from [4], with his kind permission. 
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\ used is the decay constant for potassium-40, .5510-® years!) Evidently 
there are two distinct types of curves. This can be seen from the formula (42), 
for 


6 i 3 3 . 
13 é A") ie ey ee re, ifs <n, 
im {— ——) = m= 
( t—> 00 c K* mi 52 7 1) 
+ 2 ifs > x. 


The limiting case s =7 is given by 


(44) 1 A 6A in 6 
¢ K® = 9 | gt om m*(m? — 1) 


06 1 _ en (mire 


which, as the graph shows, is asymptotic from below to a straight line, vez. 


1 A‘e 6A 
(45) —- = =(55 7-1) +5 
Tv Tv 
It may be noted that if s were <7 in physical fact, it would be almost im- 
possible to use measurements of A*°/K*® to determine #, the age. However, 
experimental results obtained for argon seem to show s is large for most mineral 
samples, so that this age-determination method is practicable. 
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MATHEMATICAL NOTES 


EDITED BY F. A. FICKEN, University of Tennessee 


Because of the large number of papers on hand, consideration of new papers for this 
department has been temporarily suspended. 


EVALUATION OF PRODUCT SEQUENCES BY MATRIX METHODS* 


GEORGE BRAUER, University of Minnesota 


1. Introduction. Let 


o 
(1) Co, = >> AnkSk 
ken 
be a regular transformation by means of which a sequence So, 51, - - - , is evalu- 


able to oa if the series in (1) converges for each n and o,—0 as n— ©. The hypoth- 
esis that (1) is regular means that o,—>s whenever s,—s. We shall use the well 
known conditions 


(2) > | an| SM n= 0, 1, 2,- 
kun 
(3) lim dpx = 0 k=0,1,2,--- 
oe ) 
(4) lim >> nk = 1, 
nO ful 


which are necessary and sufficient for regularity of (1). An exposition of these 
matters is given, for example, by Hardy [1]. 

We shall say that the transformation (1) and the matrix A =(a,,) have the 
product property P if A is real, regular, and such that if s, and s/ are real 
bounded sequences evaluable to o and o’ respectively, then the product sequence 
Sn$f is evaluable to the product ao’. 


* A similar problem is considered by Mazur and Orlicz: On linear methods of summation, 
Studia Math., vol. 14, 1954, pp. 129-160. 
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2. Sequences of zeros and ones. The following theorem shows that the 
methods of Cesaro, Abel, and Borel and many other standard methods for 
evaluation of sequences fail to have property P. Moreover it shows that if A has 
property P, then relatively few sequences of zeros and ones are evaluable A. 


THEOREM 1. If A has property P and if so, $1, - * * , 18 @ Sequence of zeros and 
ones evaluable to a, then o ts 0 or 1. 


To prove this theorem, we note that if A has property P and if s, is a 
sequence of zeros and ones evaluable A to a, then the sequence s,S5, (which is 
the same as the sequence s,) is evaluable A to a”, so that o=o? and a is 0 or 1. 

We now employ some results of which an exposition has been given by Hill 
[2]. To each sequence So, s1, Sz, - - + of zeros and ones there corresponds a point 
t of the interval 0S#S1 having the binary expansion Sosisp - + +. If A is regular, 
then the set of sequences of zeros and ones evaluable A corresponds to a set of 
values of t having Lebesgue measure 0 or 1, and, moreover, if the measure is 1 
then the set of zeros and ones evaluable A to 1/2 corresponds to a set of values 
of t having measure 1. It follows from this and Theorem 1 that if A has property 
P, then the set of sequences of zeros and ones evaluable A corresponds to a set of 
values of t having measure 0. 

3. A criterion for property P. 


THEOREM 2. A real regular matrix A has property P if and only if s2 is evalu- 
able A to o* whenever sn 1s a real bounded sequence evaluable A too. 


Let a real regular matrix have property Q if s2 is evaluable A to 0? whenever 
Sn is a real bounded sequence evaluable A to a. Since we may take s/f =Sn, it is 
obvious that if A has property P then it also has property Q. To prove the con- 
verse, let A have property Q and let s, and sx be real bounded sequences 
evaluable A to o and o’ respectively. The real bounded sequences {s,+s, } 
and {s,—s/ } are then evaluable A to a+o’ and o—o’ and hence the sequences 
{ (Subs )?} and { (S_—Ss¢ )?} are evaluable A to (a-++o’)? and (¢—o’)*. Since 
4snSn = (Sn+Sn)?—(Sa—Sn)? and 400’ =(¢+0’)?—(o—0’)’, it follows that sis¢ 
is evaluable A to oo’ and Theorem 2 is proved. A variant of Theorem 2 which 
may be useful is the following. 


THEOREM 3. A real regular matrix A has property P if and only if s? is evalu- 
able A to 0 whenever s, 1s evaluable A to 0. 


This is a consequence of the fact that if s% is evaluable A to 0 whenever s, 
is evaluable A to 0 and if sf is evaluable A too’ then {s,' —o} is evaluable A 
to 0, so {(s/ —c)?} is evaluable A to 0, and linearity of A implies that (s,/ )? is 
evaluable A to (0’)?. 

4. Consequences of property P. 


THEOREM 4. If a real bounded sequence Ss», is evaluable to o by a matrix having 
property P, then 
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(5) lim inf |s,| Ss |o| S limsup |s,|. 
a0 n— 
To prove Theorem 4, it will be sufficient to prove that 
(6) lim sup |s, — «| & |o — <I, x 2 0, 
N— 0 
because putting «=0 in (6) gives the last inequality in (5), and choosing x so 
great that x >o? and x>s°? for each gives the first inequality in (5). To prove 
(6), suppose that there is some real x for which it is false. Then xo? and there 


is a number 6 for which 


Sa — 
<O<1. 


(7) lim sup 


n— 0 


o— % 
With MM satisfying (2), choose a positive integer m such that 6" <1. Let 


Sa — 
(8) lL, = ° 


o*— x 


The hypothesis of Theorem 4 implies that s? is evaluable A to o? and hence that 
s?—x is evaluable A to o?—<x so that f, is evaluable A to 1 and £ is evaluable A 
to 1. Thus 


(9) lim >> Onute = 1, 
NO eee 
Because of (7) and (8), we can choose ko such that | t,| <@ when k=. Use of 
(9) and (3) then gives 
(10) lim >> adnate = 1. 
M70 Laake 
But use of (2) gives, for each n=0, 1, 2,---, 


> Qn wh 


keakg 


(11) 


mo 1 
<0 > | an| So"M <—.- 
kek 2 


The contradiction in (10) and (11) establishes (6) and completes the proof of 
Theorem 4. 


THEOREM 5. If a real bounded sequence s,,1s evaluable too by a matrix A having 
property P, then o 1s a cluster value (or limit point) of the sequence Sn. 


The hypothesis implies that the sequence sp—o, si—a, -- - is evaluable A 
to 0 and hence Theorem 4 implies that 


lim inf |s, —o| $0 Slimsup |s,—c]. 


noo n— © 
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The result follows. 
5. Conclusion. For the following remarks, the author is indebted to R. P. 
Agnew. The transformation defined by o9=So0, 61=51, and 


{ Ton = — Ssn—1 + 35S3n n> 0, 


On+1 = — Assn—1 + 5S3n n> 0, 


(12) 


has property P. This is an easy consequence of the fact that ¢,->L if and only if 
San—L and s3,-1—L, the values of the numbers S3n-2 being completely irrelevant. 
It may be possible to show that each transformation having property P must 
have a form resembling (12) in essential respects. 

The following seems to be an entirely reasonable conjecture. A given matrix 
and transformation A have property P if and only if there is an increasing se- 


quence 1, 2, 23,° °° of non-negative integers which depends only upon A 
and which is such that an arbitrary sequence So, 51, 52, °° + is evaluable to L if 
and only if the special subsequence Sai, Sa2, Sn8, ° * * Converges to L. 
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RATIONAL UNIVALENT FUNCTIONS 
W. C. Royster, Alabama Polytechnic Institute 


Let ¥ be the class of functions f(z) =2-+ > 2.2 da%" which are regular and 
univalent in the unit circle E(| 2| <1). The subclasses of § whose coefficients a, 
belong to a quadratic field have been studied by Friedman [1] and Bernardi [2]. 
Recently Linis [3] gave a short proof of a theorem of Friedman which states 
that if the a, are rational integers then f(z) is a rational function and is one of the 
nine functions: 


z,2/1 +2), 2/(1 + 2%), 2/(1+2)%, 2/(1 +2 +23). 


He also gave some rational functions whose expansion had Gaussian integers as 
coefficients. 

The purpose of this note is to extend the method of proof given by Linis to 
quadratic fields with negative discriminant and to give criteria for selecting 
which combinations of possible coefficients yield rational functions which are 
regular and univalent in £. 

For completeness we will sketch Linis’ proof. Let a, be a rational integer. Let 
2/f(%) = > v.90 baz". By Prawitz’s theorem [4] >>2, (n—1)|b, 2<1. Clearly 
by=1, b1= —as, and since f(z) is univalent in E, |a2| <2 so that |d,| $2. From 
Prawitz’s theorem it follows that |b,| $1, 22. The coefficients b, can be com- 
puted by the determinant (—1)*),=A(Cy) where Cy=0, 7>1+1; Cy=1, 
G=tti; Cij=aj-s42, 1, 7=1, +--+, nm. Hence the b, are rational integers. The 
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possible values of b, are: bb) =1; 0,=0, £1, £2; 02=0, £1; 56,=0, n»23. Certain 
combinations of these values yield the nine above-mentioned functions. 

Let R(\/m) be a quadratic field where m is a square-free rational integer. 
If m=2 or 3 (mod 4) the integers of R(\/m) are given by a+b./m, where a 
and 6 range over all rational integers. If m=1 (mod 4) the integers of R(/m) 
are given by 3(a+b/m) where a and 0 are both even or both odd rational 
integers. We will be interested only in the cases in which m is one and in which 
m is negative. The units of R(./m) are those numbers whose norm is +1. 
The only units of R(./m) where m is negative are +1 unless m=—1, —3, 
in which case the additional units are +1 and tw, +o, respectively, where 
w=4(—1-++/32) and @ is the complex conjugate of w. (For the arithmetic of 
algebraic number fields see [5], Chap. VII). 

Let a,€R(+/m), for a given m, the b, are given by the previously mentioned 
determinant, so that d,€(Rv/m). Since R(\/m) has no elements whose modulus 
is a number between zero and one, it follows from Prawitz’s theorem that d,, 
n = 3, in the expansion of z/f(z) are all zero. 

The possible values of 5, are as follows: 


m=—1; Obo=1; 8b, =0, £1, +2, £7, +27,4+(11 + 2); 
b, = 0, +1, +2. 

m= — 2; bo = 1; b, = 0, £1, £2, £727, 1 + 23, 
b. = 0, +1. 

m=—3: bo=1; 5, =0, £1, +2, tu, £4, +20, +20, (1 — 2), 
+(1 — @), E(w — @); be = O, +1, to, +a. 


m<—3; bo =1, b.:=0, +1, +2; be =0, £1, the same as when m=1. 
Before enumerating the 6b, which yield regular univalent rational functions, 
let us state two lemmas. 


LEMMA 1. The function f(z) =2/(1+biz) 1s regular and univalent in E if and 
only if |b,| $1. 


LEMMA 2. The function f(z) =2/(Atbiz+b.2") with | be =1 is regular and 
univalent in E tf and only if b:/(be)/? ts real and in modulus less than or equal 
to 2. 

The proof of Lemma 1 is clear. The univalency in Lemma 2 follows immedi- 
ately, Since | bs| =1, f(z) will be regular in Z if and only if the zeros of the 
denominator lie on the periphery of E. Let z=s/(be)'/?, then the denominator 
is s+ [b:/(b2)1/2|s-++1. Its zeros are on | s| =1 and hence are complex conjugates. 
Using these properties and the quadratic formula we see that the zeros will be of 
unit modulus if and only if 5,?/be is positive and less than or equal to 4 which 
implies that b;/(be)!/? is real and in modulus less than or equal to 2. 

We note that every field R(/m) includes the field R(+/1), hence we will 
enumerate those b,, not concerned with R(+/1). 
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Making use of the following facts: (w)/%=—o, (—w)/?=10, (@)!/?=o, 
(—@)!/2== —z, and the properties of the cube roots of unity, we can easily con- 
struct a table of values of the b, which satisfy the two lemmas. 


bs 0 1 —1 i -j w ~~ 5 5 
hh, m= —1 ti “none +i,42% | 0, +(1+4) | 0, +(1—2) 

bi, m= —2 none “none +42 none none 

bi, m= —3 tw, te “none + (w—«) none none 0, te, +20) 0, £(1—w) |0, tw, +20) 0, £(1—a) 
hh, m<—3 Same as when m=1, 


This proves the following theorem first given by Bernardi [2] by other 
methods. 


THEOREM. The subclass of ¥ having algebraic integral coefficients in R(./m), 
m=1 or a square-free rational negative integer, consists of forty five rational func- 
tions of the form f(z) =2/(1-+b12-+b92?), where b; and bz are given by the above table. 
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A CONJECTURE CONCERNING NEIGHBORING TETRAHEDRA 


F, BAGEMINL, The Institute for Advanced Study 


Two bodies in space are said to be neighboring if they have no interior 
points in common and there is a surface belonging to both their frontiers. A 
(finite or infinite) number of bodies are said to be neighboring if every pair of 
them are neighboring. 

It is known that it is possible to have infinitely many neighboring bodies— 
even infinitely many neighboring convex bodies.* This suggests the problem of 
defining, by means of some property, a class of bodies such that the maximum 
possible number of neighboring bodies of this class is finite, and of determining 
this maximum number. 

Consider the class of tetrahedra. It is not difficult to verify that at most 4 
neighboring tetrahedra can stand with their bases on one and the same plane 
(and lie, with the exception of these bases, on one and the same side of this 
plane). Consequently, the maximum possible number of neighboring tetrahedra 

* For the literature on this result; as well as an interesting discussion of some related prob- 


lems, see Heinrich Tietze, Geléste und ungeliste mathematische Probleme aus alter und neuer 
Zeit, Munich, Biederstein, 1949. 
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is certainly not greater than 17, and we conjecture that it is 8. That it is at least 
8 is shown by the following example. 


Aa 3 


In the accompanying figure, all the lines are supposed to be coplanar. Let 
Q and g be points on opposite sides of the plane ABC. Then the following 8 
tetrahedra are obviously neighboring: 


QA BE, OBCF, QCAD, QDEF, 
gabd, ghbce, qcaf, qdef. 


ON ANALYTIC FUNCTIONS HAVING A POSITIVE REAL PART 
IN THE UNIT CIRCLE 


V. F. Cow1inG, The University of Kentucky 


A theorem of basic importance in the theory of univalent functions is the 
following: 


THEOREM. Let f(s)=1-+ o?.1 Gaz" be regular and have Re(f(z))*20 in 
[z| <1. Then [a,| $2, m=1,2,+°-. 


* By Re(f(z)) we understand the real part of f(z). 
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The function f(z) = (1-+2) (1 —z)~! shows that this bound on the coefficients is 
sharp. 

Proofs of the above theorem have been given by Carathéodory [1], Toeplitz 
[4], Nehari [3] and others. It is the object of this note to give another proof 
which is elementary in character and would seem to suggest from its structure 
the theorem to be proven. For this purpose we state the following lemma whose 
proof depends only on simple manipulations of the Cauchy integral formula. 
Such a proof may be found in Goursat [2]. 


Lemma. Let f(z) = U(x, y)+¢V(x, y) be regular in | 2| <R. Let s=re® and 
¢ = Re‘, Then for |2| <R we may write 


(1) fle) = 1¥(0,0) + = f“u(Rem = 


The proof of the above theorem now proceeds as follows. We have 


ay. 


fe) =1+ Saw", 


Nua] 
where a, =f™(0)/n!. But by (1) above 
f°) (0) 1 
=— U(Ret¥)E-"dy 
n! Tv 0 


where we take R<1. Also since U(0, 0) =1 the mean value theorem for harmonic 
functions yields 
an 


1 
— U(Re¥)dy = 1. 
ar 


0 


But since U(x, y) 20 it follows that 
1 25 1 29 
R*| a,| s2{— f | ucRe) | ay = 2{— u(Renay} =2-1=2 
2m J 9 27 J 0 


for all R<1 and therefore |a,| $2, 7=1,2,---. 
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ON THE nTH DERIVATIVE OF COMPOSITE FUNCTIONS 


MicHEL McKIERNAN, Illinois Institute of Technology 


Let f be the function whose value at x is f(x). Let D”f denote the mth deriva- 
tive of f, that is, the function assuming for any x the value D*f(x). If f and g are 
two functions, then 


(1,) Df +g) =D +D*%g 


and according to Leibniz 


n n! 
(2,) D*(j-g) = ) ——_D-7-Dg. 
rao ri(n— 7)! 

Let f and g be functions. Throughout this note the juxtaposition of two 
functions will denote the substitution of the second into the first (hence, the dot 
will not be omitted in products of functions). For example, (fg) (x) = (fg(x)) and 
(Df)g is the result of substituting g into Df. The derivative of the function 
fg is then given by: 


(31) D(fg) = (f)g-Dg. 


Formulae for D“(fg) have been found by Faa di Bruno and Schlémilch. ft The 
purpose of this note is the establishment of two other formulae for D"(fg). The 
first is 
nr . r . (— 1) @ n & 
(3n) D*(fg) = 2, Df)g- 2 ———— gr *-D(g"). 


rol =o SI(r—s)! 


Formula (3,) gives an explicit form for the operators Y,,, in the relation 


(4,) D*(fe) = > (D'f)g-Yor(2) 


which was used by Schlémilch. It is known that the Y,,, satisfy the recursion 
formula:§ 


(S) Yasir(g) = Dg- Yn —1(g) + DY,,+(g), 
where 
(6) Yn,0(g) = O = Yuinti(g). 


Let f be the function assuming at x the value f(x) =x*/k!, where OSk Sn. 
Substituting this f in (4,) yields a second recursion formula 


t See, for example, Charles Jordan, Calculus of Finite Differences, p. 33, Sopron, Hungary, 
1939. 

§ Riordan, Derivatives of composite functions, Bull. Am. Math. Soc., vol. 52, pp. 664-667, 
1946. Also C. Jordan. 
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1 k—1 gk-r 
7n, Yn, = —D(g*) — ——_—.-Y,,,,(g). 
(7n,t) (8) = 7 Deh) — Du Cent Yel) 
To prove (3,), one must show that 
r (—1)* 
(81%) Yar(g) = >> ————— g™*-D*(g°). 


ao SI(r—s)! 


The proof is by induction. By (3), Yii(g)=Dg. By induction, in view of (6) 
and (5), Yna(g) =D%g, which agrees with (8,,1). Assume (8,,,) for F=0,1,-°--, 
r—-1. To prove (8,,-), in view of (7n,7), one has to show 


r (—1)7* me Tage _i a _ gr k . k (—1)* 
20 sr —s)l° Dg") = oad is") La k)! aco SIR — s)! 


g*-*-D*(g*). 


The term for s=r on the left equals D*(g*)/r! on the right. For a fixed s, 
0OSsSr—1, the coefficient of g*-*-D*”(g*) on the right is 


rl (—1)*s 


hoe (7 — R)Isl(R — 5)! 


Let k=s-+), then this becomes 
1 (—1)? 
“sl pao (7 — 5 — pip 
which equals 
(—1)- 


si(r — s)! ) 


—[(i — 1)" — (-1)*]/[s(r — 5)1] = 


But this is also the coefficient of g’-*- D”(g*) on the left. This proves (8,,,). 
The second formula for D*(fg) is 


n 1 
(9n) D*(fg) = O/gs— » 


fm] 


n! 
—_——_—_——— (D?1g)- eee -(D* ) 
pi! oes b,! § 

where the second summation is taken over the integral solutions of i+ --: - 
+p,=n and p;>0, forz=1,---,7. The proof of (9,) is based on the following. 


Lemma: Y,,,-(g) consists of those terms in the expansion of D"(g*)/r! which do 
not contain g as factor. 


By (3), Yii(g) =Dg. Assume that Y,,-(g), 7=0, 1, - - + , 2 contains no terms 
with g as factor. It follows by (5) that Yn4i,-(g) contains no terms with g as 
factor. But by (8n,+); 
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r—1 (—1)"-* 
wo SI(r — Th 
Hence the first term on the right, containing g as factor, must cancel with the 


corresponding terms in the expansion of D”(g*)/r!. 


The proof of (9,) is completed by applying the multinomial analogue of 
(2,) to D*(g"). 


1 
Yn (g) = g° r1-#.D(g*) + > Pvt’). 


1 1 n\ 

—— DD” T\ = —_—____—_— Jr o eo -_D?r , 

— D*(g") Sp g g 
where the summation extends over the non-negative integral solutions of 
dit -+-++p,=n. A factor g appears whenever one of the derivatives is of order 


0. The stipulation p;>0 eliminates these terms, yielding, along with the lemma, 
formula (9). 

In conclusion, we note the following consequences of the above formulae. 
In view of (5) it follows by induction that Y,,.(g) = [Dg]|" for any 21. Hence, 
(8,,n) yields the following identity 


n (— 1) n—8 
(10) [Dg] = 2) ———— g*"*-D*(g*) for any g. 
ao Si(n — s)! 
It may also be shown that 
n(n — 1) 
Yan—i(g) = — 7 8 [Dg]. 


Hence: 
2n—1)!2, (-—1)™ 


(11) D?- [Dg] = (+)! S a —sis 


gr-*-D*+1(g*) for any g. 


Also, comparing (9,) with the corresponding formula of Faa di Bruno, we obtain 


the identity 
Cr) 
n| _ 1 (D? 1g) - eee -(D?rg) 


Dg 1 (= Lo 
Ci) (Gi 


(12) > 


gil-qale - °° Oni r| Pile ees byl 
where the summation is over where the summation is over 
Qtrdbett ra ST Pit patics+ + p= 
and and 
it 2Qn +++ + 1G, = 1 pi > 0. 


Many other identities may be found by particular choices of g in (10), (11), and 
(12). 


CLASSROOM NOTES 
EpitED By G. B. THomas, Massachusetts Institute of Technology 


Because of the large number of papers on hand, consideration of new papers for this 
department has been temporarily suspended. 


A FUNDAMENTAL THEOREM OF CALCULUS 
M. K. Fort, JR., The University of Georgia 


The following theorem is frequently called the fundamental theorem of the 
differential calculus. 


THEOREM A. If Fi and Fy are functions which have the same derivative at each 
point of an interval I, then there exists a constant c such that Fi(x) — F(x) =c for 
each x in I. 


The proof of Theorem A follows easily from: 


THEOREM B. If F is a function whose derivative is 0 at each point of an interval 
I, then there exists a constant c such that F(x) =c for each x in I. 


The usual proof of Theorem B is based on the Mean Value Theorem, the 
proof of the Mean Value Theorem is based on Rolle’s Theorem, and proof of 
Rolle’s Theorem is based on the Maximum Value Theorem for continuous func- 
tions. Since a proof of this last theorem is often omitted from the first course in 
calculus, a complete proof of Theorem B is usually not given. Recently, Pro- 
fessor Harry D. Ruderman pointed out to the author that it would be desirable 
to have a direct proof of Theorem B which would avoid the use of the Mean 
Value Theorem. In this note we give such a proof. 

We start with the fact that every bounded, monotone sequence of real num- 
bers converges. This fact is stated as an axiom in many calculus texts. It is 
then easy to prove that if i DJ2DJ3D --- is a nested sequence of closed 
intervals which is obtained by the “bisection process”, then there exists a unique 
number p which is a member of each J,. Moreover, if x, is a member of J, for 
each v, then the sequence %, %2, %3, - « - converges to p. We now give a proof of 
Theorem B which is based on these facts about nested sequences of closed 
intervals. 

It is sufficient to prove that if @ and b are points of J then F(a) =F(b). We 
may assume that a<b. 

If J=[u, v] is a closed interval which is contained in J, we define S(J) 
= (F(u) — F(v))/ (u—v)|. The following lemma is obvious and its proof is 
omitted. 


Lemna. If u<t<v, J’/=[u, t], J” =[t, v] and J=[u, vo], then either S(J’) 
= S(J) or SVJ") 2 S(J). 


We make use of the Lemma and the “bisection process” to obtain a sequence 
IDJ2DJ3> +++ of closed intervals such that Ji=[a, b] and S(Jnu) =S(Jn) 
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for each n. There exists a unique point » which is a member of J, for each x. 
We now use the Lemma to obtain for each a non-degenerate subinterval Ky 
of J, such that one end point of K, is p, the other end point x, of Ky, is also 
an end point of Jn, and S(K,) 2 S(J,). The sequence %1, %2, %3, - « + , converges 
to p, and since F’(p)=0 we obtain lim,.. (F(*,) —F(p))/(*,.—p) =0. Thus 
limMnse. S(K,) =0. Since S(K,) 2S(Sn) 2 S(Ji1) 20 for each 1, we see that S(J;) =0. 
This implies that F(a) = F(b), which concludes the proof of Theorem B. 


SYSTEMS OF LINEAR DIFFERENTIAL EQUATIONS* 
W. G. Leavitt, University of Nebraska 


Let {y:} (@=1, +--+, ) be a set of independent variables, and suppose that 
a system of m linear homogeneous differential equations with constant coeff- 
cients is to be solved. The usual approach to this problem is to introduce de- 
rivatives of the { yy} as auxiliary variables, reducing the system to a (larger) 
set of equations all of the first order. In the following, an alternative approach 
is given, which makes use of the “elementary divisor theory” for matrices of 
polynomials. 

Using matrix notation, the system of m equations may be written 


(1) T(D)Y = 0, 


where 7D) is an m by n matrix whose elements are polynomials in the differen- 
tial operator D, and Y is a column vector whose components are the 4;. 

A natural approach to the solution of (1),-analogous to that of the theory 
of a single linear equation, is to assume a solution of form 


(2) Y= (Ko -+- Kix -+- see -+- K,x*)e%*, 


where the K; are constant vectors and a is a scalar constant. Substituting in 
(1) and equating coefficients of x to zero, we obtain a series of equations 


T(a)K, = 0 


3) T(a)K.-1 + sT'(a)K, = 0 
T(a)K,-2 + (s — 1)T’(a)K.-1 + <2 T"(a)K, = 0 


Tia) Kot T'(aKi + T’(*)Keo+-+:-+T7®(a)K, = 0. 


It is clear from the first equation that a necessary condition for the existence 
of a solution is that J(a) must be singular; that is, the equation 7J‘(a)X =0 must 
be solvable. (If Ja) is square, for example, this means that a must be a root 
of the characteristic equation | T(x)| =0.) 


* Presented (in part) to the Mathematical Association of America, Nebraska Section, May 2, 
1953. 
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In some casesf it is convenient to solve these equations iteratively for 
K,, Ks-1, - + . However this procedure leads in general to certain difficulties 
such as arise, for example, when the first equation of (3) has several solutions 
not all of which make possible a solution of the second equation, and so on. Fur- 
thermore, it is not clear from this approach just what value of s should be used, 
nor is it evident that all solutions must necessarily be of form (2). 

To analyze this problem more carefully we take advantage of the isomor- 
phism* between the polynomials in D and the set of all polynomials in an in- 
determinate \. This makes possible the use of a well-known theorem which states 
that there exist square matrices P(D) and Q(D) each having unit determinant 
such that U=PTQ has form 


Ue 


(4) U(D) = | Ub ) 


in which the rank h is the same as that of T(D) and the {us} (the “invariant 
factors”) are so arranged that m divides uw, ue divides u3, and so on.§ The 
matrices P(D) and Q(D) may, in fact, be obtained as products of elementary 
matrices. Thus substitution in (1) of Y=QX and multiplication by P leads to 
the equation 


(5) UX =0. 


The first result is that if h<x there will be x—# solutions of (5) involving arbi- 
trary functions. These will be of form 


(6) X; = vi(x)6; (= h+1,--- , 2) 


with y; arbitrary and 6; the vector having 1 in the ith position, zero elsewhere. 
Using the usual properties of the differential operator, it is easily verified that 
(1) has corresponding solutions 


tA! 
Yi Qin 


(7) V; = v.00 + v0 + rr 


+... (¢=k+1,---,m), 


¢t See Frazer, Duncan and Collar, Elementary Matrices, Cambridge University Press, 1952, 
p. 172. 

* For simplicity, we will henceforth use this isomorphism without explicit reference. For exam- 
ple, when we say that g(D) is a factor of f(D) we will mean that g(A) divides f(A). 

§ See, for example, C. C. MacDuffee, Vectors and Matrices, Carus Mathematical Monograph 
No. 7, Math. Assoc. of Am., 1943, p. 143. (The generalization to non-square matrices is obvious.) 
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where Q® indicates the ith column of the &th derivative of O(A) evaluated at 
A=0. 

Now suppose that one of the invariant factors, say u;, has a factor (D—a)° 
(an “elementary divisor”). Then clearly (5) has solutions 


(8) Xj = tier, (7 =0,1,---,c¢— 1). 


Again using well-known properties of the differential, the corresponding solu- 
tions of (1) are 


Gn) an, . 
(9) V; = (Oia + jg, +o it potty 


where Q!? is the ith column of the jth derivative of Q(A) evaluated at \=a. 
Note that this is a solution of type (2) with s =}. 

Now it is clear from an examination of the form of U(D), (4), that the only 
solutions of (5) (other than those given in (6)) are of this type. Then since every 
solution of (1) corresponds to a solution of (3), it follows that the set of all solu- 
tions of type (9), together with (7), give all solutions of (1). Hence a knowledge 
of the elementary divisors of 7(D), and of the transformation matrix Q(D) 
permits us to write down immediately the general solution of the system (1). 


ON FINDING DIAMETERS OF CONIC SECTIONS 


E. A. HEDBERG, University of South Carolina 


Nearly all current textbooks in analytic geometry give special formulas for 
diameters of conic sections in which the chords have a given slope m, listing 
each type of conic separately and giving only the standard forms, where the 
center or vertex is at the origin. That all these formulas are related seems, from 
this writer’s experience, not universally known. I state the general case as a 
theorem. 


THEOREM. Let f(x, y)=Ax?+Buey+Cy?+Dx+Ey+F=0 be the general 
equation of a conic section. The equation of the diameter which bisects the chords of 
slope m may be found by differentiating f(x, y) =0 with respect to x and replacing 
dy/dx by m. 


The statement of the theorem implies the existence of chords with slope m. 
It will be pointed out in the proof of the theorem that the condition that 
chords exist is that 4-+Bm-+Cm?0. Attention is also called to the fact that 
the theorem applies to the degenerate conics. 

One may establish the theorem by direct substitution of y=mx+é in 
f(x, y) =0, setting up the formulas for midpoints of the chords, eliminating the 
parameter k from these expressions, and comparing the result with the theorem 
stated above. However, a proof which avoids such manipulations would seem 
desirable. The foilowing proof involves a minimum of actual computation. 
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The fact that the locus of the midpoints of the chords with a given slope m 
is a straight line may be verified without determining the actual locus. For if 
one substitutes mx-+k for y in the expanded form of f(x, y), in order to determine 
the abscissas of the points of intersection of the line y=mx-+k with the conic 
f(x, y) =0, it is at once apparent that k does not enter d-+Bm-+Cm?, the coeffi- 
cient of x*, and that it enters the coefficient of x to the first degree only. If 
A+Bm-+Cm' #0 the quadratic equation has two roots, x, and x2, and the ab- 
scissa, X =4(x,-+2), of the midpoint of the chord involves k to the first degree 
only. The ordinate, Y, of the midpoint, found from Y=mX-+8, is linear in k, 
hence it is plain that the equation obtained by eliminating & from the expres- 
sions for X and Y is linear in X and Y. This straight line will henceforth be re- 
ferred to as the diameter. 

The coefficients which appear in the equation of the diameter are rational 
functions of m and the coefficients of f(x, y). The only denominators which ap- 
pear are constant multiples of A-+Bm-+Cm?, hence we may express the equa- 
tion of the diameter using polynomial coefficients by clearing of fractions. The 
method used in obtaining the equation is obviously independent of the type of 
conic under consideration, the only limitation being that A-+Bm-+Cm? is not 
zero. 

If d+Bm+Cm?=0 then there is at most one finite point of intersection of 
the line y=mx-+k with f(x, y) =0, whatever value of & is used. That is, in this 
case, there are no chords, in the ordinary sense, for the corresponding value of 
m. The parabola, for instance, has no chords parallel to its axis, the hyperbola 
none parallel to an asymptote. In the following, therefore, it will be assumed that 
A+Bm-+Cm* <0. 

We now find the equation of the diameter, using the expanded form of f(x, y) 
without making any explicit substitutions. If mx-+k were substituted for y in 
f(x, y) =0, and the condition for equal roots applied, which is also the condition 
that y=mx-+k be tangent to f(x, y) =0, the result would be (d/dx)f(x, mx+k) =0. 
However, 


d 0 0 

— f(x, ma + k) = — f(x, 9) + m — f(x, 9) 

ax Ox yum o+k oy yum c+k 
That is, the points (x, mx--+k) at which the lines of the system y=mx--k are 
tangent to the conic f(x, y) =0 lie on the straight line 


Q Q ; 
ante y) Fm a Ie y) =U. 


Now for an ellipse there are always two real points of tangency. The diameter 
plainly passes through these points, hence the above process leads to the equa- 
tion of the diameter. But we have seen that the coefficients in the equation of 
the diameter are independent of the type of conic involved. Thus, in every case, 
the differentiation process leads to the equation of the diameter. 
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An application of the above process to finding the equations of the medians 
of a triangle may be of interest. The following represents the solution in the 
general case. Let 1} =4Aix+Biy+Ci=0, Le=Axwx+Boy+C,=0, L3=Asx+Bay 
+(C3;=0 be the equations of the sides of a triangle. Let us assume that B;3<0. 
To find the equation of the median upon the side Z;=0 write the equation of 
the diameter of the degenerate conic L,L2:=0 which bisects the chords of slope 
—A;/B3. Applying the general rule of the theorem above, one arrives at the 


result: 
ba As+ B(S*)| +4445") ]=03 
1 2 2 B; 2 1 1 B; ’ 


Ly(A2B3 — A3B2) + L(A B3 _ A3B3) = 0. 


or 


In determinant form this equation becomes: 


I, —I, 0 
A, Az Ag} =0. 
B, Bz Bs 


It may be readily verified that the last equation represents the median upon the 
side L3;=0 even when B3=0. 


A COMMENT ON SNYDER’S CORRECTION FORMULA* 


EVELYN FRANK, University of Illinois 


The correction formula (2) of [5] goes back to Lagrange [4]. It is also found, 
for example, in [6], pp. 222-223, and has recently been repeated a number of 
times, for example, in [1] and [2]. In [3] it is extended to equations in 
unknowns. 
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ELEMENTARY PROBLEMS AND SOLUTIONS 
EDITED BY HowaRrD EvEs, University of Maine 


Send all communications concerning Elementary Problems and Solutions to Howard 
Eves, Mathematics Department, University of Maine, Orono, Maine. This department 
welcomes problems believed to be new, and demanding no tools beyond those ordinarily fur- 
nished in the first two years of college mathematics. To facilitate their consideration, solutions 
should be submitted on separate, signed sheets, within three months after publication of prob- 
lems. 


PROBLEMS FOR SOLUTION 
E 1216. Proposed by N. A. Court, University of Oklahoma 


The area of the triangle formed by the midpoints of three (not necessarily 
concurrent) cevians drawn through the three vertices of a given triangle is equal 
to one fourth of the area of the triangle determined by the feet of those cevians. 


E 1217. Proposed by Hiiseyin Demir, Zonguldak, Turkey 
Evaluate 
[] dtcratecd , 


al|n 
E 1218. Proposed by Robert Spira, Berkeley, Calif. 


Consider the two propositions: 
I. If (a, b) =1, then ax+-b assumes infinitely many prime values. 
II. If (a, 6) =1, then ax+06 assumes at least one prime value. 
I is Dirichlet’s theorem. Clearly I implies II. Show that II implies I. 


E 1219. Proposed by D. A. Robinson, University of Wisconsin 


The sequence {s,}, where s:=+/2 and Snyi=W/2+-+/s,) has a finite limit. 
Find this limit in closed form. 


E 1220. Proposed by Judith Blankfield, University of Illinots 
It is well known that if 
nm>n>r>:::—->)0, 
then . 


> (—1)'r, 


t=n-+1 


<r 


he 


Prove the following generalization which reduces to the above case when @=7. 


is] 
>> r eit? 


taan-+-1 


S r,/sin (6/2), 0<6<2z. 
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SOLUTIONS 
Total Number of Permutations of n Things 


E 1186 [1955, 655]. Proposed by David Freedman, Student, McGill University 


Show that the total number of permutations of » things is [z!e], where [x] 
denotes the greatest integer in x. 


Solution by P. B. Johnson, Occidental College. The total number P of permu- 
tations of 2 things is the sum of the number of permutations taken 2, n—1, 
n—-2,-++,1,0ata time. Hence 


P= Yoal/r! = nle-— > nt/rl. 


et | faan+1 


But 


0< DS al/ri < Di/(n+1* = 1/n 81, 
reon+1 san] 

whence the result. 

Also solved by A. N. Aheart, Ferrel Atkins, S. K. Berberian, D. G. Brennan, 
G. B. Charlesworth, John Christopher, A. E. Danese, R. E. Daniels and J. D. E. 
Konhauser (jointly), Marcel Delcourte, J. M. Elkin, Michael Goldberg, D. S. 
Greenstein, Nathaniel Grossman, M. J. Hellman, Vern Hoggatt, P. W. M. 
John, E. S. Keeping, D. C. B. Marsh, F. E. Milne, T. F. Mulcrone, C. S. 
Ogilvy, Hiram Paley, Walter Penney, C. F. Pinzka, L. A. Ringenberg, Azriel 
Rosenfeld, C. M. Sandwick, Sr., J. P. Scholz, W. A. Small, Bernard Smilowitz, 
O. E. Stanaitis, Art Steger, Chih-yi Wang, Alan Wayne, David Zeitlin, and the 


proposer. Late solutions by A. C. Goddard, A. R. Hyde, F. I. John, and M. 8. 
Klamkin. 


A Limit Problem 


E 1187 [1955, 655]. Proposed by James Goode, Student, Georgia Institute of 
Technology 


Find 
Qn 
lim >> 1/k. 


n> 0 k=n 


I. Solution by G. B. Charlesworth, Hofstra College. By areas 


2n+1 2n Qn 
J dufe << Dii/k< dx/ x, 
n 1 


ken n— 


whence 


2n 
In (2n + 1)/n < S°1/k < In 2n/(n — 1). 
kann 
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Therefore 


2n 
lim >) 1/k = In 2. 


II. Solution by A. E. Danese, Mount Morris, N. Y. We have 


n—l 


S1/k = SS 1/k— > 1/k 
kann ken} kas 


k=l 


=(E/e- tn 2n) ~ (3 1/k — Inn) + A/n +102. 


Since the limit of each parenthesis is Euler’s constant y, we have 


2n 
lim >> 1/k = In2. 


BHO eon 


III. Solution by O. E. Stanaitis, St. Olaf College. From the definition of a 
definite integral 


tim $°1/k = lim (1/n) S21/(1 + b/n) = [ava 4+ 2) =In2. 


Nr 0 k=uon 


IV. Solution by Albert Wilansky, Lehigh University. One may easily show by 
induction that 


2n 2n . 
dy 1/k = DY (-1)-/k, 
k=an-+1 k=] 
whence the required limit is In 2. 

Also solved by D. S. Adorno, W. A. Al-Salam, J. E. Darraugh, Marcel 
Delcourte, Hiiseyin Demir, I. A. Dodes, E. S. Eby, J. M. Elkin, Calvin Fore- 
man, A. M. Glicksman, Michael Goldberg, D. S. Greenstein, R. E. Greenwood, 
Cornelius Groenewoud, Nathaniel Grossman, M. J. Hellman, A. S. Hendler, 
T. W. Hildebrandt, Vern Hoggatt, W. H. Hooker, F. A. Homann, P. W. M. 
John, P. B. Johnson, L. M. Jordan, E. S. Keeping, M. A. Kirchberg, J. D. E. 
Konhauser, H. D. Lipsich, Kenneth Loewen, D. C. B. Marsh, Eugene McLach- 
lan, Elliott Mendelson, J. D. Miller, T. A. Newton, C. S. Ogilvy, Ingram Olkin, 
Hiram Paley, F. D. Parker, Walter Penney, W. J. Pervin, L. A. Ringenberg, 
Azriel Rosenfeld, J. W. Ross, C. M. Sandwick, Sr., L. P. Scholz, D. D. Strebe, 
Chih-yi Wang, R. M. Warten, Alan Wayne, David Zeitlin, and the proposer. 
Late solutions by A. R. Hyde, F. I. John, M. S. Klamkin, and C. F. Pinzka. 


An Orthocentric Tetrahedron 
E 1189 [1955, 655]. Proposed by N. A. Court, University of Oklahoma 


If two pairs of spheres with non-coplanar centers are such that each sphere 
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of one pair is orthogonal to the two spheres of the other pair, then the tetrahe- 
dron formed by the centers of similitude of the two pairs of spheres is orthocentric. 


Solution by P. D. Thomas, Air Force Armament Center, Eglin Air Force Base, 
Florida 


A consequence of the orthogonality conditions stated is that the two coaxial 
pencils determined by the two pairs of spheres as given are orthogonal. That is, 
every sphere of either pencil is orthogonal to every sphere of the other, and of 
course the two lines of centers are orthogonal. 

Now the sphere of similitude of each given pair (the sphere having for 
diameter the segment determined by the centers of similitude of the pair) be- 
longs to the coaxial pencil determined by that pair, and the two respective 
spheres of similitude are orthogonal. 

But the ends of two skew rectangular diameters of two orthogonal spheres 
are vertices of an orthocentric tetrahedron. Hence the proposition. 

See N. A. Court, Modern Pure Solid Geometry, pp..153, 168, 179, 185, 189, 
269. 

Also solved by Roscoe Woods and the proposer. 


A Lucky Larry 
E 1190 [1955, 655]. Proposed by R. A. Miller, University of Mississippi 


A student wrote the following in solving the problem, “Find the value of 
(3-++x)?/8 when x =3/8:” 


(3 + x)?/8 = (3 + 3/8)2/8 = 2+ 1/4 = 9/4. 
Investigate the conditions under which 
(a + b/c)™!" = (a + b/c)(m/n), 
where a, b, c, m, n are positive integers. 


Solution by E. P. Starke, Rutgers University. First we note that two different 
positive integral k (k>1) powers must differ by more than k, since 


rk — sk = (¢ — s)(rb-l + ri-2s fe + gk), 


and r—s21 and the second expression in parentheses exceeds k. 
Consider 


uml> = u(m/n), 
where 4 is positive and rational, and m, 1 are relatively prime positive integers. 
If m>n, we have u™—*=(m/n)". Since m—n and n are relatively prime, both 


m and » must be perfect (m—7x)th powers. But they differ by m—n. By our 
earlier remark this is impossible unless m—n=1. Hence m=n-+1 and 


uw=a+b/co= (14+ 1/n)* 
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with 2 arbitrary. 
The case m=n is trivial. If m<n, we have (n/m)"=u"—™ and, by the same 
argument, 2=m-+1 and 


w™=at+b/e= (1+ 1/m)™., 


The case cited by the Proposer results from 1 =3, m=2. 

Also solved by G. B. Charlesworth, Marcel Delcourte, I. A. Dodes, Michael 
Goldberg, Cornelius Groenewoud, Virginia Hanly, D. C. B. Marsh, O. C. Nuss- 
mann, C. S. Ogilvy, Walter Penney, Susan Pyeatt, Azriel Rosenfeld, G. J. 
Simmons, O. E. Stanaitis, Chih-yi Wang, R. M. Warten, H. R. Wesson, and 
Hazel Schoonmaker Wilson. Late solutions by A. R. Hyde, F. I. John, M. S. 
Klamkin, and M. A. Rashid. 


ADVANCED PROBLEMS AND SOLUTIONS 


EpitTep By E. P. STarxe, Rutgers University 


Send all communications concerning Advanced Problems and Solutions to E. P. Starke, 
Rutgers University, New Brunswick, New Jersey. All manuscripts should be typewritten 
with double spacing and margins at least one inch wide. Problems containing results believed to 
be new or extensions of old results are especially sought. Proposers of problems should also en- 
close any solutions or information that will assist the editor. In general, problems in well 
known text books or results in readily accessible sources should not be proposed for this de- 
partment. 


PROBLEMS FOR SOLUTION 
4688. Proposed by A. H. Clifford, Tulane University 


What positive integers m have the property that every positive integer less 
than is expressible as the sum of distinct divisors of 1? 


4689. Proposed by D. J. Newman, Republic Aviation Corporation, Farming- 
dale, N. Y. 


Let f(x) be any function such that f’”’(x) 20, f(z)~f(n+1). Prove that 


S (-1yo 


n=0 
tends to 4 as t—1-. 


4690. Proposed by Victor Thébault, Tennte, Sarthe, France 


Being given a tetrahedron ABCD and the tetrahedron A,B,C,D, obtained 
by passing planes through A, B, C, D parallel to the opposite faces of ABCD, 


show that 
PA? + PB? + PC? — 2PD* — PD? 
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is a constant independent of the position of point P. Extend this property to a 
skew polygon of 2 vertices. 

4691. Proposed by R. E. Johnson, Smith College 


A weakly prime ideal of a ring R is any ideal J having the property that 
either aRCJ or RaCTI implies that a is in J. Give an elementwise characteriza- 
tion of the unique minimal weakly prime ideal of R. 


4692. Proposed by A. E. Currier, United States Naval Academy 
Given f(x) defined by 


1 00 
f(x) = > + Do (— 1)", 


n=0 
prove that 
3+ 8/6 1 
i — ————- < lim inf <—-—, 
(1) 750 im inf f(#) 750 
1 3+ 8/6 
2 — <li < ——_—_—_-- 
(2) 750 ~~ imsup St) 750 
SOLUTIONS 


Digits of the Fibonacci Numbers 


4609 [1954, 646]. Proposed by Vern Hoggatt, San Jose State College, Cali- 
fornia 


Let g:(F,) be the kth digit (from the right) of F,, the mth Fibonacci number 
(Fo=0, MAi=1, Praoe=FapitPn). Let s be defined such that q:(F,)=0 for 
n=0, 1, 2,°-+, s but ge(Pi41) 40. (1) Show that the sequence g;(Fn) has at 
least another run of s-++1 consecutive zeros. (2) Prove or disprove: the sequence 
gx(F,,) has never more than s-+1 consecutive zeros. 


Editorial Note. No communication regarding this problem has been sent in, 
but some closely related questions are answered in the Proposer’s paper, A type 
of periodicity for Fibonacci Numbers, Mathematics Magazine, vol. 28, 1955, pp. 
139-142. 


“Monic Irreducible Polynomials 
4624 [1955, 126]. Proposed by H. S. Shapiro, New York University 
Let J, denote the field of integers modulo p, where » is a prime, and J,|x]| 


the ring of polynomials with coefficients in J,. Then the number of monic ir- 
reducible polynomials of degree 2 in J,[x] is equal to 


1 
— Di w(d)pr/4 


nN ajn 
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where p is the M6bius function. 


Solution by B. M. Stewart, Michigan State University. A polynomial of degree 
s which is irreducible in J,(x) divides x*"—«x if and only if s divides n. (Ex. 1, 
p. 180, MacDuffee, Introduction to Abstract Algebra.) Furthermore, x? —x has 
no repeated factors. Hence if N(p, s) indicates the number of distinct monic 
irreducible polynomials of degree s in J,(x), then 


p* = 0) SN(f, 5) 


summed over the positive divisors s of n. 
This is a perfect situation for applying the inversion formula which involves 
the Mdbius function yp. The result is 


nN(p, m) = 2) w(d)pr!4 


summed over the positive divisors d of n. 

Also solved by P. T. Bateman, Robert Breusch, L. Carlitz, L. E. Clarke, 
Harley Flanders, S. W. Golomb, D. C. B. Marsh, Arnold Walfisz, Koichi 
Yamamoto, and the Proposer. 


Editorial Note. The result may be found in many places including Dedekind, 
Journ. reine u. angew. Math., vol. 54 (1857), pp. 19-22; L. E. Dickson, Linear 
Groups (1901), p. 18; H. Hasse, Zahlentheorie (1949) p. 32—references supplied 
by readers. 


Legendre Polynomials 
4628 [1955, 186]. Proposed by L. Carlitz, Duke University 


Let p be an odd prime and let P,,(x) denote the Legendre polynomial of 
degree m, where p=2m-+1. Show that 


Pr(3) = Pu(—3) = o a (mod 9) (m even), 


where a is the unique odd integer determined by 
b= at + Bi, a =b-+1 (mod 4). 

Solution by the Proposer. Since P»(—x) =(—1)"Pm(x), it suffices to discuss 
aa shall make use of the following well known formula for the Legendre 
polynomial: 

(1) P»(1 — 2x) = F(—m, m+ 131; 2), 


where F(a, b; c; x) denotes the hypergeometric function. (For proof, see Whit- 
taker and Watson, Modern Analysis, 4th edition, p. 311). 
Now it is clear from (1) that 
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Pr(l — 2x) = (7) # (mod p). 


kun 


For x= —1 this becomes 
™ m 2 

(2) P.(3) = > —H{ ) (mod $). 
ken Rk 


For m odd the sum in the right member of (2) evidently vanishes since the kth 
term and the (m—k)th term cancel. Hence P,,(3) =0 (mod p) in this case. 
When m is even, let m=2n; then we have 


an 2n\? 2n 
@) > (=o) = -9e(""). 
k=O n 
This may be proved by comparing coefficients of x?" in both members of the 
identity 
(% — 1)2"(x + 1)?" = (x? _ 1)2". 
It follows from (2) and (3) that 
2n 
P2,(3) = (—1)( ) (mod p = 4n + 1). 
n 


But by a formula of Gauss (Theorie residuorum biquadraticorum, Werke, vol. 2, 


p. 90) 
: (”) = 2a (mod 9), 


227 \ n 


where @ is the unique odd integer determined by p=a?+)?, a=0b-+1 (mod 4). 
Since 22*= (2/p) =(—1)@-)/8=(—1)", where (2/p) is the Legendre symbol, it 
follows that P2,(3)=2a (mod p). 

The following additional remark has some interest. If p=2m-+1 23 (mod 4), 
then 


1 | = m\? 1 1 
= pals) = = (-y(") (14454 -+- =) nod 9) 
p rel r 2 r 

The problem was suggested by its connection with elliptic functions and 
particularly with the lemniscate function (see A. Hurwitz, Mathematische 
Annalen, vol. 51 (1899), pp. 196-226; Mathematische Werke, Basel, 1933, vol. 2, 
pp. 342-373). The following general result may be stated. Assume that the 
elliptic function sn x admits of complex multiplication so that the period quo- 
tient belongs to an imaginary quadratic field of discriminant d. Let k? denote 
the corresponding singular modulus and let p be an odd prime such that the 
Legendre symbol (d/p) = —1. Then P,,(1 —2k?) =0 (mod p). See Mathematische 
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Annalen, vol. 127 (1954), pp. 162-169 and Monatshefte fiir Mathemaitk, vol. 58 
(1954), pp. 77-90. This result does not, however, determine the residue of 
Pm(1—2k?) (mod p) when (d/p) = +1. 


Subring of a Radical Ring 


4629 [1955, 186]. Proposed by M. Henriksen and S. Perlis, Purdue Univer- 
sity 


A commutative ring R is called a radical ring (in the sense of Jacobsen) if 
every element has a quasi-inverse; 7.e., for every a in R, there is an x in R such 
that a+x-+ax =0. In particular, if every element of R is nilpotent, then Risa 
radical ring. Need every subring of a radical ring be a radical ring? 

I. Solution by A. J. Goldman, Princeton University. We show first that an 
arbitrary commutative ring R (radical or not) without unity can be imbedded 
in a radical ring R”’. Imbed R in a commutative ring R’ with unity (it is well 
known that this can be done) and let F be the quotient field of R’. Then R is 
imbedded in the subring R” of F consisting of all elements of the form a/(1+0), 
where a and 6 range through R; it is clear that R” is actually a ring. R” is radical 
because a/(1-+0) has the quasi-inverse —a/(1-+a-+0d). 

To answer the question in the negative, it now suffices to exhibit a commuta- 
tive ring R without unity which is not radical. The even integers form such a 
ring, since the element 2 has no quasi-inverse. 

II. Solution by P. M. Cohn, the University, Manchester, England. Let R be 
the ring of formal power series in x over a field F, with zero constant term. Then 
R is a radical ring since any f in R has the quasi-inverse —f+/f?—/f*-+ ---.The 
polynomials in R form a subring S which is not a radical ring since it contains 
x but no quasi-inverse of x. For if 


f= ax ™te-+ + anx (a, ¥ 0) 


were a polynomial satisfying x +f-+xf=0, then, by equating the coefficient of 
x"t1 to zero we obtain a, =0, which is a contradiction. Thus no non-zero element 
of S is a quasi-inverse of x; also zero is not. 

Also solved by W. R. Abel and C. D. Gorman, E. H. Batho, S. W. Golomb, 
C. R. Phelps, Gustave Rabson, R. B. Reisel, D. W. Sasser, W. R. Scott, M. F. 
Smiley, M. L. Tomber, Jerrold Yos, and the Proposer. 


A Continued Fraction Related to the Bessel’s Functions 
4631 [1955, 187]. Proposed by F. H. Northover, Memorial University of 
Newfoundland 


Evaluate the unending continued fraction 
1 1 1 


— see sae 868 88 


1 
us 3+ 4+ 


Solution by D. J. Newman, Republic Aviation Corporation, Farmingdale, 
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N. Y. Applying the method of continued fractions to the differential equation 
y=xy'’ (See Ince, Differential Equations, p. 178) we obtain 


vy! % “4 4 


xX = ee ee ee er ee | 


y 2+ 3+ 4+ 


for some solution y. (Namely, letting x0, it is that solution for which y(0) =0, 
y’(0) =1). All that remains then is to solve the equation 


y= ay”, y0)=0, y'(0) =1 


and our answer will be y’(1)/y(1). 

The differential equation is of the Bessel type and the required solution is 
then y=x"/27,(2x"/*), whence y’=J)(2x1/2). This gives as our final answer 
Iy(2)/1(2), or in series form 


ioe) 1 (va) 1 
2 cn / py ni(n + 1)! ) 


A numerical value, 1.433127, is easy to obtain either from the series or from 
convergents to the continued fraction. 

Also solved by Leonard Carlitz, M. Delcourte, V. C. Harris, P. G. Kirmser, 
D. H. Lehmer, Erich Michalup, C. D. Olds, C. F. Pinzka, C. C. Sams, R. E. 
Shafer, M. R. Spiegel, Chih-yi Wang, Alan Wayne, and the Proposer. 


Editor1al Note. The proposed continued fraction is a special case of many in 
the literature. Solvers referred to Chrystal, Algebra, vol. 2, p. 494, and pp. 520- 
522; Erdelyi, et al., Higher Transcendental Functions, vol. 2, formula 7.11(23); 
H.S. Wall, Continued Fractions, p. 349; Perron, Die Lehre von der Kettenbriichen, 
p. 299 and pp. 479-480. 


RECENT PUBLICATIONS 
EpitEepD By E. P. VANcE, Oberlin College 


All books for review should be sent directly to E. P. Vance, Oberlin College, Oberlin, Ohto. 


Transform Calculus with an Introduction to Complex Variables by E. J. Scott. 
‘Harper and Brothers, New York, 1955. 8-+330 pages. $7.50. 


In the introduction the author indicates that this book is directed toward 
advanced undergraduate and graduate students, mainly in physics, chemistry, 
and engineering. For this audience it is excellent, providing them with many 
techniques and specific results of much importance in their work. Mathematical 
rigor is attempted within reason, but the author’s emphasis is more on vigor 
than on rigor. He does not attempt the most general known statement of a 
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theorem if its proof would take him through circuitous pedantics. Thus he con- 
fines himself to piecewise continuity in his statement of the Fourier integral 
theorem (which he does not prove). Some theorems are stated imperfectly, and 
the English is not always perfect. Some discussions might be written more satis- 
factorily from the logician’s viewpoint, but it would be difficult to do this with- 
out spoiling their pedagogic value. There are some misprints. 

Chapter I gives the highlights of the theory of functions of a complex vari- 
able. Chapter II introduces the Fourier and Laplace transforms and their in- 
verses. Some highlights of the theory of the Laplace transform are given in 
Chapter ITI, and are applied to ordinary differential equations with constant 
coefficients in Chapter IV. Chapter IV contains a number of examples of prac- 
tical interest from electric circuit theory and elasticity. 

In Chapter V matrix concepts are introduced and applied to systems of 
linear differential equations of the type that occur in multiple degree of freedom 
electrical and mechanical systems. These are solved using the Laplace trans- 
form. A number of examples involving actual applications to electrical and 
mechanical networks are given. 

In Chapter VI, the Laplace transform is applied to the solution of difference 
equations; in particular several applications are made to mechanical and electri- 
cal problems. 

Chapter VII is a long chapter in which the Laplace transform is applied to 
the solution of linear partial differential equations. Diffusion is treated in detail, 
and some transmission line problems are solved. Longitudinal and transverse 
vibrations of a bar are treated, as well as transverse vibrations in a string. The 
emphasis is upon the particular applications. Nothing like a unified theory of 
elliptic, hyperbolic, or parabolic equations is attempted. 

In Chapter VIII, Gamma, Error, Fresnel, and Bessel functions are briefly 
introduced, as well as asymptotic series and some simple integral equations. 
The author is to be commended for employing the standard notation Y,(¢) for 
the now universally employed second solution of the Bessel equation which is 
due to Weber. Jahnke and Emde erroneously attributed this function to Neu- 
mann and changed the notation to N,(¢). Unfortunately many electrical engi- 
neers in this country have followed this schismatic practice. 

Chapter IX treats some partial differential equations of a more complicated 
nature which involve the special functions introduced in Chapter VIII. A 
number of problems of practical interest are worked. 

In the last chapter, Chapter X, the author introduces what he calls finite 
Fourier transforms. The resulting theory is equivalent to the theory of Fourier 
series. He also introduces what he calls the finite Hankel transform. The result- 
ing theory is equivalent to the theory of Fourier-Bessel series. 

This book will provide engineers and physical scientists with a good many 
techniques that they will find important. It will not be satisfactory as a last 
word on the subjects treated to the mathematics major (for instance, a mathe- 
matics major ought to be able to prove Fourier’s theorem). On the other hand, 
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a good many mathematics students would be much better off for having had a 
course of this type. There might then be fewer members of that forlorn group 
of non-productive Ph.D.’s who know theorems precisely, but have no idea what 
in the world to do with them. 
A valuable feature of the book is its many examples and illustrations. The 
typography is excellent. 
EF. PINNEY 
University of California 
Berkeley, California 


Numerical Methods. By A. D. Booth. New York, Academic Press. 1955. 7-+195 
pages. $6.00. 


This is a small book (187 pages) covering a wide range of topics in Numerical 
Analysis. Since it covers such a wide range of topics the treatment of each sub- 
ject is necessarily brief. The author states that the book was prepared with 
automatic computing equipment in mind; therefore, there is emphasis on meth- 
ods suitable for use with automatic computing equipment. 

The book starts with interpolation formulas using finite differences. Numer- 
ical integration and differentiation is the subject of the next chapter. Summation 
of series and the solution of ordinary and partial differential equations, as well 
as the solution of linear and non-linear systems of equations, are treated. The 
book ends with approximating functions, Fourier synthesis and analysis, and 
Monte Carlo methods. 

There are some misprints in the book. For example, on Page 2 read SWAC 
for SEAC. Clearly, formula 4.6.12 on Page 39 should read sny"/m instead of 
Smy™. In many places in Chapter 6 the error terms of formulas involve factors 
such as f‘® max. These should be replaced by terms of the form f(s) where s 
is some point in the interval under consideration. With these indications of lack 
of care in the statement of formulas, one realizes that other formulas in the book 
must be used with caution. 

However, the development of high speed computing equipment has increased 
the demand for material on numerical analysis so this book should be part of the 
library of all those interested in computation. 

H. D. HuskKry 
University of California 


Automatic Feedback Control System Synthesis. By J. G. Truxal. McGraw-Hill, 
New York. Electrical and Electronic Engineering Series, 1955, xiii-+675 
pages. $12.50. 


This book is intended as an engineering text and reference. It achieves the 
second aim much more successfully than the first. The book is based on a second 
course in servomechanisms as taught by the author. The book contains many 
cases where initial references are made apparently to content material of the 
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first course. In some of these instances a text reference is given, but this pro- 
cedure is confusing when reading the book per se. 

The book is replete with completely solved examples. In fact there is a tend- 
ency to explain by using many specific illustrations. The book might have been 
considerably reduced in size with little loss if proofs were given or generalized 
illustrations used. The detail with which examples are worked out is also ex- 
cessive. At this level for example, it should not be necessary to work out poly- 
nomial long divisions in detail. 

The contents are divided as follows: 

Chapter 1, Introduction; develops Laplace Transform Techniques. 

Chapter 2, Signal-flow Diagrams and Feedback Theory; and Chapter 3, 
Synthesis of RC Networks; develop the basic theory of network synthesis 
and circuit stability. 

Chapter 4, Root-locus Methods; Chapter 5, Synthesis through Pole-zero 
Configurations; and Chapter 6, Design in the s Plane; constitute the major 
contribution of the book. Here the details of techniques for linear network 
synthesis are described fully. 

Chapter 7, Principles of Statistical Design; Chapter 8, Application of 
Statistical Design Principles; and Chapter 9, Sample-data Control Systems; 
develop the statistical treatment leading to system design techniques where 
noise is involved. 

Chapter 10, Non-linear Systems and Describing-function Analysis; and 
Chapter 11, Phase-plane Analysis; discuss several methods of treating non- 
linear systems. | 
From a mathematical point of view it is distressing to find the author ac- 

centuating Laplace Transform theory as the only essential mathematical tool 
necessary for servo-engineers. A much healthier approach would be to accentu- 
ate the value of a strong mathematical background for all engineers. 

Generally the book is well written and well printed. Few misprints were 
noted. The book is comprehensive and should prove useful as a reference for the 
field. 

PAUL BROCK 
Electro Data Corporation 
Pasadena, California 


NEW BOOKS RECEIVED 


Modern Trigonometry. By W. A. Turledge and J. A. Pond. Englewood Cliffs, 
N. J., 1956. 11+243 pages. 

An Introduction to Mathematics. By L. E. Boyer. New York, Henry Holt 
and Co., 1956. 16-+528 pages. $5.25. 

Nellie Landblom’s Copybook for Beginners in Research Work. By Nellie 
Thompson Landblom. Multigraphed book available from author, P. O. Box 
248, Fort Collins, Colorado, 1955. 118 pages. $2.95. 
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Elements of Business Mathematics for Colleges. Llewellyn R. Snyder. New 
York, McGraw-Hill Book Co., 1956. x-+249 pages. $3.75. 

Carl Friedrich Gauss: Titan of Science. A Study of His Life and Work. By 
G. W. Dunnington. New York, Exposition Press, 386 Fourth Ave., New York 
16, N. Y., 1955. xi+479 pages. $6.00. 

Surface Area. By Lamberto Cesari. Princeton, N. J., Princeton University 
Press, 1956. x +595 pages. $8.50. 

Articles et Memoires—TI, La variable complexe, II, Le champ reel—Notices— 
Arnaud Denjoy. Paris, Gauthier-Villars, 1955. Vol. 1, x-+507 pages and Vol. 2, 
vi+600 pages. 2 volumes $15.03. 

Calculus, Differential and Integral, with Problems and Solutions. By G. M. 
Peterson and R. F. Graesser. Ames, Iowa. Littlefield, Adams and Co., 1956. 
10+321 pages. $1.75. 

Through the Mathescope. By C. S. Ogilvy. New York, Oxford University 
Press. 1956. vili +162 pages. $4.00. 

Elementary Topology. By D. W. Hall and G. L. Spencer. New York, John 
Wiley and Sons, 1955. xii +303 pages. 

Tracts for Computers, No. XX VI, Correlated Random Normal Deviates. By 
E. C. Fieller, T. Lewis and E. S. Pearson. New York, Cambridge University 
Press, 1956. 60 pages. $2.00. 

Spheroidal Wave Functions, Including Tables of Separation Constants and 
Coefficients. By J. A. Stratton, P. M. Morse, L. J. Chu, J. D. C. Little and F. J. 
Corbato. Published jointly by the Technology Press of M.I.T. and John Wiley 
and Sons, Inc., New York, 1956. xiii+613 pages, $12.50. 

Plane Waves and Spherical Means Applied to Partial Differential Equations. 
By Fritz John. New York, Interscience Publishers, Inc., 1955. 180 pages. $4.50. 

Experimental Design. By W. T. Federer. New York, The Macmillan Com- 
pany, 1955. xix-+544-++47 pages of problems. $11.00. 

Mathematics of Finance, Second Edition. By P. M. Hummel and C. L. See- 
beck, Jr. New York, McGraw-Hill Book Company, 1956. xi: 372 pages. $4.75. 

Analytic Geometry, Fifth Edition. By C. E. Love and E. D. Rainville. New 
York, The Macmillan Co., 1955. xiv-+302 pages. $4.00. 

Elementary Statistics for Students of Social Science and Business. By R. C. 
Sprowls. New York, McGraw-Hill Book Company, 1955. xiii+392 pages. $5.50. 

Analytic Geometry and Calculus. By T. S. Peterson. New York, Harper and 
Brothers, 1956. ix+456 pages. $5.50. 

Introduction to Numerical Analysis (International Series in Pure and Applied 
Mathematics). By F. B. Hildebrand. New York, McGraw-Hill Book Company, 
1956. x +511 pages. $8.50. 

Mathematical Theory of Elasticity, Second Edition. By I. S. Sokolnikoff. 
New York, McGraw-Hill Book Company, 1956. xi-+476 pages. $9.50. 

Plane Trigonometry, Third Edition. By A. L. Nelson and K. W. Folley. 
New York, Harper and Brothers, 1956. xi--+134 pages. $3.50. 
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Numerical Analysis. By Zdenek Kopal. New York, John Wiley and Sons, 
Inc., 1955. xiv-+556 pages. $12.00. 

Methods in Numerical Analysis. By K. L. Nielsen. New York, The Macmil- 
lan Company, 1956. viii+382 pages. $6.90. 

An Introduction to Linear Algebra. By L. Mirsky. New York, Oxford Uni- 
versity Press, 1956. xii +433 pages. $5.60. 


NEWS AND NOTICES 
EDITED BY Epita R. SCHNECKENBURGER, University of Buffalo 


Readers are invited to contribute to the general interest of this department by sending news 
items to Edith R. Schneckenburger, University of Buffalo, Buffalo 14, New York. Items 
should be submitted at least two months before publication can take place. 


SUMMER SESSIONS 


The following institutions announce advanced courses in mathematics for 
the summer of 1956. 

Michigan State University. June 26 to August 3: Professor Arnold, correlation 
analysis; Professor Hill, advanced calculus I, functions of a complex variable; 
Professor J. B. Kelly, differential equations, matrices and groups; Professor 
Meixner, potential theory, mathematical theory of continuous matter; Professor 
Stewart, projective geometry. June 26 to August 24: Dr. Berberian, mathe- 
matics of engineering; Professor Blair, functions of a real variable, algebraic 
systems of continuous functions; Dr. Faith, advanced calculus IJ; Professor 
Hannan, analysis of variance; Professor L. Kelly, differential equations, vector 
analysis, combinatorial topology; Mr. Laurent, statistical methods in engineer- 
ing. 
Stanford University. June 25 to August 17: Professor Weinberger (University 
of Maryland), approximation of quadratic functionals; Professor Lax (New 
York University), selected topics from analysis; Professor Spencer (Princeton 
University), seminar. 

State University of Iowa. June 12 to August 8: Professor Hogg, introduction 
to mathematical statistics, statistical hypotheses; Professor Johnson, astron- 
omy; Professor Knowler, operations research, actuarial aspects of casualty insur- 
ance; Professor Muhly, advanced calculus, group theory; Professor Price, the 
supervision of mathematics, laboratory in the construction of teaching aids in 
mathematics; Professor Smiley, matrices and determinants, introduction to 
advanced mathematics; Professor Woods, studies in secondary geometry, differ- 
ential equations. 
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University of Michigan, School of Education. June 25 to July 13: The Work- 
shop for College Professors will present a program designed to help college teach- 
ers develop new ideas and fresh materials for their academic courses. Such topics 
as course planning, teaching techniques, and evaluation will be discussed. For 
further information write to Director A. D. Henderson, 2442 U.E.S., University 
of Michigan, Ann Arbor, Michigan. 

University of Minnesota, College of Science, Literature, and the Arts. June 11 
to July 14: Professor Carlson, differential equations, non-euclidean geometry; 
Dr. Orey, Fourier series and orthogonal functions; Visiting Professor Roy, 
analysis of variance and multivariate analysis II, statistical models in the social 
sciences. July 16 to August 18: Professor Gelbaum, integral equations, inter- 
mediate differential equations; Professor Hatfield, Jr., Fourier series and orthog- 
onal functions, II. June 18 to July 21: A Summer Institute for High School 
Teachers of Mathematics, carrying graduate credit, will be given with the sup- 
port of the Hill Family Foundation. | 

University of Pittsburgh. June 11 to July 20, July 23 to August 31: Professors 
Blumberg and Christiano, differential equations, advanced calculus; Professor 
Bryson, vector analysis; Professor Taylor, functions of a complex variable; 
Professor Levine, modern algebraic theories; Professor Laush, infinite series, 
Lie theory of groups (second six weeks); Professor Bompiani, geometry of 
differential elements; Professor Elyash, advanced function theory (first six 
weeks). June 18 to August 10 (evenings): Professor Knipp, mathematics of 
modern engineering; Professor Bryson, Laplace transform theory and applica- 
tions (second half of two semester course). July 2 to August 10: Professor Vog- 
eley, differential equations for students of engineering; Professor Edwards, 
mathematical theory of statistics; Professor Teats, history of mathematics; Pro- 
fessor Myers, recreational mathematics for teachers, theory of equations; Mr. 
Kachun, navigation for teachers; Professor Knipp, teaching of secondary school 
mathematics. 

University of Virginia. June 18 to August 14: Professor Ball, advanced cal- 
culus and applied mathematics; calculus of variations; Professor Floyd, topo- 
logical groups. July 3 to August 14: Professor Ball, foundations of geometry. 


CLIFFORD BREWSTER UPTON FELLOWSHIP 


The American Book Company has established a fellowship in honor of Pro- 
fessor Emeritus Clifford Brewster Upton for graduate study in the Teaching of 
Mathematics at Teachers College, Columbia University. Three thousand dol- 
lars will be awarded annually to a student in the teaching of mathematics in 
elementary schools, in secondary schools, or in teacher training institutions. 
Inquiries should be made to the Chairman of the Committee on Fellowships 
and Scholarships, Teachers College, Columbia University, New York 27, New 
York, before May 1, 1956. Formal applications, together with all supporting 
materials, must be filed with the Committee by June 1, 1956. 
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CALIFORNIA CONFERENCE FOR TEACHERS OF MATHEMATICS 


The 1956 California Conference for Teachers of Mathematics will be held 
at the University of California at Los Angeles from June 20 through July 3. The 
purpose of this conference is to bring together teachers interested in mathemat- 
ics—arithmetic through calculus—to study common problems in the teaching 
of mathematics. For further information write to University of California Ex- 
tension, Mathematics, Los Angeles 24, California. 


PERSONAL ITEMS 


Assistant Professor J. W. Lindsay of Texas Technological College has been 
awarded a Danforth Foundation Teachers Study Grant for the year 1956-1957. 
He will spend the year at the University of California at Los Angeles. 

Illinois Institute of Technology announces the following: Mr. Michel Mc- 
Kiernan, previously a graduate assistant at the Institute, and Dr. Abe Sklar, 
formerly an assistant at California Institute of Technology, have been appointed 
to instructorships. 

Kansas State College reports: Professor P. M. Young has been appointed 
Associate Dean of the School of Arts and Sciences; Professor R. G. Sanger, 
formerly the Acting Associate Dean of the School of Arts and Sciences, has re- 
sumed his duties as Head of the Department of Mathematics. 

At Wartburg College: Professor J. O. Chellevold, head of the Department of 
Mathematics, has been appointed Acting Dean of the Faculty; Mr. Richard 
Wideranders of Estherville Junior College, Iowa, has been appointed to an 
instructorship. 

Mr. R. G. Albert, formerly a graduate student at Harvard University, has a 
position as a programmer for the Datamatic Corporation, Newton Highlands, 
Massachusetts. 

Mr. P. N. Armstrong, previously a technical engineer for the International 
Business Machines Corporation, Endicott, New York, is an engineer for the 
Magnavox Company, Santa Monica, California. 

Mr. R. V. Benson of Los Angeles City College has been appointed to an 
instructorship at Long Beach City College. 

Dr. W. J. Berger, formerly a mathematician at R.C.A. Service Company, 
Patrick Air Force Base, Cocoa, Florida, now has a position as a mathematician 
with the Raydist Navigation Corporation, Hampton, Virginia. 

Assistant Professor D. R. Bey of Illinois State Normal University has been 
promoted to an associate professorship. 

Dr. E. E. Blanche, previously an analyst with the Research and Develop- 
ment Division, Department of the Army, Washington, D. C., is President and 
Senior Research Scientist of Ernest E. Blanche and Associates, Rockville, 
Maryland. 

Mr. H. L. Carlson, formerly an electronic applications specialist for the 
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National Cash Register Company, Dayton, Ohio, is employed as a computing 
engineer by Douglas Aircraft Company, Santa Monica, California. 

Mr. D. A. Cope, recently an engineer for the Glenn L. Martin Company, 
Baltimore, Maryland, has accepted a position as a senior research engineer for 
the Consolidated-Vultee Aircraft Company, San Diego, California. 

Mr. H. N. Garber, formerly National Science Foundation fellow at Massa- 
chusetts Institute of Technology, has a position as a management assistant with 
the Radio Corporation of America, Camden, New Jersey. 

Miss Jane C. Ingersoll, previously an operations analyst at the Operations 
Research Office, Chevy Chase, Maryland, has been appointed to an instructor- 
ship at the University of Maryland. 

Mr. Seymour Landau, formerly an instructor at the University of Connecti- 
cut, is now an actuary for the New York City Transit Authority, New York. 

Mr. R. L. Mentzer of Teachers College of Connecticut has been promoted to 
an assistant professorship. 

Associate Professor E. N. Nilson of Trinity College, Connecticut, has a posi- 
tion as a project engineer for Pratt and Whitney Aircraft Corporation, East 
Hartford, Connecticut. 

Dean Emeritus and Professor J. R. Overman of Bowling Green State Uni- 
versity is retiring in June 1956. He was the first member of the teaching staff, 
first Chairman of the Department of Mathematics, and first Dean of the College 
of Liberal Arts, Dean of Men, and Dean of Faculties. The University’s Board of 
Trustees recently honored Dr. Overman by naming the new science building 
Overman Hall “in recognition of his unique service and contribution in the 
development and progress of the University.” 

Mr. J. L. Pallone, assistant actuary for Woodward and Fondiller, Inc., New 
York, New York, has been appointed to an instructorship at Polytechnic Insti- 
tute of Brooklyn. 

Assistant Professor H. C. Parrish of North Texas State College has been 
promoted to an associate professorship. 

Mr. J. B. Roberts of Reed College has been promoted to an assistant pro- 
fessorship. 

Dr. D. T. Sigley, formerly a physicist at Johns Hopkins University Physics 
Laboratory, is employed as Associate Director of the Engineering Laboratories, 
American Machine and Foundry Company, Greenwich, Connecticut. 

Assistant Professor James C. Smith, Jr., of Loyola University of Los Angeles 
is a teacher in the Extension Division, University of California at Los Angeles. 

Mr. G. E. Waldman, a teacher at Tottenville High School, Staten Island, 
New York, has been appointed Acting Chairman of the Department of Mathe- 
matics. 

Dr. E. A. Walker, recently a graduate student at the University of Kansas, 
is employed as a mathematician at the National Security Agency, Washington, 
D.C. 
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Dr. G. P. Weeg, a mathematician at Engineering Research Associates, St. 
Paul, Minnesota, is now employed in the Systems Analysis Department, Rem- 
ington Rand Univac Division of the Sperry Rand Corporation, St. Paul, Minne- 
sota. 

Mrs. Elizabeth S. Wolf, formerly an instructor at Indiana Technical College, 
has a position as a computer in the Advanced Development Division of the Avco 
Manufacturing Company, Stratford, Connecticut. 

Dr. Albert Wolinsky, previously an associate physicist with the Farrand 
Optical Company, New York, New York, has a position as a staff member of the 
General Precision Laboratory, Pleasantville, New York. 


Associate Professor Willie E. Clark, chairman of the Department of Mathe- 
matics of Agricultural, Mechanical, and Normal College, Pine Bluff, Arkansas, 
died on December 4, 1954. 

Captain C. E. Dimick, United States Coast Guard (ret.), professor and head 
of the Department of Mathematics of the United States Coast Guard Academy, 
died on January 2, 1956. He was a charter member of the Association. 

Professor Emeritus C. C. Grove of City College of the City of New York died 
on January 12, 1956. He was a charter member of the Association. 


THE MATHEMATICAL ASSOCIATION OF AMERICA 


Oficial Reports and Communications 
THE NOVEMBER MEETING OF THE PHILADELPHIA SECTION 


The annual meeting of the Philadelphia Section of the Mathematical Asso- 
ciation of America was held at the University of Pennsylvania on November 26, 
1955. Professor T. L. Koehler, Chairman of the Section, presided. There were 
87 present, including 64 members of the Association. By-Laws for the Section 
were adopted by vote of those present. 

Officers of the Section for the year 1955-1956 are: Chairman, Professor J. C. 
Oxtoby, Bryn Mawr College; Secretary, Professor G. C. Webber, University of 
Delaware; Members at Large—for three years, Professor N. J. Fine, University 
of Pennsylvania; two years, Professor T. L. Koehler, Muhlenberg College; one 
year, Dr. Bryant Tuckerman, Institute for Advanced Study. 

‘The following papers were presented: 


1. A report on the Ford Foundation study on the integration of high school and 
college mathematics, by Professor H. W. Brinkmann, Swarthmore College. 


Professor Brinkmann reported on the present status of the School and College Study of Ad- 
mission with Advanced Standing as it concerns mathematics. He gave a brief summary of the 


1956] THE MATHEMATICAL ASSOCIATION OF AMERICA 361 


results of the mathematics examinations given last spring and of the Conference of Mathematics 
Teachers held at Williams College in June. The work of the Committee on Mathematics, as well as 
that of the other committees, is being carried on by the College Entrance Examination Board. 
Examinations for advanced standing will therefore be available (beginning next May) for any 
candidates who wish to take advantage of them. 


2. Dedekind sums and classes of modular substitutions, by Professor Hans 
Rademacher, University of Pennsylvania. 


The modular matrices 
a ob . 
M = ( ) (a, b, c, d integers, ad — bc = 1). 
C 


form a group I’. Two matrices Mand M’ are called similar if there exists an LET such that 
M' = LOML. 
The relation of similarity splits T into classes. An invariant for similarity is obviously the trace 
s=a-+d. Another invariant can be defined as follows: 
b 


7z forc = 0 
W(M) = atd 
— 12 sign c-s(a, | ¢| ) — 3sign (c(a + d)) forc ~ 0 
where s(h, 2) is the Dedekind sum 
Rl (hy hy 1 
jay = Age pe h8) =. 
i,t) = 2 IE - [1-3 (h, 8) 


The invariant W has the properties 
W(-M) =), = Y(M) = — ¥(M). 


The inhomogeneous modular group I™ (1.e. the factor group I'/E, where E consists of two elements, 
the unit matrix J and —J) can be generated by two elements T, U with 


t=(o) 8 =o) 


P= W= 1, 
Any MeEI™ has therefore a unique representation 
M = U®TUSa.-» YUoTUs+ 


with 0, ¢4.=0, £1, ¢= +1, 7=1, 2, - --». The paper gives then another determination of ¥(M) 
by means of the ¢;. 


such that 


3.. Flexagons, by Professor R. J. Wisner, Haverford College. 


During the last few years, a number of people have shown interest in certain geometric objects 
usually called flexagons. Three notes have been published about two of these: the one with three 
and the one with six physical faces. A method of constructing flexagons with 223 physical faces, 
some properties of “regular” flexagons, a possible algebraic definition, and the use of flexagons as 
realizations of certain groups are shown. The results are a part of joint work by Professor C. O. 
Oakley and the speaker. 
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4. On differential operators, by Professor William Feller, Princeton Univer- 
sity. 


The differential operator 0 defined by Of =af’’+df’+c¢f, where a>0, has the characteristic 
property: if f has a local minimum at %o and f(xo) =0 then Of(%o) 20. The speaker described the 
form of the most general operator with this property, and the advantages arising from such 
generalized differential operators instead of Q. 


5. Pea soup, tripe and mathematics, by Professor Morris Kline, New York 
University. 


The speaker contends that the usual material taught to freshmen, namely, college algebra and 
trigonometry, is meaningless, unmotivated, lacking in esthetic qualities and incoherent. These 
deficiencies account for the usual negative student reaction to freshman mathematics. This paper 
also presents objections to the replacement of this conventional material by rigorous abstract 
mathematics such as set theory, symbolic logic, Dedekind cuts, groups and fields and the like. The 
recommendation made in this talk is that mathematics be tied intimately to physical problems and 
to its cultural setting and significance. Physical problems should provide the motivation, meaning 
and significance at the same time that the role of mathematics in idealizing and reasoning about 
physical problems is given the chief attention so that the course is definitely one in mathematics 
and not a part of a physical science course. Other values of mathematics that can be presented in 


such an approach are included. 


G. C. WEBBER, Secretary 
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725 pages, $5.00 


COLLEGE ALGEBRA, 2nd Edition 


Notable for its accuracy, logic, and flexibility, this first-year text presents 
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THE BASIC CONCEPTS OF ALGEBRAIC LOGIC 
PAUL R. HALMOS, University of Chicago 


1. Introduction. [t has often happened that a theory designed originally as 
a tool for the study of a physical problem came subsequently to have purely 
mathematical interest. When that happens, the theory is usually generalized 
way beyond the point needed for applications, the generalizations make contact 
with other theories (frequently in completely unexpected directions), and the 
subject becomes established as a new part of pure mathematics. The part of 
pure mathematics so created does not (and need not) pretend to solve the physi- 
cal problem from which it arises; it must stand or fall on its own merits. 

Physics is not the only external source of mathematical theories; other disci- 
plines (such as economics and biology) can play a similar role. A recent (and 
possibly somewhat surprising) addition to the collection of mathematical cata- 
lysts is formal logic; the branch of pure mathematics that it has precipitated 
will here be called algebraic logic. 

Algebraic logic starts from certain special logical considerations, abstracts 
from them, places them into a general algebraic context, and, va the generaliza- 
tion, makes contact with other branches of mathematics (such as topology and 
functional analysis). It cannot be overemphasized that algebraic logic is more 
algebra than logic. Algebraic logic does not claim to solve any of the vexing 
foundation problems that sometimes occupy logicians. All that is claimed for it 
is that it is a part of pure mathematics in which the concepts that constitute the 
skeleton of modern symbolic logic can be discussed in algebraic language. The 
discussion serves to illuminate and clarify those concepts and to indicate their 
connection with ordinary mathematics. Whether the subject as a whole will 
come to be considered sufficiently interesting and sufficiently deep to occupy a 
place among pure mathematical theories remains to be seen. 

The literature of algebraic logic is not yet very extensive, and the few items 
that are available are highly technical. It is for that reason that this expository 
paper was written; its main purpose is to kindle interest in a young but promis- 
ing subject. In such a context it does not seem to be appropriate to burden the 
reader with the usual scholarly references and assignments of credit. At the very 
least, however, the names of the principal contributors should be mentioned. 
Here they are: Curry, Henkin, Rasiowa, Sikorski, and Tarski. Many of the ideas 
of algebraic logic have been in the air for several years and were known, at least 
subconsciously, by most logicians. The greatest contributions are those of 
Tarski; especially relevant is his work (with Jénsson) on Boolean algebras with 
operators and his theory of cylindric algebras. (Most of the latter material is 
unfortunately unpublished.) The reader who wishes to study the details will find 
exact references in two papers on algebraic logic by the present author; the 
first is in Compositio Mathematica (1955), and the second is to appear in Funda- 
menta Mathematicae (1957). 
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2. Boolean algebras. The father of algebraic logic is George Boole; it is 
appropriate that a discussion of the subject begin with a quick review of the 
algebras that bear his name. The shortest definition of Boolean algebras is in 
terms of the theory of rings: a Boolean algebra is a ring with unit in which every 
element is idempotent (z.e., if p is in the ring, then p? = p). The simplest example, 
and one that plays a vitally important role throughout the theory, is the field 
of integers modulo 2; this Boolean algebra will be denoted by O. 

Boolean algebras have an almost embarrassingly rich structure. It is, for 
instance, an easy consequence of the definition that a Boolean algebra always 
has characteristic 2 (4.e., p-+=0) and that as a ring it is always commutative 
(t.e., pg=qp). In every Boolean algebra there is, moreover, a natural order rela- 
tion; it is defined by writing pSq if and only if pg=p. The algebraic structure 
and the order structure are as compatible as they can be. The algebraic zero is 
also the order zero (z.e., the least element of the algebra), and the algebraic unit 
is also the order unit (z.e., the greatest element of the algebra); in other words, 
0<pS1 for every p. With respect to the order, the algebra turns out to be a 
complemented lattice. The lattice operations can be expressed in terms of the 
given algebraic operations, as follows: the complement of p, denoted by ’, is 
1+ 4; the infimum of p and gq, denoted by pq, is pq; and the supremum of p 
and g, denoted by pvgq, is p+q+ 5g. 

The process of defining many useful operations and relations in a Boolean 
algebra, in terms of addition and multiplication, is to a large extent reversible. 
This fact is responsible for the abundance of different axiomatic approaches to 
the subject. A Boolean algebra can be defined in terms of its partial order, or in 
terms of complements and suprema, or in terms of complements and infima, 
and so on and so forth ad almost infinitum. Thus, for instance, since sums and 
products can be expressed in terms of complements and infima (pg=pAq and 
p+q=(p'4q’')'’A(pAq)’), it follows that if a set admits a unary operation 
and a binary operation satisfying the appropriate conditions, then that set is a 
Boolean algebra. (It isn’t really, but it is close enough to make the distinction 
pedantic. What should be said is that if addition and multiplication are defined 
as indicated above, then the set, together with the defined operations, consti- 
tutes a Boolean algebra.) The appropriate conditions are simple to describe. 
They require that the underlying set contain at least two distinct elements, and 
that 


(I 1) PA(gAr) = (PAQAT, 

(I 2) pag = qrp, 

(I 3) if paq =rar’, then paq= ?, 
(I 4) if pag =>, then pad’ =rar’, 


for all elements ~, g, and 7. (Caution: (I 3) means that if pA q’=rAr’ for some 
ry, then pAq=p), and (I 4) means that if pAq=p, then pAq’=rAr’ for all r.) 
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Since, inside a fixed non-empty set, set-theoretic complementation and the for- 
mation of set-theoretic intersections do satisfy these conditions, any class of 
sets that is closed under these two operations is a Boolean algebra. The class 
of all subsets of a non-empty set is the most easily described (but far from the 
only) example of a Boolean algebra obtained in this way. 

[Terminological purists sometimes object to the Boolean use of the word 
“algebra.” The objection is not really cogent. In the first place, the theory of 
Boolean algebras has not yet collided, and it is not likely to collide, with the 
theory of linear algebras. In the second place, a collision would not be cata- 
strophic; a Boolean algebra is, after all, a linear algebra over the field of integers 
modulo 2. The last, but not the least, pertinent comment is a pragmatic one. 
While, to be sure, a shorter and more suggestive term than “Boolean algebra” 
might be desirable, the nomenclature is so thoroughly established that to change 
now would do more harm than good. | 

It is amusing and instructive to compare the axiom system (I) with the 
following, somewhat unorthodox, system of axioms for groups. A group may be 
defined as a non-empty set with a unary operation (p—>p-) and a binary opera- 
tion ((~, g)—p Xq) such that 


(IT 1) PX (qxXr) = (XQ) Xr, 
(II 2) (PXQ = XP, 

(II 3) if pXq=rXr, then p=q, 
(II 4) ifp=gq, then pXq=rxXr, 


for all elements p, g, and r. (Caution: (II 3) means that if pXq=r Xr for some r, 
then p=q, and (II 4) means that if p=q-, then pXq=rXr~ for all r.) It is 
clear that if, in a group, p~ is defined to be the inverse of p, and pXq is defined 
to be the product of # and gq (in that order), then the conditions (II) are satisfied. 
The fact that, conversely, the conditions (II) are characteristic of inversion and 
multiplication in groups is an easy exercise in elementary axiomatics. 

[One comment should be made on the independence of the axiom set (II). 
The fact is that the set is not independent; the first three axioms are sufficient 
to characterize groups, and, in particular, they imply the fourth. The reason 
(II) is offered in the present form is to emphasize its similarity with the axiom 
set (I) for Boolean algebras. Each of the axioms (II 1), (II 2), and (II 3) 1s 
independent of the other three axioms of the set (II). ] 

3. Propositional calculi. To understand the connection between Boolean 
algebra and logic, a good way to begin is to examine how sentences are combined 
by means of sentential connectives. To ensure an unprejudiced approach to the 
subject, it is desirable to proceed as abstractly as possible. Suppose, therefore, 
that there is given an arbitrary non-empty set S; intuitively the elements of S 
are to be thought of as the basic sentences of some theory that is being studied. 
Suppose, moreover, that A and W are two distinct objects not contained in S; 
intuitively A and WN are to be thought of as the connectives “and” and “not.” 
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(Warning: in other expositions, A is frequently used for the dual connective 
“or”.) Consider finite sequences whose terms are either elements of S or else A 
or NV. (The empty sequence is not included.) If s is a sequence of length n, say, 
so that 59, °° - , Sn-1 are elements of Su { A, N I let Ns be the sequence defined 
by 


(Ns)o = N, (Ns); = Sia (4 = | , n)3 


if s and ¢ are sequences (of lengths z and m respectively), let Ast be the sequence 
defined by 


(Ast)o = A, (Ast); = Si-1 (1 =1,---, n), (Ast) nt; = bj-1 (j = 1, en) m). 


Let S* be the smallest set of sequences such that (1) if s is a sequence of length 1 
whose unique term is in S, then se S*, (2) if s e S*, then Ns e S*, and (3) if 
se S* and t € S*, then Ast € S*. In other words, S* is the set of sequences gener- 
ated from the one-term sequences of S by means of the operations of prefixing 
N to a sequence and prefixing A to the concatenation of two sequences. Intui- 
tively S* is to be thought of as the set of sentences generated from the basic 
sentences by the two basic connectives. The device of writing Ast instead of 
s A t (an ingenious Polish invention) is designed to avoid the multiple layers of 
parentheses that the more intuitive infix notation necessitates. 

The set S* by itself is not quite a proper object of logical study. The trouble 
is that if, for instance, s and ¢ are in S*, then Ast and Ats are distinct elements 
of S*, whereas common sense seems to demand that if s and ¢ are sentences, then 
“s and ¢” and “t and s” should be sentences that “say the same thing” in some 
sense. Sentences admit, in other words, a natural equivalence relation; such a 
relation should therefore be introduced into S*. A little thought about the 
intuitive interpretation of the elements of S* will suggest many conditions that 
equivalence should satisfy. If the assertion that the elements s and ¢ of S* are 
equivalent is denoted by s=t#, then, for all elements s, f, and u of S*, it should 
at the very least be required that 


(IIT 1) AsAtu = AAstu, 

(III 2) Ast = Ats, 

(IIT 3) if AsNt=AuNu, then Ast =s, 

(IIT 4) if Ast =s, then AsNi = AuNu, 
(IIT 5) if s =f, then Ns = Mi, 
(IIT 6) if s =f, then Asu = Alu. 


In addition, of course, it is necessary that the concept of equivalence used here 
be an honest equivalence, z.e., that it be reflexive, symmetric, and transitive. 
There are likely to be many equivalence relations satisfying the conditions 
(III); one such is defined by writing s=t for all s and ¢t. In order to avoid this 
triviality (and for other reasons), it is desirable to consider the smallest possible 
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equivalence (z.e., the one in which the fewest possible pairs turn out to be 
equivalent) satisfying these conditions. This makes sense. Indeed, if an equiva- 
lence relation is thought of as a certain set of ordered pairs, then the intersection 
of all the equivalence relations satisfying (III) is an equivalence relation satis- 
fying (IIT). If, from now on, the symbol = is used to denote this minimal equiva- 
lence, then the pair (.S*, =) is one of the simplest non-trivial logical structures; 
it is usually known as the propositional (or sentential) calculus. There are really 
many propositional calculi; there is one corresponding to each non-empty set S. 
It is clear, however, that the only thing that matters (all other differences be- 
tween the various propositional calculi being essentially notational matters) is 
the cardinal number of S. It is customary (but not particularly profitable) to 
assume that S is countably infinite. 

4, Axioms and rules. The time has come to make the notation more trans- 
parent. While the symbols A and N are technically convenient (no parentheses), 
it is usually a cumbersome job to decode the sentences involving them and to 
recapture their intended intuitive content. Accordingly, in what follows, (s)’ will 
be used as an alternative symbol for Ns, and, similarly, (s) 4 (¢) will be used as 
an alternative symbol for Ast. Thus, for instance, AsN# can be denoted by 
(s) A ((t)’); with the usual mathematical conventions about omitting superfluous 
parentheses, this becomes sAt’. It should now be clear that the conditions 
(III 1)-(1II 4) are only notationally different from (I 1)—(I 4); the conditions 
(III 5) and (III 6) assert, in customary mathematical language, that = is a 
congruence relation with respect to the operations of attaching ’ and infixing “. 

The equivalence relations that occur in algebra (e.g., the congruence relations 
in a ring) are usually described by specifying a particular equivalence class (the 
kernel) and a particular operation (subtraction); it then turns out that two 
elements are congruent if and only if their difference belongs to the kernel. A 
similar procedure is available to define the equivalence = described above. In 
order to motivate the choice of the kernel and the choice of the pertinent sub- 
traction operation, consider first of all an element of S* that has the form sA s’. 
If the elements of S* are interpreted as sentences, then there is something obvi- 
ously undesirable about such an element; in some intuitive sense it is “false.” 
By the same token, the result of attaching ’ to such an element converts it into 
something quite laudable; sentences such as that are “true.” The kernel that is 
usually considered is the equivalence class of any particular “true sentence” 
so obtained. It is pleasant to be able to report that this kernel is independent 
of the arbitrary choice of its generator. The equivalence class of any element of 
the form (s 4 s’)’ contains all other elements of that form, and, in fact, it consists 
exactly of all the elements that common sense would declare to be “true.” An 
element of this kernel is called a tautology of the propositional calculus. The sub- 
traction operation is the one that associates with two elements s and t of S* the 
element (s4 t")’A (s’A?#)’. (In the original notation this reads ANAsNtiNA Nst.) 
The perceptive reader will note that if s and ¢t are interpreted as sentences, then 
the intuitive interpretation of the proposed “difference” between s and ¢ is the 
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sentence “s if and only if ¢.” This subtraction does what it was tacitly promised it 
would do; it is true that a necessary and sufficient condition that s be equivalent 
to tis that the difference of s and ¢ belong to the kernel. (In customary logical 
language: a necessary and sufficient condition for s=t is that the biconditional 
of s and ¢ be a tautology. It is a happy circumstance that biconditioning is a 
commutative operation; the order of s and ¢ is immaterial.) 

In principle it is clear how the procedure used above could be reversed. The 
tautologies could be defined by making a complete list of them, and equivalence 
could then be defined in terms of tautologies and the formation of biconditionals. 
The list of tautologies would be infinite, to be sure, but a clever classifier might 
nevertheless succeed in describing it in a finite number of words. Something like 
this is what is usually done. In most text-book presentations of the propositional 
calculus one finds a small list of special tautologies, together with a few easy 
instructions for manufacturing others; a general tautology is then defined to be 
a member of the subset of S* generated from the special tautologies by repeated 
applications of the instructions. The given special tautologies (whose particular 
choice is largely a matter of individual taste) are called axzoms, and the instruc- 
tions for manufacturing others are called rules of inference. This “axiomatic” 
procedure (which has become traditional) has no particular advantages (or dis- 
advantages) in comparison with the one followed above; its final result is merely 
an alternative description of the propositional calculus. 

(Here, for the sake of completeness, are the details of one of the popular 
axiomatic approaches to the propositional calculus. Let svt and s—>t be ab- 
breviations for (s’At’)’ and (sAt’)’ respectively (or, in the original notation, 
for NANsNi and NAsWNt respectively); the axioms are most conveniently, and 
most understandably, described by means of these abbreviations. The axioms 
consist of all those elements of S* that are of one of the following four forms: 


(1) (svs)—™s, 

(2) s—> (svi), 

(3) (svt) > (ivs), 

(4) (smi (uv s)>(uv Zt), 


where s, ¢, and u are arbitrary elements of S*. There is only one rule of inference 
(called modus ponens). According to that rule, if s and ¢ are elements of S* such 
that both s and s—+# are tautologies, then ¢ is a tautology. | 

5. Free Boolean algebras. By whatever method the pair (S*, =) is obtained, 
once it is at hand it is natural to form the set A* of all equivalence classes. In 
analogy with calling an element of S* a sentence, an element of A* may be called 
a proposition. (The word “proposition” is not always defined this way. The 
intuitive reasons for using the definition are obvious, but, admittedly, they are 
not overwhelming.) The set A* of propositions possesses, in a natural way, the 
structure of a Boolean algebra. If p e A*, let s be any element of the equivalence 
class p and write p’ for the equivalence class of Ns (1.e., of s’). If both s1 and se 
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belong to , 1.e., if s1=52, then, by (III 5), Ns,= Nse, so that the definition of p’ 
is unambiguous. If p and g are in A%*, let s and t be corresponding representative 
elements (1.e., sé p and te q) and write p%q for the equivalence class of Ast 
(z.e., of sAzt). The necessary unambiguity argument is based on (III 6) this 
time. The fact that the conditions (I) are satisfied now follows immediately from 
a comparison of those conditions with the corresponding conditions (IIT). 

The procedure for arriving at A* is familiar to anyone who ever heard of the 
theory of free groups; the Boolean algebra A® is, in fact, isomorphic to the free 
Boolean algebra generated by the originally given set S. In logical studies it is 
customary to describe the algebraic properties of A* by some rather specialized 
terminology. Thus, for instance, the fact that A* satisfies the first necessary 
condition for being a Boolean algebra (the possession of at least two distinct 
elements) is usually described by saying that the propositional calculus is con- 
sistent. 

In view of what has already been said, it is not at all surprising that the 
construction of A* has a very near parallel in group theory. Given an arbitrary 
non-empty set S, form the set S* exactly as before and introduce into S* the 
smallest equivalence relation = such that 


(IV 1) AsAtu = AAstu, 

(IV 2) NAst = ANINs, 

(IV 3) if Ast = AuNu, then s = Mt, 
(IV 4) if s = Nt, then Ast = AuNu, 
(IV 5) if s =, then Ns = Mi, 
(IV 6) if s =, then Asu = Atu, 


for all elements s, t, and u of S*. The set of all equivalence classes possesses, in a 
natural way, the structure of a group. The obvious details may safely be 
omitted; suffice it to say that the proof depends on a comparison of (II) with 
(IV). The group so obtained is, in fact, isomorphic to the free group generated 
by the originally given set S. 

[The method of sequences-cum-equivalence is essentially the only known 
way of constructing free groups. It is worth noting that for Boolean algebras 
the following much more elegant method is available. Given an arbitrary (possi- 
bly empty) set S, let X be the set of all subsets of S. For each s in S, let p(s) be 
the set of all those elements of X that contain s. Let A* be the Boolean algebra 
generated by all the sets of the form p(s) with s in S, so that A* is a Boolean 
subalgebra of the Boolean algebra of all subsets of X. Assertion: A* is isomorphic 
to the free Boolean algebra generated by S. The proof of the assertion is an easy 
exercise in set theory. Unfortunately this method of constructing A* is quite 
provincial; it works like a charm for Boolean algebras, but it does not work for 
very many algebraic systems, at least not without significant modifications. | 
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6. Quotients of free algebras. Since the algebraic end-product of the propo- 
sitional calculus is a free Boolean algebra, that calculus, as it now stands, is too 
special for most logical purposes. (Freedom for an algebraic system means, 
roughly speaking, that the only relations among its elements are the trivial 
ones). The difficulty is visible in the starting point of the construction of the 
propositional calculus; its source is the fact that the generating set S is a set 
with no algebraic structure at all. In realistic situations the basic sentences of a 
theory are likely to be related to each other in various intricate ways, and, in 
fact, it is usually considered to be one of the chief functions of logic to study 
such relations and their consequences. 

Suppose, for instance, that someone wants to undertake a logical examina- 
tion of a fragment of the history of English literature. Among the basic sentences 
of the theory (z.e., among the elements of S) there might occur “Shakespeare 
wrote Hamlet” and “Bacon wrote Macbeth”; call these sentences so and to re- 
spectively. (“Basic sentence” is not the same as “axiom.” The sentences 5p and é 
need not, at first, be considered either “true” or “false”; they are just con- 
sidered.) Under these circumstances the investigator would perhaps want to 
declare the sentence NASoto to be an axiom. Since, however, NASofo is not a 
tautology of the propositional calculus, the word “axiom” must be used here in 
a sense broader than the one discussed above. Such a broadening is perfectly 
feasible. One way to achieve it is to add another condition to the set (III); the 
new condition could, for instance, be 


(IIT 7) ASolo == AsoNSo. 


The effect of this adjunction is to enlarge the original equivalence relation; the 
new equivalence relation is not the smallest relation satisfying (III 1)-(III 6), 
but the smallest relation satisfying (III 1)-(III 7). The same purpose can be 
accomplished by adjoining to the axioms of the propositional calculus the extra- 
logical axiom 


NASoto, 


and then proceeding exactly as before. The result, with either approach, is that 
each new equivalence class is the union of several old ones. The tautologies, in 
particular, all belong to the same (new) equivalence class; an element of this 
equivalence class is usually called a provable sentence or a theorem of the modified 
propositional calculus. If there are at least two (new) equivalence classes (in 
logical language: if the adjoined axioms are consistent), the set A of all such 
classes possesses in a natural way the structure of a Boolean algebra, which, in 
general, is not free. 

The “free” procedure for constructing non-free Boolean algebras has its 
group-theoretic parallel. One way to ensure that the generators of a group satisfy 
certain prescribed relations is to build those relations into the equivalence by 
means of which the quotient system (.S* modulo =) is formed. The disadvantage 


1956] THE BASIC CONCEPTS OF ALGEBRAIC LOGIC 371 


of such a procedure is that it is repetitious; it uses the method of an earlier con- 
struction instead of its result. It is more usual, and algebraically more satis- 
factory, to apply the combinatorial method only once; thereafter, all groups 
defined by generators and relations are constructed by forming a quotient group 
of one of the free groups already obtained. This works very smoothly; the main 
reason it works is that every group is a quotient group of a free group. 

Since, similarly, every Boolean algebra is a quotient algebra of a free Boolean 
algebra, the group-theoretic shortcut is available for Boolean algebras too. Just 
as in the theory of groups, moreover, the core of the idea is applicable to 
algebras that are not necessarily free. It makes sense (and it is often useful) to 
force the elements of a Boolean algebra (or group) to satisfy some relations, 
even if the algebra (or group) is not free to start with. A well-known example is 
the process of reducing a group by its commutator subgroup and thereby forcing 
it to become abelian. 

7. Filters and ideals. From the point of view of logic, the reduction of 
Boolean algebras is connected with the theory of provability. It turns out that 
from the point of view of algebraic logic the most useful approach to that theory 
is not to ask “What is a proof?” or “How does one prove something?” but to ask 
about the structure of the set of provable propositions. Suppose, therefore, that 
A is a Boolean algebra, whose elements are to be thought of, intuitively speaking, 
as the propositions of some theory, and suppose that a non-empty subset P of A 
has been singled out somehow; the elements of P are to be thought of as the 
provable propositions of the theory. Common sense suggests that if s and ¢ are 
provable sentences, then “s and ¢” is a provable sentence, and if s is a provable 
sentence, then “s or ¢” is a provable sentence, no matter what the sentence ¢ 
may be. In order to meet these demands of common sense, the set P cannot be 
arbitrary; it must be such that if both » and g belong to P, then p”q belongs 
to P, and if p belongs to P, then p vg belongs to P for all g in A. If a non-empty 
subset of a Boolean algebra satisfies these conditions, it is called a filter. An 
illuminating comment is this: a necessary and sufficient condition that a subset 
P of a Boolean algebra be a filter is that 1 € P (z.e., all tautologies are provable), 
and that if pe P and (p—q) e P (recall that (pq) =(p’ vq)), then qeP (z.e., 
modus ponens is a rule of inference). 

A filter is not a commonly encountered mathematical object, but one of its 
first cousins (namely, an ideal) is known to every mathematician. A non-empty 
subset M of a Boolean algebra is an zdeal (for occasional emphasis, a Boolean 
ideal) if it contains p vq whenever it contains both p and gq and if it contains 
p*q whenever it contains p. Although it looks slightly different, this definition 
is, in fact, equivalent to the usual one; a Boolean algebra is, after all, a ring, 
and a Boolean ideal in the present sense is the same as an ordinary algebraic 
ideal. 

Each of the two concepts (filter and ideal) is, in a certain sense, the Boolean 
dual of the other. (Some authors indicate this relation by using the term dual- 
ideal instead of filter.) Specifically, if P is a filter in a Boolean algebra A, and if 
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M is the set of all those elements » of A for which p’ e P, then M is an ideal in A; 
the reverse procedure (making a filter out of an ideal) works similarly. This com- 
ment indicates the logical role of the algebraically more common concept; just 
as filters arise in the theory of provability, ideals arise in the theory of refutabil- 
ity. (A proposition ? is called refutable if its negation p’ is provable.) Duality 
is so ubiquitous in Boolean theory that every development of that theory (unless 
it is exactly twice as long as it should be) must make an arbitrary choice be- 
tween two possible approaches. Logic is usually studied from the “1” approach, 
4.e., the emphasis is on truth and provability, and, consequently, on filters. 
Since the dual “0” approach uses the algebraically more natural concept of ideal, 
the remainder of this exposition (addressed to mathematicians, rather than to 
professional logicians) will be couched in terms of the logically less pleasant 
concepts of falsehood and refutability. 

8. Boolean logics. The preceding discussion was intended to motivate the 
following definition. A Boolean logic is a pair (A, M), where A is a Boolean alge- 
bra and M is a Boolean ideal in A. The elements of A will be called propositions; 
the elements of M will be called refutable propositions. The group-theoretic 
analogue of this concept (the structure consisting of a group and a specified 
normal subgroup) has not received very much attention, but it would strike 
most algebraists as a perfectly reasonable object of study. 

The concept of a Boolean logic (A, M) has many similarities with the earlier 
concept of the propositional calculus (.S*, =). Both objects consist of (1) a set 
already endowed with some structure, and (2) a congruence relation in that set. 
(In Boolean theory, as in the rest of algebra, there is a natural one-to-one corre- 
spondence between ideals and congruence relations.) It should not be surprising 
therefore that the “axiomatic” method is the most common way of converting 
a Boolean algebra into a Boolean logic. In algebraic terms the axiomatic method 
amounts simply to this: given A, select an arbitrary subset My of A, and let M 
be the ideal generated by Mo. (Because M consists of the refutable propositions, 
not the provable ones, the elements of My are “anti-axioms”; their negations are 
axioms in the usual sense.) Even this procedure has its group-theoretic analogue; 
for an example, recall the usual definition of the commutator subgroup of a 
group. 

Most logical concepts have an algebraic alter-ego definable within the 
theory of Boolean logics. Two concepts of special importance (consistency and 
completeness) will be used to illustrate this point. 

A Boolean logic (A, M) is called consistent if for no proposition p in A are 
both ~ and ~’ provable, or, equivalently, if for no p in A do both p and p’ belong 
to M. Since M is an ideal, it follows that (A, M) is consistent if and only if the 
ideal M is proper. To say that a Boolean logic is consistent is to say, roughly 
speaking, that the set of propositions that are refutable in it is not too large. 

On intuitive (pragmatic) grounds it is desirable that the set of refutable 
propositions be not too small. (Recall that there is a natural one-to-one corre- 
spondence between refutable propositions and provable propositions.) The 
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simplest way to ensure that the set of refutable propositions is large enough is to 
insist that, for every proposition p, either » or p’ be refutable. A Boolean logic 
satisfying this condition is called complete. In other words, (A, M) is complete 
if and only if, for every p in A, either p « M or p’ e M. 

Inconsistent Boolean logics, z.e., logics of the form (A, A) are not very inter- 
esting from either the algebraic or the logical point of view. For a consistent 
logic (A, M), the concept of completeness has an elegant algebraic formulation: 
the logic is complete if and only if the ideal M is maximal in the algebra A. 
(“Maximal ideal” in such contexts always means “maximal proper ideal.”) 

If (A, M) is a Boolean logic, it is natural to form the quotient system A/M. 
A necessary and sufficient condition that A/M be a Boolean algebra is that it 
have at least two distinct elements, and a necessary and sufficient condition for 
that is exactly that M be a proper ideal in A. On the other hand, a necessary and 
sufficient condition that (A, M) be complete is that A/M have at most two dis- 
tinct elements; if this is so, and if MA, then A/M =O. (Recall that O= {0,1}. 
On universal algebraic grounds, the condition that a proper ideal M be maximal 
in an algebra A is equivalent to the condition that the quotient algebra A/M be 
simple, t.e., that A/M have no non-trivial proper ideals. The only simple 
Boolean algebra is O.) Conclusion: a necessary and sufficient condition that a 
Boolean logic (A, M) be both consistent and complete is that A/M=O. 

For a deeper study of concepts such as consistency and completeness addi- 
tional logical apparatus is needed; some of it is described below. First, a termino- 
logical warning. Consistency and completeness, as defined above, are usually 
called simple consistency and simple completeness; perhaps syntactic would be a 
more suggestive adjective here than simple. The point is that the propositional 
calculus, for instance, is usually considered to be a “language,” and (simple) 
consistency and completeness are defined in terms of the intrinsic structure 
(syntax) of that language. Two related concepts, to be discussed below, are 
defined in terms of a possible external interpretation (meaning) of the language, 
and are therefore appropriately called semantic. The group-theoretic analog of a 
semantic concept is one that depends on constructions reaching outside the 
given group, 1.e., typically, on representations of the group. Thus, for instance, 
“characteristic subgroup” is a syntactic concept, while “character” is a semantic 
one. 

In most of what follows it will be simpler to forget about Boolean logics and 
to consider Boolean algebras instead. The point is that if (A, M) is a consistent 
Boolean logic, then the quotient algebra A/M can be formed and can be used 
to study virtually all the logically important properties of (A, M). Note that if a 
proposition in A is refutable, then its image in A/M (its equivalence class 
modulo M) is equal to 0, and, similarly, if a proposition in A is provable, then 
its image in A/M is equal to 1. It is, accordingly, convenient to agree that if p 
is an element of a Boolean algebra, then “p is refutable” shall be a long way of 
saying “p=0,” and, similarly, “p is provable” shall be a long way of saying 
“Dp — 1.” 
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9. Quantifiers. Within the framework of Boolean algebras (or logics) it is 
easy to give an algebraic formulation of the inference from the premises “Some 
Greeks are men” and “All men are mortal” to the conclusion “Some Greeks are 
men.” This is not a misprint. Within the framework of Boolean algebras alone 
it is not possible to formulate the inference that allows, from the same premises, 
the conclusion “Some Greeks are mortal.” The desired inference is justified not 
by manipulating with propositions as a whole, but by the intrinsic structure of 
its constituents, and, in particular, by a study of what “some” and “all” mean. 

The clue is in the consideration of propositional functions. As their name 
indicates, propositional functions are functions whose values are propositions. 
If, for instance, for every natural number x, p(x) is the sentence “x is even” and 
g(x) is the sentence “2x=1,” then p and g are propositional functions. (The 
present discussion is only heuristic, of course, but even so the contrasting use of 
“sentence” and “proposition” needs a little justification. The justification is a 
very common one in mathematics; it is convenient, though incorrect, to identify 
an equivalence class with a representative element. Recall that a proposition 
was defined above as an equivalence class of sentences. The solecism is the same 
as the one every analyst commits when he speaks of an element of Ly as a 
function.) From the algebraic point of view, a propositional function is a func- 
tion defined on an arbitrary non-empty set with values in a Boolean algebra. 

To single out a particular theory for logical examination means, algebrai- 
cally, to fix a Boolean algebra B. If, in addition, a certain non-empty set X is 
selected, then the ground is prepared for a discussion of propositional functions. 
(Intuitively the elements of X may be thought of as the objects that the propo- 
sitions of the theory talk about.) The set A of all functions from X to B is in a 
natural way a Boolean algebra (pointwise operations), and the same is true of 
many of its subsets. The constant functions (z.e., the functions p obtained by 
selecting an element fo in B and writing p(x) = po for every x in X) constitute a 
subalgebra of the algebra A; that subalgebra is obviously isomorphic to B. In 
other words, the propositions of a theory are (or, rather, may be identified with) 
particular propositional functions of that theory. 

What is the effect of “some” in a sentence such as “for some x, x is even”? 
(It is understood here that the underlying set X is the set of natural numbers; 
the value-algebra B has not been, and need not be, specified). The most striking 
effect it has is to convert a propositional function into a constant, or, vza the 
identification convention of the preceding paragraph, into a constant function. 
This effect is analogous to the effect of “sup” in “sup, f(x)” and to the effect of 
«fa... dx” in “fof(x)dx” (where the function f is, say, a real-valued continuous 
function defined on the closed unit interval). Accordingly, the algebraic analogue 
of “some” ought to be a mapping that sends a certain Boolean algebra (propo- 
sitional functions) into a certain subalgebra (constant functions). Such a 
mapping (usually denoted by 3) is indeed at the basis of the theory of propo- 
sitional functions. 
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It is now wise to abstract from the motivation. Consider a perfectly arbi- 
trary Boolean algebra A, and let 3 be a mapping of A into itself. If A were an 
algebra of propositional functions, and if 3 were the operator “some,” then, 
presumably, 3 would satisfy some rather special conditions; the problem now is 
to find a reasonable list of conditions that characterize such a special 3. This 
is easy; here are some of them: 


(Q 1) 40 = 0, 

(Q 2) p S 4p, 

(Q 3) A(pvq) = apv 3g, 
(Q 4) 34, = 3p. 


(In these conditions, and also in (Q 5) below, » and q are arbitrary elements of 
A). The intuitive grounds for the conditions are easy to see. Suppose, for in- 
stance, that q(x) is “2x =1”; here, once more, A is to be thought of as an algebra 
of propositional functions whose domain is the set of natural numbers. Since in 
all reasonable theories of the arithmetic of natural numbers the sentence “2x = 1” 
is refutable, each value of the propositional function g is refutable, and therefore 
(in accordance with the agreement concerning the reduction of Boolean logics 
to Boolean algebras) the propositional function q is equal to the constant func- 
tion 0. The same considerations apply to the sentence “for some x, 2x=1” and 
thus serve to complete the illustration of (Q 1). The remaining conditions (Q 2), 
(Q 3), and (Q 4) are illustrated similarly. In intuitive terms, (Q 2) says that 
each value of » implies that “for some x, p(x)”; the construction of analogous 
readings of (Q 3) and (Q 4) is left as an exercise to the reader. 

It is amusing to observe that (except for notation) the conditions (Q 1)- 
(Q 4) are well-known to most mathematicians (but in a very different context). 
They are, all but verbatim, the Kuratowski axioms for a closure operator on a 
topological space. They do not, however, serve to characterize the “some” 
operator; in technical language, the theory of closure algebras is not co-extensive 
with the monadic functional calculus. Another glance at the conditions as they 
now stand should arouse the suspicion that something is missing; the trouble is 
that they relate 3 to v only (0 and S can be defined in terms of v), and say 
nothing about the relation of 3 to either A or ’. The missing condition is this: 


(Q 5) A(ap)' = (4p)’. 


In intuitive terms, (Q 5) serves as at least a partial reminder of the fact that 
the constant functions form a Boolean algebra (so that, in particular, they are 
closed under complementation), and that “some” applied to a constant function 
has no effect. 

[Two remarks are in order. (1) The conditions (Q 1)—(Q 5) are equivalent 
to a shorter set, namely to (Q 1), (Q 2), and 


(Q 6) A(padq) = 3p a3g. 
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The proof of this equivalence is just axiom-chopping. The longer set was se- 
lected for presentation here because of its greater intuitive content. (2) The 
motivation of (Q 1)-(Q 5), and also of (Q 6), could have been, and sometimes 
is, based on quasi-geometric considerations, involving the formation of (possibly 
infinite) Boolean suprema. The didactic danger of this motivation is its emphasis 
on the intuitive idea that “some” is just an infinite “or.” The idea is not wholly 
unsound, but real progress in algebraic logic was achieved only after the realiza- 
tion that 3 is really a unary operation, not an infinitary one. | 

The way is now clear to a precise definition: an existential quantifier is a 
mapping 3 of a Boolean algebra into itself satisfying the conditions (Q 1)— 
(Q 5). Dually, a universal quantifier is a mapping W of a Boolean algebra into 
itself satisfying the conditions 


(Q’ 1) Wi = 1, 

(Q’ 2) Wp = 2, 

(Q’ 3) W(paq) = Weawyg, 
(Q’ 4) WWp = WA, 

(Q’ 5) W(Wp)’ = (Wp)’. 


It is easy to see that W bears the same relation to the intuitive “all” as 3 bears 
to “some.” 

There is a very close connection between existential quantifiers and universal 
ones: if 3 is an existential quantifier on, say, a Boolean algebra A, and if a 
mapping VW of A into itself is defined by 


Wp = (40)’, 
then W is a universal quantifier on A; if, in reverse, a universal quantifier W is 
given, and if 3 is defined by 

dp = (Wp")’, 
then 3 is an existential quantifier. (“Always p” is the same as “not sometimes 
not p,” and “sometimes p” is the same as “not always not p”). The thorough- 
going symmetry of this situation justifies an asymmetric treatment; anything 
that can be said about an 3 has an obvious dual about an VW, and it is therefore 
sufficient to discuss in detail only one of these two objects. In what follows 3 
will be given preferred treatment, and, in fact, the word “quantifier” will be 
used from now on in the sense of “existential quantifier.” (This is in line with the 
algebraists preference for ideals instead of filters; the dual of an algebraist would 
select W for preferred treatment.) Universal quantifiers, whenever they must be 
considered, will always be given their full name. 

10. Monadic algebras. Once the concept of a quantifier is at hand, it is 
immediately possible to generalize the concept of a Boolean algebra in a manner 
adapted to an algebraic answer to the question of why some Greeks are mortal. 
Technically the generalized algebras (called monadic algebras) play an inter- 
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mediate role; they are slightly more useful than Boolean algebras, but not 
nearly so useful as certain even more general algebras (the polyadic algebras 
that will be described a little later). Psychologically and historically, however, 
the intermediate generalization has some value. Its psychological value is that 
it exhibits in a simplified form some of the curious properties of its generalized 
version; its historical value is that it puts into a modern algebraic context the 
oldest known systematic treatment of logic, namely Aristotle’s syllogistics. 

A monadic (Boolean) algebra is a pair (A, 3), where A is a Boolean algebra 
and 3 is a quantifier on A. (The word “monadic” serves as a reminder of the one 
additional operation that distinguishes monadic algebras from Boolean alge- 
bras.) The elementary theory of monadic algebras is a routine matter; sub- 
algebras, homomorphisms, ideals, and similar universal algebraic concepts (with 
a qualifying “monadic” when clarity demands it) are defined in a completely 
unsurprising manner. Free monadic algebras can be defined and studied (if de- 
sired) by the techniques used in the study of free Boolean algebras; the analogue 
of the propositional calculus is called the monadic functional calculus. 

The concept of a monadic logic arises naturally in connection with the theory 
of provability and refutability in the monadic functional calculus: a monadic 
logic is a pair (A, M), where A is a monadic algebra (with quantifier 3, say) and 
M is a monadic ideal in A. (It is convenient here, as in other parts of algebra, to 
be mildly forgetful of the completely rigorous definitions, and, accordingly, to 
identify a monadic algebra with the underlying Boolean algebra. If this were 
not done, a monadic logic would have to be denoted by a symbol such as 
((A, 3), M).) The fact that a monadic ideal is a Boolean ideal invariant under 
the application of 3 corresponds to the logical fact that if p is a refutable propo- 
sitional function, then 3» 1s also refutable. 

To discuss the (simple, or syntactic) consistency and completeness of 
Boolean logics, it is desirable to introduce a new term: an element p of a monadic 
algebra will be called closed if 3p = p. Intuitively, closed propositions correspond 
to what were called constant functions before, or, in other words, to propositions 
instead of propositional functions. There is a natural way of associating a 
Boolean logic (Ao, Mo) with every monadic logic (A, M); the algebra Ao is the 
set of all closed elements of A and the ideal Mp is the intersection of M with Ao. 
A monadic logic (A, M) is called syntactically consistent (or complete) if the 
associated Boolean logic (Ao, Mo) is consistent (or complete). 

Why is it necessary to modify the Boolean definitions of consistency and of 
completeness for the monadic situation? Consistency could conceivably be de- 
fined by the requirement that for no ~ in A should both # and ’ belong to M, 
and, similarly, completeness could be defined by the requirement that for every 
p in A either p or p’ should belong to M. What is wrong with these definitions? 
The answer is that there is nothing wrong as far as consistency is concerned, 
and very much is wrong as far as completeness is concerned. The alternative 
definition of consistency is equivalent to the one officially adopted above, but 
the alternative definition of completeness is out of harmony with both the official 
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definition and common sense. If, as in some previous examples, p(x) is “x is 
even,” then it is not at all reasonable to demand of a logic sufficient power to 
settle the provability or refutability of the propositional function p. The sen- 
tences “for some x, x is even” and “for all x, x is even” are closed; a reasonable 
logical theory of arithmetic should declare each of them to be either provable 
or refutable. The function p, however, is not a sentence; common sense demands 
that both it and its negation should fail to be either provable or refutable. 

11. Syllogisms. The discussion of monadic algebras and logics up to this 
point was merely an adaptation of the corresponding discussion of Boolean facts. 
Some progress has been made, nevertheless; monadic logics (unlike Boolean 
logics) contain the general theory of syllogisms. For an example, consider again 
the premises “Some Greeks are men” and “All men are mortal,” and consider the 
desired conclusion “Some Greeks are mortal.” To make an algebraic model of 
the situation, let X be an appropriate set and let B be an appropriate Boolean 
algebra of propositions about the elements of X. The set X, for instance, could 
be the set of all animals, and B could be an algebra containing, for each x in X, 
the propositions “x is Greek,” “x is a man,” and “x is mortal.” (This description 
is, of course, much too colloquial for complete precision, but there is no difficulty 
at all in converting it into honest mathematics.) If these propositions are 
denoted by p(x), g(x), and r(x), respectively, and if A is the algebra of all propo- 
sitional functions such as , g, and 7, then A (with the intuitively obvious “some” 
quantifier in the role of 3) is a monadic algebra suitable for the study of the 
inference described above. The first premise is 3(p4 q), the second premise is 
W(g—r), and the conclusion is 3(p4 17). (The universal quantifier W here is the 
natural dual of the given existential quantifier 3.) The algebraic justification of 
the inference is that if A is the monadic algebra of a monadic logic such that 
both premises belong to the filter of provable propositions, then the conclusion 
also belongs to that filter. 

There is a special aspect of the theory of syllogisms that still remains to be 
converted into algebra; it is exemplified by the classical premises “Socrates is a 
man” and “All men are mortal,” together with the conclusion “Socrates is 
mortal.” In highly informal language, the trouble with this syllogism is that the 
algebraic theory (so far) is equipped to deal with generalities only, and is unable 
to say anything concrete; Socrates, however, is a concrete individual entity. 
The preceding paragraph shows that a monadic algebra can be taught to say 
“All men are mortal.” The reason is that “manhood” can easily be thought of 
as an element of a monadic algebra, since it is the obvious abstraction of the 
propositional function whose value at each point x of some set is “x is a man.” 
Socrates, on the other hand, is a “constant,” and there is no immediately appar- 
ent way of pointing to him. (The use of the word “constant” here and below is 
quite different from its earlier use in the phrase “constant function.” The im- 
portant concept now is what logicians call an individual constant.) A classical 
artifice, designed to deal with just this difficulty, is to promote Socrates to a 
propositional function, 12.e., to identify him with the function whose value at x is 
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“x is Socrates.” This procedure is both intuitively and algebraically artificial ; 
Socrates should not be a propositional function but a possible argument of such 
functions. 

To find the proper algebraization of the concept of a constant it is necessary 
only to recall that the elements of a monadic algebra are abstractions of the 
concept of a propositional function, and to determine the algebraic effect of 
replacing the argument of such a function by some fixed element of its domain. 
If » is a propositional function with domain X, and if x) e X, then p(%o) is a 
proposition, or, vza the obvious identification convention, a propositional func- 
tion with only one value. The mapping p— (xo) (the evaluation map induced 
by xo) clearly preserves the Boolean operations (.e., suprema, infima, and com- 
plements). If the function p itself has only one value (equivalently, if p=3gq for 
some q), then that value is p(x), z.e., the mapping leaves the range of 3 element- 
wise fixed. If, on the other hand, @ is applied to the (constant) function p(x»), 
the result is the same function, 7.e., 3 leaves the range of the mapping element- 
wise fixed. These considerations motivate the following general definition: a 
constant of a monadic algebra A is a Boolean endomorphism c of A such that 


ca =3 and Sce=c. 


This definition is applicable to the mortality of Socrates. If, as before, ¢ is man- 
hood and 7 is mortality, and if Socrates is taken to be a constant, say ¢, of a 
monadic algebra containing g and 7, then the algebraic justification of the 
classical syllogism is this: if A is the monadic algebra of a monadic logic such 
that both W(q—r) and cg belong to the filter of provable propositions, then cr 
also belongs to that filter. 

Constants are much more important than their more or less casual introduc- 
tion above might indicate; the concept of a constant (suitably generalized to the 
polyadic situation) is probably the most important single concept in algebraic 
logic. This should not be too surprising; in the intuitive interpretation, the 
constants of a theory constitute, after all, the subject matter that the proposi- 
tions of the theory talk about. Algebraically constants play a crucial role in the 
representation theory of monadic (and polyadic) algebras. 

12. Quantifier algebras. The theory of propositional functions of only one 
variable (and of their abstract algebraic counterparts) is as insufficient for the 
understanding of logic and its applications as the theory of ordinary numerical 
functions of one variable is insufficient for the understanding of calculus. Mathe- 
matics contains not only sentences of the form “x is positive,” but also sentences 
such as “x is less than y” and “x is between y and zg.” Although a mathematician 
with no training in modern logic is likely to be suspicious when he is told that 
syllogisms are not enough for mathematics, the basis of that assertion is nothing 
more profound or esoteric than the need to consider propositional functions of 
several variables. This is all that DeMorgan meant when he said that the 
scholastics, after two millennia of Aristotelean tradition, were still unable to 
prove that if a horse is an animal, then a horse’s tail is an animal’s tail. 
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Suppose, to begin modestly, that one wants to study propositional functions 
of three variables. The most immediately apparent new phenomenon is the 
possibility of partial quantification: the theory must be able to treat sentences 
of the form “there is an x, and there is an x3, such that p(x1, x2, x3).” (Here, as 
before, it is enough to discuss existential quantifiers; the corresponding theory 
of universal quantifiers is obtained by a simple dualization.) Another way of 
expressing the phenomenon is to say that the appropriate algebraic system must 
possess not one quantifier but many. What appears to be going on is this: if J is 
the set of relevant indices, so that J= {1, 2, 3} in the present example, then 
there is a quantifier (¢.e., an existential quantifier) corresponding to each subset 
(e.g., to 11, 3 ) of the set J. If 3(J) is the quantifier corresponding to the subset 
J of I, then, of course, the way that 3(J) depends on J should be specified. 
The example shows the way. If J is empty, then prefixing 3(J) to » should 
produce no change in p, and if both J and K are subsets of J, then prefixing 
a(J) and 43(K) to p, in either order, should have the same effect as prefixing 
the quantifier corresponding to the union of J and K. 

The preceding paragraph suggests the definition of an algebraic system, 
which, however, turns out to fall far short of what is needed. It is worth a brief 
look anyway. Call a quantifier algebra a triple (A, IT, 3), where A is a Boolean 
algebra, J is a set, and @ is a function from subsets of J to quantifiers on A 
such that 


(4 1) A(O)p = b 
whenever ~ « A, and 
(3 2) J(J)4a(K) = 3VU u K) 


whenever J and K are subsets of J. In analogy with logical usage, an element of 
the set I will be called a variable (or, in more detail, an individual variable) of the 
quantifier algebra (A, J, 3). Caution: a variable, in this sense, does not vary at 
all; it merely serves as a reminder of the place into which a “variable,” in the 
intuitive sense, could be substituted, if, that is, the elements of A were propo- 
sitional functions and not elements of a quite abstract Boolean algebra. 

The concept of a quantifier algebra is a proper generalization of the concept 
of a monadic algebra; a quantifier algebra (A, J, 3) for which the set J of varia- 
bles consists of exactly one element may be identified with the monadic algebra 
(A, 3(J)). The degree of a quantifier algebra is defined to be the cardinal number 
of the set of its variables; the last comment says that quantifier algebras of 
degree 1 are essentially the same as monadic algebras. It is crucial for applica- 
tions to permit the consideration of quantifier algebras of infinite degree. While, 
to be sure, each particular propositional function that is likely to arise has only 
finitely many arguments, the number of arguments in a reasonably extensive 
theory (e.g., in mathematics) is not likely to be bounded. To keep the generaliza- 
tion from running away with itself, it is often advisable to restrict the study of 
quantifier algebras to the locally finite case. The quantifier algebra (A, J, 3) is 
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called locally finite if to every element p of A there corresponds a finite subset J 
of I such that 3(I—J)p=p>; this is the abstract formulation of the concrete 
promise that no propositional function under consideration will actually depend 
on infinitely many variables. 

13. Polyadic algebras. The reason that quantifier algebras are an inefficient 
logical tool is that they do not allow the discussion of transformations of varia- 
bles. Consider, for instance, a sentence of the form “if (x1, x2) and p(xe, x1), then 
x1 =%2.” Such sentences usually occur in the definition of a partial order; they 
indicate the need for discussing the passage from p(x, x2) to p(xe, x1). For a 
more complicated example of the same type consider the problem of converting 
p(x1, X2, 3, X4) into p(x4, X4, X1, X3). There is no way of describing such conversions 
in terms of Boolean operations and quantifications alone; the best way of in- 
corporating them into the general theory is by postulating them outright. What 
appears to be going on is this: to every transformation 7 on I (1.e., to every 
mapping of the set J into itself) there corresponds a mapping, say S(r), of the 
set of propositional functions under consideration into itself. The mappings S(r) 
preserve the Boolean operations (z.e., they are Boolean endomorphisms). If 7 is 
the identity transformation on J (to be denoted by 6), then S(r) leaves every p 
invariant; if both o and 7 are transformations on J, then the effect of S(o) on 
S(r)p is the same as the effect of S(or) on p. 

In analogy with quantifier algebras, it is possible to define a transformation 
algebra as a triple (A, J, S), where A is a Boolean algebra, J is a set, and S is a 
function from transformations on J to Boolean endomorphisms on A, such that 


(S 1) S(5)p = p 
whenever p e A, and 
(S 2) S(c)S(r) = S(o7) 


whenever o and 7 are transformations on I. 

Neither quantifier algebras nor transformation algebras are of much logical 
significance; the important concept is one that possesses both structures at the 
same time. It is a matter of universal algebraic experience, however, that it is 
not enough to impose two different structures on the same set; in order to get 
a usable theory, it is necessary to describe the compatibility conditions that 
relate the two structures to each other. ( A topological group is not merely a set 
that is simultaneously a group and a topological space.) The appropriate con- 
ditions are discovered by experimentation with the special structures that the 
theory is intended to generalize; their final justification is their success. To 
examine here the experimentation that led to the definition of polyadic algebras 
would be more boring than profitable; suffice it to report the results. A polyadic 
(Boolean) algebra is a quadruple (A, J, S, 3) subject to the following conditions: 
(i) (A 1) and (@ 2) hold, or, more precisely, (A, J, 3) is a quantifier: algebra, 
(ii) (S 1) and (S 2) hold, or, more precisely, (A, J, S) is a transformation algebra, 
and (ili) 
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(AS 1) S(o)a(J) = S(7)3V) 


whenever J is a subset of J and o and 7 are transformations on J such that 
o1=72 for all z in I[—J, and 


(4S 2) 4a(J)S(7) = S@)3a(7-V) 


whenever J is a subset of [ and 7 is a transformation on I such that two distinct 
elements of J are never mapped by 7 onto the same element of J. 

The conditions (4S 1) and (3S 2) were recorded here for the sake of com- 
pleteness only; no technical use will be made of them in this merely descriptive 
report. It is perhaps worth remarking though that they (or, rather, the provisos 
that accompany them) are not so complicated as they seem on first sight. What 
they amount to is a condensation of the usual and intuitively obvious relations 
between quantifications and transformations. Suppose, for example, that 2 andj 
are distinct elements of I; let J be the singleton {2} and let 7 be the transforma- 
tion that maps z onto j and everything else (including j itself) onto itself. Since 
7 agrees with 6 outside J, it follows from (38S 1) that S(7)3(J)=4 (J); this 
equation corresponds to the familiar fact that once a variable has been quanti- 
fied, the replacement of that variable by another one has no further effect. To 
get another example, note, for the same 7 and J, that 7!J=@. It follows from 
(4S 2) that 3(J)S(7) =S(7); this equation corresponds to the familiar fact that 
once a variable has been replaced by another one, a quantification on the re- 
placed variable has no further effect. 

[Polyadic algebras stand in the same relation to the so-called pure first-order 
functional calculus as do Boolean algebras to the propositional calculus. The 
simplest example of an applied functional calculus is one that is equipped to 
discuss the concept of equality. By a suitable adaptation of standard logical 
methods, such applied calculi can be treated within the framework of polyadic 
algebras; the details are of no relevance here. What should be mentioned, how- 
ever, is that there is another way of algebraizing the functional calculus with 
equality, namely, vza Tarski’s concept of a cylindric algebra. Roughly speaking, 
a cylindric algebra is a quantifier algebra together with certain distinguished 
elements; the distinguished elements play the role of sentences that assert 
equations among variables. The theory of cylindric algebras is an efficient alge- 
braic tool for studying calculi with equality. The exact relations between poly- 
adic algebras and cylindric algebras are of considerable technical interest; they 
are still in the process of being clarified. It is already known, however, that in 
most important cases the two concepts are equivalent. The way that transforma- 
tions enter into the theory of cylindric algebras is an ingenious trick; the idea is 
that to say “p(x, x1)” is the same as to say “there is an x2 such that p(m, x2) 
and x2=%}.” | 

14. Semantic concepts. The discussion of polyadic logics and their syntactic 
consistency and completeness proceeds in a straightforward manner. A polyadic 
logic is a pair (A, M), where A is a polyadic algebra and M is a polyadic ideal in 
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A. An element p of a polyadic algebra A is called closed if 3(1)p=p (where I, of 
course, is the set of variables of A). Just as for monadic logics, there is a natural 
way of associating a Boolean logic (Ay, Mo) with every polyadic logic (A, M); 
the algebra Ay is the set of all closed elements of A and the ideal M, is the inter- 
section of M with Ao. A polyadic logic (A, M) is called syntactically consistent 
(or complete) if the associated Boolean logic (Ao, Mo) is consistent (or complete). 

All this is pretty routine stuff by now. The element of novelty is in the study 
of the “semantic” theory of polyadic logics, z.e., in the study of “interpretations” 
of a logic in a “model” and in the study of “truth” and “validity.” (It must be 
admitted that these concepts could have been introduced in connection with 
Boolean logics and monadic logics also. Since, however, in those simple situa- 
tions, they exhibit the deceptive simplicity of a degenerate case, their premature 
study would have been more confusing than helpful.) The natural habitat of 
semantic theories is situated somewhere near a polyadic logic, but the machinery 
for examining such a theory is easier for a polyadic algebra. The reduction of 
(syntactically consistent) logics to algebras is an easy step: if MA, then A/M 
can be formed and can be used to study (A, M). (This kind of thing was done 
before; cf. the corresponding discussion in the Boolean case.) Some concepts 
disappear in the passage from (A, M) to A/M and others take on an interesting 
new guise. Thus, for instance, to say that a polyadic algebra is (syntactically) 
consistent is to say merely that it is there; on the other hand, to say that a 
polyadic algebra is (syntactically) complete is to say that it is simple. (Just as 
for Boolean logics, it turns out that a polyadic logic (A, M), with M#A, is 
syntactically complete if and only if the polyadic ideal M is a maximal ideal in 
the polyadic algebra A.) 

The usual way to describe a model is this: take a non-empty set X, interpret 
the variables (z.e., the elements of J) as variables (in the intuitive sense) varying 
over X, and interpret the elements of A as propositional functions on an ap- 
propriate Cartesian power of X with values that are either true or false. This is 
somewhat vague; a slight change in language converts it, however, into an 
algebraically precise and clean definition. If X is a non-empty set and if J is an 
arbitrary set, the set of all functions from the Cartesian product X!/ into the 
Boolean algebra O possesses in a natural way the structure of a polyadic 
Boolean algebra; a model is, by definition, a polyadic subalgebra of such a total 
functional algebra. 

Once the concept of a model is known, the definitions of the remaining 
semantic concepts are automatic. The purpose of the following paragraphs is 
first to define the usual semantic concepts and then to examine their algebraic 
significance. 

An interpretation of a polyadic algebra (A, J, S, 3) in a model is a polyadic 
homomorphism from A onto the model. An element p of A is érue in an interpre- 
tation f if fp =1; if fp =0, then p is false in the interpretation. (Caution: fp is a 
function from X! into O and is therefore not necessarily either 0 or 1. To say 
that p is true for f means that the image fp of p under f is the constant function 
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whose value is 1.) An element p of A is valid if it is true in every interpretation; 
if p is false in every interpretation, then p is called contravalid. An element p of 
A is satisfiable if there is an interpretation for which it is not false (7.e., if p is 
not contravalid). 

The algebra A is semantically consistent if it has an interpretation in a model. 
The definition of semantic completeness requires a little more motivation. It is 
a trivial consequence of the definition of Boolean homomorphism (sometimes 
even built in as part of the definition) that the unit element of A is always valid, 
and, dually, that the zero element is always contravalid; in logical terms this 
says that provable propositions are valid, and refutable ones are contravalid. 
(The assumption of syntactic consistency is usually, and quite properly, made 
explicit at this point. In the present discussion, dealing with algebras instead of 
logics, the role of that assumption is played by the fact that A is an algebra at 
all, or, in more detail, that A has a unit element distinct from zero.) Semantic 
completeness requires the converse assertions; the algebra A is semantically com- 
plete if the unit is the only valid element, or, equivalently, if every non-zero 
element is satisfiable. In logical terms these requirements say that everything 
valid is provable, or, equivalently, that everything that is not refutable is satis- 
fiable. 

All the preceding definitions are based on one of them, namely, on the 
definition of a model. The situation can be better understood if it is first general- 
ized and then specialized in a new direction. A model was defined as an element 
of a certain particular class of polyadic algebras, but, in the subsequent defini- 
tions, no special properties of that class were used. Those definitions, in other 
words, are relative to the prescribed class 9M of models, and to nothing else; a 
significant generalization of them is obtained if SW is replaced by an arbitrary 
class © of algebras. The concepts so obtained may be referred to by using € asa 
prefix, so that expressions such as “@-interpretation” and “@-valid” now make 
sense. (Only in case C= may the prefix be omitted.) An interesting special- 
ization is obtained by letting the class $ of all simple algebras play the role of C. 
The discussion that follows will be in terms of § rather than 91%; the vitally im- 
portant relation between § and 9 will be treated afterward. 

To say that an algebra A is semantically $-consistent means, by definition, 
that there exists a homomorphism from A onto a simple algebra. This, in turn, 
is equivalent, on universal algebraic grounds, to the existence of a maximal ideal 
in A. The problem of the existence of maximal ideals is well known in algebra; 
the cases in which the solution is affirmative can usually be settled by a straight- 
forward application of Zorn’s lemma. The theory of polyadic algebras is one of 
these pleasant cases; Zorn’s lemma applies and proves that maximal ideals al- 
ways do exist. In other words, every polyadic algebra is (semantically) 8-con- 
sistent. The situation is reminiscent of syntactic consistency, and, in fact, it 
turns out that the two concepts are the same. It is profitable to return (but just 
for a moment) to logics instead of algebras. Recall that a logic (A, M) is syn- 
tactically consistent if and only if M is a proper ideal in A. The general definition 
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of semantic @-consistency for a logic (A, M) requires the existence of an algebra 
C in the class € and the existence of a homomorphism f from A onto C such that 
fb=0 whenever pe M. If @ is 8, then this is equivalent to the requirement that 
M be included in some maximal ideal. Since Zorn’s lemma can be used to show 
not only that maximal ideals exist, but that, in fact, every proper ideal is in- 
cluded in some maximal ideal, syntactic consistency and semantic 8-consistency 
are the same whether they are approached via logics (M is a proper ideal) or via 
algebras (A is a non-degenerate algebra). 

To say that an algebra A is semantically C-complete means, by definition, 
that for every non-zero element p of A there exists an algebra C in the class © 
and there exists a homomorphism f from A onto C such that fp+0. In this for- 
mulation C-completeness may not look familiar even to a professional algebraist; 
an easy argument serves, however, to prove that the definition is equivalent to 
one that is very well known indeed. The fact is that A is C-complete if and only 
if A is a subdirect sum of algebras belonging to the class ©. The argument (and 
even the definition of subdirect sum) will be omitted here; they are mentioned 
only to show that the concept (C-completeness for an arbitrary @) does fit into 
the framework of algebra. 

In view of the relation between maximal ideals on the one hand and homo- 
morphisms onto simple algebras on the other hand, the definition of semantic 
S-completeness for an algebra A reduces to this: to every non-zero element of A 
there corresponds a maximal ideal not containing it. Equivalently: the inter- 
section of all the maximal ideals of A is the singleton {0}. This too is a well- 
known algebraic phenomenon. In analogy with some other parts of algebra, a 
polyadic algebra will be called semzsimple if the intersection of all its maximal 
ideals is trivial; the result is that a polyadic algebra is 8-complete if and only if 
it is semisimple, or, equivalently, if and only if it is a subdirect sum of simple 
algebras. 

15. The Godel theorems. The title of this paper promised a discussion of 
the basic concepts of algebraic logic, and indeed the definitions of the basic 
concepts were emphasized much more than the basic results concerning them. As 
a partial rectification of this unbalanced state of affairs the present (concluding) 
section is devoted to the statement of two of the deepest theorems of the field. 
The original formulations and proofs of these justly celebrated theorems are due 
to Gédel; the results are known as the Gédel completeness theorem and the 
Gédel incompleteness theorem. 

The word “completeness” in “completeness theorem” refers to semantic com- 
pleteness. The algebraic statement of the theorem is short and elegant: every 
locally finite polyadtc algebra of infinite degree 1s semantically complete (or, equiva- 
lently, 9%-complete). The crux of the proof is a characterization of simple poly- 
adic algebras. It is very easy to see that every model is a simple algebra; the 
hard thing to prove is that, conversely, every simple, locally finite polyadic 
algebra of infinite degree is (isomorphic to) a model. The proof makes use of the 
polyadic generalization of what was called a “constant” of a monadic algebra. 
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In terms of the symbols used above, the easy fact is that I¢CS and the hard 
one is that (in the presence of local finiteness and infinite degree) SCM. In 
view of the equation $= IN, semantic completeness (2.e., Nt-completeness) is the 
same as 8-completeness, and, consequently, the Gédel completeness theorem 
implies that every locally finite polyadic algebra of infinite degree is semisimple. 
In fact, every polyadic algebra is semisimple, and this assertion is sometimes 
taken to be the algebraic version of the Gédel completeness theorem. The proof 
of semisimplicity is quite easy; the crucial fact is not that something is semi- 
simple but that in the most important cases semisimplicity is the same as se- 
mantic completeness. 

The word “incompleteness” in “incompleteness theorem” refers to syntactic 
incompleteness. The result here is not so general as the completeness theorem; 
the subject matter is not all polyadic algebras, but only relatively few of them. 
The algebras covered by the theorem are usually described by saying that they 
are adequate for elementary arithmetic. Because a precise explanation of what 
this means would involve a rather long and technical detour, no such explanation 
will be presented here, and, consequently, the incompleteness theorem will be 
described rather than stated. The striking qualities of the theorem are suff- 
ciently great to remain visible even under such cavalier treatment. 

Even if the definition of the class of algebras under consideration is not 
made explicit, it is convenient to have a short phrase in which to refer to them; 
in what follows “Peano algebra” will be used instead of “polyadic algebra that 
is adequate for elementary arithmetic.” The Gédel incompleteness theorem 
asserts the existence of “undecidable propositions.” Since in the passage from 
logics to algebras the statement that an element p is refutable (or provable) was 
identified with the statement that p=0 (or p=1), and since “undecidable” 
means “neither refutable nor provable,” the assertion reduces to the existence 
of a (closed) element different from both 0 and 1. The ideal generated by such 
an element is a non-trivial proper ideal. Conversely, every non-trivial proper 
ideal contains an undecidable (closed) element. These facts indicate that the 
Gédel incompleteness theorem asserts the existence, in Peano algebras, of non- 
trivial proper ideals; the definition of syntactic completeness shows now that the 
theorem does indeed assert that something is (syntactically) incomplete. The 
usual, logical, formulation explicitly makes the assumption that the underlying 
logic is consistent; the treatment of algebras instead of logics makes it unneces- 
sary to mention such an assumption here. 

The Gédel theorem does not assert that every Peano algebra is syntactically 
incomplete. It. asserts, instead, that the definition of Peano algebras is not a 
faithful algebraic transcription of all intuitive facts about elementary arith- 
metic. In algebraic terms this means that while some Peano algebras may be 
syntactically complete, there definitely exist others that are not. The situation 
is analogous to the one in the theory of groups. A class of polyadic algebras could 
be defined that is adequate for a discussion of elementary group theory. For this 
class the assertion that every two elements of a group commute would be un- 
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decidable, in the obvious sense that the assertion is true for some groups (and, 
therefore, corresponds to the unit element of some of the polyadic algebras 
under consideration) and false for others. 

What has been said so far makes the Gédel incompleteness theorem take the 
following form: not every Peano algebra is syntactically complete. In view of the 
algebraic characterization of syntactic completeness this can be rephrased thus: 
not every Peano algebra is a simple polyadic algebra. This is the description that 
was promised above. What follows is another rephrasing of this description; the 
rephrasing, possibly of some mnemonic value, makes its point by making a pun. 
Consider one of the systems of axiomatic set theory that is commonly accepted 
as a foundation for all extant mathematics. There is no difficulty in constructing 
polyadic algebras with sufficiently rich structure to mirror that axiomatic sys- 
tem in all detail. Since set theory is, in particular, an adequate foundation for 
elementary arithmetic, each such algebra is a Peano algebra. The elements of 
such a Peano algebra correspond in a natural way to the propositions considered 
in mathematics; it is stretching a point, but not very far, to identify such an 
algebra with mathematics itself. Some of these “mathematics” may turn out to 
possess no non-trivial proper ideals, z.e., to be syntactically complete; the Gédel 
theorem implies that some of them will certainly be syntactically incomplete. 
The conclusion is that the crowning glory of modern logic (algebraic or not) is 
the assertion: mathematics is not necessarily simple. 


ZERO INTEGRAL HOMOGENEOUS SYMMETRIC 
FUNCTIONS IN CERTAIN RINGS* 


MILO WEAVER, University of Texas 


In this paper}, we shall discuss a type of function which we shall define at 
the start. If f(c, a, - ++, Cn) is a function with the c’s in a ring, then f is called 
an integral homogeneous symmetric function of degree n, written IHSF, of degree x 
provided it satisfies: 

(i) f is a polynomial in the c’s which is unchanged by any permutation of 

the c’s. 

(ii) f(tco, ter, + - + , ben) =t"f (Go, 1, ° + +, Cn). 

Each elementary symmetric function is an IHSF. It is well known that in 
the field of real numbers each elementary symmetric function of the zth roots 
of unity is zero except the one of highest degree. More generally if 


f(*%) = e* + agar +--> +a, =0 
has a decomposition in a field, then in this field, a;=S;(—1)*, where S; is the 


* This paper was supported in part by National Science Foundation Grant G1397. 
+ The author wishes to thank the referee for valuable suggestions relative to this paper. 
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sum of the products of the roots of the above equation, taken i at a time, 
a=1,2,---,n. 

Many theorems are known which give us congruences involving symmetric 
functions on the residue classes prime to a modulus. In some of these theorems 
the modulus is prime; in others, it is a power of a prime; and in still others, the 
modulus may have several distinct prime divisors. Some theorems have been 
given which relate symmetric functions with Bernoulli numbers [3, 7,9]. Several 
theorems [1, 3, 9, 10] are also known which involve congruence relations on 
symmetric functions of residue classes not necessarily prime to a composite 
modulus. Symmetric functions have often been studied as products of the ele- 
mentary symmetric functions; however, P. Hensel [6] studied the class of inte- 
gral homogeneous symmetric functions and using the property of homogeneity, 
as we do in the proof of our main theorem, equation (2), obtained easily: 


An IHSF of the numbers of the set A:1,2,--+,b—1, for pa prime, such that 
the degree of the function 1s not a multiple of p—1, ts divisible by p. 


LaGrange’s identity yields as a special case of Hensel’s theorem, the well- 
known theorem: 


If S;1s the sum of the products of the elements of the set A above, taken 1 ai a 
time, 0<1<p—1, then S;=0 (mod p). 


Authors of recent textbooks have neglected both the method of Hensel and 
his theorem, but mention this special case. Wolstenholme’s theorem is also 
often mentioned: 


If t varies over the set A and 1/t is defined by (1/t)t=1 (mod p2), then >.1/t=0 
(mod p?), for p>3. 


It is the object of this paper to prove a theorem which contains as a special 
case a corollary which contains Hensel’s theorem and one similar to that of 
Wolstenholme. Both the methods used and the results obtained are similar to 
methods and results of Vandiver’s paper [9]. This together with the fact that 
our theorem also applies to symmetric functions involving non-units as well as 
units in certain rings suggests its considerable generality. The statement that 
uisa unit of the ring R means that R contains a multiplicative identity e, and 
that u divides this identity; e is called the unity element. 

In a recent paper [11] the writer discussed cosets and divisor groups in 
semi-groups. If a commutative semi-group S contains a subsemi-group S’ and a 
is an element of S, the coset aS’ was defined to be the set of elements obtained by 
multiplying a by each element of S’; a was called the coset multiplier of aS’. A 
subgroup G of S was called a divisor group if: (i) Each element of S is in some 
coset aG; (ii) The cosets of S with respect to G are disjoint; and (iii) This division 
into cosets with respect to G is unique in the sense that each two divisions of S 
into cosets with respect to G contain the same cosets. For instance the group 
of units modulo 6 is a divisor group of the multiplicative semi-group modulo 
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6. A minimal set M of coset multipliers such that each element of S can be 
written in the form aig where a; is an element of M and g is an element of 
G will be called, in the present paper, a complete set of coset multipliers of S 
with respect to G. We shall need Theorem 7 and a special case of Theorem 1 of 
[11]. We state them respectively below as theorems B and A. 


THEOREM A. A finite semi-group S contains the subgroup G as a divisor group 
af the identity of G 1s an 1dentaty of S. 


THEOREM B. If a semt-group 1s divided into left cosets with respect to a left 
divisor group G, a necessary and sufficient condition that two left cosets aG and bG 
be tdentical 1s that there exist an element g of G such that a=bg. 


We now proceed with our principal theorem. 


THEOREM. Let a finite commutative ring R with unity e contain among tts units 
a multiplicative divisor group G of order aand an element 1 such that i**—e 1s also 
a unit for d a positive integer; then each IHSF of degree d of the a-th powers of a 
complete set of coset multipliers of R with respect to Gs zero in R. 

Proof. By using Theorem A we can write the distinct elements of Ras 


(1) Wi, W891) W805 my Wks.) 
We, We8t,, WeBte, °° * 5 WS ty 
Wo »VoPurs Wohues rs W ofu,s 


where the g’s are in G, and the w’s form a complete set of coset multipliers of R 
with respect to G. Let S be an IHSF of degree d of the a-th powers of the w’s. 
Then 


(2) S((iws)*, (iws)*, +++, (iwe)) = 4™“S(wy, we, +, we). 


If 1kSb, we have from (1) that there exists an integer m, 1S mS), and an 
element g, of G such that 
(3) IW, = Wm8r. 


Hence, since R is commutative 
. a a a 
(4) (1Wr) = (Wmkr) = Wm. 


Now as w, varies over the complete set of coset multipliers in (3), so also does 
Wm, tor if 

1WE = Wr; 
and 


IWhe = Wakes 
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where the w’s are coset multipliers in (1) and the g’s are in G, then 
Wr = U Wn8r,, 


and 
Wk, = I Wn8r; = £70  Wmkr; = £7,Wk; 


where g,, is an element of G such that g,,=g,; This contradicts theorem B 
unless w; is wz; Therefore, by (2) and (4) 


S((iw1)4, (1w2)?, mt fy (iwp)*) =S= 1248, 


and 
(194 — e)S = 0. 


Since 724—e is a unit, it is not a divisor of 0. Hence, S=0. 

We can easily illustrate our theorem. Consider the ring R of residue classes 
modulo 21. It has as a divisor group G of order three of units, the group whose 
least positive residues are 4, 16, and 1, and a cyclic subgroup of order two of 
units, generated by the residue class whose least positive residue is 20. And 
20®—1=19 (mod 21), where 19 is the least positive residue of a unit. A complete 
set MM of coset multipliers of R with respect to G has as least positive residues the 
integers 1, 2, 3,5, 7,9, 10, 14, and 21. In the terminology of our theorem, a=3, 
n=2. Let d=1 and S= >_w? (mod 21), where w varies over M. Then it is easy 
to verify that S=0 (mod 21). 

Again let R be a Galois field with unity 1 and order *, and let a divide 
p"—1 and d be an integer such that p”—1 does not divide ad. Then R contains 
a multiplicative divisor group G of order a and a multiplicative cyclic subgroup 
Hof order p"—1. Let the generator of H be 2; then 2*¢—1 is a unit since p*—1 
does not divide ad. Hence, an IHSF of degree d of the a-th powers of a complete 
set of coset multipliers of R with respect to G is zero in R unless p* —1 divides ad. 
This is theorem IV of Vandiver’s paper [9]. 


Coro.uary. Let r vary over the set A:1,2,--+-,p—1 where pts an odd prime, 
and let d not be a multiple of p—1, k be prime to p, and t be an integer; then each 
IHSF of degree d of the p"~!-st powers of the integers of the set B: kr+tp 1s con- 
gruent to zero modulo p". 


Proof. We shall show that this corollary is a special case of the principal 
theorem. Let G be the cyclic [2] multiplicative subgroup of units modulo ” of 
order $(p") =p""(p—1); and let g be a primitive root modulo p*. Then there 
exists a subgroup HT of order p"~!; also there exists an element g? of order 
p—1; furthermore g#"’—1 is a unit modulo *, otherwise g?""'=1 (mod p) 
which contradicts the fact that d is not a multiple of p—1, for g is also a primi- 
tive root modulo p. To show that the elements of the set B are a complete set of 
coset multipliers of G with respect to H, we first notice that the elements of H 
are: 
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g’?,v=1,2,---, pr 
Certainly each element of the set B is an element of G. If 
(kr; + tp)g??-) = krm + tp (mod p”) 


for r; and r, elements of A, and 1SvS$p"~', then since g*?-» =1 (mod p) and 
(k, p) =1, it follows that-r;=r, (mod p), and r;=7rm; hence by theorem B and 
Lagrange’s theorem, the set B is a complete set of the coset multipliers of G 
with respect to H. Let R be the ring modulo p”. One complete set C of the coset 
multipliers of R with respect of H is therefore the set B together with a set D of 
non-units. Then by our main theorem each IHSF of degree d of the p*—!-st 
powers of the elements of C is 0 in the ring. Denote by s,(T) the sum of the prod- 
ucts taken 7 at a time of the elements of a given set 7. Let S be an IHSF of 
degree d of the p"~!-st powers of the elements of the set B. Then S is expressible 
[8] as S=f(s:(B’), so(B’), - + + , Sp-1(B’)) (mod p”) where B’ is the set of p*—!-st 
powers of the elements of the set B. But f=g(si(C’), s2(C’), - ++, Sp4(C’)) 
(mod p”) where C’ is the set of p*~!-st powers of the elements of the set C, since 
the p*~!-st power of a non-unit of C is zero in R. Since S may be expressed as 
the sum of the non-zero terms of the IHSF g which is zero in R, it follows that 
S=0 (mod ”), and the corollary is proved. 

If in our corollary k=n=1 and t=0, we obtain the theorem of Hensel, men- 
tioned earlier. 

If in our corollary k=1, n=2,t=0, and d=p?—p—1, we consider the func- 
tion S= > _7?"-2-) (mod p?) and find that S=0 (mod 2). This is the theorem 
already mentioned which resembles that of Wolstenholme; for the latter theo- 
rem may be expressed as )or?"-?-1=0 (mod p”) for p>3. 
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STACKING COLORED CUBES 
PAUL B. JOHNSON, Occidental College 


1. Introduction. The six faces of a cube can be painted with six different 
colors in thirty different ways. Thirty cubes so painted not only are the basis for 
a number of interesting games and puzzles, but also are excellent models for 
illustrating group theory, combinatorial counting, and cataloguing. This paper 
generalizes a puzzle of W. W. R. Ball [1] and extends the knowledge of these 
thirty cubes. It is hoped these results will help mathematicians make more use 
of this simple, attractive, yet complicated model. Possible applications to the 
theory of cubic crystal alloys also exist. 

We set aside one cube, called the “key” cube. The three main theorems dis- 
cussed are the following: 


THEOREM I. There are 144,500 different ways in which erght of the twenty-nine 
non-key cubes can be selected and stacked to form a 2X2 X2 cube such that (1) each 
face of the 2X2 X2 cube ts a solid color, and (2) the colors have the same arrangement 
as those on the key cube. 


THEOREM II. If a set of erght non-key cubes will stack properly, zt will do so in 
2,4, 8 or 16 ways. 


THEOREM III. There are 67,260 different sets of erght non-key cubes that will 
stack properly. 


These numerical results are valuable for some of the games and puzzles. 
However, actually proving these results, recognizing differences and avoiding 
duplications in the counting process, is even more interesting. 

To fix our ideas, we call the colors A, B, C, D, E, F. Let us suppose the key 
cube to be the cube with A on top, F on the bottom, and BCDE on the sides in 
counterclockwise order looking down. We call it ABCDEF. 

The secret of the proof is to concentrate on the key corners rather than on 
the cubes. A key corner is one like one of the eight corners of the key cube. ABC 
is a key corner, with the colors listed in counterclockwise order as seen by an 
external observer looking directly at the corner. 

Corner ABC lies on five different cubes. For, after three faces are painted 
A, B, and C, the remaining three can be painted D, £, and F in six different 
ways, forming six different cubes. One of these is the key cube, leaving five 
among the 29. 

No cube can have three key corners except the key cube. For, if a cube has 
three key corners, two of them must be diagonal corners of one of the faces of 
the key cube. This would require that five of the faces be colored like the key 
cube, and hence all six. 

A careful look at the five non-key cubes with corner ABC shows that each 
has exactly one other key corner as well. ABCFDE and ABCEFD have the key 
corner DFE. We note that ABC and DFE are end points of a solid diagonal of 
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the key cube. The other three cubes, ABCDFE, ABCFED, ABCEDF have the 
three key corners ACD, AEB, BFC respectively. These three corners, with 
ABC, are the end points of the three edges of the key cube which meet at ABC. 

Symmetry shows similar results for the other key corners. Hence the 29 
cubes divide into three groups: (1) eight cubes with two key corners which are 
ends of the solid diagonals of the key cube, two for each of the four solid di- 
agonals, (2) twelve cubes with two key corners which are ends of the twelve 
edges of the key cube, one for each edge, and (3) nine cubes with no key corners 
at all. The cubes of groups (1) and (2) are called “diagonal” and “edge” cubes 
respectively. It is easily seen that the nine cubes of group (3) are the mirror 
images of the key cube and the eight diagonal cubes of group (1). 

2. Counting the number of ways eight cubes can be stacked. Clearly it is 
possible to find eight cubes which will stack. All one needs to do is to pick out 
eight key corners on eight different cubes. In particular, the eight diagonal 
cubes of group (1) will stack. However, not every set of eight cubes will stack. 
For example, if a cube of group (3) is included, the set will not stack, since this 
cube will fit nowhere. 


3 2 


pee A 


6 


To assist in the counting, the key corners are numbered according to the 
diagram in the figure. With this system every edge is bounded by one odd and 
one even numbered corner, and each solid diagonal is bounded by corners whose 
sum is nine. A cube with key corners is now named by the numbers of its two 
corners. The twelve edge cubes of group (2) are named 12, 14, 16, 32, 34, 38, 
52, 56, 58, 74, 76, 78. The eight diagonal cubes of group (1) are named 18, 18’, 
36, 36’, 54, 54’, 72, 72’, where prime merely distinguishes one of the two cubes 
which have the given diagonal key corners. 

Since each corner appears on five different cubes, every freshman knows 
there are 5° or 390,625 different sets of eight different key corners. If each of 
these sets appeared on eight different cubes, this would be the number of ways 
of stacking eight cubes. Unfortunately, among these sets of corners will be those 
where both key corners of one, two, three, or even four cubes have been used. 
These sets of corners lie on less than eight cubes, which, therefore, do not stack. 
We subtract the number of such sets. 
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Let S, P, T, Q be the number of times both corners of a single, a pair, a 
triple, a quadruple of cubes are used. For example, consider the set of eight 
corners where corners one and two are taken from cube 12, corners three and 
four are taken from cube 34, and the remaining four corners from four different 
cubes. This set contributes two to the value of S and one to the value of P. 

The number of different sets of eight corners on less than eight different 
cubes is S—P-+7T7-—Q. The total number of ways eight cubes can be stacked is 
390,625 -S+P—-T+Q. 

Clearly both corners of the cube 12 are used in 5§ sets, 5° being the number 
of ways the remaining six corners could be chosen after corners one and two are 
assigned to cube 12. Symmetry shows that the same is true for each cube. Hence 
S= 20 X56 = 312,500. 

Suppose both corners of a pair of cubes are used which include corners one 
and three. There are 19 such pairs, as is easiest seen by cataloguing. Each such 
pair is used in 5‘ sets of 8 corners. Since there are 6 pairs of odd corners like one 
and three, P=19X54X6=71,250. . 

In counting 7 and Q some caution is required because edge cubes and diago- 
nal cubes have different effects in counting patterns. However, there are 49 
triples of cubes including corners one, three and five. Hence T= 49 K5?K4 = 4900. 

Every quadruple of cubes with both corners used will contain a triple with 
both corners used including corners one, three and five. Thirty-three of the 49 
such triples are made a quadruple by only one edge cube. Sixteen are made a 
quadruple by two diagonal cubes. Hence Q=33 K1+16X2 =65. 

Hence eight cubes can be stacked in the following number of ways: 


390,625 — 312,500 + 71,250 — 4900 + 65 = 144,500. 
3. Multiple stacking. 


THEOREM II. Jf a set of erght non-key cubes will stack properly, tt will do so in 
2,4, 8 or 16 ways. 


Proof. Every cube which is used has two key corners. Draw the eight line 
segments connecting these key corners. These line segments will form a space 
polygon which will contain one, two, three, or four closed polygons. For example, 
the cubes 12, 23,34, 41 would yield a closed polygon. So would the cubes 18, 18’, 
although this polygon is somewhat degenerate, having but two sides, one on 
top of the other. 

The set of cubes forming a closed polygon can be placed in two positions in 
stacking corresponding to the two senses of the polygon. This is the only way 
cubes may be stacked in more than one manner. Hence the cubes can be stacked 
in 2, 4, 8, 16 different ways as their space polygon has one, two, three or four 
closed polygons. 

The eight diagonal cubes are the only set which will stack in 16 different 
ways. This set is also the only set which can be stacked with all abutting faces 
the same color. They are thus the solution to Ball’s puzzle mentioned above. 
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4. Sets of cubes which will stack. The variety of ways sets of eight cubes will 
stack suggests the question “How many different sets of 8 cubes from the 29 
will stack?” The answer is in the following theorem. 


THEOREM III. There are 67,260 different sets of eight non-key cubes that will 
stack properly. 


The proof of theorem III is somewhat abbreviated. Eight cubes from the set 
of twenty will stack unless (I) one or more key corners is missing, or (II) some, 
say x, of the key corners appear on fewer than x cubes, or (IIJ) both. If I, II, and 
III also represent the numbers of sets of eight cubes respectively described, then 
the number of sets which stack is C(20, 8) —I—II+III where C(20, 8) is the 
standard symbol for the combinations of 20 objects 8 at a time. 

Sets of eight cubes exist with one, two, or even three key corners missing. 
In counting these it is necessary to be aware of the different arrangements of the 
missing corners. For example, two missing key corners might be ends of an edge, 
a face diagonal or a solid diagonal of the key cube. It turns out that single 
corners are missing 51,480 times, pairs of corners are missing 4500 times, and 
triples of corners are missing 24 times. Hence there are 51,480 —4500+24 
= 47,004 sets of eight cubes with one or more key corners missing. 

There are sets of eight cubes where two key corners appear on only one cube, 
three corners on only two cubes, four corners on only three cubes, and four 
corners on only two cubes. Again it is necessary to keep account of whether the 
doubled cubes are edge or diagonal cubes, and how the corresponding edges and 
diagonals are related. The total number of such sets is 12,378. 

There are also 672 sets with one corner missing and two corners on one cube, 
or three corners on two cubes. Hence the total number of cubes which will 
stack is 


C(20,8) — 47,004 — 12,378 + 672 = 67,260. 


Two interesting corollaries are the following. The probability that eight 
cubes will stack when chosen at random from the twenty edge and diagonal 
cubes is 67,260/C(20, 8) =.54. The probability that eight cubes will stack when 
chosen from 29 (all except the key cube) is 67,260/C(29, 8) =.016. 
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A NATIONAL WEAKNESS 


Editorial note. This article is reprinted from the Quarterly Report of the Carnegie Corporation of 
New York, vol. 4, 1956. 


Concern over the mathematical incompetence of the average—and even 
above-average—American has become almost a national preoccupation. Science 
and industry cry in vain for more and better mathematicians. Ordinary busi- 
nesses ask only that their employees be able to do simple arithmetic. Neither 
the extravagant nor the modest demands of society for mathematicians—or 
arithmeticians even—are being met. And public concern grows. 

A recent study shows that there are more than adequate explanations for 
this national weakness, and that many of them lie in the caliber of mathematical 
instruction. Under a grant from Carnegie Corporation, the Educational Testing 
Service (ETS) recently conducted a survey to identify some of the reasons why 
so many elementary and secondary school children either fail or drop mathe- 
matics or, at best, just manage to limp through. Here are some of the basic facts 
which inspired the ETS to undertake its study: 

A recent national survey showed that since 1910 there has been a consistent 
decline in the proportion of high school students who take college preparatory 
mathematics. It is true that the character of the high school population has 
changed with the vast increase in numbers. But this does not explain away the 
fact that many students starting mathematics courses in high school do not see 
them through. Some drop elementary algebra before they finish the first year; 
more quit in the middle of geometry; still more leave intermediate algebra un- 
finished. These facts would suggest a certain indifference toward the subject on 
the part of many youngsters; actually in many cases it is positive detestation 
rather than mere indifference. Almost all available data show that students have 
a poorer attitude toward math than toward any other school subject; in one 
survey 40 per cent of the pupils honored math by electing it the subject they 
dislike most. 

Another basic fact which impressed the ETS is that mathematical incompe- 
tence is widespread even among students of superior intellectual ability. In one 
high school, of 526 students with I.Q.’s above 114, 135 either dropped math, 
averaged C or lower, or were retarded one grade or more. The mean I.Q. of 
these 135 students was 123. 

Faced with these bewildering and discouraging figures, the ETS committee 
assembled data and expert opinions on the two important factors which many 
people believe lie at the heart of the difficulty: teaching and curriculum. They 
surveyed the relevant literature, sent questionnaires to experts in a variety of 
fields, observed classroom procedures, and interviewed students. From all these 
sources, they learned some astonishing facts about math teaching in the United 
States today. 

For instance, although all states require education courses for secondary 


396 


1956] A NATIONAL WEAKNESS 397 


mathematics teachers, a third of the states require no mathematics for certifica- 
tion of math teachers. At the elementary level the situation is even worse. In 
the majority of instances a prospective elementary school teacher can enter a 
teachers college without any credits in secondary school math. In most states, 
a teacher can be certified to teach elementary school math without any work in 
math at the college level. 

Under such circumstances, it is no surprise that one professor states: “Ele- 
mentary teachers, for the most part, are ignorant of the mathematical basis of 


arithmetic. ...” As for the secondary school teachers, one math professor in- 
terested in teacher education says “They are not as good as our run-of-mine 
juniors.” 


An observer who visited 60 representative math classrooms in different re- 
gions of the country came to the conclusion that genuine and efficient mathe- 
matical learning was going on in only eight of them. He got the inescapable im- 
pression from the 36 elementary classrooms he observed that in most cases the 
instruction is carried on in such a routine, haphazard way that learning of any 
kind is probably largely accidental. And his observation of 24 high school class- 
rooms led him to think that teaching on that level is no better, and perhaps 
even worse, than it is on the elementary level. 

As for the curriculum, little change has occurred in it despite extensive 
changes in the nature and knowledge of mathematics and despite the fact that 
since 1894 many authorities have been recommending changes. The result is 
that the curriculum is out of touch with the real needs for math in the world 
today, and also out of touch with the interests of the pupils. The only major 
development has been the growth in a ninth-grade “general mathematics” 
course, a subject that the students tend to regard with disdain but often take, 
as the lesser of two evils, rather than algebra. 

Although the total picture of mathematical education that emerges from the 
ETS survey is hardly encouraging, there are some moves toward reform, par- 
ticularly in the curriculum. Further reforms may be instituted as the educators 
and public who must meet the problems are provided with information, such as 
that contained in the ETS survey, about the actual situation today. To give wide 
distribution to these facts, the ETS will soon publish a pamphlet summarizing 
the findings of the survey. The hope is that circulation of these findings will 
stimulate schools to re-examine their programs in mathematics to see what 
measures might be taken to improve them. 


COMMENTARY: MATHEMATICS IN CRISIS 


There is grave cause for alarm in the failure of our schools to provide more 
youngsters with a reasonable command of mathematics. It is a problem which 
merits the attention of all men and women accustomed to concerning themselves 
about the future of America. 

In recent years, the astonishing advances in science and technology and the 
prompt application of these advances to our industrial and national defense 
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needs have created an unprecedented demand for intelligent and highly trained 
young men and women. It is now clear that unless heroic measures are taken the 
demand simply cannot be met. 

What we are facing is not a shortage of talent, but of trained talent. Intelligent 
youngsters are not in short supply, and if we had made good use of the resources 
available to us we would be in no difficulty. This is not an easy fact for us to 
grasp. Throughout history, human societies have managed to be extremely 
wasteful of individual talent. The discovery and nurture of talent has been 
largely accidental. The needs of society have not in the past put a premium 
either upon gifts or upon training. Even a generation ago the world did not 
reckon highly intelligent, highly trained men among the most marketable com- 
modities. Now for the first time in history a radically different condition exists. 
The nation needs its talented and highly trained men and women, and it needs 
them badly. 

The national need for men with scientific and mathematical competence 
exists at all levels. It is not just that we need more creative scientists at the 
Nobel Prize level. Behind the great creative minds in science moves an army of 
able and superbly trained men who test and confirm (or reject) new discoveries, 
conduct the more mundane testing and experimenting of the scientific world, 
and make the numberless lesser contributions on which the structure of science 
rests. And beside them works an immense corps of well-trained and skillful 
laboratory technicians and assistants. 

In the industrial world a similar situation exists. In the spotlight are the 
great designers, inventors, and innovators, but back of them stands an im- 
mensely able corps of technically brilliant men to put their discoveries into 
operation. And back of these men stretch rank after rank of highly trained 
technicians and mechanics. Only in recent years have we learned that much of 
the strength and vitality of American technology is in this “training in depth.” 
Several of the leading countries of the world can match us for brilliant men at 
the top. But we outstrip most of them in competent, excellently trained second, 
third, fourth, and fifth level workers. 

When it became apparent two or three years ago that we were going to ex- 
perience a severe shortage of scientists and engineers, and that this shortage 
constituted cause for the gravest national concern, some first-rate minds were 
put to work to diagnose the problem. Why the shortage? How can it be cor- 
rected? 

There are many reasons for the shortage, and these need not concern us here. 
When the experts turned to the question of how to correct it, they very soon 
were brought up short before the great stumbling block of mathematics. You 
cannot make scientists out of youngsters who have not been adequately trained 
in the early years of mathematics. And the youngsters who had received such 
adequate training proved to be all too rare. 

That was the situation which led to the study described in the accompanying 
article, “A National Weakness.” It would be foolish in the extreme to waste our 
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time and energy in fixing the blame for this disturbing state of affairs. Whatever 
critics may say, our schools as a whole are not deteriorating. They are doing a 
good job under extraordinarily difficult circumstances. Any attempt to find a 
scapegoat for the present situation will simply waste everyone’s emotional 
energies, and divert us from constructive action. 

But action is necessary. We must act to draw a vastly greater number of 
first-rate young men and women into the teaching of mathematics. We must 
act to strengthen and upgrade many of those who are already in it. And we must 
improve the training of those who teach. 

A few months ago Carnegie Corporation made a grant of $300,000 to the 
American Association for the Advancement of Science to support a program for 
the improvement of teaching in science and mathematics. The ETS study re- 
ported here is another effort to draw national attention to a truly critical 
problem. 

JoHn W. GARDNER 


MATHEMATICAL NOTES 


EDITED By F. A. FICKEN, University of Tennessee 


Because of the large number of papers on hand, consideration of new papers for this department 
has been temporarily suspended. 


THE ASYMPTOTIC DENSITY OF SOME k-DIMENSIONAL SETS 


Jonn CHRISTOPHER, Fresno State College 


Let A be a k-dimensional set whose elements are k-tuples of positive integers, 
and let A(z) be the number of k-tuples, (a:, - - - , az), in A such that a;Sn for 
4=1,2,---,k. Then 6(A) =limyz.. {A(n)/n*} is defined to be the asymptotic 
density of the set A. It can also be said that 6(A) represents the probability that 
any k-tuple of positive integers, chosen at random, will be in the set A. 

Suppose k positive integers (k 22) are chosen at random. What is the prob- 
ability that they have greatest common divisor t, where ¢ 21? Or the probability 
that ¢ be square free? These questions will be answered in this note. For k=2 
and f=1, Mertens [3] showed that the probability is 1/¢(2) where ¢(s) is the 
well known Riemann-Zeta function. For k=1, Gebenbauer [1] has shown that 
the probability that an integer be square free is also 1/¢(2). 

Definition. Let (nm) be the number of integers, a, such that 0<asSn and 
(a, n) =k, where (a, n) denotes the greatest common divisor of a and n. It is easy 
to show that ¢:(kz) =¢(n”), where $(”) is the well known Euler ¢-function. We 
are now ready to state 


THEOREM 1. Let t be a positive integer. Then the probability that two positive 
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integers, selected at random, have greatest common divisor t is 1/t?¢(2). 


Proof. There exist #2? pairs of numbers (a, 8) such that 0<asSin and 
0<bsin. Let Nn be the number of these pairs for which (a, b) =¢. Then, by 
counting, it is seen that 


Nn = $e(t) + 26:(2f) + +--+ + 2G4(nd). 
And so, by the remark following the above definition, 
Nu = 2[¢(1) + 6(2) +--+ +o(m)] - 1. 
But it is well known (see e.g., Hardy and Wright [2]) that 


(1) +62) +o + 6m) = nt + O(n log 2), 


Thus 
Na 6 1 


Pe? P¢(2) 


N— 0 fn? 
which is the desired probability. 


THEOREM 2. Let a, and a2 be two positive integers selected at random. The 
probability that their greatest common divisor, (a1, a2), be square free ts 1/¢(A4). 


Proof. In the ordinary Cartesian plane consider all pairs of integers, (x, y), 
in the square 0<xSn and 0<ySn. Call this square Qn, and note that Q, con- 
tains n? pairs of positive integers. By Theorem 1 and its proof, it is seen that Qn 


contains 
n? + O (= lo *) 
12¢(2) py 


pairs which have greatest common divisor t. Let N be the number of pairs in Q, 
for which ¢ is square free. Then 


_ n | (2) | ; nN n 
v= > eos " +0(7 log “)t 


where p(t) is the well known Médbius function. Now 


n nN nN 
o(* 10 *) 

N 1 2 |e] 2, iY 
= m 


m 

no 17 ¢(2) t=] i? n—> 00 n? 
— ft 2) 1 
~ ¢(2) ¢(4)— ¢(4) 


Three theorems are now stated which are the generalizations of Mertens’ 
result, Theorem 1, and Theorem 2 to k-dimensions. 


1956] MATHEMATICAL NOTES 401 


THEOREM 3. If R22, then the probability that k integers, selected at random, 
are relatively prime is 1/€(k). 


THEOREM 4. Let t be a positive integer. If k=2, then the probability that k 
integers, selected at random, have greatest common divisor t 1s 1/t*€(k). 


THEOREM 5. Let ai, +--+, dy be R(R21) positive integers selected at random. 
The probability that the greatest common divisor, (di, °° + , @x), of these integers be 
square free is 1/€(2k). 


Note that when k=1, Theorem 5 becomes Gebenbauer’s result, and that all 
three theorems have been established for the case k=2. By a straightforward 
induction on k they may be established for all integers k. 


References 


1. L. Gebenbauer, Asymptotische Gesetze der Zahlentheorie, Denkschriften Akad. Wien, 
vol. 49 Abt. I, 1885, pp. 37-80. 

2. G. H. Hardy and E. M. Wright, An Introduction to the Theory of Numbers, Oxford Uni- 
versity Press, 1938. 

3. F. Mertens, Ueber einige asymptotische Gesetze der Zahlentheorie, Journal fur Math., 
vol. 77, 1874, pp. 289-338. 


A BASIC SET OF POLYNOMIAL SOLUTIONS FOR THE EULER-POISSON-DARBOUX 
AND BELTRAMI EQUATIONS 


E. P. MiLss, JR. AND ERNEST WILLIAMS, Alabama Polytechnic Institute 


The equations 


Eij: Do 2,2, + (—1)*[we + GR] = 0 i=0,1;7=0,1 


n=] 


are called: Ey, the wave equation, Eo, the Laplace equation, Ey, the Euler- 
Poisson-Darboux equation and Em, the Beltrami equation. In a recent article 
[1] the authors presented a basic set of polynomial solutions for Eyo[Eoo]; in 
this note we modify certain of these polynomials to obtain the basic set of poly- 
nomial solutions for Eu[En| associated with the Cauchy problem for En[Eq | 
where k>0. 

The following lemma is used to carry out the modification. 


Lemma. Let Hio[Hoo| be a polynomial solution of Eyo|Ev| which is even in t; 

then the polynomial | Aio} [{ Hoo} | obtained from Hy|Hoo| by replacing t?” by 
420) = 1-3-5--+ (Qn — 1) 

(1+ k)(3+k)---(Qn—1+&) 


2n 


is a solution of En[Eu|. 
Proof. In operator notation we may write E,,;~| V?2+D,;|u=0. We note that 
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(1) Dyo[t2"| = — 2n(2n — 1)#"-2, and 
_ Ee — 1)-1-3-5---+ (Qn —1) 
(1+ &)(3+k) +--+ (Qn—1+ ) 
k-2n 1-3:5--++ (2n — 1) 7 
+ ee ee [2” 2 
(2) (1+ k)(3+ k)--+ (Qn—1+ k) 
1:3-5---+ (2n — 3) 
— 2n(2n — 1) ——— pp 
(1+ k)(3+ k) +++ (Qn—3-+ k) 
— 2n(2n — 1)éf2"-3}, 


Du [ei2%) | 


Any Hyp may be written as >,?_oP.[x |t?* where each P, is a polynomial in 


X1, °° * , Xm. Since Hy is a solution of Lio we have 
p 
(3) [V2 + Dio]Hie = 21 0.[x]é* and 
s=(0) 
(4) Q.[x] = 0, s=0,1,---, #. 
Writing 


{ Hy} = >, Pe [a |e?) 


s=0 


and making use of (1), (2), (3) and (4), we see immediately 


Pp 
(5) [V? + Du]{ Hw} = 2 Q.[x]e29 = 0, 
s=30 
which completes the proof of the unbracketed form of the lemma. The bracketed 
form follows in similar fashion. 
The authors’ basic set [1] for £1. may be given as follows. For any set of non- 
negative integers (b;) such that b)S1 and >i”, b;=n, let 


Hy 015° °°) bm (Xa, X20, °° +» Xm, #) denote 
Ea 
2 ao “ aj 
6) Upc en? pl 
II a:! | ‘| 
j=0 0 jel 2 
where the summation is extended over all non-negative (a;) such that 
(1) a; = b; mod 2, j=0,1,2,+--,m 
(7) (2) Dia;=n 
ji==0 


(3) a; S b;, 4=1,2,---,m. 
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The polynomials (6) are even in ¢ if bb) =0 and odd in ¢ if b) =1. We can readily 
see that no polynomial solution of Ey, [Eo] contains an odd power of t if k>0. 
For suppose the coefficient P,[X | of #2"*) is the first nonvanishing coefficient of 
an odd power of ¢ occurring in P(x, t), a polynomial solution of Ey. The coeffi- 
cient of #2°—) in (V?2+Dyn)P(x, 4) would then be —P,lx|-(2u+1)(2n+k), a 
nonvanishing function, since k being positive cannot equal —2n, n20. 

We form our basic set for Ey: from (6) by restricting bp) to the value 0 and 
replacing ¢® by t'}. That the resulting polynomials 


(S) 

n 2 ; a m a 

(8) Hos ccestg(ty tty oy tm ft) = SQ ——— 2 
; rm 


II a;! [J (~*) 
=0 j=l 2 
are solutions of Ey, follows from our lemma. 

Since a particular monomial T[j.x” occurs only in the polynomial (8) de- 
termined by its exponent set 0, b;, +--+, bm we readily conclude that the poly- 
nomials (8) are independent. We call this monomial the generator for the associ- 
ated polynomial. To show that this set of independent homogeneous polynomials 
is a basic set of solutions we need only to show that it contains the correct num- 
ber of members. The polynomials (8) of degree ” are 


(’ +m — ') 
m—1 
in number since they are generated in turn by the individual monomials ap- 
pearing in [ 07, x,]*. 
Let us write a general homogeneous polynomial of degree 2 in the m+1 
variables t, x1, - + + ,%m which contains no first powers of t,as P"(t, x1, - + + , Xm) 
= P(x, ++ +, Xm) +t2PS A(t, 01, ° + +, Xm); thus P* has 


n+m— 1 n+m— 2 
( m—1 )+ ( m ) 
coefficients. Equating (V?+D,)P” to zero gives exactly 
n+m— 2 
Con) 
independent conditions on these coefficients, leaving 
n+m-— 1 
( m—1 ) 
of them arbitrary. Hence the number of independent homogeneous polynomial 
solutions of degree m for Ey, is 
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(" +m — ‘) 
m— 1 
and the polynomials (8) are a basic set for Fu, R>0. 

Since the polynomials (6’) obtained from (6) by replacing #% by (— 1) !20/21j20 
form a basic set [1] for Ew, we readily observe that the polynomials (8’) ob- 
tained from (8) by replacing t{%9} by (—1) @0/#{%0} form a basic set for Eo. 

We point out the association of the basic set (8) with the solution of the 
analytic Cauchy problem for Ey: 


Ui(%1,°°**, Lm, 0) = 0 


ular, ++, Lm, 0) = f(t, +++ Xm) = >| Yo Abj.te. sss II a | 


n=(0 j=1 


where the bracketed summation is over all non-negative b;, }.”,6;=m. A formal 
solution is seen to be 


(9) u( x1, 228 Xm, t) = >| > A bi ,be,++ +, Bm II (b;) or. | 


n=() j=1 


As an illustration we write, using (9), the solution, known to be unique [2], for 
the Cauchy problem for the E. P. D. equation 


Use + Uyy — (Ute + Riu.) = 0, k>0; 
u(x, y, t) = x3y?; u(x, y, 0) = 0. 
The solution is 
(3xy? + x3)?? 3x4 


(10) u(x, ys t,) = a3 y? + 1 + , (i+ (3+ 2) . 


The solution (10) is valid for k<0, k¥# —1, —3 but is not unique. 


Note added in proof. A theory which gives these and certain more general 
results in a simpler manner has been developed in the authors’ paper, “The 
Cauchy problem for linear partial differential equations with restricted bound- 
ary conditions”, to appear shortly in the Canadian Journal of Mathematics. 
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ON MATRIC SOLUTIONS OF A CYCLIC EQUATION 


H. S. Tuurston, University of Alabama 


A. R. Richardson* has exhibited a set of matric conjugates M; of the cyclic 
equation x?-+-x?—2x—1=0, such that Mi4; is obtained from M; by cyclically 
permuting rows and columns. These conjugates arose incidentally and no com- 
ment was made on this particular property of the matrices. It is possible to show 
that the occurrence of such a set was not a coincidence, but that every cyclic 
equation possesses a set of conjugate matric solutions with this property. 


THEOREM. If f(x) =0 ts a cyclic equation over the rational field, there exists a 
conjugate set of rational matric solutions B; such that Bit: ts obtained from By by 
cyclicly permuting rows and columns. 


Let the complex roots of f(x) =0 be x1, x2, - + + , xn, where x41 =0(x;). Then 
if A, is the companion matrix of f(x), the matrices A,, A2=0(A1),---, An 
=6(An1) form a conjugate set of rational matric solutions. If H=VUV—, 
where V is the Vandermonde matrix (x;~*) and U is obtained from the identity 
matrix of order 2 by cyclically permuting columns, then H is rational and of 
determinant (—1)*~!. Albertt has shown that H-!4,H = A, whence, in general, 
we have 
(1) HA,H = Aisi, i=1,2,---,n—1. 

While the relation H= VUV~— does not establish the similarity of H and U 
in the rational field, there does exist a rational matrix T such thatt 
(2) THT = U. 

Now let B;=7-14,T. It follows immediately that the B; constitute a con- 
jugate set of rational matrices. Moreover, from (1) and (2), we have 

Biz = TA il 
= THAT 
= T9TB,;T HT 
U-1B,U. 


But the transformation U-1!B;U has the effect of cyclically permuting the rows 
and columns of B;, and the theorem is proved. 

The set B; having this property is by no means unique since it is not neces- 
sary that the transforming matrix H be as defined above. For example, when the 
equation f(x) =0 is cubic, the general matrix H for which (1) holds has its ele- 
ments expressible in terms of three parameters and, in general, it is possible to 
choose these in a variety of ways so that the determinant of H is unity. For any 


* Quarterly Journal of Mathematics, Oxford Series, vol. 7, 1936, pp. 256-270. 
t Modern Higher Algebra, University of Chicago Press, 1937, p. 241. 
t Ibid., p. 77, corollary. 
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such H, the general matrix T satisfying (2) is also a three parameter matrix so 
that T may be constructed in an infinite number of ways. Thus, for the cyclic 
cubic equation x?-++-x? —2x—1=0, where 


-121 1-1-1 
A,=| 1 0 O|, 4,=4;-2=/-1 0 11], 
010 1 0-2 
-1-1 0 
A;=4A,-2=|] 0-1-1], 
-1-1 1 
on setting 
abe 
H=|def 
g h 1 


and solving the system of equations obtained by equating corresponding ele- 
ments of 4,H=HAbz, for a, b, c, d, e, and g in terms of h, f, and 7, we obtain 


h—f— 3i fti —h-+ 3i 
H=| -f-i —-h—-f+4+2i f 
h—f—2i h i 


The determinant of H is 7(48+72?f —22°h +h —hif) —f§ —h?+2h2f-+hf?, and it is 
clear that this has the value unity for various choices of the parameters f, h, 
and 1. 

With either 


1-1 0 2 4 #1 
H=j,1-1-1{] and T=j]1 2 -3 
1 O 0 4 1 2 
or 
0 1-1 1 O-1 
H=|{-1 O 1] and T=j;0 1 Of, 
0 1 0 1 oO 0O 


we obtain a set of symmetric matrices 
0 1 =O —1 0-1 0-1 1 
B,=}1 O-1)j, B= 0 oO 1 
0-1 —1 —1 1 0 1 0 0 
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while if 
—i1 oO 1 —i1 0 0 
H = O 1 Of and T= 1 1 14, 
—i-1 0 —i1-1 0 
we are led to a set of non-symmetric conjugates 
—2 -1 -2 i oO 1 0 1 1 
By, = 1 0 1], Be=]-—-2 —2 -1|, B= 1 1 Of. 
0 1 1 1 1 0 —1 -—2 -2 


ON A FUNCTION OF RAMANUJAN 
S. M. Saag, Muslim University, Aligarh, India 


Let 
> nnr-2 
x) = en—le-ne, 
o#) 1 (n—1)! 
It has been conjectured by S. Ramanujan that 

dd 

(—1)'—- 20, x 21, k= 1,2,3,---, 
dx 


and this conjecture has been proved for k= 1, 2, 3, 4 [2]. In this note we prove 
THEOREM 1. The function x(x) is not completely monotonic* for x>1. 


Proof. Let 
B(t) = 0, forO Si<1 


yn—2 
= ee”, fori > 1. 
1SnSt (n —_ 1)! 
Since the series >) )°n"-%e-"/(n—1)! is convergent, 6(é) is bounded and non- 
decreasing for +20. Further, 


00 00 n—2 
_ —axt —_ —n (2+1) 
F(x) J e-**B(L) ua 


is convergent for 0<*x< © and so by Bernstein’s theorem [3; p. 166] F(x) is 
completely monotonic for x20. Let Y(t) =¢—log (1+#); then Y(¢) is real and 
continuous for 20, ¥(0)=0, and y(#)>0 for ¢>0, and W(t) = /ohk(dt where 
h(t) =t/(1+42) is not completely monotonic in any interval 0Sa@StsSb. Hence by 
a theorem due to Bochner and Schoenberg [1; pp. 43-44] it follows that 


* For definition see [3; pp. 144-5]. 
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F((x)) is not completely monotonic for x>0. But 


F(a) = 5 —— exp {—n(w — log (1 + 2) + 1)} 


= (1 + 2)(1 + +). 


Hence (1-+)¢(1-+x) is not completely monotonic for x>0 and so x(x) is 
not completely monotonic for x>1. 
Remark. If we take Y(t) =t-+log (1-+#) we find that 


00 yn-2 
eee NEE NL yn 

is completely monotonic for x>1. 
THEOREM 2. The function e*(x) 1s not completely monotonic for x>1. 


Let B(t) be a step function having jumps (7-+1)*~!e-"/n! at t=n(n=1, 2, 
3, +++) and consider 


J e—t(e—log (+2) gB(t) = ef D(a + 1) — 1. 
0 


Hence by the previous argument, e¢+4¢(x-+1)—1 is not completely monotonic 
for x >0, and so e*#(x) —1 is not completely monotonic for x >1. Now for x20, 


e*p(x) 2 1+ xe? 


and hence e*$(x) is not completely monotonic for x>1. 


THEOREM 3. The function e*(x) is an absolutely monotonic function of y=xe~* 


for all x such that 0 Sxe* <e—!. Moreover, 


06 nnr-2 
x — __. —. ayn—l 
e*o(«) Gop ; 


and the last series 1s convergent for 0S y<e7. 

Since all the coefficients of the last series are positive, e*@(x) is an absolutely 
monotonic function of y=xe~* for 0 Sy <e7!, that is, for all « such that OS x <1 
and 1<xSA. 

Remark. The function x(x) 1s an absolutely monotonic function of xe~* for all x 
such that OSx<1 and 1<xSA. 
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A NOTE ON THE DIVIDING STREAM LINE IN HYDRODYNAMICS 
A. I. Martin,f Nottingham, England 


1. In the two-dimensional irrotational motion of an incompressible fluid 
past a fixed body, it is well known that the fluid meets the body at right angles 
to its boundary curve at a stagnation point [1]. By using the elements of 
vectorial analysis, the object of this note is to show that this result may be ex- 
tended to three dimensional flows which are unsteady, rotational and com- 
pressible. We have the following result: 


THEOREM. In any fluid motion past a fixed solid body, the necessary and suffi- 
cent condition that the dividing stream line should meet the boundary surface of the 
solid at right angles 1s that any existing vorticity of the fluid at the point of impact 
should he along the normal to the boundary surface. 


In this theorem no assumption is made as to the nature of the fluid, thus it 
is a general theorem on vector fields. 

2. For convenience, denote the boundary surface by S and the point of im- 
pact by P. Let h be the unit outward-drawn vector normal to S at P. Let 
q be the velocity vector of the fluid, and form the dyadic Vq at P. We shall 
suppose that this dyadic does not vanish. (This will most certainly be the case 
if the fluid motion is rotational at P). 

Since q=0 at P, 6q=6r- Vq gives the velocity distribution in the neighbour- 
hood of P, where 6r is the infinitesimal distance vector. If 6r lies in S, we must 
have 6q:h=0, z.e., r- Vq:-h=0. Hence Vq-h is parallel to h and we may write 


(2.1) Vq-h = Ah, 
where JA is a scalar. 

Now 
(2.2) Va=qv-eXI, 


where o(=curl q) is the vorticity vector of the fluid and I is the unit dyadic 
(see (32) on p. 149 of [2]). Since (q V):-h=h: Va, (2.1) and (2.2) give 


(2.3) h-Vq=eXh-d”h. 
The differential form of the equation of a stream line which meets S at P is 


where yu is a scalar. The theorem now follows by comparing the last two equa- 
tions. If 6r is parallel to h, then (2.4) holds with é6r replaced by h; hence \=y 
and pXh=0. Conversely, if pXh=0, then (2.3) shows that there is a stream 
line through P in the direction of h. 

3. The statement of the theorem has supposed the dividing stream line to 
be unique. Suppose that in addition to the stream line in the direction of h we 


+t This work was carried out at the Bristol Aeroplane Company. 
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have a stream line in the direction of 6r* which meets S obliquely at P. Let t be 
the unit vector along the projection of 6r* in the tangent plane to S at P, and 
let b=tXh. 

From (2.2), (2.3) and (2.4), with pxh=0, we have 


Ah. 6r* = h- Vq-ér* = or*- Vq-h = por*-h = ph-dr*. 


Since 6r* does not lie in S, h-6r*+0. Hence \=yp. That is, 6r* and h are two 
characteristic vectors of the dyadic Vq corresponding to the same characteristic 
number \ =u. It follows that t is also a characteristic vector of Vq with the same 
characteristic number, for t is parallel to ér*— (6r*-h)h. We thus have 


(3.1) t- Vq =At, and h- Vq = Ah. 


Since epXxh=0, we may write p=ph. From (2.2), t- Vq=t-(qV)+tX<= 
Vq:t+pb. Also, h- Vqa= Vq-h. Thus (3.1) is equivalent to 


Vq:t=At— pb, and Vq-h = Ah. 


Hence (b- Vq-tpt)-t=(b- Vq-+pt) -h=0; 7.e., b- Vq-+pt is parallel to b and we 
write 


(3.2) b: Vq = Ab — opt, 


where A is a scalar. 
The equations given by (3.1) and (3.2) determine the dyadic Vq since t, h 
and b form an orthonormal set of vectors. We have 


Vq = Att + Ahh + Abb — pbt 
= \I + (A — d)bb — pbt. 


This equation shows that if there is more than one (non-tangential) stream 
line through P, then all rays through P in the normal plane through any other 
determine directions of stream lines. Furthermore, if there are three non- 
coplanar (non-tangential) stream lines through P, then p=0 and A=\, and any 
ray through P determines the direction of a stream line. 
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A CONDITION FOR DIAGONABILITY OF MATRICES 
H. K. FARAHAT AND L. Mirsky, University of Sheffield, England 


A square matrix is said to be dizagonable if it is similar to a diagonal matrix. 
Various necessary and sufficient conditions for the diagonability of matrices are 
to be found in the literature. (See, for example, 1.) In this note we establish yet 
another such condition, which does not appear to have been stated previously. 

By a group mairix we shall understand any matrix which is an element in 
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some multiplicative group of matrices. Every non-singular matrix is, of course, a 
group matrix; but groups of singular matrices also exist and were first investi- 
gated by Ranum (2). We shall prove the following 


THEOREM. A mairiux A ts diagonable if and only if A—wl is a group matrix 
for every (complex) value of w. 


All matrices considered below are assumed to be of type Xz. We denote 
by J the unit matrix, by R(A) the rank of A, and by diag (w,---, w,) the 
diagonal matrix with diagonal elements a, - - - , wy. If B is a vector space, then 
d(%) denotes its dimension. 

A few preliminary results will be required. 


LEMMA 1. All matrices in a mulitplicative matrix group have the same rank. 


Let A be an arbitrary element and U the unit element of a matrix group I. 
Denoting by B the inverse element of A, we have U=AB, A=AU. Therefore 


R(U) = R(AB) S R(A) = RAV) S RV), 
so that R(A)=R(UV) for all ACT. 
LEMMA 2. Jf R(AB)=R(B), then R(ABC)=R(BC). 
Denote by Ytr the space of all vectors x such that Tx=0. Then 


(1) d(Nr) = n — R(T). 
Hence, by hypothesis, d(Jtas) =d(Nz). But, trivially, Jus Dts, and so 
(2) Nap = Nt. 


Next, let xGYtazc, so that ABCx=0. Then Cx©CYtup and therefore, by (2), 
CxE Np, t.e.. BCx=0. Thus xC Vgc, and we have shown that YuscC Vac. But, 
trivially, Ytusc)Vtac; and therefore It4 2c = Miao. The assertion now follows by (1). 


LEMMA 3. If u(x) is the minimum polynomial of A and h(x) ts a polynomial 
such that h(A) =O, then p(x) divides h(x). 


LEMMA 4. If all zeros of the minimum polynomial of A are simple, then A is 
diagonable.* 


Both these results are well-known. 
Proof of the theorem. (i) Suppose that A is diagonable, and write S7“14S 
=diag (@1,°--°,@,). Then 


(3) S-1(A — wl)S = diag (wy — 0, ° °° , On — w). 


Now the matrix on the right-hand side of (3) is an element in the matrix group 
I’ consisting of the matrices 


* The converse statement is also true, but not necessary for our purpose. 
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diag (ey M1,° °° y EnXn); 


where x1, - °° , %n take all non-zero (complex) values and e, is defined as 0 or 1 
according as wW=w, or w¥w,. Hence A —wI is an element of the group SI'S}, 
and so is a group matrix. 

(11) Suppose, next, that A —w/ is a group matrix for every value of w. Then, 
by Lemma 1, 


(4) R(A — wl) = R{(A — wl)*} (all w). 
Now let w be any zero of the minimum polynomial u(x) of A, so that 


u(x) =(x—w)*b(x), where R21 and ¢(w) 40. There exist polynomials f(«) and 
g(x) such that 


(S) (x — w)*f(x) + o(x)g(%) = 1. 
This implies that 
(6) (A — wl)*f(A) + (A)g(A) = I. 


Writing E=¢(A)g(A), multiplying both sides of (6) by Z, and using the fact 
that u(A) =O, we obtain Z?=E. Putting Z=(A—woIl)E, we therefore have 


(7) Z™ = (A — wl)E, 
so that 
(8) Z* =O. 


In view of (4), (7), and Lemma 2, we at once obtain R(Z) = R(Z?). Hence, by 
Lemma 2 and (8), 


R(Z) = R(Z*) =--- = R(Z*) = 0, 
so that Z=0O, 1.e., 
(A — wI)¢(A)g(A) = O. 


It follows by Lemma 3 that (x«—w)*@(x) divides («—w)¢(x)g(x). But, by (5), 
g(w) +0 and therefore k =1. All zeros of u(x) are therefore simple; and by Lemma 
4, A is diagonable. 
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CLASSROOM NOTES 
EpITED By G. B. THomas, Massachusetts Institute of Technology 


Because of the large number of papers on hand, consideration of new papers for this department 
has been temporarily suspended. 


ON THE REPRESENTATION OF POWERS OF PRIMES BY POLYNOMIALS WITH 
INTEGRAL ZEROS 


J. G. CAMPBELL, University of Kentucky 


Let f(x) represent a polynomial with integral coefficients. Let (71, 72, - - - , 7;) 
represent the total set of integral zeros of f(x) and note that f(x) may have addi- 
tional non-integral zeros. If f(v) =p%, where p is a prime and a is an integer, then 
the integral value v is definitely restricted to a finite set of integers, dependent 
on the r’s. Let r;, 1S7Sj, be any integral zero of f(x). Then f(x) =(r;—x)q(x) 
and f(m) =(r;—m)q(m), where m is any integer not a zero of f(x). Designate the 
total set of positive and negative divisors of f(m) by the set (di, de, - --, dx). 
But (7;—m) is one of the divisors of f(m) and (r;—m)-+-m=r,. Hence, 7; is in 
the set (di-tm, de-+m, +--+, dy-+m). We use this fact to prove the following 
theorem. 


THEOREM 1. Let (g1, ge, - + - , Zn) represent the total set of zeros of f(x). Let the 
subset (r1, 2, °° +, 75), 721, represent all integral zeros of f(x). If f(v) =p*%, where 
pis a prime and ats a positive integer, then v=r,tp', s=1, 2,---,7, t=0, 1, 
2,°°°:, 4, for at least one s and one t. 


Proof. Finding a value v for which f(v) =p? is equivalent to finding an integral 
zero v of F(x) =f(x) —p*. It is clear that m=r,, s=1, 2,---,/7, is not a zero of 
F(x) for any s, since F(m) =—p*. The total set of divisors of F(m) is (1, ?, 
p*,:-:,p%, -—1, —p*, -- +, —p%). Hence, the zeros of F(x) are included in the 
set (7,4p'), s=1, 2,---,7,t=0,1, 2,---,a. This completes the proof of the 
theorem. 

It follows immediately that f(v) represents a composite number for all 
integral v¥r,+p', s=1, 2,---, 7, t=0, 1. It is possible in certain cases to 
restrict the value v to a single integer if the polynomial f(x) has only one integral 
zero. F(x) =x"—k"—>p?* is an example. Here is an odd prime, the integer D is 
less than or equal to ”, and k is a known integer. The only integral zero of 
x"—k" is k. The integral zeros of F(x) =x"—k*—p® are in the set (R+P‘), 
t=0,1,2,---,b.Ifv"=k"-+ >, then the inequalities k<vu<k-+ p hold. We must 
take the positive sign for p* in the above set, since v is greater than k. The only 
positive value in the set for which v<k-+ is k+1. Hence, v=k-+1. The follow- 
ing theorem is immediate. 


THEOREM 2. Let x"—y"=p, where n 1s an odd prime, p 1s a prime, and b Sn. 
Then x and y are consecutive integers. 


Equations of this type actually occur, e.g., 8'~— 7? = 1372, 
413 
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ON “SOLVING” DIFFERENTIAL EQUATIONS 


R. C. Buck, University of Wisconsin 


Most texts in differential equations regard a problem as solved when the 
solution of a differential equation is reduced to the evaluation of one or more 
integrals. In many cases, the form in which such an answer appears gives little 
indication of the qualitative nature of the solutions. The purpose of this note 
is to point out that the mean value theorem can sometimes be applied to obtain 
quite precise information; this serves as an additonal “practical” motivation 
for the introduction of these tools into the engineering-type of calculus course. 

Let us consider the first order linear equation 

dy 


1 — — 2xy = x?, x 
(1) Ja y 


IV 
oS 


By the usual procedure, we immediately obtain the general solution 


y = EF f Pe" dt + Ce” 
0 


=o8) frera sch. 
0 


However, the student would have considerable difficulty in visualizing the 
behavior of the solution curves from this. The following is certainly more useful. 


(2) 


THEOREM. The general solution of (1) ts 


(3) y = Vo(x) + Ae” 

where the particular solution Yo obeys the inequalities 

(4) ~~ sre) 2-2- = x > 2. 
2 2 Ax 


CoROLLARY. The equation (1) has precisely one solution (namely, y= Yo(x)) 
for which dy/dx is bounded, as x0. 


Proof. Examining the solution (2) we notice that the improper integral 
{ete-dt converges. Let its value be K. [The fact that K may be evaluated 
precisely, with K =+/7/4, is not relevant to our argument. | Then 


K=f tetas [ eetas 
0 £ 


so that (2) may be written: 


yoetixtc— f vera. 
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Choosing C= — K, we obtain as a particular solution of (1), 


y = Vo(x) = — of Pe" dt. 


x 


To estimate the rate of growth of Yo(x) as x increases, we write this as 


(5) Vo(2) = —-—,— = ——. 


Observing that lim,... F(«) =lim,z... G(x) =0, we apply the mean value theorem, 
and conclude that there is a point £>x such that Yo(x) = F’(£)/G’(£). However, 
F'(x) =xe-*” and G'(x) = —2xe-*", so that Yo(x) =—4#. Since #>x, we have 
shown that Yo(x) < —4x for any x>0. 

Consider now 


1 eo 4 
Vox) + > # = of Bedi + — # 


° 1 
— J eC dt + — axe-®” 
; 2 fla) 


e* g(x) 


= 


Applying the same method, we have Yo(x) +4x =f’ (&)/g'(#) for some #>x. This 
time, f’(x) =4e-*’ and g’(x) = —2xe-*" so that Yo(x)-+4x = —1/(42). Since #>x, 
this gives Yo(x)-+4x«>—1/(4x). Together, these inequalities give formula (4) 
and the theorem is proved. 

We observe that what has been shown is that Yo(x) = —$«+O(«—}), with 
an estimate on the error. To prove the corollary, we return to the original differ- 
ential equation (1) and, putting y= Yo(x), we have 


dy 1 
—=2ry+ = 2 | — x -+ owt + x? 
ax 2 

= — x? -+O(1) + x? = O(1). 


Thus, the solution Yo has a bounded derivative. To see that this is the only one, 
we observe that 


d 
5, bY aCe) + Ae} = Yo'(a) + 2A ner" 


which can never be bounded as x increases, unless A =0. 
It is worth pointing out that this process can be carried out further to yield 
additional terms, arriving at (for example) 
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1 1 3 
You) = —-— ex -— we t+— x — 16 8 + O(a"). 


This suggests that one should seek a series representation for Yo of this form; 
one easily obtains the formal expansion 
1 id (2k)! a 72-1 
Vole) = — Sat D(-)e 


h=0 ! 4k+1 


However, this series is divergent for every x; the student is now ready for the 
general notion of asymptotic series and their application. 


TWO METHODS FOR FINDING THE ANGLE OF ROTATION 
O. J. Karst, Stevens Institute of Technology 


In eliminating the xy term from the general second degree equation 
Ax*?+Bxy+Cy?+Dx+ELy+F=0 by rotation of axes, the rotation angle @ is 
given by the formula, tan 206=B/(A—C). In order to obtain the sin @ and cos @ 
to use in the rotation transformation equations 


x = x’ cos? — y’ sind 
y 


the half angle formulas are generally used. 

There are two other methods which are equally effective and are based on 
more familiar elementary methods than the half angle formulas. The first 
method is geometrical and is most easily shown by an example. 


x’ sin 8 -+ y’ cos 8, 


. 0 
Fic. 1 Fic. 2 
Let tan 26=4/3 (see Figure 1). Then construct 26 as the central angle in a 
semi-circle, whose radius will then be 5. Since 26 is measured by arc BC, angle 


BDC will be measured by 4 arc BC and hence angle BDC =@. Hence from tri- 
angle DAB we obtain 


1 
sin@?=-—= and cos#@=-—. 
J/5 J/5 


If tan 26 is negative, the figure is essentially the same as shown in Figure 2. 
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The second method is analytic. Let 


tan 20 = ———_-= K 
A—C 


then 
2 tan 6 
1 — tan? 6 


or 
K tan? 0+2tand— K=0. 


Hence tan @=(—1++/1+K2)/K from the quadratic formula. The positive 
root gives the usual acute positive angle of rotation. The negative root leads to 
a negative angle of rotation which is the numerical complement of the first 
angle. Either one will eliminate the xy term from the original equation. 


GRAPHICAL CONSTRUCTION OF LOGARITHMIC SPIRALS 
DIRAN SARAFYAN, Lamar State College of Technology 
Let A1A2A3 and A2A3A, be any two right triangles having in common the 
side A.A; (Fig. 1). By drawing straight lines, departing from A,4, parallel to 
A,A, and A2A3 consecutively, we obtain a graph which we shall call a rectangu- 
lar spiral. 


Fic. 1 


Let A,A,=a and the ratio A344/A142=r. Then A3A,=ar. 

Considering that the triangles A1:42A3, A344A5, AsAeAy7 etc. are similar, 
it can be easily seen that the magnitudes of the opposite sides of a rectangu- 
lar spiral form the geometric progression 
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ee Seemed ee ——eee 


A,Ase = @ A3A4 = @&7r AsAgs = ar? AAs = ar? o 2 
Thus, the following theorem can be announced: 


THEOREM: The magnitudes of the opposite sides of a rectangular spiral form a 
geometric progression. 


Through the use of this theorem, the logarithmic spiral, the exponential and 
the logarithmic curves and the damped sinusoidal waves can be traced. We 
shall construct only the logarithmic spiral since the construction of the others 
follows more or less the same pattern. 

Let the logarithmic spiral be represented by 


p = aya~® 0<a# 1. 


Let OX be the polar axis (Fig. 2). For €@=0, p=ao. Consider a circle with 
radius ao and with its center at O. This circle will be divided into ” equal sectors, 
where x is an integer divisible by 4. In Figure 2, 7 =12 has been chosen. 

From the equation of the spiral, it is seen that the magnitude of the polar 
vectors OP; withz=0,1,2, ---, forma geometric progression of common ratio 
q—7!6, 

If on Figure 1, we take 4,;4,=a) and A3A44=a,a-“'®, then in accordance with 
the previous theorem, the vertical sides of the rectangular spiral will be equal 
in length to the magnitude of polar vectors OP; which will enable us to plot the 
points P;, P2, P3, - +--+, of the logarithmic spiral. 
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If we consider the sequence of points P; by successive groups of three points 
through which we draw an arc of a circle we obtain a graph which will almost 
coincide with a logarithmic spiral. However when great accuracy is not esseittial, 
one can as well join the sequence of points P; by a smooth curve. 
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THE NUMBER OF COMPONENTS OF CERTAIN GRAPHS 
W. R. Utz, University of Missouri 


Let 5, a1, G2, * * + , &n be positive integers and let a; >a,> --- >a, be reals. 
The graph of 
(1) yt = (a = as)1(a — an) ++ (w= ay) 
is obviously connected if s is odd or if 2=1. Define, for each positive integer p, 
0, if p is even; 
g(p) = Leg: 
1, if p is odd. 


We shall prove the following theorem. 
THEOREM. If s is even and n>1, the graph of (1) has 
(2) 1+ x :( > a) 
t=] j=l 
components (each isolated point of the graph being counted as one component). 
The theorem is easily generalized to give the number of components of 
ye = G(x)(% — ay) "x — G2) +++ (% — an)™, 


wherein s is a positive integer, a1, Q2,°-°-°, Qn, are integers (not necessarily 
positive) and G(x) is defined and of one sign for all real x. Besides its interest in 
an algebra or analytic geometry class the theorem answers a natural topological 
question. Similar, but generally less elementary, theorems are found, for exam- 
ple, in [1] 

Proof of the theorem. The proof is by induction. Let n=2. If a, is odd, it is 
easily verified that the graph of (1) has two components (one of which is a point 
in case a2 is even). If a, is even, the curve is easily seen to be connected. 

Before proceeding to the second step in the induction we observe that since 


(% — Gri)" > 0 for «> @y41, 


it is clear that the components of 
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(3) ye = (% — ay)%- + (4 — Gy) 
and 
(4) yi = (x — dy)! oe (x — ay) "(x _ Opga) ort! 


will be the same in number for x >a,41. 

Suppose that (2) holds for n=2,3,---,7. 

Case 1.0,-ae+ -- + +a, is odd. In this case (x—a,)* - - - (xn—a,1)%r <0 
for x<a,.. Thus, if a, is odd the components of (3) and (4) are the same re- 
gardless of whether a,4; is even or odd and, since a, is odd, the added term in 
(2) is 0. Similarly, if a, is even, (4) has one more component (being a point if 
Or41 is even) than (3) regardless of whether a,.; is even or odd and, since a, is 
even, the added term, g(a;-tas+ -- - -a,), in (2) is 1. 

~ Case 2. ay-tasg+ +++ -+a,1 is even. In this case 


(% — a)% +--+ (% — a,1)*-! > 0 for « < @y_1. 


If a, is odd, (4) has one more component than (3) has regardless of whether 
Qr41 is even or odd and (2) is increased by 1 since m-+ - - - +a, is odd. If a, 
is even, (4) and (3) must have the same number of components and, since 
ai+ --- +a,is even, the added term in (2) is 0. This completes the proof of the 
theorem. 
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ELEMENTARY PROBLEMS AND SOLUTIONS 


EDITED BY HOWARD EVES, University of Maine 


Send all communications concerning Elementary Problems and Solutions to Howard 
Eves, Mathematics Department, University of Maine, Orono, Maine. This department wel- 
comes problems believed to be new, and demanding no tools beyond those ordinarily furnished 
in the first two years of college mathematics. To facilitate their consideration, solutions should 
be submitted on separate, signed sheets, within three months after publication of problems. 


PROBLEMS FOR SOLUTION 
E 1221. Proposed by S. W. Golomb, University of Oslo, Norway 


If m is an integer greater than 1, then 2"—1 is never a perfect square, cube, or 
higher power. 
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E 1222. Proposed by Victor Thébault, Tennie, Sarthe, France 


If we designate by Ci, C2, C3 the sides of the regular convex heptagon and 
of the two regular star heptagons inscribed in a circle of radius R, then 


Cr+C3+C;=7R. 


E 1223. Proposed by D. J. Newman, Republic Aviation Corporation, Farming- 
dale, N. Y. 


Starting with two arbitrary non-negative numbers qa, and de, build a sequence 
dx, R=1, 2, 3,---, by taking alternately the arithmetic and the geometric 
means of the two preceding numbers, for example, 


Evaluate lim a, as Ro. 


E 1224. Proposed by G. K. Wenceslas, Providence, R. I. 


Let G be a finite group of rigid motions (or more generally affine transfor- 
mations) of a Euclidean space. Then there is a point of the space which is left 
fixed by all the transformations of G. 


E 1225. Proposed by L. R. Ford, Illinois Institute of Technology 


Find necessary and sufficient conditions that it be possible to lay an aXb 
rug on an A XB floor. (Take a2b, AZB.) 


SOLUTIONS 
Bingo Cards 


E 1188 [1955, 655]. Proposed by Alice Anderson, Student, East Tennessee 
State College 


Each card used in the game of Bingo is made up of a square array of 25 
numbers. The five numbers in the first column are selected from 1 to 15, those 
in the second column from 16 to 30, those in the third column from 31 to 45, 
those in the fourth column from 46 to 60, and those in the fifth column from 61 
to 75. The space common to the third column and third row is left blank. If no 
card can have a row, column, or diagonal identical to a row, column, or diagonal 
of another card, how many different cards can be made? 


Solution by A. C. Goddard and F. I. John, Dugway, Utah. The number of 
different cards certainly cannot exceed the number of cards with different middle 
columns. This is, in fact, the total number of possible different cards since the 
number of cards with different rows and diagonals is greater than this number 
C(15, 4) =1365. 

Also solved by G. B. Charlesworth and A. R. Hyde. 
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Much Ado About Nothing 
E 1192 [1955, 728]. Proposed by Edgar Karst, Independence, Missouri 


Let AB, BC be two adjacent sides of a regular nonagon inscribed in a circle 
of center O. Let M be the midpoint of AB and WN the midpoint of the radius 
perpendicular to BC. Show that angle OMN=30°. (Attention Professor 
Umbugio.) 


Editorial Note. Professor Umbugio need not involve himself in a lengthy 
geometric or trigonometric argument, for, since O, A, M, N are concyclic, angle 
OMN =angle OA N = 30°. 

Also solved by W. A. Al-Salam, J. L. Baker, Leon Bankoff, A. P. Boblétt, 
G. B. Charlesworth, A. E. Danese, J. E. D’Atri, Hiiseyin Demir, J. M. Elkin, 
Edward Fleisher, H. E. Gould, Bernard Greenspan, W. T. Gregorzak, Emil 
Grosswald, Vern Hoggatt, J. P. Hoyt, Raymond Huck, A. R. Hyde, P. W. M. 
John, P. B. Kantor, M. S. Klamkin, Sam Kravitz, M. A. Laframboise, Elmer 
Latshaw, B. R. Leeds, D. C. B. Marsh, A. R. Nolstad, C. S. Ogilvy, Margaret 
Olmsted, Walter Penney, P. W. A. Raine, A. P. Rhodes, L. A. Ringenberg, 
D. A. Robinson, Azriel Rosenfeld, J. W. Ross, C. M. Sandwick, Sr., J. P. Scholz, 
E. P. Starke, Sister M. Stephanie, J. A. Tierney, Chih-yi Wang, Alan Wayne, 
Hazel S. Wilson, Samuel Wolf, David Zeitlin, and the proposer. Late solutions 
by Louisa R. Alger, G. W. Day, Roger Hou, F. I. John, Josef Langr, C. F. 
Pinzka, and A. I. Thaler. 


Two Problems Connected with Rocket Research 


E 1193 [1955, 728]. Proposed by L. C. Barrett, University of Utah, and 
Herbert Knothe, Holloman Air Development Center 


(1) An ellipse has one focus at the center of two concentric circles, is tangent 
internally to the larger circle, and has at least one point in common with the 
smaller circle. Find the length of the maximum major axis of all such ellipses. 

(2) Let the inner of two concentric circles represent a homogeneous spherical 
mass and the outer a prescribed orbit. Determine the range of specific energy 
values a particle may be given if it is to traverse a plane elliptical path from 
the surface of the sphere and just reach, but not cross, the circular orbit. 


Solution by the Proposers. (1) Denote the radii of the circles by R and R-++h, 
and let a typical ellipse have major axis 2a, minor axis 2b, and focal distance c. 
We may then write the polar equation of the ellipse as 


r = b*/(a — € cos @). 


For the ellipse to intersect the inner circle, it must be possible to determine ¢’s 
for which the equation 


R=(R+h)(2a— R—h)/[a — (R+h— a) cos 4| 
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is satisfied. Solving this for cos @ we obtain 
cos @ = [(R+ h)? — (R+ 2h)a|/R(R+ kh — a). 


As a increases, cos ¢ decreases so that the maximum a occurs when cos ¢= —1. 
Using the last equation, we find that the maximum value of 2a is 2R-++h, or 
the sum of the radii of the two circles. 

(2) Since the particle moves in an inverse square force field, one focus of its 
elliptical path is at the center of the circles. Let R and R-+4 be their radii and 
k the gravitational constant. Then the specific energy £ of a particle traversing 
an orbit of major axis 2a is 


E = — kM/2a. 


The required range of specific energies is thus determined by the maximum and 
minimum values 2a can assume. These, from part (1), are 2R+h and R-+A, 
respectively. If 2a=R-+h, the ellipse degenerates into a straight line segment. 
Hence 


—kM/(R+h) < ES kM/(2R + hi). 


Also solved by D. C. B. Marsh (partially), J. W. Ross, and R. H. Wilson, Jr. 
The Proposers stated that these problems arose in connection with one 
phase of rocket research at the Holloman Air Development Center. 


Construction of a Triangle 
E 1194 [1955, 728]. Proposed by Victor Thébault, Tennie, Sarthe, France 


Construct a triangle ABC given A, ma-+), na-+c, where m and n are given 
positive integers. (Dedicated to Professor W. B. Carver, the geometer of 
precision.) 


Solution by R. L. Caskey, Oklahoma A. and M. College. If we construct 
triangle ADE with AD=na+c, AE=ma-+), angle DAE=A, we note that the 
problem becomes that of drawing a secant meeting the sides AD, AE in B, C, 
respectively, such that DB:BC:CE=n:1:m. 

To solve this problem we construct, as follows, a quadrilateral DAHI 
homothetic to the required quadrilateral DBCE and having D as center of 
homothety. On EA lay off EF=(m/n)AD. Draw FG parallel to DE. Draw circle 
(A, AD/n), cutting line FG in H. Draw HI parallel to FE, cutting DE in J. 

We now obtain quadrilateral DBCE by drawing DH, letting it intersect AE 
in C, and then drawing CB parallel to HA. If, in this construction, B falls be- 
tween A and D and C between A and £, then triangle ABC is a solution of the 
problem. For, by construction, DA:AH:HI=1:1/n:m/n=n:1:m. Therefore 
DB:BC:CE=n:1:m, and thus DA=DB+BA=na+c and EA=EC+CA 
=ma+b. 
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Examples can be produced showing two, one, or no solutions. The number 
of solutions is controlled by the fact that circle (A, AD/n) may cut line FG in 
two, one, or no points, and also by the fact that for the construction to be accept- 
able, B must fall between 4A and D and C between 4 and E. 

We may remove the restriction that m and n be positive integers by letting 
m and n be represented by line segments and by letting the unit segment be 
given. 

Also solved by W. B. Carver, Roger Hou, A. R. Hyde, Edgar Karst, M. S. 
Klamkin, Beckham Martin (three ways), D. C. B. Marsh, H. D. Ruderman, 
C. M. Sandwick, Sr., and the proposer. Late solutions by Vern Hoggatt and 
Josef Langr. 

For the Proposer’s treatment of this problem see Mathesis, vol. LXIV (1955), 
nos. 6-7-8, p. 286, art. 42. 

Carver communicated a lengthy and remarkably complete algebraic treat- 
ment, which more than upholds the description of him in the dedication. The 
interested reader might like to carry out Caskey’s construction on the following 
numerical examples given by Carver. The examples exhibit the possibility of 
two solutions and show how the construction may break down in various ways 
to give one or no solution. 


5Sa+b = 3 3a +b = 16 3a ++5b=4 5Sa+b=3 
2a+c=2 2Za+c=7 2Za+c=7 2a+c=2 
cosA = —1/2 cosA = 1/2 sin A = 1/5 cos A = 19/20 
5a+ b= 10 5Sa+bd=3 5Sa+b)=3 9a+b=2 
4a+c=9 2Za+c=2 4a+ec=5 2a+c=1 
cos A = 1/2 cos A = 43/45 cosA = 99/100 cosA = — 1/2 
2a+b= 5 3a +b =5 Sa+b=2 
2Za+c=4 3a+c=4 2Za+c=1 
cos A = 197/208 cos A = 17/18 cos A = (2 + +/504)/25 


A Conditional Inequality 
E 1195 [1955, 728]. Proposed by G. E. Bardwell, University of Denver 


If n=2, 3, 4,---, and m is fixed and positive, for what positive values of 
b less than 1 isInn<mn?? 


Solution by M. S. Klamkin, Polytechnic Institute of Brooklyn. lf mn?>I|n n, 
then 


pb > In [In 2)/m]/in n = (In « — In m)/«, 


where «=In x. Now the maximum value of (In x—In m)/x occurs when x=em 
and is equal to 1/em. Thus 
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1> p> 1/em provided m > 1/e. 


Also solved by G. B. Charlesworth, A. E. Danese, Nathaniel Grossman, 
A. R. Hyde, Lawrence Isenecker, D. C. B. Marsh, Walter Penney, E. P. Starke, 
Chih-yi Wang, David Zeitlin, and the proposer. Late solutions by A. J. Gold- 
man and Roger Hou. 


ADVANCED PROBLEMS AND SOLUTIONS 


EDITED By E. P. STARKE, Rutgers University 


Send all communications concerning Advanced Problems and Solutions to E. P. Starke, 
Rutgers University, New Brunswick, New Jersey. All manuscripts should be typewritten 
with double spacing and margins at least one inch wide. Problems containing results believed 
to be new or extensions of old results are especially sought. Proposers of probiems should also 
enclose any solutions or information that will assist the editor. In general, problems in well 
known textbooks or results in readily accessible sources should not be proposed for this de- 
partment. 


PROBLEMS FOR SOLUTION 
4693. Proposed by J. V. Whittaker, University of California, Los Angeles 


Show that 
oO 2 min! ar? 


yy tt 


mad aad (m+n+2)! 6 
4694. Proposed by R. W. Bagley, University of Kentucky 


There are simple examples which show that an uncountable topological 
space in which limits are unique (hence 7) is not necessarily Hausdorff. Are 
there such examples for countable spaces? Here “limit” is used in the usual sense 
of limit of asequence where the directed set is the positive integers rather than limit 
of a generalized sequence as defined by Kelley and others. With this general 
definition (where the directed set is allowed to vary), Kelley proved that a space 
is Hausdorff if, and only if, limits are unique. (See, Convergence in Topology, 
Duke Mathematical Journal, (1950), pp. 277-283.) 


4695. Proposed by Hiiseyin Demir, Zonguldak, Turkey 


Prove that if in a cyclic quadrangle the Simson line of one vertex with re- 
spect to the triangle formed by the other three is perpendicular to the Euler line 
of that triangle, then the same property holds for the other vertices of the 
quadrangle. 


4696. Proposed by T. M. Apostol, California Institute of Technology 
Let A(z) denote Mangoldt’s function, defined as follows: 
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log p if 2 is a power of the prime # 
0 otherwise. 


A(n) = , 


For n>1, let fm(z) denote the number of representations of ” as a product of 
m factors, where each factor is greater than 1 and the order of the factors is taken 
into consideration. (£.g., fo(24) =6 and f3;(16) =3.) Prove the identity 


y(n) (— 1) m+1 


m=1 
where v(z) is the total number of prime factors of 7, 7.e., v(2) =aitae+ --- if 


n=py po o 8 
4697. Proposed by Leonard Carlitz, Duke University 


Find the roots of the equation 


n(n — 3) 
y” —_ nyr* ++ . OI . yn—4 + eo 8 
n(n —~r—1)---(n— 2r+ 1) 
A A 
in particular when a =1. 
SOLUTIONS 


Zero of a Complex Function 
4594 [1954, 427]. Proposed by Edgar Reich, Rand Corporation, Santa Monica, 
California 


If f(z) is a complex-valued continuous function of the complex variable z, 
such that f(z) =z whenever | g| = 1, show that f(z) has at least one zero in | 2| <1. 


IV. Note by S. L. Gulden, Lehigh University. Exception is taken to Solution 


I [1955, 591]. In this solution if one sets 
f(z) =u(z) +2v(z) it is required that the 
set {z|u(z)=0} contain a path joining i 
to —z. The following shows that this 
need not be true. (See figure). 

Let 


D = {z| |z| s 1}, 
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wv 


1 
B= {s|e—— sin +inso<ysath, 
rk | y| 


1 1 
F = elem —-—S*s—) k > 100 
k k 
Let A=EUF. Let B and C be circular arcs which do not meet A save at 7 
and —1z (by choosing k sufficiently large this can be arranged) and assume them 


parametrized by y, 2.e., B is given by x=x1(y), C by x=x2(y), —1SyS81. 
Let 


1 
G= {les ety, psn Ts 2s m6) yx oh, 


H = sle= ~~ sso}, 


K=GU4H4, 


1 
G’ = {ele atiy ni(y) S * S — sin ] ) yok, 
y 


1 
H’ = jele= 4 x(0) Sx \, 
K' =G'U B’, 
L= {z|2= «+ iy, my) Se S (1 — v7}, 
L’ = {s|z=a+ iy, —-(1—- y)? 5 4 S m(y)}. 


The sets K, K’, L, L’ are all closed. 
Define u(z) on D as follows: Let d be the usual metric on D, 


(d(z1, 22) = | 21 — 221); 


on K define 
d(z, A) 
u(z) = 5 
on K’ define 
d(z, A) 
u(z) = — ‘ 
(z) F 
on L let 
x — x2(y) 


ya — aay) 
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and define 

u(t) = u(—72) = 0,7 

d iy, A 

u(z) = (1 — 2) <A TS + (1 — y?)¥?, zi, —4; 
on L’ let 
wily) — x 
ti(y) + (1 — y?)2? 

and define 


u(t) = u(—1) = 0, 


d(xi(y) + ty, A) 


2 |- (1 — y)2, gi, -7. 


ua) = (1-9 - 


The following facts are not difficult to establish: 

1. u(z), thus defined on D, is continuous. 

2. {z| u(z) =O}=A. 

3. There is no path in A joining z to —1. 

4. For | z| =1, u(z) = Re(z). 

If one now takes for v the function defined by v(z)=Im(z) and for f the 
function f(z) =u(z) -+20(z), where u is as defined above, then the argument of 
Solution I fails to show that f(z) has a zero in D. 

It should be noted, however, that although the supporting argument does 
not hold, the theorem: Under the given hypotheses, for any 21 with | z1| <1 there is 
a zx—D such that f(ze) =21, is nevertheless true and can be proved by a simple 
generalization of solution II of the problem. 


Confocal Conics 


4630 [1955, 127]. Proposed by Victor Thébault, Tennie, Sarthe, France 


Having given two confocal conics Ci and C2, let M; on Ci and M2 on C;, be 
so chosen that the tangents at these points are perpendicular. Show that the 
envelope of MM; is another conic having the same foci and having asymptotes 
passing through the intersections of C, and Cy». 


Solution by E. J. F. Primrose, University College, Leicester, England. We 
assume that the geometry is complex. If MM is given on C; there are two diametri- 
cally opposite points M2 on C, which satisfy the condition. Similarly, if M, is 
given on C, there are two points Mj on C; which satisfy the condition. Hence 
there is a (2, 2) correspondence between My and M2. 

Now let O be a general point of the plane. Since an arbitrary line through O 
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meets C, in two points Mi, and C2 in two points Ms, there is a (4, 4) correspond- 
ence between OM, and OM;. Such a correspondence has eight double lines, so 
there are eight lines 14,M>2 which pass through a general point O. The class of 
the envelope (41M; is therefore eight. 

Now let the common points of C; and C2, be Q, R, S, T, where Q and S area 
diametrically opposite pair, and so are R and 7. Then Q as a point of C; corre- 
sponds to Q as a point of C2, since confocal conics cut orthogonally. Hence OQ is 
one of the double lines, and so are OR, OS, OT. It follows that part of the en- 
velope consists of the four points Q, R, S, T. The rest of the envelope is of class 
four. 

Of the four common tangents of C; and C:, two pass through J and two 
through J, where J and J are the circular points at infinity. Let one common 
tangent touch C, at Ni and Cz, at Ne. Then N, corresponds to Ne, since a line 
through a circular point is self-perpendicular. Also, if O is a point on the 
tangent, Ni counts twice as an intersection of ON, Ne with C;. Hence N,N2 counts 
twice as a line of the envelope, and so do the other three common tangents. Also, 
Q on Ci corresponds to S on Cz and Son C, corresponds to Q on C2, so QS, quite 
apart from belonging to the pencil with vertex Q and to the pencil with vertex 
S, counts twice as a line of the envelope: so does RT. 

Now if six lines are double lines of an envelope of class four, either 

(i) the six lines are the sides of a quadrangle, so the envelope consists of four 
points, or 

(ii) the envelope is a repeated conic. 

Clearly (i) is not the case, so the envelope is a repeated conic. Since it 
touches the four common tangents of C, and Cz, it is confocal with C, and Cz. 
Since it touches QS and RT, and these are two lines through the center, they 
must be the asymptotes. 

It is worth noting that, since every tangent to the envelope counts doubly, 
if MMe meets C again at Pi and C2, again at Pe, the tangents at P; and P: must 
also be perpendicular. Incidentally the dual argument would show that the 
locus of the point of intersection of the perpendicular tangents consists of the 
four common tangents and the circle QRST counted twice: hence the other 
tangents from the point of intersection are also perpendicular. 

The problem is solved in Baker, Principles of Geometry, vol. II, pp. 127-133, 
but the proof is long and difficult, since the problem is treated as a particular 
case of a remarkable general theorem. A proof may also be found in C. Smith, 
Conic Sections, p. 311. Smith does not mention the asymptote property but this 
is easily proved on the basis of the given analysis. 

Also solved by Josef Langr, E. J. F. Primrose (second solution), Sister M. 
Stephanie, Chih-yi Wang, and the Proposer. The Proposer points out that the 
proposition of the problem is the reciprocal with respect to LZ of the following 
considerably easier proposition: Being given two circles C, and C, and points 
My, and M2 on C, and C; respectively, so chosen that angle M,4LM2,=7/2, where 
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L is one of the limit points of the pencil of circles determined by C, and Cx, 
then the tangents to C; and C, at M; and M,; intersect on a circle belonging to 
the pencil of circles. 


A Permutation Problem 


4633 [1955, 258]. Proposed by W. E. Weissblum, Republic Aviation Corpora- 
tion, Farmingdale, N. Y. 


An even number, #, of chairs are arranged in a circle and numbered 1 
through m. An equal number of people are numbered 1 through x and line up 
in an arbitrary manner. Prove that they can be seated in such a way as to pre- 
serve their order and such that no person’s number is the same as that of his 
chair. 


Solution by John Isbell, Aberdeen Proving Ground, Maryland. The permuta- 
tion f of the persons makes seating without coincidence impossible if and only if 
for each j there is an z such that f(z) +j7=2 (mod 2). For each 7 there is exactly 
one 7, and hence i—¥ is a permutation g. 

Thus we have a problem in the ring of integers modulo . Now if 2 is odd 
there is a permutation f(z) = g(z) =2/2 such that f(z)-+g(2) =7. But if 2 is even, 
the sum of all elements of the ring is 1+2-+ --- +n=n/2. Thus the sum of all 
f(t) is n, and all g(z) is n, and 1—f(z) + g(2) is not a permutation. 

Also solved by W. J. Blundon, Marshall Freimer and S$. W. Golomb, A. J. 
Goldman, R. E. Greenwood, J. E. Householder, Free Jamison, D. C. B. Marsh, 
Katsuyoshi Memezawa, Leo Moser, D. J. Newman, J. V. Pennington, James 
Singer, and Michael Skalskyj. 


Elliptic Integrals 
4634 [1955, 258]. Proposed by Chih-yi Wang, University of Minnesota 
Let a real number k, 0<k <1, be given. Define the elliptic integrals 


m1 , [2 sin2*tdt 
A, = f sin?t,/1 — Rk? sinttidi, B,= f —————_——— 

0 0 /1 — k? sin*t 
for s=0, 1, 2,---. Prove that 

B,-1 — Ar 2rk? —1)A,1 + (1 — Rk?) B, 

(a) B, = —————_} (b) 4, = BH Ari tH Be 
k? (2r + 1)? 

forv=1,2,3,°---. 


Solution by T. F. Mulcrone, S. J., St. Charles College, Grand Coteau, La. Part 
(a) follows immediately upon substitution of the values for A,1 and B,-, in 
terms of the defining integrals. 

For part (b), we have 


432 ADVANCED PROBLEMS AND SOLUTIONS [June 


1 


Ay-1 - A, = 
2r — 


w/2 
i f cos t4/1 — k® sin? t-d(sin?”—42), 
0 
and an integration by parts gives 


Ar} _ A, = [A, + k?(B, ~~ Br) |, 


2r — 1 


from which part (b) follows upon two applications of (a). 

Also solved by W. J. Blundon, L. Carlitz, P. L. Chessin, G. B. Findley, V. D. 
Gokhale, Peter Henrici, H. F. Hunter, A. R. Hyde, M. S. Klamkin, G. N. 
Lance, W. R. McEwen, D. C. B. Marsh, R. E. Messick, Kovina Milosevich, 
C. D. Olds, B. E. Rhoades, P. G. Rooney, M. R. Spiegel, O. E. Stanaitis, J. A. 
Tierney, and the Proposer. 


The Inversion in an Additive Group 
4635 [1955, 259]. Proposed by A. E. Babbitt, Jr., Rutgers University 


Let G be an additive Abelian group which has no element of order 2 and let 
f be a one to one mapping of G onto G. Then f is the inversion (1.e., f(x) = —x) 
if and only if the following two conditions are satisfied: 

I. The neutral element 0 is the only element of G invariant under f. 

II. For every element a€G, there exists an element }) =)d(a) in G such that, 
for all xEG, 


f(* — a) = f-(% + 6) —a. 


Solution by W. R. Scott, University of Kansas. The hypothesis that G be 
commutative can be dropped provided that the equation in II is replaced by 


IT’. f(*— a) = —at+f (a+ Dd). 


If f(«) = —x, then I is obvious; and II’ is satisfied with ) = —2a. Conversely, 
assume I and II’ are true. Then f(0)=0, and letting x=a in II’ we get 


a=f—'(a-+b) or 
= -atf(@). 
Again, with x =2a, II’ yields a+/f(a) =f-!(2a—a+/(a)), or 
fla + f(a)) = a+ f(a). 


Hence, by I, f(a) = —a. 

Also solved by J. D. Baum and Angelo Margaris, B. J. Boyer, R. H. Breusch, 
T. A. Brown, R. G. Crook and Velma R. Vogler, David Ellis, M. P. Epstein, 
V. D. Gokhale, A. J. Goldman, C. D. Gorman, D. S. Greenstein, Virginia S. 
Hanly, E. H. Hietbrink, Douglas Holdridge, S. P. Hughart, H. H. Johnson, 
W. G. Leavitt, H. D. Lipsich, D. C. B. Marsh, Katuyosi Memezawa, R. H. 
Oehmke, F. P. Palermo, B. E. Rhoades, P. G. Rooney, H. D. Ruderman, 
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P. T. Schaefer, Richard Scoville, James Singer, R. E. Swett, G. H. M. Thomas, 
Olga Taussky-Todd and John Todd, C. J. Vanderlin, Chihi-yi Wang, J. V. 
Whittaker, H. H. Wicke, F. J. Witt, Donald Ylvisaker, and the Proposer. 

Editorial Note. This result is equivalent to a result obtained by de Kerekjarto, 
C. R. Acad. Sci., Paris, 210, 1940, pp. 288-9. It was generalized to arbitrary 
groups in a paper by Taussky and Todd, Inversion in groups, Quarterly Journal 
of Mathematics, 12 (1941), pp. 65-7. Ellis adds the following references: Anzeiger 
der Akad. der Wissenschaften (Wien), 1930, 140-2; Math. Zeitschr., 33, 1931, 412; 
Publicationes Math. (Debrecen), 2, 1951, 1-25. 


RECENT PUBLICATIONS 
EpITED By E. P. VANCE, Oberlin College 


All books for review should be sent directly to E. P. Vance, Oberlin College, Oberlin, Ohio 


The Bequest of the Greeks. By Tobias Dantzig. Charles Scribner’s Sons, New 
York, 1955. 191 pages. $3.95. 


Ever since the appearance of Professor Dantzig’s famous book Number: The 
Language of Science, other works by this gifted interpreter of the world of mathe- 
matics have been eagerly purchased and read by both the professional mathe- 
matician and the layman. In this new book, which is the first volume of a 
projected trilogy, Professor Dantzig again takes up his favorite study of the 
evolution of mathematical ideas. Here he is concerned with those “problems, 
principles and procedures which modern mathematics has inherited from Greek 
antiquity.” 

The book is divided into two parts. Part One, entitled “The Stage and the 
Cast,” is designed for the general reader and makes practically no demands upon 
the reader’s technical skill in mathematics. Part Two, entitled “In Retrospect,” 
is an anthology of the Greek bequest, and is definitely more technical in 
character. 

Part One opens with three chapters devoted to the historical mystery of the 
Greek achievement, to the founders of deductive mathematics, and to the 
origins of geometry. Here we find one of those relatively rare instances in which 
Professor Dantzig foregoes his general reluctance to offer his personal specula- 
tions on historically uncertain matters, and in it Thales emerges considerably 
stronger, and Pythagoras considerably weaker, than in traditional accounts of 
this period. Next follows a pair of interesting chapters devoted to Thales’ 
measurement of an Egyptian pyramid and to the occult developments of the 


434 RECENT PUBLICATIONS [June 


golden ratio. If one is to consider seriously the alleged feat of Thales in measur- 
ing the height of a pyramid, one must then look into some of the practical dif- 
ficulties involved, such as the determination of the distance from the center of 
the floor of the pyramid to the apex of the pyramid’s shadow. These matters 
have received little attention in most accounts of Thales’ accomplishment, and 
Professor Dantzig explains an historically plausible conjecture as to how Thales 
may have circumvented the difficulties. The chapter on occult fringes of mathe- 
matics carries the mystical golden section from the early Greeks up through the 
schizophrenic writings of Johann Kepler. Part One concludes with a chapter 
called “The Pseudomath,” which many of us read when it appeared separately 
in The Scientific American, and one entitled “The Interdiction,” devoted to the 
Greek decree that geometers limit themselves in their constructions to the 
straightedge and compass; the subsequent history of mathematics owes much 
to this deep-rooted prohibition. 

The anthology of Part Two is made up of eight topics—the Pythagorean 
theorem, Pythagorean triples, the lunes of Hippocrates, the quadratrix of 
Hippias, the Euclidean algorithm, Archimedes’ quadrature of the parabola, 
Hero’s formula for the area of a triangle, and Greek trigonometry. Each of these 
issues has survived the passage of time, and in some form or other is still alive 
today. Some of the items have only recently reached full fruition, while others 
still remain largely incomplete. Professor Dantzig handles these items with con- 
summate skill and interest. For example, the chapter on Pythagorean triples 
carries the story from the Greek period, through the work of Fibonacci in the 
Middle Ages, to some of the associated problems of modern times to which 
partial answers, solutions, and supplements have been given by Fermat, Euler, 
Lagrange, Legendre, and Gauss. One’s conclusion is that, after having engaged 
the attention of top mathematicians for twenty-five hundred years, the Py- 
thagorean equation cannot yet be said to be exhaustively solved. As regards 
the Pythagorean triples, Professor Dantzig strangely says nothing about the 
very probable ancient Babylonian treatment as substantiated by the remarkable 
tablet Plimpton 322. To the present reviewer, the high spot of Part Two is the 
chapter devoted to the lunes of Hippocrates; the recent work on these lunes 
described by Professor Dantzig is not too widely known. . 

Professor Dantzig’s anthology contains only eight topics. There are cer- 
tainly other items that come to mind, such as the Eudoxian theory of proportion 
and its culmination in modern times in the Dedekind theory of irrational num- 
bers, and Euclid’s parallel postulate and the subsequent liberation of geometry 
and modern development of axiomatics. But, as appears in a statement in the 
Epilogue to the book, Professor Dantzig intends to deal with other items in the 
next volume of the projected trilogy. We all certainly look forward to the forth- 
coming volumes of the trilogy. 

There is much that is scholarly in Professor Dantzig’s book, and there are 
many instances of the author’s skilful use of the written word. It seems a pity 
to have to add a few words of a derogatory nature. But these derogatory 
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comments are almost all of a superficial sort. It would seem inexcusable that 
a work which otherwise is so well executed should have been so poorly proofread. 
One of the greatest sins in this respect is the frequent and confusing disagree- 
ment between the lettering of a figure and the description of the figure in the 
accompanying text. This fault is found, for example, in Figures 8a and 80 on 
p. 62, Figure 24 on p. 140, Figure 27 on p. 161, and Figure 29a on p. 171. On p. 
63 we find “witch’es foot”; on p. 67 some quotation marks are omitted; on p. 95 
we find the bad hyphenation “quadr-”; in the last line on p. 100 we find ACUUV 
instead of ACUV; on p. 102 we find a’ in Figure 15 where a should appear; on 
p. 130, line 15, the uw should be a v, and the last displayed equation on this page 
should read “u:v=a:b”; on p. 132, line 5, we should read “(3,2)” for “(3.2)”, 
and similarly on this same page in line 1 of section 10 we should read “(3,1)” for 
“(3.1)”; in section 10 on p. 132 we should interchange u and v; on p. 133 we again 
find the incorrect “(3.1)” and “(3.2)”, and this same oversight is perpetuated 
on pp. 134, 135, and 136; on p. 145 there is a word missing in line 2 of section 1; 
the first sentence of section 2 on p. 146 is at fault; on p. 155 ¢ is not always a 
better approximation than either a or 0; on p. 156 equation (13.6) should com- 
mence with u#n41; on p. 162 the definition of Heronian triples is carelessly stated; 
on p. 163, line 3 from the bottom, we should read “Figure 28” for “Figure 31”; 
on p. 164, lines 8 and 9, the language “it is greater, equal or less than 1” is faulty; 
on p. 166, line 3, we should read “3y?” for “3y”; on p. 174 Figure 31a should 
be labelled Figure 316, and Figure 316 should be labelled Figure 31a; on p. 175, 
line 5, we should read “cos 30” instead of “cos 6,” and the same correction should 
also be made in the accompanying Figure 32. Finally, mathematical equations 
are parts of sentences, and should therefore be properly punctuated. There are 
many omissions of such expected punctuation in this book. See, for example, 
pp. 126, 130, 141, 144, 156, 157. 
HOWARD EVES 
University of Maine 


Principles of Mathematics. By. C. B. Allendoerfer and C. O. Oakley. New York, 
McGraw-Hill Book Company, 1955. xv-+448 pages. $5.00.* 


In their new book Principles of Mathematics, Professors Allendoerfer and 
Oakley have made a distinct contribution to the undergraduate curriculum. 
There is almost universal awareness among college mathematics teachers that 
something fundamental is happening to our beginning courses and there is now 
more widespread concern over these courses than at any time in the past fifty 
years. This concern is reflected in the outpouring of genuinely new textbooks. 


* Due to the interest in this book, the Book Review Editor felt that two reviews were warranted, 
and takes full responsibility for both. E.P.V. 

The editor-in-chief is both pleased and embarrassed by the attention shown this book. He has 
followed his usual policy of giving a free hand to Professor Vance and consequently is printing 
both reviews. C.B.A. 
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which he can scarcely believe are significant. This makes the problem of motiva- 
tion extremely difficult. 

The criticisms expressed here naturally suggest the question of whether or 
not this text might be suitable for carefully selected groups of freshmen who 
already know what used to be considered as high school mathematics. Though 
not wanting to deny that possibilities along this line may exist, this reviewer is 
strong in the belief that much of the contents of this text should be deferred till 
a junior-senior course based perhaps on the well-known text of Birkhoff and 
MacLane. In preparation for such a course, the elements of matrix theory could 
be included in freshman algebra and analytic geometry. 


W. R. MANN 
University of North Carolina 


Topological Transformation Groups. By D. Montgomery and L. Zippin. New 
York, Interscience Publishers, Inc., 1955. 282 pages. 


The book under review is a carefully written study of topological groups 
giving special emphasis to locally compact topological groups and transforma- 
tion groups. It is substantially more readable than most books dealing with 
topics of roughly the same level of abstraction and should, therefore, be very 
useful to all kinds of mathematicians, from first year graduate students to 
mature mathematicians whose primary interest is in some other branch of 
mathematics. 

The book consists of three parts. The first part (chapter I) introduces the 
reader to the basic topological and group theoretical notions. Topological 
groups, local groups, transformation groups, manifolds, as well as covering 
spaces are defined in this first chapter. It is one of the pleasant features of the 
book that whenever any of the basic concepts is used for the first time in a new 
context in a later chapter, a reference is made to the appropriate page of the 
first chapter. 

The second part of the book (chapters II to IV) is primarily concerned with 
locally compact groups and their relation to Lie groups. Besides reviewing the 
more important classical work in the field, these chapters summarize the im- 
portant work which has recently been done on Hilbert’s fifth problem, work 
which until now could be found in papers only. It is best to state this problem 
in the authors’ own words (page 70). Before doing this we note that a trans- 
formation group is said to act effectively on a manifold, M, if the identity 
element of the group is the only element mapping each point of M into itself. 
The authors, then, discuss the key question of this section: 

“Let us now consider the following questions, the second and third of which 
are asked by Hilbert: 

If a locally compact group acts effectively on a manifold M then 

(1) is G necessarily locally euclidean, 
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(2) if the group G is locally euclidean, is it a Lie group in some appropriate 

coordinate, 

(3) if G is a Lie group can coordinates be chosen in G and M so that the 

transformation functions are analytic? 

The answer to (2) - +--+ is yes ---. The answer to (1) is unknown except in 
some special cases - - - . The answer to (3) is no.” 

In the process of developing these theories use is made of the work of Gleason 
and Yamabe in proving the equivalence of the concepts of a Lie group and of a 
locally compact group without small subgroups (a group is said to have no small 
subgroups if there exists a neighborhood of the identity which contains no sub- 
groups except the identity itself). Finally, the question of approximating com- 
pact and locally compact groups by Lie groups is extensively investigated in 
these chapters. 

The last part of the book (chapters V and VI) presupposes a certain amount 
of background in algebraic topology. On the other hand, it is probably the most 
rewarding part from the point of view of the mathematician who is primarily 
interested in the still unsolved problems of mathematics. In this last part of the 
book, the authors discuss transformation groups deriving some and merely 
stating some of the other results while clearly indicating some of the existing 
gaps. The following is a partial list of the topics which are treated: differenti- 
ability properties of the transformations, conjugacy of subgroups of a Lie group, 
orbits and cross sections (the orbit of a point is the totality of its images under 
the transformation group G, a cross section is a 1:1 image of the orbits in the 
neighborhood of some point) periodic and pointwise periodic transformations, 
and finally an analysis of the action of a compact connected group on 3-space. 

Summarizing, this is a very interesting book from just about every point of 
view. The organization and motivation are unusually good. Most potential 
readers can look forward to an enjoyable experience. 

F, HAAS 
University of Connecticut 


Proceedings of the Third Berkeley Symposium on Mathematical Statistics and 
Probability, University of California Press, Berkeley and Los Angeles, 1956. 
Twenty-five per cent discount to members of the Mathematical Association 
of America. 


VOLUME I. Contributions to the Theory of Statistics 


Contributors: Joseph Berkson; Z. W. Birnbaum; Herman Chernoff and Her- 
man Rubin; Aryeh Dvoretzky; Sylvain Ehrenfeld; G. Elfving; Ulf Grenander 
and Murray Rosenblatt; J. L. Hodges, Jr. and E. L. Lehmann; Wassily Hoeff- 
ding; Samuel Karlin; L. Le Cam; Herbert Robbins; Murray Rosenblatt; 
Charles Stein; B. L. Van der Waerden. 


Cloth. List Price $6.00. Publication Date: August 18, 1956. 
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VoLuME II. Contributions to Probability Theory 


Coniributors: David Blackwell; Salomon Bochner; K. L. Chung; A. H. Cope- 
Jand, Sr.; J. L. Doob; Robert Fortet; J. M. Hammersley; T. E. Harris; Kiyosi 
It6; Paul Lévy; Michel Loéve; Eugene Lukacs; Karl Menger; Edith Mourier; 
R. Salem and A. Zygmund. 


Cloth. List Price $6.50. Publication Date: October 10, 1956. 


VOLUME III. Contributions to Astronomy and Physics 


Contributors: Olin J. Eggen: Jesse L. Greenstein; Harold L. Johnson; Ger- 
ald E. Kron; Bengt Strémgren; G. C. McVittie; Jerzy Neyman; Elizabeth L. 
Scott and C. D. Shane; F. Zwicky; André Blanc-Lapierre and Albert Tortrat; 
M. Kac; J. Kampé de Fériet; Elliott Montroll; Norbert Wiener. 


Cloth. List Price $6.25. Publication Date: June 1, 1956. 


VOLUME IV. Contributions to Biology and Problems of Health 


Contributors: James F. Crow and Motoo Kimura; Everett R. Dempster; 
Jerzy Neyman, Thomas Park and Elizabeth L. Scott; M. S. Bartlett; A. T. 
Bharucha-Reid; Chin L. Chiang, J. L. Hodges, Jr. and J. Yerushalmy; Jerome 
Cornfield; David Kendall; William F. Taylor. 


Cloth. List Price $5.75. Publication Date: June 5, 1956. 


VOLUME V. Contributions to Econometrics, Industrial Research, and Psychom- 
etry 


Contributors: Kenneth J. Arrow and Leonid Hurwicz; Edward W. Barankin; 
C. West Churchman; Patrick Suppes; Albert H. Bowker; Cuthbert Daniel; 
Milton Sobel; T. W. Anderson and Herman Rubin; Frederick Mosteller; Herb- 


ert Solomon. 
Cloth. List Price $5.75. Publication Date: June 30, 1956. 


By a special arrangement, the members of the Association may purchase 
any or all of the five volumes at a 25 percent discount. To obtain this discount, 
orders must be sent to the Statistical Laboratory, University of California, 
Berkeley 4, California. They must refer to membership in the Association and 
be accompanied by checks for the correct amount. The checks should be made 
out to the University of California Press. 


NEWS AND NOTICES 
EDITED BY EpitH R. SCHNECKENBURGER, University of Buffalo 


Readers are invited to contribute to the general interest of this department by sending news 
stems to Edith R. Schneckenburger, University of Buffalo, Buffalo 14, New York. Items 
should be submitted at least two months before publication can take place. 


ANNUAL MEETING OF ASEE 


The annual meeting of the American Society for Engineering Education will 
be held on June 25-29, 1956 at Iowa State College, Ames, Iowa. The following 
program will be presented by the Mathematics Division of the Society. 

Joint Conference with Iowa Section of the Mathematical Association of 
America, June 25, 1956, 2 p.M.: Analog Computers and Research in Mathematics, 
J. W. Cell, North Carolina State College; Statistics in Engineering Education and 
Research, Bernard Ostle, Montana State College; Worktext Teaching Aid in 
Advanced Applied Mathematics, G. I. Cohn, Illinois Institute of Technology; 
Colleges, High Schools, and the Mathematics Curriculum, Henry Van Engen, Iowa 
State Teachers College; Mathematical Problems in Industry, Morris Ostrofsky, 
Westinghouse Electric Company; The Industrial Research Mathematician, 
S. L. Levy, Midwest Research Institute. 

Luncheon and Business Meeting, June 26, 1956, 12 Noon: Engineering for 
Mathematicians, C. O. Oakley, Haverford College (retiring Chairman of the 
Division). 

Conference on Trends in Applied Mathematics, June 26, 1956, 2 P.M.: 
Introductory Remarks by Chairman, F. A. Ficken, University of Tennessee; 
Fluid Mechanics, M. H. Martin, University of Maryland; Electro-magnetic 
Theory (speaker to be announced); Numerical Methods, A. S. Householder, Oak 
Ridge National Laboratory; Elasticity, (speaker to be announced). 

Joint Conference with Engineering Drawing, June 27, 1956, 2 P.M.: Opera- 
tional Symbolism for Graphical Processes, S. A. Coons, Massachusetts Institute 
of Technology; Graphical Field Mapping, J. F. Calvert, University of Pitts- 
burgh; Graphical Analogs of Mathematical Processes, J. F. Twigg, Massachusetts 
Institute of Technology. 

Joint Conference with Industrial Engineering Division on Operations Re- 
search, June 28, 1956, 2 p.m.: Development of Operations Research, D. W. 
Stebbins, Iowa State College; Tentative General Principles of the Design of Air 
Defense Systems, Richard Blythe, Air Defense Command, U.S.A.F.; Determina- 
tion of Optimum Reserve Generating Capacity in an Electric Utihty Industry, 
E. L. Arnoff, Case Institute of Technology; Engineering Applications on Queuing 
Theory, L. D. Findley and T. A. Mortenson, Midwest Research Institute. 
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ASSOCIATION FOR COMPUTING MACHINERY 


The annual meeting of the Association for Computing Machinery will be 
held at the University of California, Westwood Campus, Los Angeles, August 
27-29, 1956. For information write G. W. King, Box 3251, Olympic Station, 
Beverly Hills, California. 


CONFERENCE ON APPLIED MATHEMATICS 


The University of Buffalo will hold a Conference on Applied Mathematics 
during the two-week period from June 11 to June 22, 1956. The principal lec- 
turer will be Professor R. V. Churchill of the University of Michigan. The 
conference is sponsored by the Union Carbide and Carbon Corporation in order 
to further promote the use of mathematical methods in industry in the Niagara 
Frontier. 


INSTITUTE OF NEW ENGLAND ASSOCIATION OF TEACHERS OF MATHEMATICS 


The eighth annual Institute for Teachers and Professors of Mathematics, 
sponsored by the Association of Teachers of Mathematics in New England, will 
be held at Williams College, Williamstown, Massachusetts, August 16-23, 1956. 
Mrs. Frances L. Allen of Newton High School, Massachusetts, is General 
Chairman. 

The program consists of morning and evening lectures and three periods 
daily for discussion groups (four choices each period) with topics of interest to 
teachers from the seventh grade up. Social hours and other recreational activi- 
ties are also planned. 

Some of the topics to be discussed are Enrichment of the Teaching of Junior 
High School Mathematics, How to Integrate Algebra, Geometry, and Trigonometry 
with Conventional Textbooks, Creative Imagination in the Teaching of Mathe- 
matics, Number Systems. In addition to the junior and senior high school 
laboratories, Professor E. A. Hoadley will be back with both beginners’ and 
advanced courses in Geometry Applied to Artistic Design. 

For complete program and other information, please write to Miss Barbara B. 
Betts, 138 Norfolk Avenue, Swampscott, Massachusetts. 


ILLINOIS JOURNAL OF MATHEMATICS 


The University of Illinois announces the forthcoming publication of the 
Illinois Journal of Mathematics, a quarterly devoted to the publication of basic 
research in pure and applied mathematics. The first number will appear early 
in 1957, and it is planned that each number will contain about 150 pages. 

The present board of editors consists of Reinhold Baer, J. L. Doob, and A. H. 
Taub, University of Illinois; George W. Whitehead, Massachusetts Institute of 
Technology; and Oscar Zariski, Harvard University. 

The Illinois Journal will publish papers in English, French, German, and 
Italian. Manuscripts should be sent to the Illinois Journal of Mathematics, 
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Department of Mathematics, University of Illinois, Urbana, Illinois, or to one 
of the editors. 

The Illinois Journal of Mathematics is made possible by a grant from the 
bequest to the University of Illinois by the late Professor G. A. Miller, and by 
an initial subvention from the American Mathematical Society. 

The subscription price is $9.00 a volume (four numbers), with a special rate 
of $5.00 for individual members of the American Mathematical Society. Sub- 
scriptions should be sent to the University Press, 207 Administration East, 
University of Illinois, Urbana, Illinois, U.S.A. 


PERSONAL ITEMS 


Lebanon Valley College announces: Associate Professor B. H. Bissinger has 
been elected to the status of member in the London Mathematical Society; also, 
the College has inaugurated, in the Harrisburg area, a curriculum in Operations 
Research designed for management personnel as well as engineers and scientists. 
The following courses have been given: Operations research for management; 
Linear programming and game theory in industry. 

Dr. S. I. Askovitz, consultant in mathematics and staff physician at the 
Albert Einstein Medical Center and at the Wills Eye Hospital, Philadelphia, 
Pennsylvania, has been appointed Chief of the Tumor Registry at the Hospital 
of the University of Pennsylvania, as biostatistician in the field of cancer. 

Mr. Souren Babikian has been appointed to an instructorship at Los Angeles 
City College. 

Dr. R. W. Bagley, formerly a senior aerophysics engineer at Consolidated- 
Vultee Aircraft Corporation, Fort Worth, Texas, has accepted a position as 
associate research scientist on the applied mathematics staff of Lockheed Air- 
craft Corporation, Van Nuys, California. 

Mr. C. J. Biggerstaff, previously of the Flight Computer Group, Firestone 
Company, Los Angeles, California, has a position as an electronics engineer at 
the Research and Development Laboratories, Rheem Manufacturing Company, 
Downey, California. 

Associate Professor Leonard Bristow of Wisconsin State College, Oshkosh, 
has been promoted to a professorship. 

Professor Harold Chatland, Dean of the College of Arts and Sciences of 
Montana State University, is now Acting Dean of the Faculty. 

Mr. M. M. Chirico, previously a mathematician at the Ballistics Research 
Laboratory, Aberdeen Proving Ground, Maryland, has a position as a scientist 
for the Westinghouse Atomic Power Division, Pittsburgh, Pennsylvania. 

Associate Professor C. F. Christ of Johns Hopkins University has been ap- 
pointed Associate Professor of Economics at the University of Chicago. 

Assistant Professor H. F. DeBaggis of the University of Notre Dame has 
been appointed Head of the Department of Mathematics of Carroll College, 
Montana. 
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Dr. D. L. Fuller of the American Cyanamid Company has accepted a posi- 
tion as Director of Research with the Grace Chemical Research and Develop- 
ment Company, New York, New York. 

Dr. George Gioumousis of the University of Wisconsin has accepted a posi- 
tion as a theoretical chemist with the Shell Development Company, Emeryville, 
California. 

Dr. Stanley Katz of the Electro Data Corporation has accepted a position 
with the American Cyanamid Company, New York, New York. 

Mr. M. L. Keedy, instructor of physics at the University of Nebraska, will 
serve as a science counselor for the coming year on a pilot study being conducted 
in Nebraska to determine ways and means of raising the level of mathematics 
and science teaching in the secondary schools. This study is sponsored by the 
American Association for the Advancement of Science and has received a grant 
from the Carnegie Foundation for this purpose. 

Assistant Professor P. J. Kelly of the University of California, Santa Barbara 
College, has been promoted to an associate professorship. 

Associate Professor E. S. Kennedy of the American University, Beirut, 
Lebanon, has been promoted to a professorship. 

Mr. P. E. Klebe, Jr., has been appointed to an instructorship at the Poly- 
technic Institute of Brooklyn. 

Professor A. S. Merrill, who has been both Dean of the Faculty and Vice- 
President of Montana State University, will continue as Vice-President. 

Dr. W. A. Michael, Jr., of Northwestern University has accepted a position 
as applied science representative with International Business Machines Cor- 
poration, San Francisco, California. 

Dr. John Raleigh of the University of Pennsylvania has been appointed to 
an assistant professorship at Lafayette College. 

Mr. P. C. Rapp, formerly a dynamicist at Bell Aircraft Corporation, Niagara 
Falls, New York, is now an engineer at Cornell Aeronautical Laboratory, Buf- 
falo, New York. 

Mr. R. B. Rice, previously a senior physicist for the Phillips Petroleum 
Company, Bartlesville, Oklahoma, has a position as a senior research physicist 
for the Ohio Oil Company, Denver, Colorado. 

Dr. G. F. Rose, recently a mathematician with the Sandia Corporation, 
Albuquerque, New Mexico, is a staff member of the Ramo-Wooldridge Corpora- 
tion, Los Angeles, California. 

Mr. J. A. Standerfer, formerly a teaching assistant at the University of 
Wisconsin, has a position as an aerophysics engineer at Consolidated-Vultee 
Aircraft Corporation, Fort Worth, Texas. 

Mr. C. E. Stewart, previously a stress analyst for the Boeing Airplane 
Company, Seattle, Washington, is now a research engineer for the Armour 
Research Foundation, Illinois Institute of Technology. 

Mr. A. V. Sylwester, formerly an instructor in the U. S. Air Force Weather 
Forecasting School, Chanute Air Force Base, Illinois, has been released from 
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active duty to accept a position as a mathematician at the Naval Ordnance 
Laboratory, Corona, California. 

Mr. B. F. Whisler, previously a mathematician with the Army Map Service, 
Washington, D. C., has a position as a mathematical analyst with the Lockheed 
Aircraft Corporation, Burbank, California. 

Professor C. R. White of the State Colored Normal, Industrial, Agricultural 
and Mechanical College of South Carolina has accepted a position as mathe- 
matician with the Weapon Systems Laboratory, Aberdeen Proving Ground, 
Maryland. 

Assistant Professor R. L. Wilson of the University of Tennessee has a posi- 
tion as a senior aerophysics engineer with the Consolidated-Vultee Aircraft 
Corporation, Fort Worth, Texas. 

Dean Fredrick Wood of the University of Nevada has retired with the title 
of Dean Emeritus. 

Mr. B. H. Youell, Jr., previously a graduate assistant at West Virginia 
University, has been appointed to an assistant professorship at Waynesburg 
College. 


Mr. J. S. Ayars, Jr., graduate student at Stanford University, died on Feb- 
ruary 3, 1956. 

Assistant Professor Emeritus Harriet E. Glazier of the University of Cali- 
fornia at Los Angeles died on November 7, 1955. She was a charter member of 
the Association. 

Professor Emeritus H. B. Leonard of the University of Arizona died on 
December 19, 1955. He was a charter member of the Association. 


THE MATHEMATICAL ASSOCIATION OF AMERICA 
Oficial Reporis and Communications 


THE NEW EDITOR-IN-CHIEF 


The Board of Governors of the Association has elected Professor Ralph D. 
James of the University of British Columbia as Editor-in-Chief of the AMErI- 
CAN MATHEMATICAL MONTHLY for a five-year period beginning January 1, 1957. 

Professor James has served as a member of the Board of Governors from 
1952 to 1955 as a Governor from the Pacific Northwest Section. He has also 
served as Vice-Chairman and Chairman of the Pacific Northwest Section. He is 
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an editor of the Canadian Journal of Mathematics and of the Pacific Journal of 
Mathematics and has served as an editor of the American Journal of Mathe- 


matics. He is a member of the Council of the American Mathematical Society 


and is a Vice-President of the Canadian Mathematical Congress. 
After July 1, 1956, articles intended for publication in the MONTHLY should 
be sent to Professor James at this address: University of British Columbia, 


Vancouver 8, B.C., Canada. 


H. M. GEuHMAN, Secretary-Treasurer 


NEW MEMBERS 


Professor H. M. Gehman, Secretary-Treasurer, announces that the follow- 
ing 113 persons have been elected to membership by the Board of Governors 


on applications duly certified. 


F. B. ALLEN, M.S.(Iowa) Math. Teacher, 
Lyons Township High School, LaGrange, 
Ill. 

A. T. ANASTASIO, Student, Fordham Univer- 
sity. 

R. C. ANDERSON, SrR., M.S. (Mississippi) 
Asst. Professor, McNeese State College. 

B. H. ARNOLD, Ph.D.(Princeton) Asso. Pro- 
fessor, Oregon State College. 

Ric AruFFo, B.A.(Temple) Math., Philco 
Corp., Philadelphia, Pa. 

W. F. Barrp, Jr., B.A.(Texas Christian) 
Tech. Analyst, Consolidated-Vultee Air- 
craft Corp., Fort Worth, Texas. 

A. F. Ann BAKER, B.S.(Kentucky S.C.) 
Grad. Fellow, Fisk University. 

WILFRED E. BaRNEs, Ph.D. (British Columbia) 
Instr., State College of Washington. 

Mrs. Lipa K. Barrett, Ph.D. (Pennsylvania) 
Instr., University of Connecticut at 
Waterbury. 

Mrs. VirGintA L. BARTELL, M.Ed. (Oregon) 
Math. Teacher, Grant High School, Port- 
land, Ore. 

E. L. Battiste, B.S. (Illinois State Normal) 
Applied Science Representative, Interna- 
tional Business Machines Corp., Okla- 
homa City, Okla. 

. T. E. BAYNHAM, JR., B.S. (Austin Peay) Grad. 
Asst., University of Tennessee. 

JACQUES BAZINET, B.S.(Montreal) Grad. Stu- 
dent, University of Montreal. 

Lt.(j.G.) F. T. Brrret, M.S.(Notre Dame) 
Math. Instr., U. S. Navy Nuclear Power 
School, New London, Conn. 


P. K. BLACKWELL, B.A. (Chicago) Milwaukee 
School of Engineering. 

S. S. BLAKNEY, M.S. (Illinois) Instr., Gram- 
bling College. 

A. H. BowKer, Ph.D. (Columbia) Professor, 
Stanford University. 

NEAL BRADLEY, Student, Georgia Institute of 
Technology. 

R. L. Brock, Ph.D.(Oregon S.C.) Res. Engr., 
Boeing Airplane Co., Seattle, Wash. 

M. F. Bryn, B.S.(North Dakota Agric. C.) 
Instr., North Dakota Agricultural College. 

J. F. Burris, B.S. (Southeastern S.C.) Grad. 
Asst., Oklahoma Agricultural and Me- 
chanical College. 

J. E. CALVERT, Student, San Jose State College. 

D. F. Crapp, S.B.(M.I.T.) Grad. Student, 
University of Technology. 

E. N. CLark, M.S. in E.E.(Minnesota) Elec- 
trical Engr., Pioneer Service and Engineer- 
ing Co., Chicago, IIl. 

W. R. Coorrer, M.A.(Columbia) Teacher, 
Northeastern Academy, New York, N. Y. 

L. J. Corto, Student, City College of the City 
of New York. 

M. D. Cox, Student, Tennessee Polytechnic 
Institute. 

T. H. M. Crampton, Ph.D.(Indiana) Instr., 
Mount Holyoke College. 

WarpD CROWLEY, S.M.(Brown) Asst. Profes- 
sor, State College of Washington. 

W. S. Currie, M.A.(Mississippi) Math., 
Texas Company Research Lab., Bellaire, 
Texas. 
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H. J. Curtis, Ph.D. (Illinois I.T.) Asst. Pro- 
fessor, University of Illinois, Chicago. 

Lt. Cot. H. T. Darracott, M.S. (Arkansas) 
Asst. Director of Research, Signal Corps 
Engineering Labs., Fort Monmouth, N. J. 

M. D. Davis, M.A. (California) Grad. Stu- 
dent, University of California. 

LUTHER Dawes, B.S.(Oklahoma City U.) 
Math. and Science Teacher, Jarman 
Junior High School, Midwest City, Okla. 

W. S. Dorn, Ph.D.(Carnegie) Supervisor, 
General Electric Co., Cincinnati, Ohio. 

D. E. Epmonpson, Ph.D. (Calif. I.T.) Asst. 
Professor, Southern Methodist University. 

J. W. Extts, Ph.D.(Tulane) Asst. Professor, 
Florida State University. 

H. J. Ettsworts, Partner, Fankhanel-Ells- 
worth Properties, Minneapolis, Minn. 
ANGELINE W. EVANS, Student, Agnes Scott 

College. 

H.C. Fiico, Jr., Ph.D. (Rice) Asst. Professor, 
University of Alabama. 

G. D. Frnpuay, M.A. (Cambridge) 
McGill University. 

C. P. GapspEN, M.S.(Tulane) Instr., Tulane 
University. 

Z. T. GALLIOoN, Ph.D.(Louisiana S.U.) Pro- 
fessor, Southwestern Louisiana Institute. 

B. N. Gou.et, M.S. (Catholic) Math., Ballis- 
tic Research Labs., Aberdeen, Md. 

J. R. Gray, M.A.(Loyola, Ill.) Teacher, 
Wright Junior College, Chicago, III. 

W. R. Hartow, M.A. (Cincinnati) Asst. Pro- 
fessor, University of Cincinnati. 

R. J. Harvey, A.B. (California) Grad. Stu- 
dent, University of California. 

T. P. HiceGins, Ph.D.(Texas) Res. Engr., 
Boeing Airplane Co., Seattle, Wash. 

J. B. F. MHoceprep, Ingenieur-Architecte 
(Ghent) Consulting Engr., Bruges, Bel- 
gium. 

KLAUS HGECHSMANN, Student, University of 
British Columbia. 

BERNARD Howarbp, B.S. (William and Mary) 
Grad. Asst., Brown University. 

W. J. KAMMERER, M.S.(Wisconsin) Grad. 
Student, University of Wisconsin. 

Naoki KrmurRA, M.S.(Osaka U.) Grad. Fel- 
low, Tulane University. 

R. D. Kinc, Student, Georgia Institute of 
Technology. 

TapasH1 Kisu1, M.A.(California) Math., 
University of California Radiation Lab., 


Lecturer, 
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Livermore, Calif. 

W. R. Knicut, B.A. (British Columbia) Grad. 
Asst., University of British Columbia. 
CLARENCE LANE, M.S.(Purdue) Instr., Pur- 

due University. 
L. L. Lassen, M.A. (Arizona S.C.) Asso. 
Professor, Arlington State College. 
BERNADINE C. Law, B.S. (Mount St. Scholas- 
tica) Grad. Fellow, St. Louis University. 
Louis LEMIEUX, Professor, College Jean de 
Brebeuf, Montreal. 


Cot. Hernry LINSERT, M.A. (Pennsylvania 
S.U.) Instr., East Tennessee State Col- 
lege. 

L. I. Loxomowirz, B.E.E.(C.C.N.Y.) Jr. 


Engr., Philco Corp., Philadelphia, Pa. 

E. F. Low, Jr., Ph.D.(Florida) Asst. Profes- 
sor, University of Miami. 

Mrs. Greta S. Mack, A.B.(Duke) Asst. 
Instr., University of Kansas. 

BERNARD Matina, M.S.(Northwestern) In- 
str., Wright Junior College, Chicago, III. 

L. L. McNarr, M.A. (Georgia) Instr., Uni- 
versity of Georgia. 

STELLA R. Mizett, A.B.(North Carolina) 
Professor, Chowan College. 

P. R. Monson, B.S.(Utah State Agric.) 
Instr., Utah State Agricultural College. 

AuGusta H. Morse, M.A. (Radcliffe) Math. 
Teacher, Anna Head School, Berkeley, 
Calif. 

H. A. MORTENSEN, Student, Utah State Agri- 
cultural College. 

ABRAHAM NEMETH, M.A.(Columbia)  Instr., 
University of Detroit. 

C. C. Nrevtsen, B.S.(Utah State Agric.) 
Instr., Utah State Agricultural College. 

F. G. O’Brien, M.S.(Fordham) Asst. Profes- 
sor, Fordham University. 

R. O. Pan, Student, Case Institute of Tech- 
nology. 

EMANUEL PAPADOPULOS, B.A. (Sacramento 
S.C.) Jr. Engr., Boeing Airplane Co., 
Seattle, Wash. 

D. W. Patterson, A.B.(Sacramento S.C.) 
Physicist, University of California Radia- 
tion Lab., Livermore, Calif. 

ELAINE B. PAVELKA, B.A. (Northwestern) 
Grad. Student, Northwestern University. 

R. Q. PETERSEN, Student, San Jose State Col- 
lege. 

F. R. PrLacuy, M.A.(Wyoming) Teacher, 
Center High School, Colo. 
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H. E. Pokorny, B.S.(Marquette) Instr., 
Milwaukee School of Engineering. 

STANLEY PREISER, M.S.(N.Y.U.) Math., Nu- 
clear Development Corp. of America, 
White Plains, N. Y. 

R. F. QUANSTROM, JR., 
Nazarene College. 

A. T. Rick, A.M.(Boston U.) Math., United 
States Air Force, Washington, D. C. 

D. W. Rosinson, M.A.(Utah) Instr., Case 
Institute of Technology. 

J. D. Rosrnson, Student, Siena College. 

H.L. Ror, M.A. (Vanderbilt) Instr., Vander- 
bilt University. 

R. E. K. RourKxe, A.M.(Harvard) Head, 
Department of Mathematics, Kent School, 
Conn. 

L. A. RuBEL, Ph.D.(Wisconsin) Instr., Cor- 
nell University. 

H. J. SCHNELKER, Student, Purdue University, 
Fort Wayne, Ind. 

P. A. SCHWEITZER, Student, Holy Cross Col- 
lege. 

T. R. SHerrow, B.S.(Tulsa) Senior Clerk, 
Sinclair Oil & Gas Co., Tulsa, Okla. 

P. C. SHIELDS, Student, Colorado College. 

W. A. Sars, B.A.(Pennsylvania S.U.) 
Asst., Pennsylvania State University. 
RONALD Sircy, Student, Tennessee Polytechnic 

Institute. 

SISTER Mary ALBERTA, A.M. (Loyola, III.) 
Head, Department of Mathematics, Cen- 
tral Catholic High School, Toledo, Ohio. 

SISTER Mary CAROLINE WALLACE, M.S. 
(Marquette) Instr., St. Xavier College, 
Chicago, IIl. 

SIstER MARY MatrHew Donovan, Ed.D. 


Student, Eastern 
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(Houston) Asst. Professor, Sacred Heart 
Dominican College, Houston, Texas. 

G. A. Sopp, M.S. in M.E. (Southern California) 
Res. Engr., Rocketdyne, Woodland Hills, 
Calif. 

D. A. STEINBERG, B.A.(Kansas) Math., Uni- 
versity of California Radiation Lab., 
Livermore, Calif. 

E. J. STEwarT, Ph.D.(Rice) Asso. Professor, 
U.S. Naval Postgraduate School. 

RALPH SuRASKY, B.S. (South Carolina) Grad. 
Asst., University of South Carolina. 

A. M. Sutton, B.A.(Harvard) Actuarial 
Student, Equitable Life Assurance Society, 
New York, N. Y. 

Patricia A. TULLEY, A.B.(Vassar) Teacher, 
Kent School, Englewood, Colo. 

P. J. USAvAGE, B.S. (Alliance) Instr., Chester 
High School, Pa. 

R. J. WAGNER, B.S. (Lebanon Valley) Teach- 
ing Asst., Rutgers University. 

J. H. WALTER, Ph.D.(Michigan) Instr., Uni- 
versity of Washington. 

R. L. WEBSTER, B.A.(Harvard) Field Repre- 
sentative, Addison-Wesley Publishing Co., 
Cambridge, Mass. 

CHARLES WEIsS, Student, Siena College. 

ROSEMARY F. WiLeEy, A.M.(Chicago) Instr., 
University of Illinois, Chicago. 

WALTER L. WILLIAMS, Student, University of 
Chicago. 

G. L. WILSON, Student, University of California. 

J. B. Witson, M.S.(Cornell) Grad. Asst., 
University of Florida. 

Lt. H. A. YounG, A.B.(Harvard) Asst. Con- 
sultant Meteorologist, Air Research and 
Development Command, Baltimore, Md. 


THE JANUARY MEETING OF THE NORTHERN CALIFORNIA SECTION 


The eighteenth annual meeting of the Northern California Section of the 
Mathematical Association of America was held at Stanford University, Stanford, 
on January 14, 1956. Professor C. C. Torrance, Chairman of the Section, pre- 
sided at both the morning and the afternoon sessions. 

There were 105 persons in attendance at the meeting including 65 members 


of the Association. 


At the business meeting the following officers were elected for the coming 


year: Chairman, Professor H. L. Alder, University of California, Davis; 
Vice-Chairman, Professor Harley Flanders, University of California, Berkeley; 
Secretary-Treasurer, Professor Roy Dubisch, Fresno State College, Fresno. 
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By invitation of the section, Professor Ivan Niven, University of Oregon and 
University of California, delivered an address at the morning session entitled 
Irrational Numbers. Abstract of this address follows: 


This expository paper treated two parts of the subject: (1) a review of the classification, ra- 
tional and irrational, algebraic and transcendental, of the commonly occurring numbers of mathe- 
matics, culminating in the generalized Lindemann theorem and the Gelfond-Schneider theorem; 
(2) the approximation of irrational numbers by rationals, concluding with the recent result of 
K. F. Roth on the best possible approximation of algebraic numbers by rationals. A new proof 
of the irrationality of the trigonometric functions for non-zero rational values of the arguments 
was given. The talk consisted of selections from the speaker’s forthcoming Carus Monograph on 
the subject. 


The following papers were presented: - 
1. A curious trigonometric tdentity, by Professor Raphael M. Robinson, 
University of California, Berkeley. 


The formula |sin (x-+éy)| =|sin «+sin zy| is valid for real x and y. This functional equation 
essentially characterizes the sine function. 


2. Calculations with random digits, by Professor C. L. Perry, United States 
Naval Postgraduate School, Monterey. 


Procedures for obtaining estimates to integrals by calculations using sequences of random 
digits were reviewed. This process, called the Monte Carlo method, is described in Applied Mathe- 
matics Series No. 12 (National Bureau of Standards), and in textbooks such as Householder’s 
Principles of Numerical Methods, McGraw-Hill, 1953. Derivation of the expected value and vari- 
ance for the Monte Carlo estimate for the value of a double integral was used for illustration of the 
method. 


3. Closed level curves, by Professor H. A. Arnold, University of California, 
Davis. 


In teaching complex variable, the level curves, f(z) =k, are usually assumed to be closed, al- 
though counter-examples such as | f(2)| =|e:| =e*=k (a straight line here) are common. It is 
pointed out that if f(z) is continuous on the unit disc |z] <1 and holomorphic on its interior, 
f(z) =0 if and only if z=0; and if f’(0) 40, then | f(2)| =k is a simple closed analytic curve for 
zin |z| $1 and 0<k<min f(z) on [2] =1. It is pointed out that by considering f(z) merely a local 
homeomorphism, similar conclusions may be drawn. 


4. A remark on the axiom of continuity, by Professor C. M. Fulton, University 
of California, Davis. 


Hilbert’s plane axioms of incidence and the axioms of order are assumed as well as the postu- 
late of Dedekind. It is shown that there exists at least one line through a given point which does 
not intersect a given line. If the axiom of continuity is omitted, all lines may intersect. 


5. Psychological factors in attitudes towards mathematics, by Professors D. A. 
Norton and T. M. Poffenberger, University of California, Davis. 


During the summer of 1955 at the University of California at Davis a preliminary survey was 
made of the factors contributing to an individual’s attitude towards mathematics. The principal 
factors tentatively identified are the following: parents determine the initial attitudes of their 
children towards mathematics; the parents’ expectation of the child’s performance influences his 
achievement; the mathematics teachers have a strong effect on his further development. 
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6. Formation of probability concepts, by Professor C. C. Torrance, United 
States Naval Postgraduate School, Monterey. 


This paper presented arguments for the following issues. (1) The basic addition and multiplica- 
tion laws should be given ab initio for the general cases of dependent events and overlapping 
classifications. (Tests show that, even among trained mathematicians and scientists, the special 
forms of these laws are habitually misapplied to general situations because of the usual over- 
emphasis of these special forms.) (2) The usual simple proofs of the basic laws can easily be made 
rigorous and general by introducing the concept of a representative sample of trials. (3) Standard 
functional notation should be used for conditional probabilities instead of the classical notation 
Pr(E| F). This minimizes the difficulty of the transition from summation to integration. 


7. Some heuristic opportunities in the teaching of analytic geometry, by Mr. 
C. M. Larsen, San Jose State College. 


The point of view was advanced that heuristic teaching (as illustrated by G. Pélya in his book 
How To Solve It, Princeton University Press, Princeton, N. J., 1945) is desirable, but not easy to 
work into typically crowded courses. A few instances were then discussed where some major 
heuristic points can be conveniently worked into analytic geometry and calculus courses. These 
points included symmetry, generalization and specialization, and, especially, the sequence of 
leading questions: Do you know a related problem? Can you use its method? Can you use its 
result? 


8. Regular polygons with an odd number of sides, by Professor V. E. Hoggatt, 
San Jose State College. 


The question, as to whether or not three diagonals of a regular odd-sided polygon can be con- 
current except at the vertices, was answered in the negative for 2n-++1 where its prime factors are 
greater than 11. This is a partial solution to problem 4444 of the advanced preblem section of the 
MONTHLY (page 422, vol. 58, no. 6, June-July, 1952). 


9. The solution of simultaneous algebraic equations on an automatic digital 
computer, by Professor B. J. Lockhart, United States Naval Postgraduate 
School, Monterey. 


The solution of a system of four fourth order polynomial equations by various iterative meth- 
ods on a CRC 102A digital computer is described. The practical requirement of obtaining con- 
vergence in an economically feasible length of time is the basic problem considered. The techniques 
described are well known as the gradient, composite gradient, successive searching and inversion 
of the Jacobian matrix methods. 


10. Unknowns, variables, and indeterminates, by Professor Leonard Torn- 
heim, University of California, Berkeley. 


In the theory of polynomials and rational functions the symbol “x” plays three roles—un- 
known, variable, and indeterminate (or transcendental). Confusion occurs when these roles are 
not distinguished in topics such as cancellation and the remainder theorem. 


C. D. OLps, Secretary 
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THE FEBRUARY MEETING OF THE LOUISIANA-MISSISSIPPI SECTION 


The thirty-third annual meeting of the Louisiana- Mississippi Section of the 
Mathematical Association of America was held at McNeese State College, Lake 
Charles, Louisiana, on February 17 and 18, 1956. The Friday afternoon meeting 
was held in two concurrent sessions. Dean W. H. Bradford and Professor B. O. 
VanHook presided. Professor T. L. Reynolds presided at the evening session and 
at the Saturday morning session. 

There were 124 persons registered including 51 members of the Association. 

The following officers were elected for the coming year: Chairman, Dean W. 
H. Bradford, McNeese State College; Vice-Chairman for Mississippi, Professor 
R. D. Sheffield, Jr., University of Mississippi; Vice-Chairman for Louisiana, 
Professor Elsie T. Church, Northwestern State College; Secretary-Treasurer, 
Professor T. L. Reynolds, Millsaps College. 

The invited speaker for the meeting was Professor J. C. Eaves of the Uni- 
versity of Kentucky. His address on Friday evening was entitled “One, Two, 
Three, ...”, and at the Saturday morning session, “A Matrix and a Number.” 

The following papers were presented: 

1. Report on the Summer Institute for Teachers of Collegiate Mathematics, by 
Professor H. F. Schroeder, Louisiana Polytechnic Institute. 

The speaker discussed the programs of the Summer Institutes for Teachers of Collegiate 
Mathematics and Teachers of Secondary Mathematics which were held at Oklahoma Agricultural 


and Mechanical College on June 13—July 23, 1955. These programs were sponsored by the Na- 
tional Science Foundation. 


2. Freshman mathematics programs, by Professor F. A. Rickey, Louisiana 
State University. 


The speaker presented a summary of the problems facing planners of courses in freshman 
mathematics with illustrations from the program at Louisiana State University. 


3. Mathematics in general education, by Professor W. H. Spragens, University 
of Mississippi. 


The speaker, who spent the year 1954-55 at the College of the University of Chicago as a 
Carnegie Intern in General Education, described the mathematics course in the curriculum there. 


4. Cubic inversion, by Professor Elsie T. Church, Northwestern Louisiana 
College. 

In this paper the speaker developed inversion using a cubic as the base curve and discussed 
the following: the inverses of various curves and points; illustrations of the effects of cubic inversion 
on the multiple points of a n-ic; invariants under the transformation; comparisons between cubic 
inversion and quadric inversion. 


5. The names of the curve of Agnes1, by Reverend T. F. Mulcrone, St. Charles 
College. 

The speaker quoted the pertinent passages from G. Grandi’s note in the Opere di Galileo 
Galilei and his Quadratura Circuli, and M. G. Agnesi’s Instituzioni Analitiche, and showed how the 
locus associated with the expression ‘sinui verso’—the projection of a (circular) arc upon the 
diameter of the circle,—came eventually to be so badly designated, from mathematical and 
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etymological considerations, by the term “Witch” of Agnesi. It was noted also that the term 
“Witch” was a singularly inept one, because of its sinister implications, to predicate anything in- 
tended to honor a most honorable woman—the noted linguist, philosopher, mathematics writer, 
and hospital nun, Maria Gaetana Agnesi (1718-1799). The speaker recommended that English 
and American authors adopt the practice of the French (courbe d’Agnesi) and the Germans 
(Agnesische Kurve), writing simply “the curve of Agnesi.” 


6. A construction relevant to the catenary and tractrix, by Professor B. Ernest 
Mitchell, University of Mississippi. 
The catenary and the tractrix are transcendental curves, but due to the fact that some of their 


elements are related algebraically certain constructions relative to the curves can be made, namely 
to draw their tangents at a given point and to find their radii of curvature there. 


7. Circles and the normal line: spheres and the normal plane, by Professor 
V. B. Temple, Louisiana College. 

The rectangular equations of two circles (spheres), each of radius r tangent to each other, 
and each tangent, one externally and the other internally, to the circle (sphere) of radius a with 
center at the origin, are respectively, 

(1) [x — (a + r) cos 6]? + [y — (a £7) sin 6]? = r*, (rolling circles), 
(2) [x — (@ + 7) cosa]? + [y — (@ + 7) cospl? + [2 — (a t 7) cos vy}? = A, (rolling spheres), 


where @ and a, 8, y are the direction angles of the line of centers. Subtracting equations (1) and 
(2) independently, we have 


xcosé+ysin@d=a, and xcosa+ycosB+2 cosy =a, 


the normal line and the normal plane respectively. 


8. Points symmetric with respect to a fixed line in a plane, by Professor J. T. 
Humphrey, Grambling College. 


The case considered discusses the equations of a particular transformation. The properties of 
the transformation are exhibited as well as their application to certain curves. The discussion has 
been limited to cases most commonly met and to those which prove interesting. 

The general line, the lines x =0, y=0, x=, and x= —y are chosen as axes of reflexion. Here 
we note that a point reflected through y=0(Tx) then x=0(Ty) is identical to its reflexion through 
the origin (To), z.e., TyT2=To, similarly 7,T,=T0, ToTy=Tsz, TyTo=Tz, ToTz = Ty, and T;,To=Ty. 

The order in which the various topics are discussed is as follows: (1) definition; (2) co-ordinates 
of point pairs associated with the general case; (3) the lines y= —x, y=x, y=0, and x=0; (4) theo- 
rem: straight lines subjected to the transformation remain straight lines; (5) theorem: conics sub- 
jected to 7, remain invariant with respect to type; (6) theorem: if a curve in the plane is subjected 
to any two of the transformations T,, T,, T> the result will have the effect of the third in each case. 


9. Solution of heat equation on the electronic analog computer, by Professor 
Margaret M. LaSalle, Southwestern Louisiana Institute. 
The heat equation for a homogeneous medium of two dimensions 
Ou Ou du 
dt dx dy 
is solved by use of the electronic analog computer using the difference method. The error intro- 
duced by such a method is computed in a problem with nine stations. Considering symmetry, the 


set-up for the analog computer involving six amplifiers is given and the physical significance of the 
graphs so obtained is discussed. This problem was solved during a course at University of Michigan. 
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10. A Pascal triangle for the coefficients of a polynomial, by Professor R. A. 
Miller, University of Mississippi. 


If S(r;, 7, k) denotes the sum of the products, taken 7 at a time, of the first k elements of the 
set of m elements, 7;, with S(r;, 0, k) =1 and S(r%:, j, k) =0, for k <j, it is observed that a simple re- 
cursion formula holds: S(7,, 7, k) =S(ri, j, R-1) +rkS(r:, 7-1, R—1) for 7>1, R>1. If S(r:, 7, R) is 
the element in the jth row and kth column of a matrix and the elements of the jth row are multi- 
plied by (—1)?, the resulting elements of the kth column will be the coefficients of a polynomial 
with zeros 71, ’2,° °°, 7%. A Pascal triangle for the binomial coefficients results when the zeros are 
all equal to —1. 


11. On the matrix equation PX =Q, by Professor T. J. Pignani, Loyola Uni- 
versity. 


This paper discusses conditions that must be imposed on P and Q so that the solution, X =S, 
of PX =Q bea non-singular matrix, where P and Q are matrices with m rows and n columns, whose 
elements are real numbers. The paper contains preliminary results on the matrix equation 
AYB=C. Further it shows when certain conditions, to obtain the above results, are relaxed, then 
Sis of rank not greater than a number determined by the rank of the coefficient matrices. The 
paper points out the application of the above results to interface problems. ; 


12. A formal derivation of finite sums, by Professor S. R. Knox, Millsaps 
College. 


By using the definition of the definite integral, 
b n 

J fede = im, & Fe - Xe), 
a pox] 


Allo 


t=z 


a formal method of obtaining formulas for certain finite sums is demonstrated. 


13. The rise of a liquid, by Professor P. K. Smith, Louisiana Polytechnic 
Institute. 


The paper discussed certain functions derived from the rotation of a liquid in a smooth con- 
tainer. A general type container was first considered. The surface of such a container was obtained 
by revolving the curve x?=f(y) about the y axis. In this function x?—f(0) =0 was assumed to have 
two real, non-zero roots. Further, it was assumed that dy/dx>0 for all values of y. A fundamental 
relationship was derived which gave the angular velocity of the rotative fluid as a function of the 
initial fluid depth, o, the rise, \, caused by a given angular velocity, and the function f(A). Then 
several conclusions were drawn from this fundamental equation. 


14. Some probabilhites, by Professor T. A. Bickerstaff, University of Missis- 
sippi. 

From an infinite universe {x} with continuous density function f(x), with no parameters 
known, a sample (x;),7=1, 2, + - + , m was taken. To the order statistics, x;, the probability integral 
transform pa= /-*,f(x«)dx was applied. With order preserved, the well-known Beta distribution of 
the order statistic, $2, was pointed out and the super Beta function of the joint distribution of two 
order statistics was derived. These yielded a variety of probabilities and confidence limits for order 
parameters. Methods of evaluating the incomplete integrals were indicated. 


Z. L. LOFLIN, Secretary 


CALENDAR OF FUTURE MEETINGS 


Thirty-seventh Summer Meeting, University of Washington, Seattle, Wash 
ington, August 20-21, 1956. 

Fortieth Annual Meeting, University of Rochester, Rochester, New York, 
December 29, 1956. 

The following is a list of the Sections of the Association with dates of future 
meetings so far as they have been reported to the Associate Secretary. 


ALLEGHENY MOUNTAIN NORTHERN CALIFORNIA 

ILLINOIS OHIO 

INDIANA OKLAHOMA, Oklahoma City University, Oc- 
Iowa tober 26, 1956. 

KANSAS Paciric NORTHWEST, Oregon State College, 
KENTUCKY Corvallis, June, 1957. 


LovutstaNa-Mississipr1, Buena Vista Hotel, PHILADELPHIA, November 24, 1956. 
Biloxi, Mississippi, February 15-16, 1957. Rocky MountTAIN 


MARYLAND- DISTRICT OF COLUMBIA-VIRGINIA SOUTHEASTERN, Emory University, Emory 
METROPOLITAN NEW YORK University, Georgia, March 15-16, 1957. 
MICHIGAN SOUTHERN CALIFORNIA, San Diego State Col-— 
MINNESOTA, Concordia College, Moorhead, Oc- lege, Spring, 1957. 

tober 6, 1956. SOUTHWESTERN 
MIssouRI TEXAS 
NEBRASKA Upper NEw YorK STATE 


NORTHEASTERN, University of Connecticut, | WISCONSIN 
Storrs, November 24, 1956. 


THE CARUS MATHEMATICAL MONOGRAPHS 


These Monographs are a series of expository books intended to make topics in pure and 
applied mathematics accessible to teachers and students of mathematics and also to non-specialists 
and scientific workers in other fields. One copy of each Monograph may be purchased by members 
of the Association for $1.75 each. Additional copies and copies for non-members of Monographs 
1-8 are priced at $3.00 each, and must be purchased from the Open Court Publishing Co., LaSalle, 
Illinois. In the case of Monographs 9 and 10, additional copies and copies for non-members must 
be purchased at $3.00 from John Wiley and Sons, 440 Fourth Ave., New York 16, N. Y. These 
numbers have been issued to date: 


No. 1. Calculus of Variations by G. A. Bliss, No. 6. Fourier Series and Orthogonal Poly- 


xii +189 pages. nomials by Dunham Jackson, xiv+234 
No. 2. Analytic Functions of a Complex Variable pages. 

by D. R. Curtiss, ix-+173 pages. No. 7. Vectors and Matrices by C. C. MacDuf- 
No. 3. Mathematical Statistics by H. L. Rietz, fee, xi+192 pages. 

ix+181 pages. No. 8. Rings and Ideals by N. H. McCoy, xii 
No. 4. Projective Geometry by J. W. Young, ix +216 pages. 

+185 pages. No. 9. The Theory of Algebraic Numbers by 
No. 5. History of Mathematics in America before Harry Pollard, xiit+143 pages. 


1900 by D. E. Smith and Jekuthiel Gins- No. 10. The Arithmetic Theory of Quadratic 
burg, vili+210 pages. Forms by B. W. Jones, x-+212 pages. 
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Mathematicians 1, 4S or PhD, 5 to 10 years experience, with knowledge 
of hydrodynamics, vector analysis, complex variables 
and analog computation. Responsible position involv- 


> i ~e ing formulation of equations of motion fcr conven- 
tional and nuclear powered submarines. 


2, BS degree and 2 to 4 years experience in analog or 
digital computation. For preparation of engineering 
problems for solution by high speed automatic com- 
puters. 


The inauguration of a greatly expanded research and development pro- 
gram at Electric Boat Division of General Dynamics Corporation calls 
for scientists and engineers of the utmost skill. As designers and builders 
of the world’s first atomic submarines, Nautilus and Seawolf, Electric 
Boat has extensive know-how in the application of nuclear energy for 
propulsion. This new department will delve deep into more advanced 
nuclear submarine design, and a variety of other new fields as well. 


A comprehensive educational program in the plant and at leading colleges 
and universities is available at no cost to Electric Boat personnel. Electric 
Boat is building for the future, and offering talented researchers a chance 
to grow with it. 


If you qualify, please write complete details of background and experi- 
ence to Peter Carpenter. 


Electric Boat Division 
GENERAL DYNAMICS CORPORATION 


GROTON CONNECTICUT 
neay New London on the Connecticut shore 


How to become a satisfied mathematician 
... Up to $13,000 in New York City! 


COMMUNICATIONS SYSTEMS ANALYST... 


Experienced in analytical evaluation of communications systems 
through modern theory and statistical analysis. You should 
have strong mathematical and analytical background. 
Familiarity with practical communications systems design, application 
and limitations desirable. 

e 


Here are the challenges, the rewards—financial and professional— 
that a satisfied, successful mathematician requires. 

You'll find them in the growing New York City engineering operation 
of an electronics pioneer and leader. 


To arrange confidential interview call collect—Mr. R. A. Wallace at Camden, N.J. 
Woodlawn 4-7800 or, send resume to: Mr. John R. Wallace, Employment Mngr., 
Dept. W-16, Radio Corporation of America, Camden 2, N.J. 


APPLIED MATHEMATICIANS 


The Jet Propulsion Laboratory is working on many challenging 
problems relating to all phases of jet propulsion, aerodynamics 
and missile control. This work is supported by modern computer 
facilities together with excellent staff accommodations. 

The Laboratory is a continuing operation devoted to scientific 
research and development offering many opportunities for in- 
creasing responsibilities with its expanding activity. 

In our Machine Computing Group we now have several such 
opportunities open for Master’s-degree applied mathematicians 
for the mathematical analysis of advanced engineering problems. 
Machine computing experience is helpful but not essential. 

If you are interested in such work, in pleasant surroundings, 
please send us your qualifications immediately. 


JET PROPULSION LABORATORY 


A DIVISION OF CALIFORNIA INSTITUTE OF TECHNOLOGY 
PASADENA, CALIFORNIA 


INTRODUCTION TO MATHEMATICAL LOGIC, 
Vol. I 


By ALONZO CHURCH 


The long-awaited basic treatise on mathematical logic, which begins on 
an elementary level suitable for students and progresses rapidly to more 
advanced results. Princeton Mathematical Series, #17. 400 pages. $7.50 


SURFACE AREA 
By LAMBERTO CESARI 
A study of the analytic and geometric properties of parametric surfaces 


under the sole hypothesis that they be continuous and have finite area. 
Annals of Mathematics Studies, #35. 600 pages. $7.50 


Order from your bookstore, or 


PRINCETON UNIVERSITY PRESS, Princeton, New Jersey 


That’s precisely the question an arse 


Assistant Professor from Purdue ES 
asked us the other day when he 
heard about TIAA’s new dividend 
scale. 

And it’s true! At his age 34 the 
annual premium for $20,000 of 10- 
Year Term insurance is $178.40 and 
the first-year dividend on the new scale is $89.40, making a net 
annual payment of $89.00. Dividend amounts, of course, are not 
guaranteed. 

“At that cost,” he said, “I can’t afford not to have enough 
insurance.” 

This is Just one example of the many low-cost TIAA plans avail- 
able to you if you’re a college staff member, part- or full-time. To 
get complete details, send us the coupon below. 


TIAA employs no agents—no one will call on you. 


7 
} Teachers Insurance and Annuity Association | 
J} 522 Fifth Avenue, New York 36, New York 
Please send me a Life Insurance Guide and the booklet, Plan Your | 
Life Insurance. 
Name______ SSCS atte of Birth | 
Address l 
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FUNDAMENTAL STATISTICS IN PSYCHOLOGY 
AND EDUCATION 


By J. P. Guitrorp, University of Southern California. McGraw-Hill Series in Psychology. 
New Third Edition. 584 pages, $6.25 


A well-known book as a text and a comprehensive reference volume. The extensive changes 
in research and instruction as well as the developments in statistical method and theory are 
included. Emphasis is upon applications rather than upon mathematical statistics, and the 
inclusion or exclusion of procedures is determined by their general usefulness to the student, 
the teacher, and the research worker. Workbooks will also be available for use in fall classes. 


NONPARAMETRIC STATISTICS: 
For the Behavioral Sciences 


By Siwwney Srecer, Pennsylvania State University. Ready for fall classes. 


The first book-length treatment on nonparametric, or distribution-free, statistics. It gives 
comprehensive coverage to the nonparametric statistical tests and measures of correlation, 
demonstrating their usefulness in research in the behavioral sciences. It is written for the 
reader with no special training in mathematics, and is organized to serve as a reference work 
as well as a text. 


THE THEORY OF FUNCTIONS OF REAL 
VARIABLES, Second Edition 


By Lawrence M. Graves, University of Chicago. 370 pages, $7.50 


The purpose of this new edition is to introduce the reader to some of the basic concepts of 
modern analysis, and to rigorous methods of thinking. It is also designed to serve as a con- 
venient reference work. It covers the structure and properties of the real number system, 
basic properties of sets of points in n-space and in metric spaces, the fundamental operations 
and notions of the calculus. Lebesgue and Stieltjes integrals, the general theory of sets, 
transfinite cardinal and ordinal numbers, and the axiom of choice. 


MATHEMATICS OF FINANCE, New Second Edition 


By Pau M. HumMMet and Cuartes L. Seeseck, Jr., University of Alabama. 390 pages, 
$4.75 


Thoroughly covers the mathematics involved in finance and investments, including simple 
interest, bank discount, compound interest, annuities, perpetuities, sinking funds, amortiza- 
tion of debts, installment buying, bonds, depreciation, life insurance, and life annuities. This 
new edition has been made more complete and brought fully up to date. 


Send for copies on approval 


McGraw - Hill Book Company, Inc. 


330 West 42nd Street New York 36, N.Y. 


5 important mathematical texts 
BEGINNING, INTERMEDIATE AND ADVANCED 


College Algebra, Revised Edition 


by PAUL R. RIDER, Professor Emeritus, Washington University, and 

Statistical Advisor, Wright-Patterson Air Force Base, Dayton, Ohio 
Retaining the same clear style of presentation which characterized the 
original edition, this text features a fuller discussion of fundamental] ideas, 
completely new sets of exercises, and improvements in the method of pre- 
senting the subject of generalized exponents. 


1955 352 pages $4.00 


Plane Trigonometry 
by PAUL R. RIDER 
Written in a clear, expository style, this text which constitutes a complete 


and thorough course in the subject, defines trigonometric functions in terms 
of their right-triangle definitions before the general trigonometric definitions. 


1953 180 pages $3.00 


Plane and Spherical Trigonometry 
by PAUL R. RIDER 


This text presents a full treatment of the subject, adaptable to any order of 

presentation. The first problems are simplified from a numerical standpoint, 

enabling the student to grasp principles and learn methods. Formulas are 

developed as needed to effect a purposeful alteration between theoretical 

and practical aspects. 

1942 With tables, 418 pages $3.90 
Without tables, 275 pages $3.40 


Analytic Geometry, Fifth Edition 


by CLYDE E. LOVE and EARL D. RAINVILLE, both at the University of 
Michigan 


Retaining the important successful features of previous editions, the fifth 
edition treats such new topics as: the distance formula in polar coordinates, 
circles of Appolonius, radical axis, common chord, and generation of sur- 
faces of revolution. 


1955 302 pages $4.00 


Differential and Integral Calculus, Fifth Edition 
by CLYDE E. LOVE and EARL D. RAINVILLE 


Incorporating new features and improvements, the fifth edition of this 
famous text contains 3900 exercises (2400 new), many new important topics, 
and a new treatment of the subject on Newton’s method for solution of 
equations. 


1954 526 pages $5.75 
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SYSTEMS OF DISTINCT REPRESENTATIVES 
AND LINEAR PROGRAMMING* 


A. J. HOFFMAN aAnp H. W. KUHN, National Bureau of Standards and Bryn Mawr College 


1. Introduction. In a recent discussion [5] in this MONTHLY of extensions 
and applications of P. Hall’s theorem on distinct representatives of subsets, 
H. B. Mann and H. J. Ryser presented a sufficient condition that a system of 
representatives include a prescribed set of elements ([5], Theorems 2.4 and 2.5). 
The purposes of this note are 

(i) to replace the Mann-Ryser condition by a necessary and sufficient con- 
dition, and 

(ii) to exhibit in the proof two applications of the theory of linear inequali- 
ties—specifically, the duality theorem of linear programming [3] and a prop- 
erty of the solutions to transportation problems [4|—to a combinatorial prob- 
lem. 

Although the interested reader can easily concoct a simple, strictly com- 
binatorial proof modeled on the demonstration of Hall’s theorem given in [2], 
it seems worthwhile to call attention to this new method of establishing certain 
types of combinatorial results. Several theorems that fall into this pattern are 
treated by various authors in [6]. 


2. Statement. Let $= 1 Si, sey Sn} be a finite collection of subsets of a 
given set S. A set R={ai,--+, dn} of m distinct elements of S such that 
a;©S,, for j=1,---,n,iscalled a system of distinct representatives for 8 (abbre- 


viated SDR). Hall’s theorem asserts that the following condition is necessary 
and sufficient for the existence of an SDR: 


(A) For each g=1, ---,, the union of any selection of g sets from $ contains 
at least g distinct elements of S. 


Mann and Ryser asked for further restrictions on § that would insure the exist- 
ence of an SDR containing / prescribed elements E= {e, - - + , e:}—called mar- 
ginal elements. If t>0 is the largest number of marginal elements in any S;, they 
found that the following condition, combined with (A), suffices for such an 
SDR: 

(B) Every marginal element appears at least ¢ times among the Sj. 

To see that this condition is not necessary, consider S= {1, 2}, S,= {1, 2}, 
S,={2}, E={1, 2}. Then ¢=2, (B) is not satisfied, but R= {1, 2} isan SDR 
containing &. Thus (B) is too restrictive; we shall introduce the weaker condi- 
tion: 

(C) For each p=1,---,/ and any selection EL’ = { Cin, tee, e:,} of » marginal 
elements, the number of sets S; that meet E’ is at least p. 


* The preparation of this paper was supported (in part) by the Office of Scientific Research, 
USAF, and (in part) by the Office of Naval Research. 
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Condition (C) is clearly necessary: if there is an SDR containing EF, by as- 
sociating to any marginal elements the sets that they represent, we have im- 
mediately the p sets S; required. It is also obvious that (B) implies (C). In- 
deed, suppose that some selection E’ of marginal elements meets but p’ of the 
S;, with p’<. Then the largest possible number of occurrences of marginal 
elements in these S; is p’/t. By condition (B), the smallest possible number of 
such occurrences is pt. Hence p't2 pt, contradicting p’ <p. 


THEOREM. Conditions (A) and (C) are necessary and sufficient for the existence 
of an SDR containing the prescribed marginal elements E. 


3. Proof of sufficiency. Note that only finite sets S need be considered by 
restricting S to the finite set of elements needed to verify (A) and (C). List the 
elements of S as a1, - + * , @m with a;=@, - + + , @;=61; clearly, m2 by (A) and 
n=l by (C). It is then convenient to regard the collection § as given by an m 
by nm incidence matrix: 


1 if a,€ S; 


1 C = (63; ith c;; = 
(1) (csi) Ww , ‘ otherwise. 


We define an (J, m, n) permutation mairix (for ]SnSm) to be an m by n matrix 
of 0’s and 1’s with 


(2) exactly one 1 in each of the first ] rows; 
(3) no more than one 1 in each of the last m — / rows; 
(4) exactly one 1 in each of the 2 columns. 


Observe that each SDR for $ containing F can be identified with an (J, m, n) 
permutation matrix P=(#,;) such that :;=1 implies c;;=1 for all z andj. Con- 
versely, every (J, m, mn) permutation matrix (,;) supplies an SDR containing 
E if p:;=1 implies c;;=1. 

Next, consider the polyhedral convex set &X of all m by n matrices X = (x;;) 
such that 


(5) 720 (@=1,---,mandj =1,---,n) 
(6) Do tis = 1 (i=1,---,J)) 
(7) Do wis S 1 (¢=1+41,-+-+,m) 
(8) 2, #3 = 1 (j=1,---, x). 


The following lemma relates the convex set X to the combinatorial problem. 


Lemma. The linear form >. ;,; cijxs; defined on X attains its maximum at an 
(l, m, n) permutation matrix. 


Proof. We shall present two proofs of this lemma. The first depends on the 
fact that a linear form, defined on a compact convex set, achieves its maximum 
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at an extreme point of that set. (An extreme point is any point not expressible 
as the midpoint of two distinct points of the set.) Clearly, the (J, m, n) permu- 
tation matrices, containing only 0’s and 1’s, are extreme in X. To show that 
they are the only extreme points, we need only show that every point in & is 
a convex combination of (J, m, nm) permutation matrices. Any X € X can be com- 
pleted to a square m by m matrix X’ by the following rules: 


(9) 0:3 = 0 (i=1,---,landj=n+1,-°--,m) 
1— >) x; 
(10) tej = = (4@=I1+1,-+--,mandj=n+1,---,m) 
; m—n 
(11) ti; = Ui; (4=1,---,mandj=1,---,%). 


The matrix X’ is doubly-stochastic: non-negative entries with row and column 
sums equal to one. As Birkhoff [7] has observed, a theorem* of Kénig [1] 
(which is, curiously enough, equivalent to Hall’s original theorem) implies that 
X’ is the convex combination of permutation matrices: matrices composed of 
0’s and 1’s, with exactly one 1 in each row and column. Since X’ has only 0’s 
in the first 7 rows and last m — n columns, the permutation matrices used must 
also share this property. As a result, the first 2 columns are (/, m, n) permuta- 
tion matrices and the desired expression for X has been found. 

For a second proof of the lemma, let C=(é,;) be the m by n+1 matrix de- 
fined by 


(1’) Cig = Ci (4=1,---,m and j= 1,---,x) 

(12) Cin+1 = Ww (4 = 1, my l), 

where w is a negative number large in absolute value, 

(13) €xnti = 0 (¢=i+1,--+°,m). 

Let & be the set of matrices X = (#;;) satisfying 

(5’) i; 2 0 (¢@=1,---,mandj=1,---,n+ 1) 

(6’) Dai = 1 (i= 1,--+, m) 
j 

(7’) Do, 83 = 1 (GG=1,---,n) 

(7”) >) fin41 = mM — Nn. 


* Namely, every term of the expansion of the determinant of an n by nm matrix vanishes if 
and only if the common part of some set of » rows and 2-+1— 4 columns contains only zeros. 
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Consider the problem of maximizing the linear form 


(14) » De Cikis 


on the set X. It is clear from (1’), (12), and (13) that the first » columns of the 
maximizing X will be in X and will maximize )_;.; c:;x:;. However, the problem 
of maximizing (14) on the set & is a special case of the so-called “transportation 
problem” prominent in linear programming, and it is known [4] that there is 
always a solution, every entry of which is an integer. Therefore, (5’), (6’), and 
(7') imply that every entry of the solution is either 0 or 1. Hence the first n 
columns will be an (J, m, m) permutation matrix. This completes the second 
proof of the lemma. 

Now we are in a position to apply the duality theorem of linear program- 
ming; a complete discussion of this theorem can be found in [3]. The version 
needed here relates the following two problems built out of the same data, 
namely, an M by N matrix A=(a,,), an M-vector B=(b,) and an N-vector 
C=(c,): 


Maximum Problem Minimum Problem 
Maximize > c,£, for Minimize > +d,n, for 
& 2 0 SS M1dw = Cy (Vv =1,---, WM) 
<6, or nm. = O or 
D nfs 4 " " (u=1,---, M) 
=b, Nu Unrestricted. 


The duality theorem then asserts that, if the maximum problem is solvable, 
then the minimum problem is also solvable and the constrained maximum of 
> c,é, equals the constrained minimum of SS buny. 

Resuming the proof of the theorem, the maximum of }>>,,; csi; on X (that 
is, subject to (5)—(8)) is some integer tn. The duality theorem establishes that 
the minimum of 


(15) Yuet Doi 
i=l j=l 
for 
(16) u;, bv; 2 Ci; (i= 1,+--,m andj = 1,-:-,n) 
and 
(17) u; 20 : (¢=1+1,-+-+,m) 


is also equal tofSn. 

Let th, °° +, Gm, t1, °° *, dn yield a minimum for (15) and have the property 
that among all solutions it contains the smallest number of non-integral #; and 
j;. We shall show that this implies that the #; and 34; are a/J integers. If some are 
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not integers, let us say that the number of non-integral #; is not less than the 
number of non-integral 3; (if the reverse is true, the argument is changed in an 
obvious way). Let 6=min(#,— [d;]) for non-integral a; and define new values 


(18) _, ‘" if #; 1s an integer, 
‘ “a; — 6 otherwise, 
(19) _, ‘° if ; is an integer, 
vj = 
0; +6 otherwise. 


Clearly Doa#/+ dos Doa;+ >5a;. Furthermore, the new values satisfy (16) 
and (17); the only possibility for violating (16) occurs for a pair of indices (1, 7) 
such that 9; is an integer and #; is not. Then 


(20) ai + of =%#%,—odo-+ 1,2 [a; | + 0; 2 C53. 


Thus, the new values satisfy (16) and (17), do not yield a larger value for (15); 
but contain fewer non-integral values. This contradiction proves that the chosen 
a; and 3; are all integers. 

Next, we shall show that one may take all of the @; and 3; to be non-negative. 
Assume first that some i; is negative. Then, by (16) and (1), it follows that all 
the @; are positive. Hence, if all of the 3; are increased by one and all of the #; are 
decreased by one, then (16) and (17) will still hold and the value of (15) will not 
be increased since nm. This process is continued until all of the 4; are non- 
negative. 

Assume next that min;#;= —rS —2. Then, by (16), 3;2r22 forj=1,---, 
n. If we increase all of the #; equal to —r by one, and decrease all of the a; by 
one, then (16) and (17) will still hold and the value of (15) will not be increased 
since }Sn. Hence any negative #; can be taken equal to —1. Let there be 4 of 
these, say #;,= +--+ =a%,=—1. Since the @; and é; minimize (15), it follows 
that a certain number of the 3; are equal to 2, and the remainder are 1. Precisely, 
d;=2 if and only if S; contains one of the elements e,,, +++, e;, and there are 
at least p such by condition (C). If we decrease these 3; by one and increase 
tli,, * + *, i, by one, then (16) and (17) will still hold and the value of (15) will 
not be increased. 

Hence we may assume that all of the #; and 34; are non-negative integers 
which, by (16) and (1), are either 0 or 1. Let 3;,= --- = d;,=1 and the remain- 
ing 3;=0. Since the #; and 3; minimize (15), it follows that #;=1 if and only if 
a;is an element of some S; for which 3;=0. By condition (A) there are at least 
n—q such elements and 


(21) t= Dat D52 (n-g)tqzan. 


As previously remarked, the value ¢ of the maximum program is not greater 
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than n. Hence it is exactly 7 and any (J, m, n) permutation matrix that achieves 
the maximum defines an SDR containing E. 
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A GENERAL EDUCATION COURSE 
IN PURE MATHEMATICS 


HARTLEY ROGERS, JR., Massachusetts Institute of Technology 


A description follows ot a course given at Harvard in the spring semester of 
1955; the course was sponsored jointly by the Mathematics Department and 
the Committee on General Education as an elective course not normally open to 
freshmen. The course appeared to be quite successful. There has been consider- 
able interest in such courses in recent years and although none of the material 
presented was new to such efforts, there seemed to be enough that was distinctive 
in arrangement and emphasis to warrant a brief report.” 

Enrollment was limited generally, though not inflexibly, to students with an 
honors average. The only prerequisite was a high school mathematics back- 
ground that included synthetic geometry. Students with college analysis courses 
were also admitted, but those with courses in modern algebra or projective 
geometry were not. The course had 35 regular students and about 15 auditors. 
About half had had no college mathematics. More than half were concentrators 
in Humanities or Social Sciences. About half were seniors, the rest juniors and 
sophomores. 

The course was meant to explain, within obvious limitations, something of 


* The course was first offered in 1954. It is in a continuing state of development in both form 
and content. It was given in 1955 by the author and in the preceding year by Professor A. M. 
Gleason, to whom the author is indebted for valuable suggestions. 
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the spirit and method of modern pure mathematics. In the arrangement of ma- 
terial for the course, a number of basic preliminary problems were faced. The 
first was that of deciding how much of the course should be presentation of 
axiomatic method as method and how much should be communication of sub- 
stantive mathematical subject matter. It was felt that method was more im- 
portant for the course, but it was also recognized that standards of significance 
and beauty in mathematics are largely determined by the extant body of sub- 
ject matter. The problem was resolved by largely devoting lectures to the axio- 
matic method, while adopting Courant and Robbins’ What 1s Mathematics? 
as the principal reading text. Each student also wrote a term paper reporting 
on some substantive topic. A second problem was that of choosing between a 
qualitative survey and a careful, close exposition of material. This was resolved 
by varying the lecture treatment from topic to topic; some topics were presented 
in careful detail, others in looser historical summary. A third problem was that 
of arranging the course so that the student could discover good reasons for 
being interested in pure mathematics. Two approaches seemed possible: empha- 
sis could be allowed to rest on the intrinsic intellectual and aesthetic interest of 
abstract mathematics; or an attempt could be made to show the student how 
the tools of modern applied mathematics are not naively visualizable, and re- 
quire an understanding of rigor and the axiomatic method. While these ap- 
proaches were not incompatible, it seemed wisest, in view of purposes and limited 
time, to choose topics with the first of these approaches in the foreground. The 
existence of these three problems and the overall limitations of the course were 
emphasized to the students from the start. It was pointed out that they could 
examine only a very small part of an active and changing discipline, and they 
were urged to remain flexible and uncommitted in their initial attitudes toward 
it. 

The course occupied 37 one hour lectures. There was a mid-term hour test 
and a three hour final examination. There were weekly homework exercises and 
occasional more difficult extra-credit problems for students of more advanced 
background or ability. At intervals through the term, some of the better logical 
“brain-teasers” were also given as unofficial problems. A term paper was re- 
quired in the form of a report on outside reading of the student’s choice. The 
student conferred with the teacher about this choice, and permissible topics 
depended on the student’s background. Several students with no analysis 
undertook to learn elementary calculus from the later chapters of Courant and 
Robbins and did so with considerable success. Others ranged in their subjects 
from the real number system to the Theory of Games and elementary theorems 
in Artin’s work on braids. 

Courant and Robbins was adopted as the principal text. While parts of it are 
rather sophisticated for a course at this level, and while the net official reading 
assignment was consequently small, it was nevertheless felt to be admirably 
suited to student browsing. A list of suggested books for supplementary reading 
was given out at the beginning of the term. (This is given below.) It was thought 
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important to give the student definite warning and guidance in this regard as 
there is enormous variation of quality and purpose among the usual library 
volumes in the introductory and “semi-popular” areas. 

Before a brief outline of the lecture topics is given, several omissions deserve 
special mention. No logical symbolism, as such, was presented. Matters of 
normative linguistic convention quickly arose anyway and were dealt with as 
such. It was felt that this was more efficient in the time available and that a 
separate treatment of logic might be more distraction than help in achieving 
the purposes of the lectures. Much can, of course, be said against this view. Con- 
ventions such as vacuous implication, the empty set, and existential import, 
had to be made clear, and the logical quantifiers and “if... then...” arrows 
were occasionally used as abbreviations; nevertheless natural language remained 
the basic logical medium throughout the term. No rigorous treatment was given 
of the real number system. Examples from algebra and geometry seemed better 
suited to introductory illustrations of rigorous argument. Furthermore, in an 
initial exposure to the axiomatic method, a student’s partial knowledge of the 
real numbers may somewhat obscure for him the necessity and productivity of 
the axiomatic approach. No topics from analysis were given. This was partly 
because of varied background among the students and partly because of the 
relatively greater logical complexity of elementary notions of analysis. The 
central position of analysis in the body of mathematics was strongly emphasized 
to the students, and supplementary reading was recommended. The omitted 
areas of logic and analysis were urged as possible sources of material for term 
papers, and a number of students chose to work in them. 

An outline of the lecture subject matter follows. 

I. The first two lectures were devoted to presenting, slowly and carefully, 
proofs of the irrationality of «/2, the infinitude of the primes, and the unique 
prime factorization of the integers. The proofs were based on “known” properties 
of the integers rather than on explicitly listed axiomatic assumptions. The 
theorems served two purposes: 1) they showed the students the degree of logical 
facility that would be expected of them during the term (as was intended, this 
prompted several to transfer out of the course), and 2) the theorems gave vivid 
examples of the productivity of rigorous proof, even in dealing with familiar 
and supposedly well understood objects. This was most valuable, as many of 
the students seemed to have come with the feeling that mathematics is a matter 
of ingenious definition followed by relatively straightforward application and 
that proof is a kind of scholastic exercise whereby one “justifies” what one al- 
ready sees to be true. The theorems also served as an illustration of the subtleties 
of indirect proof. The proof of unique factorization was the elegant and seldom 
used proof that appears in Courant and Robbins. No preliminary divisibility 
lemma is necessary, and mathematical induction is disguised and compressed 
into an initial choice of the least integer not possessing unique factorization. 

II. One lecture was then given over to a qualitative preview discussion of 
the axiomatic method. It seemed worthwhile to expose the students to such a 
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preliminary summary, even though, as was announced to them, many were 
expected not to follow the lecture entirely. 

III. Several lectures were then spent on a critique of the proofs of Euclidean 
geometry as based on Euclid’s original axioms. Emphasis was placed on the 
grosser tacit assumptions rather than on the finer logical inadequacies. The more 
celebrated gaps were pointed out and some of the traditional “false” proofs 
(“every triangle is isosceles”) were also given. (We remark that a good example 
of a tacit assumption occurs in Euclid I, 1, the construction of an equilateral 
triangle on a given line segment. Here Euclid assumes that the arcs drawn from 
each end of the segment will intersect.) 

IV. Axioms for synthetic finite affine geometry were then presented as the 
first major topic of the term. This material is well known as a highly successful 
pedagogical illustration of axiomatic development. It goes back to Young, 
Lectures on Fundamental Concepts of Algebra and Geometry (1911) and has ap- 
peared in a number of more recent texts. It well exhibits the relation between a 
theory and its specific models and the possibility—new to many of the students 
—of having a non-categorical theory. Once the existence of the various non- 
intuitive models is understood, the necessity for a careful axiomatic process 
becomes clear. The lectures presented the material slowly, first using nonsense 
words for “point” and “Jine” and then using those words themselves with the 
observation that they were to function like the nonsense words. A particular vir- 
tue of this material is that theorems of considerable generality can soon be 
reached—from a proof that every two lines have the same number of points 
(where the notion of one-one correspondence must be used) to a sequence of non- 
trivial structure theorems (every finite model has 2? points, 2?-++n lines, eéfc.). 
The structure theorems were presented as such to the student and it was pointed 
out that they provided a good example in microcosm of much modern mathe- 
matical activity. In addition, a number of unsolved problems could be stated 
(existence of a 10 point line, efc.), and it could be remarked that there was cur- 
rent research going on in the area. The development was also used to provide 
clear illustrations of the process of definition, the use of counter-examples, and 
the notions of consistency, independence and incompleteness of an axiom system, 
(the use of finite geometry in this respect is well described in Wilder, Introduction 
to the Foundations of Mathematics). 

The material also furnished a good opportunity for discussion of such mat- 
ters as: the motives that may exist for examining a particular system; the un- 
expected fruitfulness and generality that may appear; and the overall flexibility 
and control inherent in the axiomatic approach. Axioms for finite projective 
geometry were also presented and the corresponding structure theory derived. 
Final theorems relating this to the affine theory were proved. The subject of 
finite geometry occupied seven lectures. It was treated, for the most part, in full 
detail. 

V. Four lectures were devoted to the Hilbert axiomatization of Euclidean 
geometry, with the purpose of conveying an understanding of the axioms them- 
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selves and then giving a brief indication of how the usual theorems grow out 
of them. One lecture was given on abstract relations (preparation for “between” 
and “congruent”) and then the axioms were presented in detail along with proofs 
of a few of the earlier and simpler theorems. The presentation in the 1930 
German edition of Hilbert, Grundlagen der Geometrie, was used as a source. This 
is somewhat better than in the 1899 edition, which appears in English transla- 
tion. Material from Hilbert together with additional comment was distributed 
to the students in mimeograph form. 

VI. Six lectures were used to give an outline of the origins and discovery of 
non-Euclidean geometry. Material was presented in roughly historical sequence. 
The mathematical treatment was qualitative to the extent that synthetic proofs 
at about the level of school geometry were given. Wolfe, Non-Euclhidean Geome- 
try, proved to be a good source and reference. Attention was directed first to 
propositions equivalent to the fifth postulate and then to the use of tacit assump- 
tions or bad logic in various historical false proofs of the postulate. The elements 
of non-Euclidean geometry itself were then described and the proof of consisten- 
cy with Euclidean geometry outlined. Two matters that were naturally empha- 
sized were: 1) the importance of keeping theory and model distinct; and 2) the 
fact that much excellent mathematics can historically precede full axiomatiza- 
tion, since adequate conventional standards can tacitly appear among good 
mathematicians, (e.g., by 1800 the false proofs of the fifth postulate were recog- 
nized as such). 

VII. Seven lectures then gave a careful treatment of elementary material 
from algebra. Axioms for a commutative ring were given and various examples 
of rings supplied. A few of the simplest theorems were proved. Specializations 
to integral domain, field and Boolean ring were briefly investigated, and the 
notion of group was described. 

VIII. The subject of transfinite cardinal numbers was considered next. 
While not thought to have the basic relevance of some of the other material 
in the course, it furnished good logical exercise, had a special metaphysical 
interest for many of the students and paved the way for a final discussion of 
foundational matters. Treatment was non-axiomatic and proceeded by a combi- 
nation of illustration, logical argument and statement of results. Relevant prop- 
erties of the finite cardinals were first examined and then modified appropriately 
to lead to the transfinite case. The relation of cardinal equivalence was made the 
central concept for as long as possible, and then the transfinite numbers them- 
selves were introduced. Cantor’s theorem was proved, both in decimal-diagonal 
and in its general form. Examples were given of various enumerable and non- 
enumerable sets. Addition and multiplication were defined, and the algebraic 
properties of the arithmetic of cardinals were discussed. The subject occupied 
five lectures. 

IX. The subject of cardinal numbers had emphasized the central importance 
of the concept of collection. The students had also seen its basic role in their 
study of geometry. It was thus natural and easy to raise the question of what 
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constituted legitimate argument about collections. Furthermore, the counter- 
intuitive quality of the results of the transfinite theory had aroused student 
interest in finding an axiom system for that theory. The final three lectures of 
the term were therefore devoted to a qualitative discussion of foundations and 
of axiomatic set theory. The earlier proof of Cantor’s theorem made possible a 
statement of Cantor’s “greatest cardinal” paradox. Russell’s paradox was 
stated as well, and the general history of the foundational crisis was described, 
The nature and purposes of logical formalization were outlined, and various 
formal means for avoiding the paradoxes were briefly indicated. The role of an 
axiomatic set theory as a common standard of argument rather than common 
means of expression was pointed out. It was observed (as had been done several 
times earlier in the term) that all of usual mathematics can be put into the sym- 
bolism of such a theory. The existence of a variety of such theories was men- 
tioned, together with Gédel’s results on incompleteness and on impossibility of 
a consistency proof. While these last lectures were highly qualitative and neces- 
sarily inadequate, they seemed to give the students a fairly satisfactory under- 
standing of the main issues considered. 

The course omitted much standard material, but it was felt at the conclusion 
that some feeling had been communicated for the blending of rigor and intuition 
that makes up contemporary pure mathematics, and that interested students 
would have a fair, if rudimentary, idea of what to expect in further exploration 
of the subject. 
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FOURIER ANALYSIS OF ENGINE UNBALANCE 
BY CONTOUR INTEGRATION* 


W. E. BLEICK, U. S. Naval Postgraduate School 


1. Introduction. A Fourier analysis of the dynamic unbalance of a recipro- 
cating engine by contour integration may be of pedagogic interest in teaching 
the engineering applications of complex variable theory. Figure 1 gives the nota- 
tion for the displacement variables s, @ and ¢, which are the piston displacement, 
the crank angle, and the connecting rod angle, respectively. The ratio of the 
crank length 7 to the connecting rod length / is denoted by e. The complete 
analysis of dynamic unbalance follows directly from the Fourier series for s, 
¢, ¢? and $*. Each of these is treated here in turn. 


wa 


@'1 


Fic. 1 


2. Fourier Series for s. The piston displacement s is expressed in terms of 
the crank angle @ by 


(1) s=r[1 —cos6+ 1/e — V1 — e?sin?0/e|. 

The Fourier series for s is 

(2) s= r| — cos6+ >> as, cos 2nd | 
n=1 


The value of ao, the average value of s/r, is found by integration to be 


(3) a = 1+ 1/e — 2E(e)/re, 


* Presented to the Northern California Section of the Mathematical Association of America, 
January 15, 1955. 
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where E(e) is the complete elliptic integral of the second kind and modulus e. 
The coefficient den for n>0 is 


27 
(4) don = — f 1/1 — e? sin? (cos 0 + 7 sin 0)2"d0/rre, 
0 


using De Moivre’s theorem for cos 2n0-++7 sin 226, and noting that the imaginary 
part of the integral vanishes since the radical is an even function of 9. Reference 
to [1] shows that the integral for dz, may be converted to a contour integral by 
the imaginary exponential substitution 


(5) z= ei = cosd+ sin 6. 


The result is 


(6) om = ff PVE F AEF Vde/2e, 
ABC 

where 

(7) a= (1— V1 — e*)/e, 


and the path of integration is counterclockwise around the unit circle |z| =1 in 
the complex plane, 7.e., the path ABC in Figure 2. In order that the integrand 
in (6) may be analytic in a suitable region, introduce branch cuts, indicated by 
heavy lines in Figure 2, along the imaginary axis from —j« to —j/a, from 
—ja to +ja, and from + 7/a to +j, and consider the branch of the radical 
which is defined to have the value ~/rirersra exp [j(¢1-+-¢2+¢3+¢4)/2], where 
—7/2S¢61<31r/2, —7/2S¢2<30/2, 30/2 S563<77/2 and 7/2 S¢4<57/2. The 
symbols in this definition are given in Figure 2. 

By use of the branch thus defined, the path of integration may be deformed 
to the path ADC along the two sides of the imaginary axis and around the 
branch point +-ja, as shown in Figure 2. After making the substitution z=7y, 
the expression for de, becomes 


(8) an = (= 1)" fC WOE Wdy/n. 


The further substitution y=au gives 
(9) don = 2(—1)"a?”[atVonge — (1 + a4) Yon + Von—2|/n, 


where Y2, is the elliptic integral 
1 

(10) Von -{ wdu//(1 — u*)(1 — atu?). 
0 


The usual three-term recurrence formula for Yo, is obtained from the differenti- 
ation 
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| REAL AXIS 


Fic. 2 


Integration of (11) from «=0 to u=1 furnishes the recurrence formula 
(12) (22 + 1)atVonpe — 2n(1 + at) Von + (20 — 1)Von-2 = 0. 
The initial values required in the use of (12) are 
Yo = K(a*) and Y= [K(a?) — E(a’) |/at, 
where K(a?) and £(a?) are the complete elliptic integrals of the first and second 
kinds, respectively, for modulus a?. Useful tables of Yo and Y2 are given in [2] 


on pages 85 and 83, respectively. Use of (9) and (12) makes possible the computa- 
tion of de, for all values of m. Thus, for »=1, - 


(13) dg = — 2[(1 + at) E(a2) — (1 — at) K(a?) |/3a8e. 


Lengthy formulae could be given here for other a2, coefficients, but they are 
calculated more conveniently by the numerical use of (9) and (12). 
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3. Fourier series for ¢. The value of ¢ is 6=e6 cos 6/+/1—e? sin? 6, and its 
Fourier series is 


(14) b = 6 >) Dongs cos (2n + 1)8. 


n=0 


The imaginary exponential substitution of (5) and the deformed contour ADC 
of Figure 2 may be used to give 


(15) bent = f g2"(22 +. 1)dz/arjv/(s? + a?)(22 + a7). 
ADC 


The integrals on the infinitesimal circles surrounding the poles z= +ja may be 
shown to vanish. The successive substitutions z=j7y and y=au then give 


1 
(16) Bdensi = 4(—1)rateet f (u2” — o2y42"+2) dy/ar/(1 — u®)(1 — atu?) 
0 


= 4(—1)"a2"+1(Vo, — 0? Von12)/T. 

Thus, for »=0, 
(17) by = 4[E(a*) — (1 — a?) K(a?) |/x, 
and for z=1, 
(18) bs = 4[(at — 3a? + 2)K(a2) — (204 — 302 + 2) E(a2) |/32a8, 

4. Fourier series for ¢2. The Fourier series for ¢? = e6? cos? 0/(1—e? sin? 6) is 
(19) de? = 6? | o/2 +- >" Con COS 2nb | 

n=l 

The imaginary exponential substitution of (5) and a path of integration around 
the unit circle |z| =1 gives 


(20) Con = f g2n—l(g? +. 1)2dz/mj(2? + a) (2? + a7). 
ABC 


For n=0 there are simple poles within the contour at the origin and +ja. Calcu- 
lation of the residue sum gives 


(21) co = (1 + a*)e?. 
F or x >0 there are simple poles at +ja only, and calculation of the residue sum 
gives 
(22) Con = 2(—1)* 02/1 — e?. 
5. Fourier series for $2. Since $=7(6+¢) sin 9, it follows that 
(23) $2 = 7°(1 — cos 20)(62 + 266 + ?)/2. 
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Substituting in (23) for d and ¢? from (14) and (19), respectively, and using the 
addition theorem for cosines, gives 


(24) $2 = (7762/2) >_ d;, cos RO, 
k=0 
where 
do = | +. (Co — C2) /2, 


dy = by — bs, 
dy = C2 — 1 — (co + c4)/2, 
dont = 2b on+1 — Don—1 — Don+3 for n> 0, 


(25) 


and 
don = Con (Con—2 + Cons2) [2 for n> 1. 
Substitution from (16), (21) and (22) into (25) gives 


dy = 1 +. a?, 
dy = 4a > 0, 
(26) d» =—i1— al, 


dont1 = A(—1)"a2"1(Von_o + a?Vo, — AV ons2 — 8 Vons4) /t for n> 0, 
202 + 2@2n42 + Abons1/e, 


and 
don = (—1)"—1!a2"-2(1 — at) for n > 1. 


Note, that, for customary values of e, de is greater in magnitude than d; and of 
opposite sign. 

6. Dynamic unbalance components. In the analysis of dynamic unbalance 
it is customary, e.g. [3], because of balancing considerations, to replace the 
connecting rod by a statically and dynamically equivalent connecting rod having 
its mass concentrated at the two ends of the rod. To preserve static and transla- 
tional dynamic equivalence, all that is necessary is to maintain the center of 
gravity invariant. To this end the portions of the mass m of the connecting rod 
concentrated at the crank pin B and wrist pin A of Figure 1 are mg=ma/I and 
ma=mb/l, respectively, where the distances of wrist pin and crank pin from the 
center of gravity are a and J), respectively. This substitution may also be re- 
garded as yielding an equivalent engine having a massless connecting rod with 
a piston of effective mass mes greater than its true mass by the amount 
ma=mb/l, and a crank of effective mass greater than its true mass by the 
amount mg=ma/l. To achieve angular dynamic equivalence, it is necessary to 
apply to the connecting rod an auxiliary external torque M = (mab —I)¢ where I 
is the moment of inertia of the rod about its center of gravity. This additional 
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torque is required in order to accelerate the increase in the moment of inertia 
caused by concentrating the mass at the ends of the connecting rod. A free body 
of the equivalent engine is given in Figure 1, the symbols for the various forces 
and torques being explained in the following paragraphs. The free body omits 
static and frictional forces. To simplify the expressions for dynamic unbalance 
given below, the customary assumption of constant crank angular velocity 6 is 
made, although this assumption is not necessary in the present method of 
analysis. 

The Fourier components of dynamic unbalance may now be obtained in a 
very direct fashion by time differentiation of the Fourier kinematic series previ- 
ously obtained. The shaking force F, on the crank shaft due to the motion of the 
effective piston mass mes; is found by differentiating (2) to be 


F, —= MettS 


27 = 
(27) = Me117b" (cos 6 — >> 4n?Gen COs 2nd), 


n=l 


The torque M, about the crank shaft, due to the motion of the effective piston 
mass, is found from the work and energy relationship 


(28) M ,6dt = (d/dt)(me:s82/2) dt 

and (24) to be 

(29) M, = — (mes:76?/4) >, kd, sin BO. 
kel 


The torque M, about the crank shaft, due to the auxiliary torque M acting on 
the equivalent connecting rod, is found from the virtual displacement relation- 
ship 

M ,6dt = — Mé¢dt 


(30) = — (d/dt)[(mab — T)$?/2|di, 


and (19) to be 


(mab — T) >> neon sin 2n8. 


n=l] 


(31) Ms 


The forces F, perpendicular to the cylinder center line, may be obtained by 
noting that, for constant crank angular velocity, the moment of momentum of 
the equivalent engine about the crank shaft O of Figure 1 is constant. Hence 
the resultant torque about O must vanish, giving 


(32) M,+M;-M-—(r+l1—s)F = 0. 


It is unnecessary to discuss the rotating force Fy», 180° out of phase with the 
crank angle 6, due to the centripetal acceleration of the effective crank mass, 
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since a Fourier analysis is not involved. 

It is beyond the scope of the present paper to discuss dynamic unbalance in 
multicylinder engines, where the net effect of certain Fourier components may 
be eliminated. 
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A SIMPLE MATRIX APPROACH TO LINEAR 
DIFFERENTIAL EQUATIONS 


L. C. BARRETT anp C. R. WYLIE, JR., University of Utah 


In texts on elementary differential equations the subject of systems of linear 
differential equations with constant coefficients is frequently dismissed with 
little more than an example or two. From time to time suggestions have been 
made for improving the presentation through the use of ideas from the elemen- 
tary theory of matrices,t but to date these seem to have had little effect on the 
books available for use in the classroom. This is perhaps because such discussions 


have been based on the canonical form 
ax; 
dl 


= 41%1 + dink, + +++ + Aindn, 7=1,2,---,n, 


which can be obtained from a system of differential equations as they actually 
arise only through a considerable amount of preliminary algebra. It is the pur- 
pose of this note to suggest a more practical matrix approach to the solution of 
a system of equations in their original form 

d11(D) 41 + +++ + Qu.(D) 4, = fil) 
(1) Co ee 
An1(D) x1 + ‘es + Ann(D) Xn = Frit), 
where the a;; are polynomials in D(=d/dt) with constant coefficients. In our 


7 C. M. Cramlet, Linear differential equations with constant coefficients, this MONTHLY, 
vol. 45, 1938, p. 162. 

J. S. Frame, On the explicit solution of simultaneous linear differential equations with constant 
coefficients, this MoNTHLY, vol. 47, 1940, p. 35. 

See also Richard Bellman, Stability Theory of Differential Equations, p. 12, McGraw-Hill 
Book Co., New York, 1953. 
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work we shall actually use little more than the matrix notation; specifically, we 
need only a knowledge of how to add, multiply, and differentiate matrices. 
Introducing the matrices 


d1i(D) ++ + a1n(D) 1 fr) 
A(D) = ee , X=|- |, Fs , 
On1(D) ++ + Gnn(D) ip fall) 
(1) can be written in the form 
(2) AX =F, 


By analogy with a single differential equation we are led to consider the related 
homogeneous equation 


(3) AX =0 
and to attempt to find solutions of it of the form 
(4) xX = Ce™ 
where 
C1 
cul: 
cn 


is a constant, non-trivial coefficient matrix. Substitution of (4) in (3) yields the 
equation 


A(m)Ce™ = 
which requires that 
(5) A(m)C = 0 
or finally 
(6) | A(m)| = 0. 


This, of course, is the usual determinantal characteristic equation. It is a 
polynomial equation in m of degree k, say, each of whose roots, m;, gives rise to 
a solution of (3) of the form (4) provided C is suitably determined. For each m; 
this can be done by applying familiar algebraic procedures to (5). The resulting 
C; is of course not a unique matrix but a matrix determined only to within an 
arbitrary scalar multiplier 6;. Since linear combinations of particular solutions 
are also solutions, 


XxX = > b,C,je"t = »> b;X; 
7 j 


is a solution of (3) for all values of the arbitrary scalar multipliers b;. If the roots 
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of (6) are all distinct this is the complete solution of (3) and the complementary 
function of (2). 

As in the case of a single differential equation, if the set {m,} includes one 
or more pairs of conjugate complex roots it is desirable to reduce the correspond- 
ing complex exponential solutions to a purely real form. To see how this can be 
accomplished let m1, m2=p+1gq be a pair of conjugate complex roots of (6) and 
let C, be a particular coefficient matrix corresponding to m=p-+2q. Then by 
taking conjugates throughout (5) it is clear that C.=C, is a coefficient matrix 
corresponding to mz=p—1zq. Hence we have the two particular solutions 


CrePtiat and Cre- iq)t. 


By combining these as follows and applying the Euler formulas we obtain two 
independent real particular solutions: 


L[Cye(rtint + Cye(p—iadt| = ert(Z(Cy + Cy) cos gt + 4i(C1 — Ci) sin qt] 
e?*[R(C1) cos gt — 9(Ci) sin ge], 

ePt/ —14(Cy — C1) cos gt + 3(C1 + Ci) sin qt] 
= e?'[g(Ci) cos gt + R(C)) sin gt]. 


(7) 


—2i[Creet int — Cye(r— iat] 


In many cases this method of determining the necessary relations among the 
coefficients of solutions of (3) of the form 


x; = a,e”' cos qt + b;e?! sin gt 


is simpler than the usual process of substituting these expressions into the origi- 
nal differential equations, collecting terms, and equating the resulting coeffi- 
cients to zero. 

If | A(m)| =( has a double root, say m =m, we proceed very much as in the 
case of a single differential equation. Of course 


X1 = Cye™t 


is one solution of (3). However as a second independent solution we must try 
not Cote”, as strict analogy with the solution-process for a single differential 
equation would dictate, but rather T 


Xo = Core™! + Cote™!, 
Substituting this into (3), observing that for any polynomial operator P(D) 
P(D)te™ = P(m)te™ + P’(m)e™, 
and recalling the definition of the derivative of a matrix, we obtain 
A(m1)Coe™* + A(my)Cate™! + A’(m)C3e™* = 0. 
This requires that 


} The term C.e™14 must be retained because in general C2 will not be a scalar multiple of C,and 
hence in constructing the general solution the term C.,e™1¢ cannot be absorbed in the term Cye™1# 
as is necessarily the case for a single differential equation. 
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(8) A(m1)C3 = 0 and A(m1)Ce = A'(m1)C3. 


The first of these equations shows that to within an arbitrary scalar factor C3 
is the same as C;. The second constitutes a system of nonhomogeneous linear 
algebraic equations from which the elements of C2 can be found by familiar 
processes. Its solution is of the form 


Co = Ci + *C2 


where *C, is a “particular integral” of the (algebraic) system. Hence, omitting 
the term ACie™* from X_2 since it can obviously be absorbed in Xj, and taking 
C3= C1, we obtain 


Xe = *Coe™! + Cyle™! 
as a second independent particular solution of (3) corresponding to the double 
root m, of (6). 
Roots of the characteristic equation of higher multiplicity are handled in 


essentially the same way. For instance if | A(m)| =0 has a triple root m=m, 
then not only are 


Cie™! and *Coe™! + Cyte™! 
solutions of (3), but 
Cyem™! -- Cote? + Cel?e™t! 
is also a solution for properly determined coefficient matrices C4, Cs, and Cs. 
Moreover, using the result 


k k 
P(D)t®e™ = P(m)i*e™ + ( ' ) Prem e*tem +- (| Premise +--+, 


we find that the equations that determine Ci, Cs, and C. are 
A(m)C 5 = 0, A(m)Cs = 2A’(m1)Ce, and A(m)C4 = A’(m1)Cs — A’’(m)C¢. 


In particular, the first of these shows that like C3 in the case of a double root, Cz 
is also proportional to C1. 


Example. For the system 
(D? + D+ 8)x, + (D? + 6D + 3)x2 = 0 
(D + 1)x%1 + (D? + 1)x. = 0 


we have the characteristic equation m*+2m?—8m+5=0 whose roots are 
1,1, —1+22. For the root —1+22, (5) becomes 
lo | 
=I, | 


(4— 2%) (—6 + 83) 
| (2%) (—2—4i) 


C1 


C2 
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which is equivalent to the single scalar equation 
Qicr + (—2 — 4ieo = 0. 
Hence we may take 


cal" 


-|°"* 


4 


C2 
Then from (7) we obtain immediately the two particular solutions 


e~*(2 cos 2¢ + sin 22) | 


e-' cos 2? 


e—*(cos 2¢ — 2 sin 22) 


X1= and Xe= 


—e-' sin 2 


For the repeated root 1 we have one solution of the form Cie’ where, from (5) 


1 
-C, = 0, so that we may take C; = | I 


—1 


| 10 10 
2 2 


As a second independent particular solution we have 
*Coe? + Cite! 


where, from (8), *C2 is any particular solution of the system 


10 10 3 8 5 
Pe akn-[ ahoeta lh 
2 2 1 2 1 
Hence we may take 
0 
4Co = ; 
2 


Thus for the double root m=1 we have the two particular solutions 


et 0 tet 
c= 
1 
2 


1 
—1 


tet = 


and X4 = 


—et det — te! 


e+] 


“| 


To complete the solution of the nonhomogenous equation (2) it is now nec- 
essary to find a particular integral. When the elements of F are functions having 
only a finite number of independent derivatives the method of undetermined 
coefficients can be employed very much as in the case of a single equation. For 
instance, corresponding to matrices F of the forms 


B, Be*', B, sin at + B. cos at, By + Bot + --- + Bt” 
we would assume trial particular integrals of the respective forms 


K, e*!, K; sin at + K. cos at, Ki + Kot + ---> + K,I”. 
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Substituting these into (2) and equating coefficients we obtain systems of linear 
algebraic equations from which the elements of the coefficient matrices can be 
found at once provided no term, P;, in the normal choice of a trial particular 
integral P duplicates a term in the complementary function. Should such dupli- 
cation occur, then as in the case of a single equation, the usual choice of a par- 
ticular integral must be modified. However for a system of equations not only 
must we multiply by ¢ all those terms in P arising from the terms of F associated 
with P;, but we must also retain the duplicating terms as well. Thus if Be*’ is a 
term of F which is duplicated by a term of the complementary function, the 
appropriate choice for a particular integral corresponding to such a term is not 
just Kte* but rather 


Kye*' + Kote*. 
In this case substitution in (2) yields the equation 
A(a)Kye** + A(a)Kote™ + A’(a) Ke" = Be. 
Hence we must have 
A(a)K,e=0 and A(a)Ki = B— A'(a)Kz. 


In particular, the first of these shows that the matrix K2 is proportional to the 
matrix coefficient of e*‘ in the complementary function. 

The method of variation of parameters also carries over in very much the 
same fashion to systems of linear differential equations. To employ it, we in- 
terpret the scalar coefficients in the general solution of the homogeneous equa- 
tion (3), 

X = 1X1 + beXe +--+ + OXy, 
not as constants but as functions of ¢, and attempt to determine them so that 
X will satisfy the nonhomogeneous system (2). To explore the matter further 
let (2) be written in the form 
(9) (A\jD' + Awr'+.---+A4,1D+4,)X =F. 


Clearly, in order to substitute X into this equation we will need to know its 
first r derivatives. Differentiating successively and, as in the case of a single 
equation, simplifying at each of the first (-—1) stages by equating to zero the 
terms involving the first derivatives of the 6; we obtain the (r—1) equations: 


(10) xe? tx 4... 4 OLXN? =0, 7 =0,1,2,---, (7-2). 


Substituting the various derivatives of X (as simplified) into (9) we obtain 


(r) (r—1) 


fee EOE?) + (OXY Oe FOXY] 
+ AifbiXy be BOX EP be F Apa fbiXd +s + XG 
+ A,[b1X1 + +++ + b:X%] = F. 


Ay[(b1X1” 
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Since each X; is a solution of the homogeneous system, the last equation re- 
duces to 

(11) Ag(biX1 +++: +0:X; J =F. 

Equations (10) and (11) are in effect a system of linear equations from which 
the 0; can be found without difficulty provided the rank of the augmented 
matrix of the subsystem (11) is equal to the rank of the matrix of coefficients of 
this system. This will always be the case if the matrix Ag is nonsingular. If Ag is 
singular then in general the method of variation of parameters cannot be applied 
directly to (2), though it can be used on any nonsingular system of differential 
equations to which (2) can be reduced. Of course when the 0,’ are determined, 
the 5; themselves can be found at once by integration. 


Example. For the system 
(D? — 7) x1 — (D? — 3) x2 = ji 
(D? + 2) x1 + (D? — 2) Xe = fo 


we find easily the complementary function 


e! —# ert en 2t 
a= 3e! + 3e7* | + — 3¢7! + — 3¢e—?! 
The method of variation of parameters now yields the two matrix equations 
et —t 2¢ e72t 
aN see | gee TPF geee |] FP ge-2e |] > 
[Stel esd eilex| 22 fox 22-14 
1 1 3e! —3e-! — 6¢7! 6e—7¢ fr 


These are equivalent to the four scalar equations 
ebi + e-tby + e2bd + ¢?4bf = 0 
3etb{ + 3e-'by — 3e24bf — 3e-2bf = 0 
—2e'bi + 2e-'bg + 8e74bs — 8e-7'b,y’ = fi 
4e'bi — 4e—'bg — 4e?*bs + 4e-7bd = fo, 
from which we find without difficulty 


2 2 
by = f Ath wy y= — f At ay 
12 12 


2 2 
by = f ATS ny 5, = f Lae Lven 
24 24 


MATHEMATICAL NOTES 


EDITED by F. A. FICKEN, University of Tennessee 


Because of the large number of papers on hand, consideration of new papers for this de- 
partment has been temporarily suspended. 


A NOTE ON NORMAL MATRICES 
L. Mirsky, University of Sheffield, England 


A matrix is said to be normal if it commutes with its transposed conjugate. 
The product of two normal matrices is not necessarily normal but the following 
result, proved some years ago by Wiegmann [1], is available. 


THEOREM. If A, B, and AB are normal mairices, then BA 1s also normal. 


The aim of the present note is to give a very simple proof of Wiegmann’s 
theorem. We denote by X* the transposed conjugate of the matrix X, and write 


F(X) = trace (X*X), g(X) = Lax |? + . es + | An |, 


where Aj, - - - , An are the characteristic roots of X. Our proof is based upon the 
following well-known criterion of Schur [2]: 
(1) X is normal if and only if f(X) = g(X). 


Since A, B are normal matrices and since, moreover, 


trace (XY) = trace (YX), 


we have 
f(A B) = trace (B*A*AB) = trace (BB*A*A) 
= trace (B*BAA*) = trace (A*B*BA), 
so that 
(2) f(AB) = (BA). 
Now, 4B and BA have the same characteristic roots. Therefore 
(3) g(AB) = g(BA). 


Again, since AB is normal, we have by (1) - 
(4) f(AB) = g(AB). 


From (2), (3), and (4) we at once infer that f(BA) =g(BA); and the required 
conclusion now follows by (1). 
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AN APPLICATION OF ESTIMATION THEORY TO 
DETERMINANTAL INEQUALITIES 


J. B. Cuassan, St. Elizabeth’s Hospital, Washington, D.C. 


The inequalities presented below are generalizations of the results obtained 
by the writer in [1]. In [2] Ky Fan and John Todd first present an algebraic 
proof of the results obtained in [1] by statistical theory, and then, by an exten- 
sion of their algebraic argument, derive their determinantal inequality. The 
determinantal inequalities given below are derived by an extension of the statis- 
tical proof used in [1], and, except for the case in which m=2, the following 
results are distinct from those given in [2].* 


Let 
Q11 G12°°* Aim 
Qo, @292°** Aom 
A = e e 
Qn1 Gn2°°** Anm 


be a matrix of real elements a;; with 2 >m22 and such that all square sub-ma- 
trices of order m are non-singular; let G=A’A where A’ is the transpose of A. 
Define A 641:%»*+++4)++*,m-2,0m-1) ag a square matrix consisting of m rows of A 
including the ith row of A, and preserving their order; let |G| =det G and let 
| Gj1| be the cofactor of gj1in Gwhere gj1 = D7 ijdirjlet | A (at e2e tis ,am—2,am—1) | 
be the cofactor of @;1 in A 641:02)*+++t)°**,am-2,0m—), Define 


a . | Appr aae rte samaaram—t) | 


= DY oe DO 


jag 9 + "am —1 
(apx#tir=l1, °° *,m—1) 


| A (a1, @, ee *,2, ee *,@m—2,8m—1) | 


where each A, consists of Cy—1,_—1 terms. 
Then 


1 n ™m 
1 —— ij 
0) aa eG 


Proof: Let €;=2:;—@i1&1—Qisko— + + + —AimEm(t=1, 2,-°°, m) represent n 
random independent deviates with E(e;)=0, E(e{)=1, random components 
z;, known parameters a;; subject only to the restrictions stated above, and with 


2 2 <<. 2 
Gul < Crm 2, Ne 


fox] 


unknown parameters £=(&1, £, - ++, &m). 
The classical least-squares estimate of the vector £ is determined by selecting 
the point €=(&1, £2, -+°-+, &m) which minimizes the sum of squares from it to 


* For the case of m=2, the inequalities stated herein as (1) and (3) are each equivalent to 
Theorem 1 in the Fan-Todd results, while (2) and (4) are equivalent to their Theorem 2, with the 
exception that the results given in the Fan-Todd paper extend to the unitary n-space U”, while the 
derivations in this paper limit the results to the Euclidean hyperspace. 
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each of the respective hyperplanes e;=0. Each value, £;, thus obtained is an 
unbiased estimate of the corresponding parameter component &; and in accord- 
ance with the generalized Markoff theorem on least squares [3] each component 
of is the minimum variance unbiased estimate of the corresponding component 
of £ in the class of unbiased linear estimates. This holds in particular for £1 and 
its variance is well known to be identical to the left side of the inequality stated 
above [4]. 

To outline first the remainder of the proof, consider the point of intersection 
of any m of the 2 hyperplanes ¢;=0. The coordinates of this point yield unbiased 
estimates of the corresponding coordinates of the parameter point, &. It follows 
that the arithmetic average of corresponding coordinates of each of the possible 
Cr m intersections also provides an unbiased estimate of &. If this average is 
labelled *= (#1, %2, - +--+, &m), then by the aforementioned minimum variance 
property of € it follows that o?(€;) <o?(#,) for all 7, and therefore o?(€1) <0?(#:). 
It will be shown that 


o (44) = Con > dj. 


t=1 


To show that 


21 G12 °** Aim 

2g QAa2 °° * Am 

(1) Sm QAm2°°° Amm 
t= ——__ 

Qi1 @i2°** Aim 


Qo1*Q22 **°* Aom 


Qmi Am2° * ° Amm 


is an unbiased estimate of £1, we note that 


E(21) Q12 °° * Aim 
E(2) Qo2 °° * Gam 
(1) E(2n) Qm2° °° Amm 
E(«, ) = ——_—_ 
Qi1 G12 °*°* Aim 


Qo: G22 °** Aom 


ami &m2°°* amm 
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from €;=2;—@aki— +++ —GAimEm, and E(e;)=0 it follows that E(z;)=ané&, 
+ajEot ++ + +a@imEm, and therefore 


01181 + A12&o ++:: + Aim—Em G12 °° * Aim 


(1) Om1é1 + Ome: + i Ammtm Om2*** Imm 
Ea, ) = —— = F 1. 
@i1 °° * Aim 
Qm1°** Amm 


Thus x is an unbiased estimate of £, and it follows that #1= Crym xe? also is. 

Next, denote the square sub-matrix consisting of rows 71, f2,° °°, %m of A 
by A(@112,+++,7m) = A, Corresponding to each of the C,,» sets of such submatrices 
we obtain from 4x =g, 


Ory Dy,2 °° * Arim 


n= Hy TL ita ree Tm) = 
orm Dr, an Oram 
| Aw) | 


(r) (r) (r) 
7 [4a] {z,| Ara | + 2 { Art| tee F rm | Art | }, 


where | A®}| is the cofactor of a,1in A“, Then the coefficient of zg; in 


Tj 
xe," = > cee > ee ter tm 


a TI<Tr_° e "<Tn 


becomes 


(ay,@9, see,t,ee *,Qm —91@m—1) 


n—-m-+1 n Au | 


° *,%, ee *,Qm—2,@m—1) | 


a1<ag 9+ <a 1 | A (at,a2,- 


(a,4t;r=l, eee »m—1) 


It follows from the independence of the zg; and their unit variances that 


o ( > 2") = >> di. 


i=l 
Therefore 
o (#1) = Com > Ni 
i=l 


thus establishing (1). 


To obtain a weighted generalization of (1), let w be a real vector in Crm 


space, restricted to the hyperplane D> Croyle) =1. Then, 
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o pL oulealh 


n | Ais | 2 
>} > cee > gy (alse %yt,%%*,am—1) Taaeat . 
The proof of (2) is identical to that of (1), with the exception that, while the 
right hand term of the latter represents the variance of a uniformly weighted 
arithmetic average of unbiased estimates, the right-hand member of the inequal- 
ity (2) represents the variance of an unbiased weighted average of the same un- 
biased estimates, so that Markoff’s theorem again applies. 

The restriction that each m-order determinant from A be non-singular can 
be dropped with respect to (2), provided at least one such determinant remains 
non-singular. When this is the case all of the terms with zero denominators in 
the right side of (2) may be permitted to vanish, provided that the weights of 
the non-vanishing terms sum to unity. 

Partition the Xm matrix A into a set of r or r-+1 submatrices, as follows. 
Let the 7th sub-matrix consist of ; rows and m columns, with n;2m for 7=1, 2, 

, 7. Let 


Alm) ze A.2,e++,ni) 


be the submatrix which contains the first 2: rows of A, 


A 6m) == A (nit, nit2,+++,n1+n2) 


be that which is comprised of the next v2 rows, 


Altr) se A (nitrates stnyp-1tl, +++, nitnet:- hp 1b Ny) 


the rth submatrix, and containing the last 2, rows of A if Diiems=n;if 740; 
<n, then n-41<m and the partitioning divides A into r-+1 instead of 7 sub- 


matrices. Define G@) = A“)’A@) for J=1, 2, -+-+-,7. Then 
2 

3 ai;\G; 

(3) pli 7 Gis|} 


£(°) Slat B, (Beer 
= y _ Gin k genet m Qi; | \ | 


k 
Ni; = > N;. 
j=l 


As proof of (3) it need only be stated that the right side represents the variance 


where 
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of a uniformly weighted arithmetic average of r unbiased least squares estimates 
of £1. 
As a weighted generalization of (3) there follows, subject to >07_,.w,=1, 


) LS{Se eal s of x {Daw ain? |\") 


|G? sor Uist GOP | sare 


In this case the greater side is the variance of a weighted average of unbiased 
least squares estimates. 
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r(z) AT MINUS INFINITY 


W. Futxs, University of Minnesota 


The behavior of I'(z) in the distant portions of the complex plane outside 
any fixed angle containing the negative real axis is given by Stirling’s formula 


(1) T(z) ~ VS 2ag7 2-2, 

which is valid as |z) >, —7+éSarg zSa—6 for any 6, 0<é<z. That the 
behavior inside the exceptional angle follows from this formula and the identity 
(2) I'(z)-T(1 — zs) = wesc zz 


seems not to be widely known. Let g be any fixed complex number, not an inte- 
ger. Then (z—7), for large integer 7, is in the critical angle, but bounded away 
from the poles. Furthermore (1—z2-+ 7) is exterior to this angle so that (1) ap- 
plies and we have, as ~ tends toward infinity: 


wcescm(z—2) (—1)"rcse rz 
Tita-z) Tud+t+n-—sz) 
(—1)*r csc rz 

7 —— (1 + n— z) z—n—1/2gl+n—z 


J/ Ir 


T 
mw (—1)*4/ — n*-*1/2e" csc 72. 
2 


This formula can, of course, be improved by using more terms in the com- 
plete asymptotic expansion of which (1) gives the first term. More labor would 
then yield more terms in the resulting asymptotic expression for '(z—7). 


(ig —n) = 


CLASSROOM NOTES 


EDITED BY G. B. THoMAS, Massachusetts Institute of Technology 


Because of the large number of papers on hand, consideration of new papers for this de- 
partment has been temporarily suspended. 


ON TABLES OF FACTORS AND PRIMES 


LEONARD CANERS, St. Michael’s College 


The object of this paper is to describe a method making use of “key numbers 
and possible factors” which will increase the usefulness of any table of factors 
and primes approximately tenfold.* This method will enable one, by inspection 
alone, to determine whether a given number up to about 10 times the largest 
entry given in a table of primes is prime or not, and if not prime what its 
factors are. 

The following symbols will be used: 

N is the number whose factors, if any, are to be determined. 

A is N with the last digit dropped. Thus if N =17,873, A =1787. 

R is the range and is the integral part of the square root of N with its last 

two digits dropped. Thus R of 17,873 =13 

K is the key number and is found in the table below. 

P; is a possible factor corresponding to K. 

The twin series are given in the table for the sake of completeness but are 
not written down in actual practice. 

There are two steps as outlined below. 


STEP I 
N K Py Series Procedure 
Any number ending Beginning with K read 
in 1, 3, 7, or 9 with- K+n; P1—10n Table of Factors and 
in limits stated | A~R| 10R-+last digit | ~=0,1,--+,2R+1] Primes from left to right 
above and look for correspond- 
ing possible factors. 
STEP [I 
N ending in K P, Series Procedure 
1 (A —2)—3R 10R+7 K+3n; P1—10n Same as in Step I except that 
n=0,1,---,2R+1 only every third entry in 
3 A—3R 10R+1 n=0,1,--+-,2R+1 Table of Primes and Factors 
7 (A —2)—3R 10R+9 n=0,1,---,2R+1 is examined for correspond- 
9 A—3R 10R+3 n=0,1,°-°+,2R+1 ing possible factors. 


* A table of factors and primes having 2009 entries will suffice to determine any number up 
to 19,949. 
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As an example consider 7519. We shall use mathematical tables from the 


Handbook of Chemistry and Physics. 
Step I 


From our table N=7519; 4=751; R=8; K=743; P:=89 and the series 


obtained: 


743 
744 
745 
746 
751 
752 
753 


760 


89 
79 
69 
59 


81 


Examining the Table of Factors and Primes beginning with 743 we note 
whether 743 has 89 as a factor; whether 744 has 79 as a factor, etc. We continue 
to read from left to right keeping in mind the possible factors 69, 59 - - - 81. 

Since none are found we conclude that 7519 has no factors within the given 


range ending in 9 or 1. 


Step II 


From our table K=727 and P,=83; the series obtained is: 


727 
730 
733 
751 
754 


778 


87 


We proceed exactly as in Step I. Beginning with 727 we note whether it has 
83 as a factor. Thereafter we examine every third entry for the remaining corre- 
sponding possible factors 73, 63 - -- 3,7, + - + 87. Since 730 yields the factor 73 
we conclude that 73 is a factor of 7519. By division 7519=73 X103. Had no 
factor been found in either Step I or Step II we would have concluded that the 


number under consideration was prime. 


Proof for Step I 


Let N end in 1. Then, if N has a factor ending in 1, we can write 


(10a + 1)(108 + 1) = N = 10A +1, 
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10a +atb=A 
or 
b(10a + 1) = (A — a). 


This proves that any factor 10a+1 of WN is also a factor of A —a. 

If we put a=(R—nz), then (10a+1) becomes (10R+1)—10n and (A —a) 
becomes (A — R) +2, 7.e., Pi: —10n and K-+n respectively as given in the table. 
Since P;— 102 becomes a number ending in 9 when P,; <10z, all possible factors 
ending in 9 are also provided for. 

The proof for Step II is similar. For possible factors ending in 3 or 7 we write 


(10a + 7)(108 + 3) = N = 10A +1. 


By identical reasoning this results in P1;—10n” and K+3n respectively given in 
the table. This completes the proof for numbers ending in 1. 

Identical reasoning establishes the key numbers and series for numbers end- 
ing in 3, 7, or 9. 


A METHOD FOR SOLVING SCHLOMILCH’S INTEGRAL EQUATION 
Joun R. Hatcuer, Fisk University 

In chapter 11 of the fourth edition of their work A Course of Modern Analysis, 
Whittaker and Watson devote sections 11.8—-11.81 to the integral equations of 
Abel and Schlémilch. After reading this reference, however, the student is not 
likely to observe the fact that these equations are closely related. This is per- 
haps due to the manner in which the equations are solved. In this note we offer 
an alternative method for the solution of Schlémilch’s equation 


2 x /2 
(1) fa) = = J g(a sin 6)d0, £eec([—n, x) 


which not only seems simpler and more direct, but, as a consequence of Abel’s 
equation, gives what is believed to be a new expression for the solution. 

The substitutions x sin 0=+/£, x?=¢ readily transform (1) to the ordinary 
Abel equation 


(2) svi = f w- |7rG@as 

where G(£) denotes the function r—!£-"/2g(4/£). But the solution of (2) is 
1 df _ 

(3) ay =— = f 0 - -vba, 


and therefore 
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dx a w/2 


—_ (x? — x? sin? 0)—1/2f(x sin @) x sin 26d0 
dt dx 0 


g(x) = x 
(4) 


a w/2 
= <{ (x sin 0) f(x sin 0)d6 
dx 0 


or equivalently, 
w/2 


(5) o(a) = f(0) + « J f'(a sin 048. 


This follows from (4) by differentiating the integral and then integrating by 
parts. For 


g(x) = f ™ [sin Of(« sin 6) + «x sin? 0f’(x sin 6) |d@ 


{2 
= — f(x sin @) cos 0 


w/2 
+ a cos? 6f’(% sin 0)d@ 
0 0 


(6) 2 
+ of sin? 6f’(« sin 0)d6 
0 


= f(0) + ef f’(« sin 0)d6. 


DERIVING THE EQUATIONS OF THE SECTIONS OF A CONE 
LuIsE LANGE, Chicago Teachers College 


In a recent note G. B. Huff* called attention to the gap which the traditional 
presentation in Analytic Geometry leaves between the two sets of definitions of 
the “conic sections,” as plane sections of a right circular cone on the one side, 
and as the several geometrical loci on the other. He closed this gap by showing 
geometrically (or drawing attention to proofs given elsewhere) that the vari- 
ously inclined sections of a cone satisfy the respective locus conditions. 

In the following the equivalence of the two sets of definitions is demon- 
strated analytically. That is, we show—without using analytic space geometry 
—that the equations of the curves of intersection of a right circular cone with 
variously inclined planes are the same as those obtained from the locus defini- 
tions; the coefficients moreover reveal the relation between the parameters char- 
acterizing the sections of the cone and those characterizing the loci. 

Let VAB (Fig. 1) be a section through the axis of a right circular cone, and 
TI’ a plane perpendicular to the axis at C, intersecting the cone in a circle of 
radius 7. Let a be the angle between the elements of the cone and I. 

Intersect the cone with a second plane A through C forming the dihedral 
angle 6=ACD with L. On the intersection of A with the cone take an arbitrary 


* G. B. Huff, On defining conic sections, this MONTHLY, vol. 62, 1955, pp. 250-251. 
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point P. Draw CP =p, forming angle @= DCP with CD. Then (p, 6) are the polar 
coordinates of P in plane A, with C as origin and the line through CD as polar 


axis. 


Draw the element VP intersecting the circle in plane I’ at Q. Connect Q with 
C. Then the angle y = PCQ, which p forms with plane I, is given by the relation 


(1) sin y = sin @-cos 6. 


Plane A is inclined towards I‘ by angle ¢; CP forms angle @ with the “line of 
steepest ascent” CD; wW is the inclination of CP towards I. This leads readily to 


(1). (See Fig. 2.) 


Fic, 2 


We next derive the relation between p and @ from triangle CPQ in which 
CP =p; CQ=r; angle Q=a; angle C=y. Hence p/sin a=r/sin (a+). Expanding 
sin (a+w), and expressing sin y and cos W in terms of ¢ and @ by virtue of (1), 


490 CLASSROOM NOTES [September 


one obtains the polar equation of the curve of intersection: 
(2)  f(p, 0) = (sin? a — sin? @-cos? 6)-p? + r-sin 2a-sin d-p cos @ — r? sin? a = 0. 


Transforming to rectangular coordinates in plane A, x=p-cos 0, y=p-sin 6, 
one obtains 


(3) F(x, y) = (sin? a — sin? ¢)-«? + sin? a-y? + r-sin 2a-sin ¢-% — r? sin’a = 0. 


This equation is the form Ax?+Cy?+Dx-+Ey+F=0 obtained from the locus 
definitions of the “conic sections.” 

The conditions derived from these for the elliptical, parabolic, and hyper- 
bolic case respectively, AC20, take on the form |sin ¢| $|sin a| or }5a (since 
only first-quadrant angles need to be considered in this context). 

For the eccentricity one obtains from (3) e=sin ¢/sin a. This shows that the 
greatest eccentricity for a section of a given cone is obtained for 6=90°, 
e=1/sin a. This is at once seen to be the eccentricity of a hyperbola whose 
asymptote angle is equal to the vertex angle of the cone. 


Fic. 3 


Equation (3)—which was derived by assuming the plane A to pass through 
a point C on the axis of the cone, which point was further taken as the origin 
of the coordinate system,—only permits to approach such hyperbolic sections as 
the limit for 690°. Placing ¢ = 90° gives, indeed, the “degenerate” axial section 
the two straight lines intersecting at V, (3) becoming factorable in the form 
(x cos a—r sin a)?—y? sin? a=0. But the equations of the sections parallel to 
the axis (6= 90°) are easily derived separately. Passing plane A through a point 
D on the cone parallel to the axis at distance k, one readily obtains for the rec- 
tangular coordinates of a point P on the curve of intersection, with respect to 
D as origin, 
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(wth 
h* k? 


where h=k-tan a, and hence (—h, —&) are the coordinates of vertex V of the 
cone. (Proof omitted.) These hyperbolas are seen to have the eccentricity 
e=1/sin a. 

We still point out that the relation e=c/a=sin ¢/sin a furnishes a simple 
construction of a central conic of specified axis 2a and focal distance 2c to be 
cut from a given cone (Fig. 3). From an arbitrary point A on the cone lay off 
AD=c along an element. From D strike an arc of radius a intersecting the 
diameter of the circular section through A at E. DE then forms with EA the 
proper angle ¢. Construct DG = 2a. The indicated parallel construction gives the 
specified axis HJ = 2a. 

This construction again implies the limiting condition, a2c-sin a, that is, 
eS1/sin a. 


ELEMENTARY PROBLEMS AND SOLUTIONS 


EDITED BY Howarp EVEs, University of Maine 


Send all communications concerning Elementary Problems and Solutions to Howard 
Eves, Mathematics Depariment, University of Maine, Orono, Maine. This depariment 
welcomes problems believed to be new and demanding no tools beyond those ordinarily fur- 
nished in the first two years of college mathematics. To facilitate their consideration, solutions 
should be submitted on separate, signed sheets, within three months after publication of 
problems. 


PROBLEMS FOR SOLUTION 
E 1226. Proposed by J. V. Pennington, Houston, Texas 


A rancher bought a white cow, and in the following year a red one. Each 
succeeding year he duplicated his purchases of the preceding two years, buying 
the same number of cows, of the same colors and in the same order. Thus, in 
the third year, he bought a white and then a red cow; in the fourth year, a red, 
then a white, and then a red cow; and so on. What was the color of the mth cow? 


E 1227. Proposed by R. L. Helmbold, Carnegie Institute of Technology 


Find all values of a=1 such that a?=x* holds for all values x 20. 


E 1228. Proposed by Viktors Linis, University of Ottawa 


Let 2(P) be the number of distinct lines Z through a point P such that ZL 
divides the area of a given triangle in two equal parts. Show that the locus of 
all points P with n(P) 22 is a region the ratio of whose area to the area of the 
given triangle is an absolute constant. 
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E 1229. Proposed by M. P. Drazin, Trinity College, Cambridge, England 


Given any point O in the plane of a triangle A=A BC, let the sides a, 6b, cof A 
subtend angles A’, B’, C’ at O, and let the distances from O to the vertices of 
A be a’, b’, c’. Show that the triangle with sides aa’, 6b’, cc’ has angles A'’—A, 
B’'—B, C'—C, and find the sextic polynomial relation connecting a, 6, c, a’, b’, c’. 


E 1230. Proposed by Vasstlt Daiev, Sea Cliff, Long Island 


Find the mth term of the sequence of ordered positive integers prime to 30. 


SOLUTIONS 
Permutations and Permutable Transpositions 
E 1118 [1954, 345; 1955, 43]. Proposed by Joel Brenner, State College of 
Washington 


Let us say a permutation is of type T if it isa product of mutually permutable 
transpositions. Is every permutation p a product of two permutations of type T? 


Addendum by the Proposer. Every permutation is a product of disjoint cycles. 
In [1955, 43], a proof was given for finite cycles. For infinite cycles the answer 
is also yes, for 


(--+, —4, —3, —2, —1,0, 1, 2,3,---) = R-S, 
where 
R = (0, —1)(1, —2)(2, —3)---, S = (—1, 1)(—2, 2)(—3, 3)---. 
The 2319th Digit in 1000! 
E 1180 [1955, 493; 1956, 189]. Proposed by M.S. Klamkin and Alex Kraus, 
Polytechnic Institute of Brooklyn 
Determine the 2319th digit in the expansion of 1000!. 


Editorial Note. H. S. Uhler has calculated the exact value of 1000!. See his 
article “Exact values of 996!, and 1000!, with skeleton tables of antecedent con- 
stants,” Scripta Mathematica, vol. XXI, pp. 261-268. The 2319th digit in the 
expansion of 1000! appears as 2, as was shown in [1956, 189]. 


An Incomplete Assignment 


E 1196 [1956, 39]. Proposed by T. S. Ferguson and C. H. Kraft, University 
of California 

A student awoke at the end of a class in algebra one morning just in time to 
hear his teacher say, “... and I will give you the hint that all the roots are real 
and positive.” Looking at the blackboard he discovered a 20th degree equation 
to be solved for home work, which he hastily tried to copy down. He succeeded 
in getting only the first two terms, x?°— 20x", before his teacher erased the board 
completely; however, he did remember that the constant term was +1. Can 
you help our hero by not only solving the equation, but also showing uniqueness 
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of the solution? 


Solution by D. S. Greenstein, Unwersity of Pennsylvania. The roots are posi- 
tive and have their arithmetic and geometric means both equal to 1. It follows 
that the roots are all equal to 1. 

Also solved by W. E. Baxter, G. E. Bills, Louis Brickman, P. L. Chessin, 
A. E. Danese, J. M. Elkin, Michael Goldberg, A. J. Goldman, Virginia Hanly, 
Vern Hoggatt, F. A. Homann, A. R. Hyde, Lawrence Isenecker, Edgar Karst, 
M. S. Klamkin, D. C. B. Marsh, Morris Morduchow, J. B. Muskat, Herbert 
Nadler, Walter Penney, L. L. Pennisi, C. F. Pinzka, M. A. Rashid, L. A. Ring- 
enberg, Azriel Rosenfeld, C. M. Sandwick, Sr., E. D. Schell, J. P. Scholz, R. R. 
Seeber, Jr., R. E. Shafer, O. E. Stanaitis, Art Steger, Chih-yi Wang, David 
Zeitlin, and the proposers. Late solution by Alan Wayne. 


Editorial Note. For a proof of the fact that the arithmetic and geometric 
means of ” positive numbers are equal if and only if the 2 numbers are all equal, 
see e.g., G. Chrystal, Algebra, Part II, pp. 46-47, or Hardy, Littlewood and 
Pélya, Inequalities, p. 17. As was pointed out by Wang, if the word “positive’ is 
omitted from the statement of the problem, then uniqueness cannot be shown. 
Thus we might also take the roots to be eight 2’s, four 1’s, four 1/2’s, and four 
—1/2’s. 

A Rich Configuration 
E 1197 [1956, 39]. Proposed by Hiiseyin Demir, Zonguldak, Turkey 


Let ABC be a right triangle and CAH the altitude on the hypotenuse AB. 
Show that the sum of the radii of the inscribed circles of triangles ABC, HCA, 
HCB is equal to CH. 


Solution by Leon Bankoff, Los Angeles, Calif. 1. The diameter of the circle 
inscribed in a right triangle is equal to the sum of the legs minus the hypotenuse. 
Applying this relation in triangles ABC, HCA, HCB, we get 

(AC + CB — AB) + (AH + CH — AC) + (CH + HB — CB) 
5 = 


CH. 


II. In similar right triangles, the ratios of inradius to hypotenuse are equal. 
We may therefore write 


r/e=nfb=nf/a=(rtntr/(ato+o), 
where 7, 71, 72 are the inradii of triangles ABC, HCA, HCB. Since 
r/o = CH/(a+ 6+ 0c) 
it follows that r-+n-+re= CH. 


Additional selected properties of the configuration. R, S, T are the incenters of 
triangles AHC, CHB, ABC, respectively, and H, R’, S’, T’ the orthogonal pro- 
jections of C, R, S, T on AB. Let r, 1, re denote the inradii of triangles ABC, 
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AHC, CHB. P and Q are the feet of the cevians CR and CS. RS cuts AC in U 
and CB in V. K is the intersection of PS and RQ. 

(1) ZT’ is the circumcenter of triangle RST; QO, S, T, R, P are concyclic; 
PT'=TT'=T'O. 

(2) T is the orthocenter of triangle CRS and the circumcenter of triangle 
CPO. 

(3) 7itRK=r?. 

(4) RS=CT=PT=QT=rv2. 

(5) Triangles WSR, ABC, AHC, HCB are similar. 

(6) A, Rk, S, B are concyclic. Triangles RST and ABT are inversely similar. 

(7) R, T’, H, S are concyclic. (RS is a diameter of the circle.) 

(8) T'S is parallel to AC; RT’ is parallel to CB. 

(9) Triangles RR’T’ and T’S’S are congruent (and similar to triangle ABC). 

(10) Triangles ATB, BCS, ARC are similar. 

(11) Angle ATB=angle BSC=angle ARC= 135°. 

(12) AC=AQ; PB=CB. 

(13) CU=CV; CT is the perpendicular bisector of UV. 

(14) PS, RO, CH are concurrent at K, the orthocenter of triangle CPQ. 

(15) PS is parallel to AT; RQ is parallel to 7B; triangles PBS and CSB are 
congruent; triangles AQR and ARC are congruent. 

(16) The midpoint of RS is the nine point center of triangle CPQ. 

(17) The circumcircle of triangle HSR is the nine point circle of triangle 
CPQ. 

(18) The circumcircles of triangles ARC and CSB are tangent at C, and CT 
is their common internal tangent. 

(19) RT=KS=SQ; RP=RK=TS; triangles PKR and KQS are isosceles 
right triangles. (Also triangle R7’S.) 

(20) A, P, T, C are concyclic; B, QO, T, C are concyclic. 

(21) The perimeter of triangle 7’S’S=perimeter of triangle RR’T=CH 
(since SS’ =17,7'S’ =n, T’S=r). 

(22) Area of triangle RST = (a+6—c)?/8c=r3/c. 

(23) Area of pentagon POSTR = 2r?/c+r?. 

(24) Area of triangle CPQ=abr/c. 

Also solved by W. A. Al-Salam, L. C. Barrett, Robert Bart, G. E. Bills, 
R. L. Caskey, G. B. Charlesworth, N. A. Childress, T. Y. Chow, Mary Constable, 
R. J. Cormier, K. W. Crain, A. E. Danese, D. E. D’Atri, G. W. Day, Hazel 
Evans, Herta Freitag, Michael Goldberg, A. J. Goldman, Peter Gould, Cor- 
nelius Groenewoud, D. J. Hansen, Vern Hoggatt, R. T. Hood, Roger Hou, J. P. 
Hoyt, Raymond Huck, Louise Hutchinson, A. R. Hyde, P. W. M. John, Edgar 
Karst, M.S. Klamkin, W. G. Koellner, Sam Kravitz, M. A. Laframboise, L. E. 
Laird, B. R. Leeds, L. I. Lokomowitz, Robert Lynch, D. C. B. Marsh, Beckham 
Martin, C. N. Mills, C. S. Ogilvy, Margaret Olmsted, M. J. Pascual, Walter 
Penney, L. L. Pennisi and N. C. Scholomiti (jointly), C. F. Pinzka, P. W. A. 
Raine, M. A. Rachid, L. A. Ringenberg, Azriel Rosenfeld, Donald Rubin, C. M. 
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Sandwick, Sr., E. D. Schell, G. J. Simmons, Bernard Smilowitz, Sister M. 
Stephanie, A. V. Sylwester, W. R. Talbot, Chih-yi Wang, R. M. Warten, Dale 
Woods, Roscoe Woods, André Yandl, David Zeitlin, and the proposer. Late so- 
lutions by Paul Herzberg and Alan Wayne. 

It was pointed out that this problem appears in N. A. Court, College Geometry, 
2nd ed., p. 93, ex. 19b, and in Scripta Mathematica, vol. 16 (1950), p. 167. 


A Coin Tossing Procedure 


E 1198 [1956, 39]. Proposed by E. T. Frankel, U.S. Dept. of Health, Education 
and Welfare, New York, N. Y. 

Describe a coin tossing procedure to determine a random integer, such that 
all integers from 1 to have equal probabilities of being selected. 


Solution by C. F. Pinzka, Educational Testing Service, Princeton, N. J. A 
simple but inefficient procedure is to label » coins 1, - - - , ~ and let the choice 
of the integer & correspond to the event in which all coins but the kth fall tails. 

A more efficient procedure is to toss s labeled coins, where s is the smallest 
integer such that 2'=n, and let 1, - - - , 2 correspond to of the 2° possible out- 
comes. 

Also solved by J. L. Alperin, J. L. Baker, G. B. Charlesworth, Michael 
Goldberg, Vern Hoggatt, A. R. Hyde, Lawrence Isenecker, P. W. M. John, 
M.S. Klamkin, L. E. Laird, D. C. B. Marsh, J. B. Muskat, Herbert Nadler, 
C. S. Ogilvy, M. J. Pascual, Walter Penney, Ronald Pyke and S. C. Saunders 
(jointly), C. M. Sandwick, Sr., E. D. Schell, G. J. Simmons, A. V. Sylwester, 
W. R. Van Voorhis, and the proposer. Late solutions by Paul Herzberg and Alan 
Wayne. 


Maximum Area Between a Hanging Chain and Its Chord 


E 1199 [1956, 39]. Proposed by M. S. Klamkin, Polytechnic Institute of 


Brooklyn 
A flexible chain of length Z is suspended from its endpoints. Determine the 


maximum area between the chord joining the endpoints and the hanging curve. 


Solution by C. M. Sandwick, Sr., Easton High School, Easton, Pa. Let —x+w 
and x-+w be the abscissas of two points on the curve having equation y=cosh x, 
such that the figure formed by the arc and the chord joining the two points is 
similar to the chain of length Z and the chord joining its points of suspension. 
Let A be the plane area bounded by the chain and its chord, and let z be the 
length of the chord. Then 


zg = L(x? + sinh? w sinh? x)1/2/cosh w sinh x, 
A = L(x cosh x — sinh x)/2 cosh w sinh? x, 
If w is held constant, dA /dz=0 when 
x = 2(sinh « cosh x)/(1 + cosh? ») = 1.6062, approximately. 
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For any x, A is a maximum when w=0, which occurs when and only when the 
chord is horizontal. Then 


A = L?(x% cosh x — sinh x)/2 sinh? x and zg = Lx/sinh x; 


so the maximum area is approximately 0.1549Z?, the points of suspension being 
joined by a horizontal chord whose length is approximately 0.6716Z. 

Also solved by Hiiseyin Demir, Michael Goldberg, Vern Hoggatt, A. R. 
Hyde, Lawrence Isenecker, D. C. B. Marsh, J. W. Ross, and Ernst Trost. Late 
solution by A. J. Goldman. 


Editorial Note. Eliminating x from 
A = L?(x cosh « — sinh x)/2 sinh?x and L = 2 sinh x 
we find 
Amax = (L? + 4)1/2 sinh-! (L/2) — L. 
Sum of an Infinite Series 
E 1200 [1956, 39]. Proposed by Sidney Weiner, Washington, D. C. 
Evaluate the convergent infinite series 
s-X(= 1/p) / 242% + 2). 


Solution by W. A. Al-Salam, Duke University. We have 


ss = (Er 1/p) / He + 1 


= 0 1/Re +1) + (1/2 + 1/3) > 1/k(k + 1) 


k=1 


+ (1/4 + 1/5) 0 1/B@k + 1) +=: 


k=3 


But 


> 1/k(k + 1) = 1/m. 


k=m 


Therefore 


45 =14 > [1/(2k — 2) 4 1/(2k— I/k 


= 14 (1/2) S/he — 1) + 1/K(2k — 1) 
k=2 k=2 
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I 


1+ 1/242 > [1/(2k — 1) — 1/2k] 


3/2 + 2[1/3 — 1/44 1/5 — 1/6+4---: ] 
3/2 + 2[In 2 — (1 — 1/2)] 
1/2 + 2 \n2 


and 
S = 1/8 + (In 2)/2. 


Also solved by G. B. Charlesworth, T. Y. Chow, A. E. Danese, Nathaniel 
Grossman, Emil Grosswald, Vern Hoggatt, A. R. Hyde, M. S. Klamkin, P. K. 
Maloof, D. C. B. Marsh, R. M. Meisel, C. S. Ogilvy, Walter Penney, L. L. 
Pennisi, M. A. Rashid, L. A. Ringenberg, David Rosen, E. D. Schell, R. E. 
Shafer, O. E. Stanaitis, Chih-yi Wang, G. N. Wollan, David Zeitlin, and the 
proposer. Late solutions by A. J. Goldman, Virginia Hanly, and Alan Wayne 


ADVANCED PROBLEMS AND SOLUTIONS 
EpiTEpD BY E. P. STARKE, Rutgers University 


Send all communications concerning Advanced Problems and Solutions to E. P. Starke, 
Ruigers University, New Brunswick, New Jersey. All manuscripts should be typewritten 
with double spacing and margins at least one inch wide. Problems containing results believed to 
be new or extensions of old results are especially sought. Proposers of problems should also en- 
close any solutions or information that will assist the editor. In general, problems in well 
known text books or results in readily accessible sources should not be proposed for this de- 
pariment. 


PROBLEMS FOR SOLUTION 


4698. Proposed by H. F. Sandham, Dublin Institute for Advanced Studies, 
Ireland 


Prove that 
coe] 0 Aman coe] 9 
> ae < rr Ary 
m=0 2 m-+n-+ 1/6 2 
provided the right-hand side converges. 
4699. Proposed by I. J. Schoenberg, University of Pennsylvania 


Let f(x) be a frequency function of finite variance o? and such that 
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f(x) -log f(x) is summable (x log x is defined to be =0 if x =0). Show that 


%0 1 
f _F(@) log f(#)ds & log = 


Cg TE 


with equality if and only if f(x) is equal almost everywhere to a normal function 
1 
on/ 20 
4700. Proposed by J. W. Clawson, Ursinus College 


It is well known that the midpoints of the diagonals of a 4-line lie on a straight 
line which has been called the Newtonian of the 4-line. It is also known that the 
Newtonians of the five 4-lines obtained by omitting in turn each of the sides of 
a 5-line concur in a point which we may call the Newtonian point of the 5-line. 

Prove (1) that the Newtonian points of the six 5-lines obtained by omitting 
in turn each of the sides of a 6-line lie on a conic which may be called the New- 
tonian conic of the 6-line; (2) that the Newtonian conics of the seven 6-lines ob- 
tained by omitting in turn each of the sides of a 7-line concur in three points, 
two of which may be imaginary. 


4701. Proposed by Paul Erdés, Technion Mathematics Department, Hazfa, 
Israel 


e (z—- m)? /207 


Let a be complex, |a| <1. Prove that there exists a power series > a,2" 
with rational integral coefficients, |a| S| 1/a?|, such that >/a.0*=0. 


4702. Proposed by D. J. Newman, Advanced Development Division, A VCO, 
Stratford, Conn., and W. E. Weissblum, Massachusetts Institute of Technology 
Let 
Au, A 1s, As, 7s 
Aa, A 29, Agz, ses 


be an infinite square array of sets of real numbers in (0, 1). If Az,—0 for each 
fixed k, does it follow that there exists a diagonal sequence 


Any A ones A sng; oe 


whose limit is 0? 
SOLUTIONS 
Prime Divisors of Fibonacci Numbers 
4637 [1955, 259]. Proposed by W. E. Briggs, University of Colorado. 


Let f(z) be the smallest number such that uy(n) is divisible by 2, where w= 1, 
and u4,=1 and tm =Un-1+Um—2. Prove (or disprove) that for any prime p greater 
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than 2 and for all x, 
f(p") = p” Yf(2). 


Solution by V. D. Gokhale, Atlanta University. We first state four lemmas, of 
which the first three are obvious and the fourth is easily proved by induction on. 
Lemma 1. If ~>1 divides u,, it does not divide uy_1. 

Lemma 2. 


Untk = Uxari + Upp. 


Lemma 3. If p* divides u,, it divides “4,4, if and only if it divides u,. 
Lemma 4. 


rl y—t ¢ 
Utrm = > C (Uyp_tUm Um—1) 
t=0 
ri r—t a 
Urm—-1 = » 7C Ur—t_1Um Um—1 + Um—1- 
t=n0 
Since 


Us (p™") 


is divisible by p*, it follows from lemma 3 that f(p*t!) is a multiple of f(p*). 
Set f(p"*+!) =rf(p”). In the first expansion of lemma 4, all terms except the last 
are divisible by p* where m =f(p*). The last term is 


r—1 
TUS (p™)—1Uf (p)- 


Now ? does not divide us(47)-1. Hence if p* is the highest power of p which di- 
vides Uz,p), P+! divides 


Urf (p™) 


if and only if p divides r. Hence if f(p*) =f(p”), then f(p**+!) = pf(p”). Hence it 
follows that if f(p) =f(p") then f(p*+!) = pf(p) and by a finite number of steps 
f(p***) = p*f(p). Hence we have proved: If for a prime p>2, usip) 1s not divisible 
by p*, then f(b") = p""'f(b) for every n. 

It does not appear whether u,,p) can ever be a multiple of p2. For p=2, the 
result differs only slightly. We find f(2) =3, f(2?) =f(2*) =6, f(2") =2"-*f(2) for 
n> 2. 

Also solved by Leonard Carlitz, M. S. Klamkin, and Chih-yi Wang. 


Editorial Note. Klamkin notes that these results were stated by Lucas 
(Comptes Rendus, Paris, 82, 1876, pp. 1303-1305) as being true also of the slight- 
ly more general sequence 


a”™ — b” 
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where a and 6 are roots of a quadratic equation with integral coefficients. The 
present problem is the case a= (1++/5)/2, b=(1—-~J5)/2. 


Identity 
4639 [1955, 371]. Proposed by L. B. Rall, Oregon State College 


Given a set of distinct numbers dp, a: - - - , such that a;#a, if 7k, prove 
that for all positive integers n, 


% n ak —~- An 
(ax Wy 


$0 k=0,kej (Ge — Gj) 

Solutton by Leonard Carlitz, Duke University. The stated identity is an im- 
mediate special case of the Lagrange interpolation formula (see, e.g., Weisner, 
Theory of Equations, New York, 1938, p. 57 and ex. 4(b), p. 58). However, a 
direct proof is quite simple. Put 


L(x) = ist an 


Clearly L;(a;) =1 while L;(a,) =0 for OSk Sn, k¥7. Consequently 


(1) Dd, L(x) = 1 
j=0 
for x =o, Q1, - * * » Gn. The left member of (1) is a polynomial of degree $2 which 


is equal to 1 for 7+1 distinct values of x. Therefore (1) is an identity. 

Also solved by W. J. Blundon, R. H. Breusch, N. J. Fine, A. R. Hyde, 
D. C. B. Marsh, W. V. Parker, Berthold Schweizer, M. F. Smiley, Chih-yi 
Wang, and the Proposer. Late solution by M. S. Klamkin. 


Subgroups 
4640 [1955, 371]. Proposed by M. L. Keedy, University of Nebraska 


Let H be a proper subgroup of a group G and Z its complement in G. Show 
that H’= HH is a normal subgroup of G, and that it equals either G or H. Char- 
acterize those subgroups for which H’ =H. . 


Solution by Virginia S. Hanly, Ohio State University. If the index of H in G 
is 2, then H' =H. This follows from the fact that for any ACH, H=hH=Hh, 
so that for any a, BCH, abCH. 

If the index of H in G is>2, then H’=G. We prove this by showing GCF’. 
Let g be any element of G and let a be any element of H which is not an element 
of gH. Such an a exists since the index of H in G exceeds 2. Then g =ax has a solu- 
tion xCH, since x CH implies a€ gH contrary to hypothesis. In either case H’ 
is clearly a normal subgroup. 

Also solved by J. D. Baum, W. J. Blundon, G. U. Brauer, R. H. Breusch, 
J. R. Byrne, N. J. Fine, A. H. Frey, Jr. and R. J. Wisner, V. D. Gokhale, D. S. 
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Greenstein, J. Horvath, H. H. Johnson, Tung-Po Lin, D. C. B. Marsh, Katuyosi 
Memezawa, T. O. Moore, G. C. Preston, Azriel Rosenfeld, H. D. Ruderman, 
E. V. Schenkman, J. D. Thomas, J. V. Whittaker, and the Proposer. Late solu- 
tion by J. B. Kelly. 


Quadratic Residues 
4641 [1955, 371]. Proposed by E. P. Starke, Rutgers University 


Given N, however large, prove that there exist primes P such that each of 
the numbers 1, 2, 3, - - - , Nisa quadratic residue (mod P). 


I. Solution by Harley Flanders, University of California, Berkeley. We shall 
prove, by induction on JN, that there are infinitely many such primes. The proof 
uses (1) the Dirichlet theorem that each arithmetic progression x=a (mod m), 
where (a, m) =1, contains an infinitude of primes, and (2) an easy consequence 
of the Gauss quadratic reciprocity law which asserts that if m,=m2(mod 8ak), 
then (a m,) = (a| mz), where (a m) is the Jacobi symbol and & is arbitrary. 

For N=1, the result is clear. Suppose now that (1| P) =(2| P)= tees 
(N —1| P) =1 has an infinitude of solutions, P, but that almost all of these satisfy 
(N|P)=—1. Take two such, P; and P: Then (1|P,P:)=(2|PiP2)= -- > 
=(N—1|P,P.) and (N| P,P.) =(N|Pi)(N| P2) =1. oe prime Q satisfying 


Q=FP,P,(mod 8-N!) will satisfy (1/Q)= - ++ =(N|Q)=1, and there are in- 
finitely many such Q. 

II. Solution by Virginia S. Hanly, Ohio State University. Let pi, po, +++, Dn 
be the odd primes SN. The Legendre symbol (x| P) is factorable, whence 
(x| P)=1 forx=1, 2,---, Nif and only if (x|P)=1 for x=2, pi, bo, + + +, Da 


Let S be the system {1+8pip2 ao Put}. Let P be one of the infinitely many 
primes (by Dirichlet’s theorem) in S. Then P=1 (mod x) for x =8, p1, po, ---, 


ba, Whence (2| P) =1 and (P| x) =1 for x=), po, +++, pn. Since P=1 (mod 4) 
it follows from the reciprocity law that (x| P) =1 for x=2, pi, po, ++ +>, Pn SO 
that each of the numbers 1, 2, ---, N is a quadratic residue (mod P). 


Also solved by W. J. Blundon, R. H. Breusch, Leonard Carlitz, J. Horvath, 
D. C. B. Marsh, A. Walfisz, and Morgan Ward. 


Editorial Note. Walfisz points out a more general result of V. R. Fridlender, 
On the least nth power non-residue, Doklady Akad. Nauk USSR (N.S.) 66, 
(1942), 351-352. See also Mathematical Reviews, 10 (1949), 684. 


A Minimax Problem 
4642 [1955, 371]. Proposed by D. J. Newman, Advanced Development Division, 
AVCO, Stratford, Conn. 
Let ae, a3, - + + , @, be arbitrary. Prove that there must be an x in (0, 1) such 
that 
Tv 


1 
}ot age? +++ + a,x"| =-—~tan—-: 
nN An 
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Solution by D. S. Greenstein, University of Pennsylvania. Let 
P(%) = + aon? + +++ 4+ a,x". 
Since for all real x 
| P(x) | = | Re P(x) | = | x + (Re az)x? +--+ + (Re an) x” | 
it will suffice to consider the case where P(x) is a real polynomial. 


Suppose 


| P(x)| <— tan (OS«S1). 
n An 


Consider now the polynomial 


P*(x) = ( ye(—t “\r.{2(1+ ~) cos 
= (—1)"| — tan — } 7, s —}—cos—?, 
Y n tn Y °° 2n © On 


T,(x) being that polynomial of Tchebychev for which T,(cos 6)=cos né@. It 
is readily verified that P*(0) =0 and P*’(0) =1, so that P*(x) is of the same form 
as P(x). Furthermore 


1 
| P*(x)| <s — tan —; 
n An 


1 
P*¥(x,) = (—1)*t* — tan —» (k= 1,---,n), 
n An 


where 0<x1< ++ + <x,=1, and 


v kr 
cos —— -— cCos-— 
2n nN 
X54 = 
7 
1 + cos— 
2n 


It is now obvious from the graph that there must exist points &, (R=1,---, 
n—1) such that *,>&>%441 and P*(&)=P(é&). Since, furthermore, P(x) 
— P*(x) has at least a double zero at the origin, it follows that P(x) —P*(x) 
has at least +1 zeros, hence that P(x) =P*(x). This being impossible, there 
must be at least one x such that 0<x 1 and | P(x) | = tan (r/4n)/n. 

Also solved by R. H. Breusch, Gabor Szegé, Chih-yi Wang, and the Pro- 
poser. 


Editorial Note. Szegé points out that the present result, and more, is im- 
plied in a paper by I. Schur, Maximum des absoluten Betrages eines Polynoms, 
Math. Zettschrift, 4 (1919), p. 280. Wang finds an equivalent result in S. Bern- 
stein, Legons sur les Propriétés Extrémales et la Meilleure Approximation des 
Fonctions Analytiques d’ une Variable Réele, Paris, 1926, pp. 36-37. 


RECENT PUBLICATIONS 


EDITED BY E, P. VANCE, Oberlin College 


All new material for this section should be sent to the incoming editor, Richard V. 
Andree, University of Oklahoma, Norman, Oklahoma. 


Elementary Statistics for Students of Social Science and Business. By R. Clay 
Sprowls. New York, McGraw-Hill Book Company, 1955. xiii+392 pages. 
$5.50. 


The underlying theme of this text is well-enunciated by the author in his 
preface in the following four statements: 

“1. Statistics is the science of making decisions based upon incomplete 
knowledge. 

2. Implicit in making a decision is the acceptance of one of two alternative 
hypotheses. 

3. Associated with the acceptance of either hypothesis is the risk that the 
one selected is incorrect. 

4. The function of statistics is to aid in the formulation of the alternative 
hypotheses and the evaluation of the associated risks of being wrong.” 

In this reviewer’s opinion, the author is unusually successful in maintaining 
this principle as the central theme of his text. Sprowls’ repeated insistence on the 
formulation of rules of inductive behavior and the evaluation of their conse- 
quences by means of operating characteristics as the raison d’éire of statistics 
is convincingly and effectively made a part of the student’s belief. 

Two sampling experiments introduced in the first chapter form a basis for 
giving the student concrete experience with the problems of inference and are 
used also in later sections of the text to illustrate further developments. In 
Chapter 3 the student is faced with the problem of applying these concepts to a 
personal decision problem, whose value, to quote the author, “lies in its ability 
to bring home to the student the basic methods of statistics and their relation- 
ship to everyday decisions, even though such decisions may not require the use 
of statistical data.” A small research project, suggested to be started at about 
the middle of the course, is well-presented in the discussion of Chapter 6, 
“Statistical Research Methodology”, which can be read profitably by the stu- 
dent without benefit of lectures. Again, the author’s comment, “Students thus 
realize the complexity of apparently simple problems”, seems significant. 

In general, the problems throughout the text are meaningful and varied in 
fields of application. Except for the four chapters on Time Series and Index 
Numbers, the text material and exercises are in no way restricted to the business 
and economic aspects of statistics. 

Among more specific highlights of the text are: 

1. The author’s use of pre-learning and anticipation. Concepts are frequently 
introduced briefly in one context, then later presented more formally and de- 
veloped in detail. 
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2. The requirement of a certain amount of abstract reasoning imposed by the 
text. This reviewer shares the author’s belief that there has been too much 
writing down to the level of the student. In Chapter 2, after a brief discussion 
of classical notions of probability, the author presents quite simply an axiomatic 
definition of discrete probability. (A later brief presentation of the continuous 
case seems less fortuitous. ) 

3. This is very definitely a text in the category of the so-called “non-mathe- 
matical” statistics treatments; in general, no proofs or derivations are given, but 
the author is usually scrupulous in presenting underlying assumptions and in 
making precise statements of what are essentially mathematical theorems to be 
employed. It is because of the author’s success in this last respect, in the setting 
of the central theme of the text cited earlier, that this treatment avoids the fre- 
quently encountered recipe-book stigma. To this reviewer it appears that more 
“mathematical reasoning” has been incorporated into Sprowls’ text than in 
other texts of this category. 

An exception of the statement concerning the author’s scruples in presenting 
underlying assumptions seems to be present in his discussion of optimal proper- 
ties of various tests. It is doubtless good pedagogy to rely on the student’s 
intuition at the outset in picking, for example, a left-hand tail region for rejecting 
the hypothesis p=» in favor of the alternative hypothesis p= 1, with p1< po, 
for the class of binomial distributions. It would seem more in the spirit of 
Sprowls’ philosophy, however, then to make some statement other than the dog- 
matic assertion (not as a theorem, but with the impact of “obviously”) that 
such a choice in this case leads to a test with best power. (A reference is given at 
the end of Chapter 4 to Neyman’s text.) 

Finally, the author’s selection of topics seems to have been made judiciously 
and realistically. For students in fields other than business or economics who 
may not be interested in the chapters on Time Series and Index Numbers, 
material only briefly introduced in the last chapter would furnish a springboard 
for study of topics such as inference problems involving two or more samples, 
which otherwise would have to be omitted. 

The treatment of a time series from the point of view of a stochastic process, 
with statistical tests suggested for the detection of systematic components, is 
skillfully presented and, again, is consistent with the four-fold theme of the text. 
The student of economics and business is initiated in these chapters into some of 
the current controversies in these fields. 

An instructor’s manual furnished by the author gives useful suggestions based 
on his experience in teaching the course, including a suggested time-schedule 
based on a semester course of 45 lectures and 15 two-hour laboratory periods. 
The manual is also illuminating in conveying Sprowls’ philosophy and enthusi- 
asm with some prospect of contagion. 

GRACE E. BATES 
Mt. Holyoke College 
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Vector Analysis, By H. E. Newell, Jr. McGraw-Hill Book Company, Inc., New 
York, 1955. 216 pp. $5.50. 


This new book by a well-known physicist at the Naval Research Laboratory 
is intended for use in a one-semester course either at the undergraduate or begin- 
ning graduate level. Part I of Vector Analysis treats the algebra and calculus of 
vectors and includes a chapter reviewing some concepts from the calculus. Part 
II, which occupies somewhat less than half of the book, deals with applications 
of the theory to mechanics and electromagnetism. 

Dr. Newell, in the preface to his book, states that he is writing primarily for 
the engineer and physicist and hopes that his readers will make vector concepts 
an integral part of their physical and intuitive reasoning. He leans heavily on the 
use of problems to complete and enrich the text material, which is, perhaps, a 
little sparse for general use. Indeed, a general criticism of the book is that no 
freedom of choice has been left to the teacher in the selection of topics to be 
studied. Neither would this book be of too much value on a reference shelf, for 
many of the most useful results are only to be found scattered in the exercises. 

The author has been quite careful in his statements of theorems and defini- 
tions, but has omitted most of the arguments necessary to make his proofs 
rigorous, leaving these to be filled in, as exercises, by his readers. He has, how- 
ever, made the arguments plausible and has, in some cases, indicated how a rigor- 
ous proof would be carried out. 

The format of the book is neat and attractive, but the figures, in many in- 
stances, could be improved visually. 

S. C. LOWELL 
New York University 


CORRECTION 


My review of Vance’s Trigonometry* (Addison-Wesley, 1954) erroneously 
claimed that this book contains “the first completely satisfactory derivation of 
composite angle formulas to be found in an elementary text.” I should have added 
the qualifying phrase, “to the reviewer’s knowledge”, to that sentence. The book 
Elementary Analysis, by K. O. May, among others, contains a somewhat similar 
derivation. I hereby apologize to Professor May and all concerned. 

J. G. HocKkI1ne 
Michigan State College 


* This MONTHLY, vol. 62, 1955, pp. 458-459. 
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NEW BOOKS RECEIVED 


How to Calculate Quickly—Rapid Methods in Basic Mathematics. By Henry 
Sticker. New York, Dover Publications, Inc., 1956. 256 pages. Paperbound $1.00. 

Risk and Gambling, The Study of Subjective Probability. By John Cohen 
and Mark Hansel. New York, Philosophical Library, Inc., x +153 pages. $3.50. 

Solid Geometry. By D. T. Sigley and W. T. Stratton. New York, The Dryden 
Press, Inc., 1956. x +197 pages. $2.60. 

Integral Functions. No. 44 in Cambridge Tracts in Mathematics and Mathe- 
matical Physics. General Editors P. Hall and F. Smithies. By M. L. Cartwright. 
New York, Cambridge University Press, 1956. 135 pages. $3.50. 

Elementare Differentialgeomeirie. By W. Haack. Basel, Verlage Birkhauser, 
1955. viii +239 pages. SFr. 22. 

Combinatorial Topology, Vol. I. By P. S. Aleksandrov. Rochester, New York, 
The Graylock Press, 1956. xvi-+-225 pages. $4.95. 

Weather Analysis and Forecasting, Vol. I, Motion and Motion Systems, 2nd 
Ed. By Sverre Petterssen. New York, McGraw-Hill Book Co., 1956. xix+428 
pages. $8.50. 

Calculus. By Jack R. Britton. New York, Rinehart and Company, Inc., 
1956. xiv+584 pages. $6.50. 

Royal Society Mathematical Tables, 2, Rectangular-Polar Conversion Tables. 
By E. H. Neville. New York, Cambridge University Press, 1956. xxxii+109 
pages. $5.50. 


NEWS AND NOTICES 
EDITED BY EpIta R. SCHNECKENBURGER, University of Buffalo 


Readers are invited to contribute to the general interest of this department by sending news 
items to Edith R. Schneckenburger, University of Buffalo, Buffalo 14, New York. Items 
should be submitted at least two months before publication can take place. 


LECTURES IN MATHEMATICAL STATISTICS AT CATHOLIC UNIVERSITY 
OF AMERICA 

A lecture series in the field of mathematical statistics will be held by the 
Department of Mathematics of Catholic University at the beginning of the 
academic year 1956-57, probably in October. It is planned to invite prominent 
mathematical statisticians from the east coast to give addresses. The cooperation 
of other universities and interested organizations in the area will be sought. 
Enquiries concerning the lecture series may be addressed to the Department of 
Mathematics, Catholic University of America, Washington, D. C. 
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MATHEMATICAL MONOGRAPH NO. 16 


A university library is interested in purchasing a copy of R. D. Carmichael, 
“Diophantine Analysis,’’ published by Wiley in 1915 as Mathematical Mono- 
graph No. 16. Anyone having a copy for sale should write to the office of the 
Mathematical Association of America. 


WILLIAM B. ORANGE MATHEMATICS PRIZE COMPETITION 


The Mathematics Department of Los Angeles City College held the sixth 
annual William B. Orange Mathematics Prize Competition for students in Los 
Angeles High Schools on May 18, 1956. There were 167 students enrolled in the 
Competition. These students represented 35 local high schools. 

Team winner was Van Nuys High School. Individual winners were Michael 
Raugh of Van Nuys High School, Howard Weisberg and Harold Stark of Hamil- 
ton High School, Louis Jaeckel of Van Nuys High School, and Floris Y. Tsang 
of Los Angeles High School. 


PERSONAL ITEMS 


Dean W. L. Duren, Jr., University of Virginia, will represent the Association 
at the inauguration of Chancellor G. C. Simpson of Mary Washington College 
of the University of Virginia on October 18-19, 1956. 

Professor H. M. Gehman of the University of Buffalo was the delegate of the 
Association at the Convocation commemorating the Centennial of the Establish- 
ment of Niagara University on May 10, 1956. 

The John Simon Guggenheim Memorial Foundation has announced the 
granting of Fellowship Awards in Mathematics and Statistics to the following 
for research as indicated: Professor C. A. Truesdell, III, of Indiana University, 
studies of the history of the mathematical theory of elasticity; Professor E. E. 
Moise of the University of Michigan, studies of classical problems in topology 
of higher dimensional euclidean manifolds; Professor J. L. Hodges, Jr., Univer- 
sity of California, studies in the use of combinatorial analysis in mathematical 
statistics; Professor W. H. Fuchs of Cornell University, study of the deficient 
values of meromorphic functions of finite order; Professor E. W. Barankin, 
University of California, quantitative studies toward a theory of human be- 
havior. 

The National Science Foundation has announced the appointment of Pro- 
fessor E. J. McShane of the University of Virginia and Dr. Warren Weaver of 
the Rockefeller Foundation to the National Science Board. 

Professor A. A. Albert of the University of Chicago has been appointed to 
membership on the Postdoctoral Fellowship Board of the National Academy of 
Sciences. 

Professor R. P. Boas, Jr., of Northwestern University has received a two- 
year grant for research on trigonometric series from the National Science Foun- 
dation. 
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Professor Louis Brand of the University of Cincinnati has been awarded an 
honorary degree of Doctor of Science by the University. 

Professor T. Y. Thomas of Indiana University has been promoted to Distin- 
guished Service Professor, the University’s highest academic rank. 

Auckland University College, University of New Zealand, announces: Pro- 
fessor H. G. Forder, who has resigned as Chairman of the Department of Mathe- 
matics, has been appointed Professor Emeritus and is continuing to teach at the 
College; Professor Frederick Chong of Sydney University, Australia, has been 
appointed Chairman of the Department. 

Brown University reports the following: Dr. D. A. Buchsbaum of the Uni- 
versity of Chicago has been appointed to an assistant professorship; Dr. W. D. 
Barcus of Princeton University has been appointed to an instructorship; Assist- 
ant Professor M. R. Demers of the University of Nevada has been appointed 
Research Assistant; Dr. Jean-Pierre Meyer has been appointed a research 
associate; Dr. David Harrison of Princeton University has been appointed to a 
teaching internship; Professor Maurice Heins and Assistant Professor John 
Wermer are on leave of absence for 1956-57 and are at the Institute for Ad- 
vanced Study. 

At Cornell University: Associate Professor Harry Pollard has been promoted 
to a professorship; Dr. H. D. Block, Dr. C. S. Herz, and Dr. D. B. Ray have 
been promoted to assistant professorships; Dr. Isaac Namioka of the University 
of California and Dr. Wolfgang Rindler of the University of London have been 
appointed to instructorships; Dr. Jerome Blackman of Syracuse University has 
been appointed Acting Assistant Professor; Dr. Ambikeshwar Sharma of the 
University of Lucknow has been appointed Visiting Assistant Professor; Pro- 
fessor G. A. Hunt will be on leave at Princeton University during 1956-57; 
Dr. L. A. Rubel has been awarded a National Science Foundation Fellowship 
and will spend the year 1956-57 at the Institute for Advanced Study. 

Emory University announces the following: Professor C. G. Latimer has re- 
tired as Chairman of the Department of Mathematics but will continue as Pro- 
fessor of Mathematics; Associate Professor Trevor Evans has been appointed 
Chairman of the Department; Mr. E. E. Grace of the University of North 
Carolina and Assistant Professor Henry Sharp of Georgia Institute of Tech- 
nology have been appointed to assistant professorships; Mr. F. L. Hardy, for- 
merly a graduate assistant at the University, has been appointed to an instruc- 
torship. 

Illinois Institute of Technology reports: Mr. R. J. Mihalek and Mr. Barth 
Pollak, a fellow at Princeton University, have been appointed to instructorships; 
Associate Professor S. F. Bibb has retired. 

Indiana University announces: Professor J. W. T. Youngs has been appointed 
Chairman of the Department of Mathematics and Director of the Graduate 
Institute for Mathematics and Mechanics; the Institute will become that por- 
tion of the Mathematics Department concerned with graduate affairs. 
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At Massachusetts Institute of Technology: Dr. Hartley Rogers, Jr., formerly 
a Visiting Lecturer at the Institute, and Assistant Professor I. M. Singer of the 
University of California at Los Angeles, have been appointed to assistant pro- 
fessorships; Dr. W. L. Baily of Princeton University, Dr. R. T. Prosser of Duke 
University, and Dr. E. M. Stein, University of Chicago, have been appointed 
C. L. E. Moore Instructors; Mr. K. J. Hoffman of the University of California 
at Los Angeles and Mr. Leonard Roberts, previously a research associate at the 
Institute, have been appointed to instructorships; Dr. M. A. Kervaire of Berne 
University, Switzerland, has been appointed Visiting Lecturer in Mathematics; 
Professor J. B. Diaz of the University of Maryland and Dr. S. M. Ulam, senior 
scientist at Los Alamos Scientific Laboratory, have been appointed to visiting 
professorships; Assistant Professor R. A. Clark of Case Institute of Technology 
has been appointed Visiting Assistant Professor; Dr. K. F. Roth, lecturer at the 
University of London, and Dr. J. T. Stuart of the National Physical Labora- 
tory, Teddington, England, have been appointed to visiting lectureships; Dr. 
Marcel Berger of the Institute of Mathematics, University of Strasbourg, has 
been appointed Research Associate; Associate Professor R. V. Kadison of Colum- 
bia University is on partial leave and is also Research Associate at the Institute; 
Assistant Professor J. F. Nash, Jr. is on leave of absence at the Institute for 
Advanced Study; Associate Professor G. B. Thomas, Jr., is on leave of absence at 
Stanford University; Professors G. W. Whitehead and Norbert Wiener have 
returned from their leaves of absence. 

Northwestern University reports the following: Dr. W. C. Fox of Massa- 
chusetts Institute of Technology has been appointed to an assistant professor- 
ship; Mr. W. L. Hoyt of the University of Chicago has been appointed to an 
instructorship; Assistant Professor J. A. Zilber of the University of Illinois has 
been appointed Lecturer. 

Purdue University announces the following: Professor C. F. Kossack, pre- 
viously director of the Statistical Laboratory, has been appointed Head of the 
Department of Mathematics; Professor V. L. Anderson is now Head of the 
Statistical Laboratory; Dr. Paul Brock of the ElectroData Corporation, Pasa- 
dena, California, has been appointed to an associate professorship; Assistant 
Professors V. L. Anderson, John Dyer-Bennet, Leonard Gillman, Meyer Jerison, 
and Henry Teicher have been promoted to associate professorships; Dr. A. H. 
Copeland, Jr., Dr. G. L. Krabbe, Mr. Clarence Lane, and Dr. C. J. Neugebauer 
have been promoted to assistant professorships; Mr. W. A. Stock who is at the 
Hammond Extension Center has been promoted to an assistant professorship; 
Professor Melvin Henriksen is on leave of absence during 1956-57 and is at 
the Institute for Advanced Study on an Alfred P. Sloan Foundation grant; 
Dr. A. H. Copeland received a Purdue University research grant for the summer 
of 1956. 

United States Naval Academy reports: Associate Professors R. P. Bailey, T. 
J. Benac, L. H. Chambers, and J. P. Hoyt have been promoted to professorships; 
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Assistant Professor Joseph Milkman has been promoted to an associate profes- 
sorship; Associate Professor R. W. Rector is on leave of absence for 1956-57 at 
the Ramo-Wooldridge Corporation, Los Angeles, California. 

At the University of Nebraska: Dr. D. L. Guy of Washington University 
and Miss F. Eloise Pool have been appointed to instructorships; Associate 
Professor W. G. Leavitt has been promoted to a professorship; Dr. F..W. An- 
derson has been promoted to an assistant professorship; Professors F. W. 
Anderson and M. A. Basoco received Faculty Summer Research Fellowships; 
Professor H. B. Ribeiro is on leave of absence for six months at the University 
of Miinster. 

Miss Lucille J. Albers, previously a data processing mathematician for Land- 
Air, Dayton, Ohio, has a position as a mathematician at the Air Force Armament 
Center, Eglin Air Force Base, Florida. 

Assistant Professor E. L. Arnoff of Case Institute of Technology has been 
promoted to an associate professorship. Professor Arnoff is also Assistant Direc- 
tor of the Operations Research Group. 

Dr. Archie Blake, formerly an advisory engineer for Westinghouse Electric 
Corporation, Baltimore, Maryland, has a position as a systems staff mathema- 
tician at the Bendix Aviation Corporation, Detroit, Michigan. 

Mr. R. M. Blumenthal of Cornell University has been appointed to an 
instructorship at the University of Washington. 

Mr. A. P. Boblétt, formerly chief statistician at the U. S. Naval Ammunition 
Depot, Crane, Indiana, has accepted a position as Mathematical Consultant at 
the U. S. Naval Ordnance Laboratory, Corona, California. 

Dr. S. R. Bodner, recently a senior mathematician at Republic Aviation 
Corporation, Farmingdale, New York, has a position as a senior scientist at the 
Avco Manufacturing Company, Stratford, Connecticut. 

Mr. L. M. Bostick, previously a graduate assistant at Eastern New Mexico 
University, has a position as a nuclear engineer at Consolidated-Vultee Aircraft 
Corporation, Fort Worth, Texas. 

Professor Louis Brand, head of the Department of Mathematics of the 
University of Cincinnati, has been appointed Whitney Visiting Professor at 
Trinity College, Hartford, Connecticut, for the academic year 1956-57. 

Professor W. B. Carver of Cornell University was in charge of the program 
in mathematics for the Shell Merit Fellows at the University during the summer 
of 1956. This program was sponsored by the Shell Oil Company for high school 
science and mathematics teachers. Dr. H. D. Block of the university assisted 
Professor Carver in this program. 

Dr. C. C. Chang of Cornell University has been appointed to an assistant 
professorship at the University of Southern California. 

Acting Dean J. O. Chellevold of Wartburg College has been appointed Dean. 

Assistant Professor S. D. Conte of Wayne University is on sabbatical leave 
and is with the Ramo-Wooldridge Corporation, Los Angeles, California. 

Assistant Professor E. A. Davis of the University of Nevada has been ap- 
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pointed to an assistant professorship at the University of Utah. 

Assistant Professor R. B. Davis of the University of New Hampshire has 
been appointed to an associate professorship at Syracuse University. 

Associate Professor R. D. Depew of State Teachers College, Florence, Ala- 
bama, has a position as a mathematician and instructor at Lincoln Laboratory, 
Lexington, Massachusetts, for the International Business Machines Corpora- 
tion. 

Assistant Professor H. W. Doss, Jr., of the University of Omaha has been 
appointed a research associate at the Engineering Research Institute, University 
of Michigan. 

Mr. D. G. B. Edelen of Johns Hopkins University has accepted a position 
as an engineer for the Glenn L. Martin Company, Middle River, Maryland. 

Assistant Professor M. P. Emerson of Harpur College has been appointed to 
an associate professorship at Southwest Missouri State College. 

Assistant Professor J. M. Feld of Queens College has been promoted to an 
associate professorship. 

Assistant Professor W. R. Ferrante of Lafayette College has been appointed 
to an assistant professorship in the Department of Mechanical Engineering at 
the University of Rhode Island. 

Assistant Professor R. I. Fields of the Speed Scientific School, University 
of Louisville, has been granted a year’s leave of absence by the University and 
is serving as an assistant professor for the year at Virginia Polytechnic Institute. 

Associate Professor D. T. Finkbeiner, II, of Kenyon College has been pro- 
moted to a professorship. 

Dr. H. K. Flesch of Cornell University has accepted a position with the 
Federal Telecommunication Laboratories, Nutley, New Jersey. 

Associate Professor Harriet M. Griffin of Brooklyn College has been pro- 
moted to a professorship. 

Professor D. W. Hall of the University of Maryland has been appointed to a 
professorship at Harpur College. 

Associate Professor P. R. Halmos of the University of Chicago has been pro- 
moted to a professorship. 

Associate Professor A. E. Halteman, previously of the University of Idaho, 
has a position with the Electronic Defense Laboratory, Mountain View, Cali- 
fornia. 

Dr. Carl Hammer, formerly a senior research engineer at Franklin Institute, 
is Director of the UNIVAC European Computer Center, Germany. 

Associate Professor E. H. C. Hildebrandt of Northwestern University has 
been awarded a Fulbright lectureship to teach mathematics at the Higher 
Teachers Training College in Baghdad, Iraq, during the academic year 1956-57. 

Associate Professor P. G. Hodge, Jr., of Polytechnic Institute of Brooklyn 
has been promoted to the position of Professor of Applied Mechanics. 

Mr. J. G. Horne, Jr., of Tulane University has been appointed to an assistant 
professorship at the University of Kentucky. 
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Dr. Rufus Isaacs of Lockheed Aircraft Corporation, Los Angeles, California, 
has accepted a position with the Hughes Aircraft Company, Culver City, Cali- 
fornia. 

Mr. D. H. Jones, previously a teaching fellow at the University of Washing- 
ton, is employed as a scientist at the Westinghouse Atomic Power Division, 
Pittsburgh, Pennsylvania. | 

Associate Professor C. W. Jordan, Jr., of Williams College has been promoted 
to a professorship. 

Associate Professor Irving Kaplansky of the University of Chicago has been 
promoted to a professorship. 

Assistant Professor L. A. Kokoris of Washington University has been ap- 
pointed Visiting Lecturer at Yale University. 

Mr. S. R. Lenihan, formerly a thermodynamics engineer for Consolidated- 
Vultee Aircraft Corporation, San Diego, California, has a position as a nuclear 
engineer for Ralph M. Parsons Company, Los Angeles, California. 

Mr. A. M. Linn has a position as a mathematician with Pratt-Whitney Air- 
craft Corporation, East Hartford, Connecticut. 

Dr. Mark Lotkin, previously a mathematician at Republic Aviation Corpora- 
tion, Farmingdale, New York, is Chief of the Mathematical Section of the 
Advanced Development Division, Avco Manufacturing Company, Stratford, 
Connecticut. 

Assistant Professor Nathaniel Macon of Alabama Polytechnic Institute is 
employetl now as a numerical methods analyst with the General Electric Com- 
pany, Cincinnati, Ohio. 

Dr. W. E. Mientka of the University of Massachusetts has been appointed to 
an assistant professorship at the University of Nevada. 

Dr. Clair E. Miller of the Ramo-Wooldridge Corporation has accepted a 
position as research mathematician with the California Research Corporation, 
Richmond, California. 

Dr. M. E. Muller of Cornell University has accepted a position with Inter- 
national Business Machines Corporation, New York, New York. 

Dr. Rufus Oldenburger, director of research for the Woodward Governor 
Company, Rockford, Illinois, has been appointed Professor of Engineering 
Sciences and Mechanical Engineering at Purdue University. 

Mr. F. J. Palas, formerly a graduate student at the University of Oklahoma, 
has been appointed to an assistant professorship at Southern Methodist Uni- 
versity. 

Professor T. S. Peterson of Portland State College has been appointed Chair- 
man of the Division of Science. 

Assistant Professor Gustave Rabson of Antioch College has been promoted 
to an associate professorship. 

Mr. Alfred Reichenthal, previously an engineer with the American Bosch 
Arma Corporation, New York, New York, has accepted a position as a research 
engineer with Hughes Aircraft Company, Los Angeles, California. 
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Mr. A. T. Rice, formerly a mathematician for the United States Air Force, 
Washington, D. C., is now a test calculations liaison specialist for the General 
Electric Company, Lynn, Massachusetts. 

Associate Professor C. L. Rich of Stout State College is retiring from teaching 
this year. 

Dr. P. R. Rider of the Wright Air Development Center, Wright-Patterson 
Air Force Base, Ohio, spent the summer on temporary duty with the Summer 
Research Group of the Holloman Air Development Center, New Mexico. 

Dr. Lawrence Rosenfeld, previously a senior engineer at Raytheon Manu- 
facturing Company, has a position as Head of Operations Research and Mathe- 
matical Services, Melpar, Inc., Cambridge, Massachusetts. 

Assistant Professor W. C. Royster of Alabama Polytechnic Institute has 
been appointed to an assistant professorship at the University of Kentucky. 

Mr. Jerome Sacks of Cornell University has been appointed to an instructor- 
ship at California Institute of Technology. 

Dr. O. P. Sanders of Oklahoma Agricultural and Mechanical College has 
been appointed to an associate professorship at Southeastern State College, 
Oklahoma. 

Dr. R. C. Seber of the State University of Iowa has been appointed to an 
assistant professorship at Western Michigan College of Education. 

Assistant Professor A. L. Shields of Tulane University has been appointed 
to a visiting assistant professorship at the University of Michigan. 

Associate Professor James Singer of Brooklyn College has been promoted 
to a professorship. 

Associate Professor Jerome C. Smith of Lafayette College has been appointed 
Professor and Head of the Department of Mathematics of High Point College. 

Mr. C. B. Solloway of the California Institute of Technology has been ap- 
pointed to an assistant professorship at the University of Southern California. 

Dr. W. C. Swift of Cornell University has accepted a position with Bell Tele- 
phone Laboratories, Murray Hill, New Jersey. 

Mr. P. Y. Tani, previously a research engineer at North American Aviation, 
Los Angeles, California, has been appointed a research associate at Willow Run 
Laboratories, University of Michigan, Ypsilanti, Michigan. 

Mr. R. P. Tapscott, a research assistant at Purdue University, has a position 
as a project engineer at the Allison Division of General Motors, Indianapolis, 
Indiana. 

Mr. R. L. Uschold of Nazareth College, Rochester, New York, has been ap- 
pointed to an instructorship at Canisius College. 

Dr. M. A. Woodbury, previously at George Washington University, has been 
appointed Research Professor of Mathematics at New York University. 

Dr. C. T. Yang, a member of the Institute for Advanced Study, has been 
appointed to an assistant professorship at the University of Pennsylvania. 

Dr. R. E. Zink has been appointed to an assistant professorship at Purdue 
University. 
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Professor Emeritus W. J. Berry of Polytechnic Institute of Brooklyn died on 
March 5, 1956. He was a charter member of the Association. 

Professor Emeritus A. D. Butterfield of the University of Vermont died on 
August 22, 1955. He was a member of the Association for 31 years. 

Professor G. R. Clements (retired) of the United States Naval Academy 
died on March 25, 1956. He was a member of the Association for 39 years and 
was a Governor of the Maryland-District of Columbia-Virginia Section from 
1950-53. 

Professor V. D. Gokhale, Chairman of the Department of Mathematics of 
Atlanta University, died on June 1, 1956. 

Professor Emeritus G. W. Mullins of Columbia University died on March 
11, 1956. He was a member of the Association for 36 years. 

Captain A. R. Park, professor of mathematics and director of guidance and 
testing at Wentworth Military Academy, died on March 23, 1956. A memorial 
medal award (known as Capt. A. R. Park Memorial Medal for Proficiency in 
Mathematics) has been established and will be given to the junior college cadet 
excelling in mathematics. 

Dr. M. M. Slotnick, a geophysical consultant with the Standard-Vacuum Oil 
Company, New York, New York, died May 7, 1956. He was a member of the 
Association for 19 years. 

Professor Emeritus P. F. Smith of Yale University died June 3, 1956. 

Associate Professor C. F. Strobel of North Carolina State College died April 
21, 1956. He was a member of the Association for 20 years. 


THE MATHEMATICAL ASSOCIATION OF AMERICA 
Oficial Reports and Communications 


NEW SECTIONAL GOVERNORS OF THE ASSOCIATION 


The following have been elected Governors of the Association for a three-year 
term beginning July 1, 1956, by a mail vote of the membership of the Association 
in the Sections indicated: 


Illinois E. C. Kiefer, Millikin University 

Iowa Bernard Vinograde, Iowa State College 

Louisiana- Mississippi Z. L. Loflin, Southwestern Louisiana 
Institute 

Maryland-District of Columbia- O. J. Ramler, Catholic University of 


Virginia America 
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Michigan 
Minnesota 
Philadelphia 


Southern California 


Texas 
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B. M. Stewart, Michigan State Uni- 


versity 


G. K. Kalisch, University of Minnesota 


N. J. Fine, University of Pennsylvania 
P. H. Daus, University of California at 
Los Angeles 


C. R. Sherer, Texas Christian Univer- 


sity 


Almost 35% of those eligible to vote in the above elections cast ballots for the 
election of a sectional governor. In the case of two sections, votes were received 
from more than 50% of the membership. In the Louisiana-Mississippi Section, 
the percentage of votes cast was 57% and in the Iowa Section 52%. 


H. M. GeuMAn, Secretary-Treasurer 


NEW MEMBERS 


Professor H. M. Gehman, Secretary-Treasurer, announces that the following 
127 persons have been elected to membership by the Board of Governors on 


applications duly certified. 


S. L. ANDERSON, Student, Seattle University. 

G. A. ANDREWES, M.S.(Massachusetts) In- 
str., Technical High School, Springfield, 
Mass. 

BROTHER AUBIN, C.F.X., M.S.(St. John’s U.) 
Chairman, Department of Mathematics, 
Mount St. Joseph High School, Baltimore, 
Md. 

P. M. BAILyN, Student, Cooper Union. 

J. G. BEnneEtTT, B.S. (Trinity U.) Champaign, 
Illinois. 

R. L. BERGGREN, M.A.(Minnesota) Comput- 
ing Engr., Douglas Aircraft Co., Long 
Beach, Calif. 

W. S. Bisnop, M.S. (Arkansas) 
sor, Howard College. 

R. E. BLEwSTER, JR., Student, Agricultural and 
Mechanical College of Texas. 

Caro A. A. BLoomoutst, Student, University 
of Minnesota. 

N. R. Bonam, Student, Kansas State College. 

LItLiAN K.  Braptey, M.A. (Michigan) 
Chairman, Department of Mathematics, 
Texas College. 

G. Y. BREITBARD, Student, California Institute 
of Technology. 

W. J. BuckincHaM, Student, Stanford Uni- 
versity. 

R. E. Burcess, B.S.(Purdue) Senior Math., 
Librascope, Burbank, Calif. 


Asst. Profes- 


W. H. Burain, Jr., Student, Dartmouth Col- 
lege. 

W. R. Carnes, M.S.(Georgia I.T.) Instr,, 
Georgia Institute of Technology. 

BoMSHIK CHANG, M.A.(Seoul National U.) 
Teaching Asst., University of British 
Columbia. 

R. K. CyLarK, Student, Texas Christian Uni- 
versity. 

E. L. Cowen, Student, Harvard University. 

R. T. Craic, Student, College of the Holy 
Cross. 

P. L. CRAWLEY, Student, California Institute 
of Technology. 

D. M. Daum, Student, Rice Institute. 

VassILI Dalev, Sea Cliff, New York. 

E. A. Davis, Ph.D. (California) Asst, Profes- 
sor, University of Utah. 

D. A, Dawson, Student, McGill University. 

E.I. DEATON, B.A.(Hardin-Simmons) Teach- 
ing Asst., University of Texas. 

R. S. DINsMoRE, Student, Princeton University. 

Mrs. Nancy M. DismuKke, M.S.(Brown) 
Math., Oak Ridge National Lab. 

M. H. Drxon, Student, Siena College. 

A. C. DowninG, JR., M.S.(Michigan) Senior 
Math., Oak Ridge National Lab. 

RupDOLPH Downs, Student, Rutgers University. 

UNDERWOOD DUDLEY, Student, Carnegie Insti- 
tute of Technology. 
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MANNING FEINLEIB, Student, Cornell Uni- 
versity. 

T. S. Fercuson, Ph.D. (California) Lecturer, 
Statistics, University of California. 

W. H. FLeminc, Ph.D.(Wisconsin) Asst. 
Professor, Purdue University. 

D. A. Forp, Student, Occidental College. 

J. W. FoTHERGILL, JR., B.A. (Sacramento S.C.) 
Math., University of California Radiation 
Lab. 

Lt. D. A. Franks, M.S.(Howard) Chief, In- 
ternal Guidance Section, Ordnance Guided 
Missiles School, Redstone Arsenal, Hunts- 
ville, Ala. 

W. Y. GaTELEY, S.M.(M.I.T.) Instr., Clark- 
son College of Technology. 

L. D. GOLDBERG, Student, Yale University. 

Mrs. Etna H. Graun, M.S.(Wisconsin) 
Visiting Instr., University of Idaho. 

H. S. GREENFIELD, M.S.(Brigham Young) 
Res. Physicist, Dugway Proving Ground, 
Utah. 

R. K. GRUENEWALD, M.A. in Ed. (Washington) 
Teacher, Eliot School, St. Louis, Mo.; 
Instr., Washington University. 

MARTHA J. GUTHRIE, Student, Arizona State 
College. 

IRWIN GUTTMAN, Ph.D.(Toronto) Asst. Pro- 
fessor, University of Alberta. 

H. N. Hapiey, B.A.(Whitman) Head, Sta- 
tistical Division, Inspection and Test De- 
partment, Naval Powder Factory, Indian 
Head, Md. 

P. R. HARNESS, Student, Tennessee Polytechnic 
Institute. 

R. W. HarrRvurrF, Student, Kent State Uni- 
versity. 

BERT Henry, B.S.(Western Reserve) Direc- 
tor, Schillinger Center, Cleveland, Ohio. 

PAUL HERZBERG, Student, Queen’s University. 

A. L. Hess, Ph.D.(Wisconsin) Asso. Profes- 
sor, Montana State College. 

F. H. HILDEBRAND, Student, Kent State Uni- 
versity. 

S. K. Howry, M.A. (California) Math., Rem- 
ington Rand Univac, St. Paul, Minn. 

R. C. Huser, B.A.(Lehigh) Math. Engr., 
Renner Industrial Consultants, Phila- 
delphia, Pa. 

Mrs. Louise F. Hutcuinson, M.A.(Bryn 
Mawr) Grad. Student, Bryn Mawr Col- 
lege. 
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J. F. JAKoBsEn, A.M.(Missouri) Instr., Uni- 
versity of Missouri. 

N. M. KENDALL, Student, Baylor University. 

P. L. Kincston, B.A.(Colgate) Grad. Stu- 
dent, University of Rochester. 

P. E. KLEBE, JR., M.A.(Yale) Instr., Brook- 
lyn Polytechnic Institute. 

BARBARA F. KorortkKIn, Student, Temple Uni- 


versity. 
B. F. Kramer, Student, City College of the 
City of New York. 


H. F. KREIMER, JR., Student, Yale University. 

THELMA E. KROprPER, Student, Skidmore Col- 
lege. 

J. G. Le&cHorn, M.S.(Wisconsin) Instr., 
University of Colorado. 

D. A. LEwinski, M.S.(Manitoba) Member, 
Technical Staff, Bell Telephone Labs., New 
York, N. Y. 

THERESA M. Lotito, Student, LeMoyne Col- 
lege. 

R. A. MALLGREN, Student, Wayne University. 

K. O. Matmoutst, JRr., A.A.(Modesto Jr.C.) 
Math., University of California Radiation 
Lab. 

WALLACE MANHEIMER, M.A.(Columbia) 
Chairman, Department of Mathematics, 
Franklin K. Lane High School, Flushing, 
N. Y. 

ZACHARY MarTIN, Student, California Institute 
of Technology. 

R. H. McCoss, Ed.D.(Temple) Asso. Pro- 
fessor, New Jersey State Teachers College, 
Glassboro. 

B. J. McDonatp, B.A.(Northland) Physicist, 
U. S. Navy Mine Defense Lab., Panama 
City, Fla. 

R. A. MELTER, Student, Cornell University. 

G. W. MELTON, JR., Student, Knox College. 

FLORENCE M. MILLER, A.M.(Loyola) Math. 
Teacher, Wright Junior College. 

H. G. Moore, B.S.(Utah) Grad. Asst., Uni- 
versity of Utah. 

KENNETH MOOSMAN, Student, 
Agricultural College. 

D. D. Morrison, M.A.(Wayne) Res. Asso., 
Wayne University. 

M. E. Mutver, Ph.D.(U.C.L.A.)  Instr., 
Cornell University. 

Amin Muwari, B.S.E.(Florida) Grad. Asst., 
University of Florida. 

D. E. NAGLE, Student, Arizona State College. 


Utah State 
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W. A. Nasu, Ph.D.(Michigan) Asso. Profes- 
sor, Engr. Mech., University of Florida. 

D. A. NELSON, Student, Knox College. 

RicHARD Nusinow, B.S. (Chicago) Instr., IIli- 
nois Institute of Technology. 

E. H. OBERST, Student, John Carroll Uni- 
versity. 

Rev. D. J. O’Brien, S.J., M.A. (Bellarmine) 
Grad. Student, Fordham University. 

W. G. OELLERICH, B.S.(Georgia) Teacher, 
University of Georgia, Augusta. 

F. C. Occ, Ph.D. (Illinois) Chairman, Depart- 
ment of Mathematics, Bowling Green 
State University. 

F. J. OSSIANDER, Student, University of Wash- 
ington; Aeronautical Engr., Boeing Air- 
craft Co., Seattle, Wash. 

H. A. Peterson, M.A.(N.Y.U.) Math. Instr., 
Darien High School, Conn. 

R. T. PFEIFER, Student, John Carroll Uni- 
versity. 

W. L. Pops, Student, Utah State Agricultural 
College. 

T. A. PorscHING, Student, Carnegie Institute 
of Technology. 

C. W. Price, Consultant in Physics, Renner 
Industrial Consultants, Philadelphia, Pa. 

L. B. Ratcuirr, M.S. (Florida S.U.) Ballistic 
Research Lab., Aberdeen Proving Ground, 
Md. 

H. A. ReGusters, Engr. Writer, Renner Indus- 
trial Consultants, Philadelphia, Pa. 

ARLINE S, REIss, Student, Brooklyn College. 

MILTON ROSENBERG, Student, City College of 
the City of New York. 

K. A. Ross, Student, University of Utah. 

F. M. Rourke, Student, Siena College. 

WALTER RupIN, Ph.D.(Duke) Asso. Profes- 
sor, University of Rochester. 

M. T. SALHAB, Student, University of Texas. 

D. J. SCHAEFER, Student, San Jose State Col- 
lege. 

M. J. SCHRADER, B.S. in Ed. (Southern I11.U.) 
Grad. Asst., Southern Illinois University. 
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W. L. SCHRADER, Student, Memphis State Col- 
’ lege. 

A. H. Scott, A.B.(Middlebury) Grad. Asst., 
University of Vermont. 

J. G. SEEBOLD, JR., Student, Stanford Uni- 
versity. 

S. L. SEGAL, Student, Wesleyan University. 

Joan M. SHAPIRO, Student, Wesleyan College. 

R. L. Saw, M.A.(Denver) Grad. Student, 
University of California. 

D. J. Sine, B.S.(Frostburg S.T.C.) Grad. 
Student, West Virginia University. 

J. L. SNELL, Ph.D. (Illinois) Asst. Professor, 
Dartmouth College. 

A. P. Stock, B.S.(Drexel I.T.) Electronic 
Engr., Renner Industrial Consultants, 
Philadelphia, Pa. 

N. O. Stockman, B.S.(Xavier U.) Aeronauti- 
cal Res. Scientist, National Advisory Com- 
mittee on Aeronautics, Cleveland, Ohio. 

Mrs. Mary R. STRANDTMANN, M.A. (Texas 
Tech. C.) Instr., Texas Technological 
College. 

Mrs. SaLty R. Struix, Dr.Math. (Prague) 
Belmont, Massachusetts. 

ARTHUR SULLIVAN, Student, Rutgers Uni- 
versity. 

C. C. THompson, Student, Oklahoma Agricul- 
tural and Mechanical College. 

E. R. VANCE, JR., Student, University of Red- 
lands. 

Marc VENNE, Student, University of Montreal. 

D. W. WALL, Ph.D.(Michigan) Asst. Profes- 
sor, University of North Carolina. 

D. E. Watston, B.A.(A. & M.C. of Texas) 
Teaching Asst., University of Texas. 

M. W. WEAVER, Ph.D.(Texas) Instr., Uni- 
versity of Texas. 

B. H. WEestTFALL, B.A.(Kentucky) Instr., 
Berea College. 

R. A. WIEDERANDERS, M.A.(Minnesota) In- 
str., Wartburg College. 

C. T. Younc, M.A. (Vermont) 
University of Vermont. 

HENRY ZEMEL, Student, McGill University. 


Grad. Asst., 


THE MARCH MEETING OF THE MICHIGAN SECTION 


The annual meeting of the Michigan Section of the Mathematical Associa- 
tion of America was held on March 24, 1956, at Ann Arbor, Michigan, in con- 
junction with the meetings of the Michigan Academy of Science, Arts and 
Letters. Professor C. C. Richtmeyer of Central Michigan College of Education 
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presided at both morning and afternoon meetings and at the luncheon and busi- 
ness meeting. 

A total of 90 persons attended the meeting including 55 members of the 
Association. 

The nominating committee consisting of Professors J. S. Frame, chairman, 
C. H. Butler, and L. E. Mehlenbacher, proposed Professor R. S. Pate of Eastern 
Michigan College as Chairman and Professor Fred Beeler of Western Michigan 
College as Secretary-Treasurer. The slate was elected unanimously. 

A resolution was adopted unanimously opposing the provision of the proposed 
revision of the certification code for the teachers of Michigan. A copy of the 
resolution is to be sent to each member of the State Board of Education. 

The following papers were presented at the morning and afternoon meetings: 

1. Numerical solution methods in partial differential equations using high-speed 
digital computers, by Professor J. W. Carr, III, University of Michigan. 

A summary is given of the developing theory of numerical solutions of partial differential 
equations using high-speed computers. In particular, the differences between attacks or initial- and 
boundary-value problems are noted. The problems of convergence of the difference equation solu- 
tion to the actual solution, and of the stability of the numerical solution under round-off are also 
noted. Finally, some estimates are made of time necessary for the solution of certain three-dimen- 


sional problems using the fastest machines available and the fastest machines now under design 
and construction. 


2. Some remarks on two-valued logic, by Mr. Walter Hoffman, Wayne Uni- 
versity. 


Two Boolean functions are said to be of the same type, if one can be obtained from the other by 
permutations of variables, or by replacing variables x; by x{ =1—x,. The logical significance of this 
definition is discussed. 


3. Functions of measure, by Professor B. J. Eisenstadt, Wayne University, 
introduced by the Secretary. 


In characterizing the space A(@), introduced in “Some new functional spaces” by G. G. 
Lorentz, Ann. of Math. (2), 1950, the following question arises. When are certain functions on a 
Boolean algebra, which arise naturally in the study of the space A(@), expressible as a function of a 
measure on the algebra? This paper answers the question with the following theorem. 

THEOREM. If 6:B—-R is a function from a countably complete Boolean algebra to the reals such 
that 

(1) @ is positive and increasing 

(2) & 1s atom free 

(3) If en&B and en | 0, ®(en)—0 

(4) If ef \ez=0=esf \eq and &(e1) =®(es), B(e2) SB(ex4) then &(e\J es) ~B(e:) S$ B(ed e,) —B(es), 
then there exists a positive atom free, totally finite measure p on B and a continuous, concave, increasing 
function F, vanishing at zero, such that ® = F(u); and conversely. 


4. On using the reciprocal function for a linear interpolation, by Professor 
H. E. Stelson, Michigan State University. 


This paper considers conditions for determining the better inverse interpolation in cases where 
it is optional whether a table for f(x) or a table for 1/f(x) is used. 
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5. Power series expansions for inverse functions, by Professor J. S. Frame, 
Michigan State University. 


Reverting a power series that expresses w as a function of z near 3=0 consists in finding the 
coefficient by in a corresponding series that expresses z as a function of w near w=0. Letting 
a(z) = ~ axz* and b(w)= > b,w*, we generalize the problem by setting (w/z)*=1-+a(z) and 
solving for (2/w)*=1-+-0(z), assuming that w/z=1 at the origin. The coefficient b; is found as the 
residue at w=0 of (¢/w)*w-*-!, which is transformed by integration by parts to be the residue at 
2=0 of (¢(/(¢+R)) (w/z)-**s*-1, Thus we obtain 


— § Gf-E+4/s\ & ro Gk 
=O ( . ) af where la(e)] = 2) ae 2. 


This formula is applied first to find convergent series for all the roots of the general trinomial 
equation, and then to obtain certain known expressions for the roots of Bessel functions. 


6. A one page table of fifteen-place logarithms, by Mr. Abraham Nemeth, 
University of Detroit. 


The method described here depends upon the fact that any number can be decomposed into 
factors which converge to 1. After a number has been so decomposed, the logarithms of the indi- 
vidual factors can be found from a short table, constructed as follows. 

The first column is headed N, and entries appear from 1 to 9 inclusive. The next column con- 
tains the logarithms of these numbers to fifteen places. The next column contains the logarithms 
of the numbers from 1.1 to 1.9 inclusive. The next, the logarithms of the numbers from 1.01 to 
1.09 inclusive. The table proceeds in this way, the last column containing the logarithms of num- 
bers from 1.000000001 to 1.000000009 inclusive. 

The process is also reversible and it is possible to find N when log N is known. 


7. Brook Taylor, his life, work, and theorem, by Professor P. S. Jones, Uni~ 
versity of Michigan. 


Brook Taylor lived from 1685-1731 but his mathematically productive period was largely com- 
pressed into the years 1708-1715. The first year marked his determination of centers of oscillation, 
published in 1714, and the latter year marked the appearance of the first editions of his two books 
Linear Perspective and Methodus Incrementorum. 

“Firsts” found in the latter are: an interpolation formula (a refinement of Newton’s) from 
which Taylor’s theorem is derived, the formulas for integration by parts and interchange of de- 
pendent and independent variables in differentiation, and the recognition of singular solutions 
in some specific differential equations together with the application of his methods to the problems 
of the vibrating string, the free hanging and loaded string, capillary action, the density and dif- 
fraction of the atmosphere, centers of percussion. 

Poor health and the emotional disturbances due to estrangement from his austere father at 
the time of his first marriage and to the deaths in childbirth of both his first and second wives 
probably account for his cessation of mathematical activity and his turning to religious and philo- 
sophical writing in his later years. Taylor’s Contemplatio Philosophica was published by his grand- 
son in 1793. 

It still seems fair to give Taylor credit for priority in the publication of a general formula for 
expanding functions into infinite series, for an independent derivation however non rigorous, and 
for recognizing the generality and utility of his series in spite of Johannes Bernoulli’s vigorously 
asserted claims to priority and the recent discovery in the papers of James Gregory of several series 
expansions using successive derivatives. 
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8. The program of the Association, by Professor G. B. Price, University of 
Kansas. 


The objectives and responsibilities of the Association were discussed in this invited address. 
Some suggestions for improved methods of attaining these objectives were made. 


9. Projectively Euclidean Hermitian mantfolds, by Professor S. I. Goldberg, 
Wayne University. 


Let 1M" (complex dimension n) be a differentiable manifold of constant holomorphic curvature 
k. These spaces for positive, negative and zero values of k have recently been characterized (topo- 
logically) by J. Igusa. General measures of deviation from k have been defined by S. Bochner and it 
was found that for deviations within certain limits the Betti numbers remain unchanged. For 
example, for k>0, the projective curvature tensor gives a measure of the deviation from complex 
projective space. A subgroup of the group of projective transformations for Hermitian manifolds 
with an asymmetric connection is defined. This leads in a natural way to the definition of a mani- 
fold M* whose curvature tensor has the same formal description as that of M*. The following results 
are established: (i) Md has constant holomorphic curvature, if and only if, & is a constant, (ii) an 
M™ is conformal with some M®, and (iii) if Mf is compact it is torsion free. 


10. Conditional covariance and light, by Professor G. Y. Rainich, University 
of Michigan. 

Physicists use two models describing the phenomenon of light: one is the electromagnetic field, 
the other is a corpuscle. Four-dimensionally the first involves a matrix Mf whose elements are the 
components of the electric and magnetic vectors. In the general case M has two invariants but in 
the case of light (when the two vectors are at right angles and of equal length) both invariants 
vanish. As a result, the square roots of the diagonal elements of the square of AZ behave like the 
components of a four-vector of zero square which is the model used in the corpuscular theory. The 
situation is considered from the point of view of conditional covariance. 


11. Some geometric aspects of integration, by Professor W. F. Eberlein, 
Wayne University. 

Connections between properties of the ordinary Riemann integral and elementary separation 
properties of convex sets in Hilbert space are formulated. In particular, a geometric proof of the 


Osgood convergence theorem is obtained. The methods generalize to more abstract spaces and 
integrals. 


12. The ring of nXn matrices over an A W*-algebra, by Mr. S. K. Berberian, 
Michigan State University. 

Let A be an A W*-algebra of type II, An the ring of » Xn matrices over A. It is conjectured 
that A, is AW*. We show: (a) Anis a Be -algebra; (b) if A (equivalently the center of A) is of 
denumerable type, then A, is A W* of denumerable type. The main technique is the regular ring 
attached to the continuous geometry of projections of A. 

S. D. Contes, Secretary 


THE MARCH MEETING OF THE OKLAHOMA SECTION 


The spring meeting of the Oklahoma Section of the Mathematical Associa- 
tion of America was held at the University of Tulsa, Tulsa, Oklahoma, on March 
31, 1956. Professor Truman Wester, Chairman of the Section, presided. There 
were 57 persons in attendance, including 42 members of the Association. 
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The following papers were presented: 
1. A note on Borel’s integral method of summation, by Professor H. N. Carter, 
University of Tulsa. 


Borel’s definition for the sum of a series based on an integral is given by the equation 


-f a a a" d 
s= 1° Cr a. 


Substitute u(a) for 

a? a” 

Ug + Mma + Ua +e + > +i tee: 

2! n\ 
and s =f, e~* u(a)da which is Borel’s integral method for determining the sum of the series } >, un. 
The sum of any series whose terms are integral powers of (n+1) can be determined by 
Borel’s integral method by deriving a general formula for u(a) corresponding to the series 

a0 (—1)"(n+1)*, R=0, 1, 2, - +--+. For this series 

3*a2 4a 


2! 3! 


A formula can be derived to represent the constant coefficients of the terms in the right member of 
this equation by using the identity 


u(a) = 1 — 2ta + 


tees (Ht + ES He 


(a — 1)" = ,Cox” —-Cyx! + Cont? — + + — (—1) Cra +--+ + (1), r= 1,2,3,--- 
Then u(a) = 2°, (—1)'"1P,a"! where 
v=r — k+1 
P, = 5. (—1) cI, y=1,2,3,-:°. 


This formula for u(a) enables one to readily determine thesumof theseries neo (—1)*(n+1)*, 
k=0, 1, 2,3,--+- by Borel’s integral method. 


2. Another method of steepest descent in linear programming, by Professor 
R. B. Deal, Oklahoma Agricultural and Mechanical College. 


3. Elements of area in coordinate-transformation, by Professors W. A. Rut- 
ledge, M. Schwartz and Simon Green, University of Tulsa. 


In vector analysis the study of general surface coordinates usually involves the element of area 
expressed by (dr/du X0r/dv)dudv where r is a position vector and u, v are orthogonal surface co- 
ordinates. Generally the development omits the use of this form in relation to finding areas or 
expressing area elements for a change of variables. In this paper the usefulness of this form is dis- 
cussed and illustrated with examples. 


4. An algorithm for simplifying games, by Professor Harold Shniad, Univer- 
sity of Arkansas. 


A finite two-person game in normal form is given by a finite matrix. If the value v of the game 
is known to satisfy an inequality of the form 1 Sv Sw, then it is shown how the original game may 
be replaced by another game such that each element of the new corresponding matrix satisfies the 
given inequality and such that the value of the new game is the same as that of the original one. 
The new matrix may be used to make sharper estimates of the value of the game and to simplify 
the finding of dominating strategies. 


5. The Cevian chain, by Professor N. A. Court, University of Oklahoma. 


If the Cevian triangle (7) of the point M for a triangle (To) be constructed, then the Cevian 
triangle (T2) of M for (T;), and again the Cevian triangle (73) of M for (7%), efe.,a “Cevian chain” 
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of triangles is obtained such that the trilinear polars of M for all the triangles of the chain coincide, 
say, in a line m. In each triangle of the chain a conic may be inscribed so as to be circumscribed 
about the following triangle of the chain. The point M and the line m are pole and polar for each 
conic of the chain thus obtained. This paper is scheduled to appear in full in the quarterly Scripta 
Mathematica. 


6. Vectorial analytic geomeiry, by Professors Simon Green, M. Schwartz and 
W. A. Rutledge, University of Tulsa, presented by Professor Green. 
This paper is concerned with the use of the algebra of vectors in a first course in analytic ge- 


ometry. Illustrations are given which compare the traditional methods of analytic geometry with 
vector methods. 


7. Convergence of a simple geometric process, by Professor J. R. Foote, Uni- 
versity of Oklahoma. 

A geometric process is presented by examples which suggest that either convergence or di- 
vergence of a certain sequence of points can be obtained. An approximating function with an 
iterative procedure is easily written. Elementary methods at once yield the desired results in a 
single theorem, a portion of which follows. Let F;(x) =mix+0b;, 7=1, 2, and M= —m/m. 1, and 
%o=k/(m1-+m:.), where 

F(x") + Fe(x't!) = k + b, + be defines the iteration. 
If x!=x0, then x*=xp for all ¢ and independently of AZ. If x!x0, as i then x’, or x'—> x9, 
according as | M|>1 or | M| <1 respectively. 


8. Some consequences of the Brouwer plane translation theorem, by Professor 
O. H. Hamilton, Oklahoma Agricultural and Mechanical College. 
The relation of the Brouwer plane translation theorem to some of the classical fixed point 


theorems is discussed. A proof that the 2-cell has the fixed point property is given using the plane 
ranslation theorem. Other more special fixed point theorems are discussed. 


9. Mathematical research in the petroleum industry, by Dr. D. R. Shreve, 
Carter Oil Company, Tulsa, Oklahoma. 

The applications of new mathematical techniques in the petroleum industry, made feasible 
by the development of high speed computers, was indicated. Mathematical controls were described, 
from use of statistically directed control of exploratory drilling following improved interpretation 
of geophysical data, with control of injection and production through predictions of production 
history of a reservoir, by calculated schedules through pipe lines and primary storage, through a 
refinery controlled by linear programming or other methods of operations research, with distribu- 
tion to warehouses to meet predicted demands. 


10. Demonstration, at Carter Research Laboratory, of the “IBM 650” 


computing machine with drum memory. 
R. V. ANDREE, Secretary 


THE MARCH MEETING OF THE SOUTHEASTERN SECTION 


The annual meeting of the Southeastern Section of the Mathematical 
Association of America was held March 16-17, 1956, at U.S. Navy Supply Corps 
School, Athens, Georgia. Professor R. H. Moorman, Chairman of the Section, 
and Professor D. F. Barrow, Vice-Chairman, presided over the general sessions; 
Professors S. T. Gormsen, C. G. Latimer, I. E. Perlin, C. G. Phipps, E. B. Shanks 
and W. L. Williams presided over subsections. 
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There were about 250 in attendance including 148 members of the Associa- 
tion. 

The following officers were elected for the coming year: Chairman, Professor 
G. B. Huff, University of Georgia; Vice-Chairman, Professor C. G. Latimer, 
Emory University; Secretary-Treasurer, Professor H. A. Robinson, Agnes 
Scott College. 

The following program was presented: 

1. A probability problem arising in grading, by Professor G. B. Huff, Univer- 
sity of Georgia. 

The student’s knowledge of the chronological sequence of a series of events may be tested by 
listing the events in a random order and asking the student to order the events. A measure of the 
student’s answer may be obtained by adding the absolute values of the differences between the 
student’s answer and a key. This leads to the question: What is the expected total of the absolute 
values of the differences between a given permutation of the numbers from 1 to # and a permutation 
obtained by shuffling and drawing? It is shown that the answer is (n?—1)/3. 


2. Rubber stamp problem, by Mr. W. R. Carnes, Georgia Institute of Tech- 
nology. 


An infinite rubber stamp prints concentric circles whose radii are all irrational. What is the 
least number of times that the stamp must be placed on an infinite plane so that each point on the 
plane will be covered by a circle? An existence-type solution is given, showing that three times is 
sufficient if the centers are properly chosen. Three such points are demonstrated and a proof that 
every point is covered by a circle is given using the distance formula and properties of irrational 
numbers. 


3. Cayley-Hilberit spaces, by Professor V. D. Gokhale, Atlanta University. 


Cayley-Banach and Cayley-Hilbert spaces are generalizations of the classical Banach and Hil- 
bert spaces. They are vector spaces over Cayley’s 8-unit division algebra. After defining these 
spaces by a suitable set of postulates, a generalization of the Neumann-Jordan Theorem on the 
equivalence of Cayley-Banach and Cayley-Hilbert spaces is proved. 


4. Resulis of a questionnaire, by Professor Tomlinson Fort, University of 
South Carolina. 


Professor Fort reported on the returns of a questionnaire recently sent out by the Committee 
on Personnel and Education of the Association. 


5. A history of the Southeastern Section, by Professor H. A. Robinson, Agnes 
Scott College. 


Immediately after the formation of the Association, December, 1915, the late Dean R. P. 
Stephens attempted to organize the Section; however, organization did not occur until 1922. For 
the 31 annual meetings held, 34 guest mathematicians have been sponsored. In first eleven years 
there was an average of eight papers presented with 49 present including 18 Association members; 
since 1949, 39 papers, 193 present including 111 members. 


6. The use of analogy, by Professor C. G. Phipps, University of Florida. 


Reasoning by analogy permits us to transfer our training from one situation to an analogous 
one. Thus analogy yields alternate interpretations of deductive systems since two perfectly analo- 
gous situations have the same mathematical formulas. Algebra and geometry being analogous com- 
bine into analytic geometry. 
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7. Mathematics and philosophy, by Professor R. H. Moorman, Tennessee 
Polytechnic Institute. 


The author traced the historical relationship of mathematics and philosophy in the Greek 
period, the middle ages and modern times. The type of analysis which Plato introduced into mathe- 
matics was introduced into philosophy by Descartes. The type of analysis which Descartes in- 
troduced into mathematics has been used successfully in philosophy only in the twentieth century 
in the field of symbolic logic. The concept of “universal mathematics” goes back as early as 
Pythagoras. Utilitarian sciences develop by the mathematization of philosophy. Certain modern 
pseudo-sciences do not have the validity they claim because they do not have functional relation- 
ships. 


8. Non-associative number theory, by Professor Trevor Evans, Emory Uni- 
versity. 


On replacing the unary operation of successor in Peano’s postulates for the natural numbers 
by a binary operation, a characterization is obtained of a non-associative arithmetic studied by 
Etherington. The number theory of this system is investigated and Fermat’s Last Theorem proved 
in it. In a manner analogous to the embedding of the natural numbers in the ring of integers, this 
non-associative arithmetic is embedded in the left neoring recently studied by Bruck. The number 
theory of this left neoring is also studied in some detail. 


9. Rational univalent functions, by Professor W. C. Royster, Alabama Poly- 
technic Institute. (By title.) 


Let F be the class of functions z+ ).*_, ang” which are univalent in the unit circle E(|z| <1). 
Linis (this MONTHLY, vol. 62, 1955) gave a short proof of a theorem of Friedman (Duke Math. 
Journal, vol. 13, 1946) which states that if the a, are rational integers then f(z) is one of nine ra- 
tional functions. The purpose of this note is to extend the method of Linis to quadratic fields with 
negative discriminant and to give criteria for selecting combinations of possible coefficients yielding 
rational functions which are regular and univalent in E. 


10. A note on the solution of algebraic equations, by Professor Stephen Kulik, 
University of South Carolina. 


A method is derived for computing by approximation any root of an algebraic equation, all 
the roots of which are real. It gives the lower and upper bounds of the root converging to it asa 
limit. 

11. Consistency of equations, by Professor J. M. Thomas, Duke University. 
(By title.) 

This paper points out the usefulness in teaching elementary differential equations of de la 
Vallée Poussin’s condition (Ann. Soc. Sci. Bruxelles, vol. 64, 1950, pp. 74-75) for a differential whose 
coefficients are only assumed continuous, to be exact, and the possibility of using the idea to get a 


consistency (passivity) condition for a system of total differential equations under the same 
assumption. 


12. A note on lattice-ordered rings, by Professor R. G. Blake, University of 
Florida. 
Nearly ten years ago Garrett Birkhoff wrote “The theory of lattice-ordered rings ... is not 


yet even in its infancy.” The statement seems to be still true today. This paper suggests a set of 
axioms for a type of lattice-ordered ring which seems to promise some interesting results. 
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13. The free lattice generated by a set of chains, by Dr. H. L. Rolf, Vanderbilt 
University. 
The free lattices FZ(2+2) and FL(4+1) are shown to be infinite and their structures de- 


termined. It is shown that FZL(3+2) and FL(5+1) each contains a sublattice isomorphic to 
FL(1+1+1). Furthermore, FL(1+1-+1) contains a sublattice isomorphic to FL(n+m). 


14. Wide open sets, by Professor D. F. Barrow, University of Georgia. 


Professor Barrow defines a wide open set of numbers as a set such that the sum of two num- 
bers of the set is never a number of the set; and a complete wide open subset of a set S, as a wide 
open subset of S to which no other number of S could be adjoined without destroying its wide open 
property. (For example, the odd integers are a complete wide open subset of the integers.) A few 
simple theorems were presented. 


15. Matrices with elements in a Boolean ring, by Professor A. T. Butson, 
University of Florida. 


Let @ be a Boolean ring of at least two elements containing a unit 1. Form the set 91 of mat- 
rices A, B,--- of order ” having entries a:;, bj;, ++ + ,4,7=1,2, +++ ,n, which are members of @&. 
For any matrix A of DW there exists a unimodular matrix U of SW such that UA =H has the follow- 
ing properties: hpg=0 for g>p, hpghqg=0, and hypghpp =hyq (note that if a diagonal element is 0, then 
the entire row consists of 0’s). This form H is unique. 


16. Remarks on Boolean functions II, by Dr. D. O. Ellis, Research Engineer, 
National Cash Register Electronic Division, Hawthorne, California. 


It is shown that certain of the algebraic functions of two variables in a Boolean algebra give 
rise to Boolean algebras centered on given elements of the original algebra. The relations among the 
operations of these algebras are determined explicitly. A criterion is given for the possession by 
any Boolean function (of a finite number of variables) of a linear factor in one of its variables. The 
methods employed are elementary. 


17. Some results on a particular non-associative algebra, by Professor Tom 
Baynham, Jr., University of Tennessee. 


In considering a non-associative algebra A* defined by G. C. Holt in his paper entitled “A 
non-associative algebra generated by square matrices,” (Tennessee Academy of Science Journal, 
27: 281-290, 1952), results are obtained concerning nilpotent elements, idempotent elements, 
ideals and the center of A*. 


18. An orthotropic beam bent by its own weight, by Professor C. B. Smith, 
University of Florida. 


An infinitely long beam is considered to be in a state of plane stress under the action of its 
own weight and equal supporting reactions applied at a series of points situated at regular intervals 
along its lower edge. By considering various portions of the beam, it is possible to draw some con- 
clusions concerning the bending of finite beams loaded by gravity when the ends are either simply 
supported or clamped. 


19. Application of shallow shell theory to the buckling of spherical shells, by 
Professor W. A. Nash, University of Florida. 
The linear differential equations governing the axi-symmetrical buckling of shallow spherical 


shells subject to uniform external pressure are developed for the case of small deformations. An 
approximate solution to these equations, based upon Galerkin’s method, is presented for the case 
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of a simply supported spherical cap and a displacement pattern suitable for use with clamped edge 
spherical caps is indicated. The results obtained indicate the potentialities of shallow shell theory 
for’use in approximating classical small deformation buckling loads of shells which are not shallow. 


20. A comparison of the Deming and Garwood fitting methods, by Mrs. Nancy 
M. Dismuke, Oak Ridge National Laboratory. 


The Deming and Garwood procedures for fitting data to a function non-linearly dependent on 
a set of parameters have been applied to several problems. Based on this experience a comparison 
is made of the convergence properties, the parameter variances obtained, and the labor involved 
in applying the two methods. 


21. Stress distribution in an orthotropic disk subjected to its own weight and 
supported by a concentrated force on tis boundary, by Professor J. B. Wilson, Uni- 
versity of Florida. 


An orthotropic disk subjected to its own weight and supported by a concentrated force applied 
at its boundary is considered as the limit of the case in which the supporting force is distributed 
over an arbitrarily small area on the boundary. Series solutions for the stresses and displacements 
are obtained, and the stress function for the orthotropic disk is shown to contain as a limiting case 
the stress function for an isotropic disk. The stress components are calculated at several points 
along the horizontal diameter of a plane-sawn disk of Sitka spruce, with the grain taken to be 
horizontal. 


22. Curvatures associated with a vector field, by Professor J. D. Novak, Uni- 
versity of South Carolina. 


In this paper W. C. Graustein’s associate curvature and T. K. Pan’s normal curvature for a 
vector field in a surface are generalized for any vector field associated with the surface. These 
generalized curvatures are used in the study of curves on the surface. 


23. On picture writing, by Dr. George Pélya, Visiting Lecturer, Mathemati- 
cal Association of America. (By invitation.) 


In several combinatorial problems we can arrive more intuitively at the expression, or defining 
equation, of the generating function that solves the problem if, instead of the letters of various 
alphabets, we use appropriate pictures as symbols for variables or indeterminates. This idea, which 
the author has used in research for more than twenty years but has not published before, is illus- 
trated by three examples in the present lecture which is scheduled to appear in the MONTHLY. 


24. The elementary derivatives from a geometrical definition of e, by Professor 
J. T. Moore, University of Florida. (By title.) 


In the class of curves y =a? define e to be that value of a such that y =a* crosses the y-axis with 
a slope of 1. By definition, then, D,e*=1, for x=0. An application of the A-process then leads to 
lim jz.0(e4*—1)/Ax=1 and D,e*=e* for all x’s. By writing y=In x and y=x* in the respective 
forms x =e" and In y=n In x, the log and power function formulas are obtained immediately. The 
following advantages are claimed: (1) binomial theorem is not needed; (2) no complex identities or 
inductive methods are used; (3) definition of e is more understandable than the usual algebraic 
definition as a limit. 


25. Understanding mathematical induction, by Professor R. W. Ball, Alabama 
Polytechnic Institute. 


Mathematical induction can be taught successfully if it is related to reasoning processes the 
student has already used. The instructor should require, before the formal proof, a thorough dis- 
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cussion of the statement of the theorem, a specific example of the extension process, and a conclu- 
sion for some finite case. Only after the student is convinced that such reasoning does not depend 
on ” should he attempt the general proof. 


26. A note on degenerate conics, by Professor J. W. Lasley, Jr., University 
of North Carolina. 

It is well known that a real conic degenerates into a pair of lines if the rank of its matrix is 2; 
into a repeated line if its rank is 1. If the lines are distinct, they are real if the 22 determinant in 
the upper left hand corner is minus; conjugate imaginaries, if this sign is plus. In the theory of real 
quadratic forms these criteria may be made in terms of the rank of the adjoint matrix and the sign 
of its trace. This paper reviews the theory of degenerate conics from this higher viewpoint. 


27. Partial fractions, by Professor L. A. Dye, The Citadel. 

The resolution of a proper rational fraction into a set of simpler fractions is demonstrated by 
evaluating the necessary parameters for the general case. Some examples of special methods for 
particular cases are given. 


28. Georgia Institute of Technology Computer Program—a progress report, 
by Professor B. M. Drucker, Georgia Institute of Technology. 

The School of Mathematics of Georgia Institute of Technology initiated a curriculum in digi- 
tal computers and numerical analysis in the fall of 1954. The Rich Electronic Computer Center of 
the Experiment Station was activated in the fall of 1955. This report comprises comments as to 
future plans in light of the experience obtained to date and suggestions to other departments inter- 
ested in setting up such a program. 


29. Locally one-to-one mappings on S!, by Professor M. K. Fort, Jr., Uni- 
versity of Georgia. 


Let f be a mapping on the unit circle S! into a one dimensional metric space Y. If f is locally 
one-to-one on S! (4.e., each point of S! has a neighborhood on which f is one-to-one), then f is an 
essential mapping. 


30. A note on the matrix equation AX = Xf(A), by Professor R. H. Ackerson, 


University of Florida. 


The matrix equation AX =XB has been considered by W. V. Parker, with A in rational 
canonical form. Using Parker’s method, a necessary and sufficient condition was determined for 
the equation AX =Xf(A) to have all of its solutions expressible as polynomials in A, where A is 
non-derogatory, and f(A) is a polynomial in A. 


31. On the simple group of order 5616, by Professor F. A. Lewis, University 
of Alabama. 


This paper gives some results of a study of LF(3,3) in terms of generators corresponding to 
elementary operations used in reducing a determinant. 


32. On the rational equivalence of ternary quadratic forms, by Mr. Amin 
Muwafi, University of Florida. 


The first part is a method of obtaining a linear rational transformation, whose determinant 
has a given value C;£0, that takes a ternary quadratic form with rational coefficients into one with 
rational coefficients and without cross-products. Formulas are given by which the three columns 
of the matrix of the transformation are determined. In the second part, sufficient conditions are 
found in order that a given ternary quadratic form, of determinant d0, may be taken into an- 
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other given ternary quadratic form of the same determinant d by a linear rational transformation 
of determinant one. 


33. A note on the distribution of logical quantifiers, by Professor R. S. Fouch, 
Florida State University. 

Quine has proved a number of theorems, grouped into six chains, concerning the distribution 
of the universal and existential quantifiers over three truth-functions. However, there are 13 other 
truth-functions, of which 7 are non-trivial. Similar distributive theorems for these 7 functions are 
established by a simple decision method. A structure is determined for the theorems for each func- 
tion and it is shown that there are only 3 different structures for the 10 functions. The interrela- 
tionships of these structures are also examined. 


34. Note on perturbations of systems having a pertodic solution, by Professor 
J. A. Nohel, Georgia Institute of Technology. 

Let x, f be real vectors with » components and suppose ¢ and yw are real. Consider the system 
(1) x’ =A (é)x+uf(t, x, uw), (’=d/dt), where A (#) is a real periodic » Xn matrix with period T and f 
has period 27 in ¢. Suppose that for »=0 the linear system (2) x’ =A (i)x has at least one solution 
with period 27. Sufficient conditions are given for the existence of periodic solutions of (1) for 
|u| sufficiently small. This generalizes results of Coddington and Levinson (Contributions to the 
Theory of Nonlinear Oscillation, vol. II, Annals of Math. Studies no. 29, Princeton University Press) 
where A (#) is a constant matrix. 


35. On the behavior of solutions of ordinary finite difference equations, by Mr. 
A. C. Downing, Jr., Oak Ridge National Laboratory. 

It is well known that when finite difference equations are substituted for differential equa- 
tions, it does not follow a priori that the behavior of the solution of the difference equations will 
approximate the solution of the differential equations. This is demonstrated for the very simple 
ordinary differential equation y’’ —\2y =0. When A? is real, the character of the linearly independent 
solution depends upon whether \2>0, \2=0 or A?<0. The solutions of the corresponding finite 
difference equation (as usually formulated) fall into four categories. The anomalous character 
of the fourth category is readily recognized. 


36. Solution of a non-linear partial differential equation of the third order, by 
Professor R. W. Cowan, University of Florida. 


The type of third order equation to be solved is determined by the form selected for the inter- 
mediate integral. Then equations analogous to Monge’s equations are derived and used to deter- 
mine intermediate integrals. From the latter a general solution may sometimes be found. If this 
is not possible other types of solutions can be determined by specializing the arbitrary functions 
occurring in the intermediate integrals. 


37. Basic sets of polyharmonic polynomials, by Professors E. P. Miles, Jr. 
and Ernest Williams, Alabama Polytechnic Institute. 


The authors show that the four homogeneous polynomials of degree n, n24, 


[(n-—-@) /2} — —a— coe —~pw— 4 
Ba(x, y) _ > (11g 4 spr = Om Se SD Te ED ee atyect3i (= 0,1,2,3) 
j=0 (27 + a)! 


constitute a basic set of solutions for the biharmonic equation, \VV4xy(u) =0; for a=0, 1, the poly- 
nomials are the real and imaginary parts of (x+y). These results are generalized to obtain a basic 
set of solutions for V4z,, 2» --+ 2,(#) =0; this set contains the Cr4x~3, .-2(2n/(k —2)-+1) harmonic 
polynomials of the authors’ basic set (Proc. A.M.S., vol. 6, 1955) for Veysepsags*+*y 2, (#4) =O. A 
further generalization gives a basic set for V™,,eosxgy"** » 2j,(U) =O. 
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38. Pertodic solutions of a non-linear wave equation, by Professor F. A. 
Ficken, University of Tennessee. 

Define Lu =uy,+2ku:+au—uz,. We know that the problem Lu=b(x, t) —eu3, u(x, 0) =f(x), 
u1(x, 0) =g(x)(— 0 <x< 0) has a unique solution u(f, g; x, é) if | e| is properly restricted. Here we 
give a new and simpler proof of a known further fact: if b(x, i+) =b(x, #), k>0, and a>0, then 
for certain fi and gi, u is also p-periodic in ¢ (u(fi, 213 x, +0) =u(figi; x, t)). This solution is now seen 
to be, as in the linear one-dimensional case, a steady motion that is approached, as transients dis- 
appear, by any u(f, g; x, £) meeting certain natural conditions. Special cases: 0Sx and u(0, ¢) =0; 
O0<xSrand u(0, f) =0=u(r, £). All this work has been done in collaboration with B. A. Fleishman. 


39. From matrices to tiles, by Dr. T. W. Hildebrandt, Oak Ridge National 


Laboratory. 


Property (A) for matrices was defined by D. Young (Trans. A.M.S. vol. 76, 1954, pp. 92-111). 
For the matrix of the finite difference representation for a linear elliptic partial differential equa- 
tion, this property has a simple geometrical interpretation, related to the problem of “tiling” 
[filling the plane (space) with congruent polygons (polyhedra)]. 


40. The class of integral sets, by Professor E. B. Shanks, Vanderbilt Uni- 
versity. 


The class of integral sets was defined in terms of the non-negative integers, using the binary 
system. It was shown that this system satisfies the axioms of set theory used by Gédel, provided 
the axiom of infinity postulates an infinite class instead of an infinite set. A relation that partially 
orders the system was discussed also. 


41. Fixed points for limit functions, by Professor W. L. Strother, University 
of Miami. 


That the pointwise limit of continuous functions is not necessarily continuous is well known. 
A new sort of limit is defined which agrees with the pointwise limit at all points of continuity of the 
latter and is weakly continuous, For certain spaces which have fixed point property for continuous 
functions it is shown that the limit of continuous functions has a fixed point. 


42. The effect of symmetrization on smoothness of functions, by Professor W. S. 


Snyder, University of Tennessee. 


The function f(x, y) =f(r) =r4(1-+cos w/r) has continuous first partial derivatives on 0<x?+-? 
=72<1, but its symmetrization with respect to the origin is not piecewise smooth. (For a definition 
of symmetrization, see Pélya, G. and Szegié, G., Isoperimetric inequalities in mathematical physics, 
Annals of Math. Studies, no. 27, pp. 151-152). 


43. A topological equivalence theorem, by Professor R. A. Lytle, University of 


South Carolina. 


Garrett Birkhoff shows in his paper, The topology of transformation sets, Annals of Mathemat- 
ics, vol. 35, that the point open topology is equivalent to the uniform topology for the space of 
homeomorphisms of the unit interval onto itself. This paper generalizes this result as follows: Sup- 
pose A is a graph which is a continuum and H is the set of all homeomorphisms of A onto A. Then 
H with the overlap topology is equivalent to H with the uniform topology. 


44. A note on the Cauchy criterion, by Mr. G. E. Duncan, Georgia Institute 
of Technology. 


This paper demonstrates the sufficiency of the Cauchy criterion by a direct application of the 
nested set theorem. 
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45. The new freshman mathematics, by Professor J. D. Mancill, University 
of Alabama. 


What is bringing about change in our first year college mathematics? Mathematics has fanned 
out in ever-increasing new directions with the effect that neatly compartmentalized subjects have 
become mixed beyond recognition. Importance of development is having its effect on curriculum 
in secondary schools and freshman college levels. We are confronted with the problem of putting 
elementary mathematics back in the center of the ring of “general education.” It must be realized 
that to revitalize the position of elementary mathematics in the light of new developments involves 
change, or at least the willingness to change. 


46. Universal mathematics, by Professor C. L. Seebeck, Jr., University of 
Alabama. 


Universal mathematics course designed by the Committee on the Undergraduate Program of 
the Association was outlined and discussed. Report was favorable for the experimental course 
given at University of Alabama. 


47. General or unified mathematics, by Professor F. W. Kokomoor, University 
of Florida. 


Students having varied preparational backgrounds and taking mathematics only to obtain 
what “every college graduate ought to have” find integrated courses better than the traditional, 
which are mainly preparatory for something they will never reach. However, some of these stu- 
dents do become intensely interested and turn out to be excellent mathematicians. Integrated 
courses can also better serve majors in other fields by giving prerequisite material earlier and omit- 
ting unnecessary content. Majors in mathematics itself lose nothing by taking the integrated 
courses, but do just as well with the traditional, if they have no prerequisite deadlines to meet along 
the way. 


48. The postulational approach to freshman mathematics, by Professor Her- 
man Meyer, University of Miami. 
The postulational approach to freshman mathematics taught at the University of Miami for 


the past seven years is described. Some examples of the methods, proofs, and procedures used are 
set out, along with a subjective analysis of the strength and weakness of the program. 


49, Some remarks on the location of the roots of an algebratc equation, by Pro- 
fessor A. T. Brauer, University of North Carolina. 

It is well known that every theorem on characteristic roots of a matrix contains a theorem on 
algebraic equations as a special case. It is shown that the following known theorems can be obtained 
easily by using the columns and the rows of the same matrix. (See O. Perron, Algebra, 2nd ed., Ber- 


lin, 1933, pp. 31-33.) Let r be the absolute greatest root of the equation x*-++-a,x""1+4 --- +a*=0, 
and M, m, M2, + °° , Mn. arbitrary positive numbers. Then, 


(I) |r| Smax(|a| +m, | a2 | my + ma, - ++) | dual myme- - ‘tina + Mtns, 
| an | mums ++ + Mas); 
(II) |r| < max (m, | a] + | ae|m--- + | en| mm). 


Moreover, improvements of these results are obtained. 
H. A. ROBINSON, Secretary 


1956] THE MATHEMATICAL ASSOCIATION OF AMERICA 531 


THE MARCH MEETING OF THE SOUTHERN CALIFORNIA SECTION 


The thirty-sixth regular meeting of the Southern California Section of the 
Mathematical Association of America was held at Pomona College, Claremont, 
California, on March 17, 1956. Professor S. E. Urner, Chairman of the Section, 
presided. The attendance was 107 including 69 members of the Association. 

At the business meeting the following officers were elected for the next 
academic year: Chairman, Professor H. F. Bohnenblust, California Institute of 
Technology; Vice-Chairman, Professor P. B. Johnson, Occidental College; 
Secretary-Treasurer, Professor P. H. Daus, University of California at Los 
Angeles; Program Committee: Professor A. R. Harvey (Chairman), San Diego 
State College; Professor V. C. Harris, San Diego State College; Professor R. A. 
Dean, California Institute of Technology; Mr. R. E. Horton, Los Angeles City 
College. 

The following program was presented: 

1. Differentiation in vector spaces, by Dr. Walter Noll, University of South- 
ern California, introduced by Professor D. V. Steed. 


Originally, differentials were thought of as “infinitely small” increments. Since no precise 
meaning can be given to the “infinitely small,” they are now regarded as linear relations between 
arbitrary finite increments dx =£ and corresponding increments dy=7=f'(x)& Such a relation can 
be written also in the form 


d 
n = Vf(x)[é] = a flat e£)| eno. 


This definition can be extended in a straightforward manner to scalar or vector fields simply by 
replacing both x and £ by vectors. The “differential” thus obtained is a linear form or a linear trans- 
formation. By referring the underlying space to arbitrary curvilinear coordinates, the differential 
of a vector field can be shown to be identical to what is usually called the “covariant derivative”. 


2. Rearrangements of infinite series, by Professor V. L. Klee, University of 
Washington. 


The speaker reviewed some of the principal results concerning rearrangement of infinite series 
of vectors in Euclidean n-space, especially the basic Levy-Steinitz theorem and a closely related 
result due to Jarnik, Behrend, and Wald. A proof of the latter was presented, and an outline of a 
proof of the former. Some results of Hadwiger were also discussed. 


3. College mathematics for non-science students, a panel discussion by Profes- 
sor May M. Beenken, Immaculate Heart College; Professor P. B. Johnson, Oc- 
cidental College; Mr. R. B. Herrera, Los Angeles City College; Dr. C. J. A. Hal- 
berg Jr., University of California, Riverside. 


This was a panel discussion by members of a special committee of a subcommittee on mathe- 
matics appointed by the California Committee for the Study of Education. The chairman, Prof- 
fessor May M. Beenken, explained the history and purpose of the committee. Professor P. B. John- 
son discussed current practices in the field of mathematics for general education as gleaned from a 
questionnaire study made by the committee. Mr. R. B. Herrera spoke on textbooks and literature 
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in this field of mathematics and distributed an annotated bibliography compiled by the committee. 
Dr. C. J. A. Halberg, Jr., gave the committee’s recommendations. 


4. The role of the mathematician in industry, by Mr. Ross Miller, Northrop 
Aircraft Corporation, introduced by Professor Clifford Bell. 


The profit motive is the underlying force in industry. A corporation makes money by pleasing 
its customers, by satisfying their wants through better products made more rapidly, more reliably, 
more cheaply, etc. Frequently it creates in its customers new desires which industry is in a position 
to satisfy. And we note in this case the opportunity for basic research. 

The mathematician’s goals are those of job satisfaction and interest, a feeling of challenge and 
responsibility. Pleasant working conditions with adequate financial rewards are also important 
considerations. 

The goals of industry and the goals of the mathematician can be compatible and can find 
fulfillment in a merger of interests. The mathematician’s contribution is basic and becomes ever 
increasing in its importance. Industry, on the other hand, stands prepared to offer the mathema- 
tician the personal rewards which are so important to the individual. 


5. New developments in numerical analysis, by Dr. G. E. Forsythe, Numerical 
Analysis Research, University of California at Los Angeles. 

Automatic digital computing machines, virtually unknown ten years ago, continue breath- 
taking developments in speed, capacity, quantity manufactured, and demands for numerical 
analysis. Some 20 university departments use such machines regularly as a research tool. Academic 
mathematics seems to contact machines in four ways. (1) Huge mathematical experiments are 
carried out on such problems as Fermat’s last theorem. (2) Mathematics is a principal tool in 
analyzing computing methods and in devising new ones. (3) Computers and their use raise many 
new logical and mathematical problems undreamed of before computers ran. (4) Such machines 
are a boon to teachers in advertising and glamorizing mathematics, and they can be understood by 
all who know elementary arithmetic. 


6. The theory of games and the game of poker, by Dr. Rodrigo Restrepo, Cali- 
fornia Institute of Technology, introduced by Professor H. F. Bohnenblust. 

In the last few years considerable effort has been devoted to the construction of economic, 
tactical or gambling models that can be analyzed by means of the theory of games. Using a simpli- 
fied version of the game of poker, the author constructs a class of games in which each player must 


decide how much to bet. The problem is solved completely, and the results show that the familiar 
technique of “bluffing” is a necessary element of any optimal strategy. 


P. H. Daus, Secretary 


THE APRIL MEETING OF THE ALLEGHENY MOUNTAIN SECTION 


The thirtieth meeting of the Allegheny Mountain Section of the Mathemati- 
cal Association of America was held at Geneva College, Beaver Falls, Penn- 
sylvania, on April 28, 1956. Dean L. T. Moston, Chairman of the Section, pre- 
sided during both the morning and afternoon sessions. 

There were 59 persons present, including 41 members of the Association. 

The Secretary reported that in accordance with the wishes of the members 
involved and with the approval of the Executive Committee of the Section the 
Board of Governors of the Association had voted to transfer Cabell County, West 
Virginia, from the Allegheny Mountain Section to the Ohio Section. 
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The following papers were presented: 

1. Semantics in information theory, by Professor Evan Johnson, Jr., Penn- 
sylvania State University. 

It was pointed out that Warren Weaver defined the semantic problem of communication 
theory as that concerned with the precision with which transmitted signals convey the desired 
meaning. Meaning is assigned by the individual to either a single communication signal or to a set 
of signals, each of which is a continuous function of time. A first problem of semantics, therefore, 
is the definition of the set of all functions of time which are distinguishable by the individual, and 
to which meaning can potentially be assigned. 


2. A generalization of the game of Nim, by Professor Donald C. Benson, 
Carnegie Institute of Technology. 
A class of two-person games was considered which includes “Nim” and “Kayles” as special 


cases. (Definitions of “Nim” and “Kayles” can be found in Ball's Mathematical Recreations.)A 
criterion was given to determine the winning and losing positions. 


3. Games of evasion, by Professor L. E. Dubins, Carnegie Institute of Tech- 
nology. 


The speaker discussed an interesting class of games introduced by R. P. Isaacs. He sketched 
some solutions and mentioned some unsolved problems. 


4. Geology as a source of problem material in elementary mathematics, by Pro- 
fessor E. A. Sturley, Allegheny College. 

Many of the students in undergraduate courses do not have mathematics or physics as primary 
interests. These courses should include more problem material from other areas to help these stu- 


dents relate the mathematics course to their own fields. Some geological applications of mathe- 
matical ideas were presented as illustrations. 


5. Coordination with the secondary school and possible secondary curricular 
changes, by Professor J. H. Neelley, Carnegie Institute of Technology. 
This paper suggests curtailing the geometry courses, specially solid, and filling in with more 


algebra and analytic trigonometry. Personal contacts, luncheons, meetings of college and high 
school mathematics teachers are also advised. 


6. Computers in business and science, by Mr. L. P. Rosenberry, I. B. M. 
Corporation, Detroit, Michigan. 

The history of digital computer usage in commercial and engineering applications was re- 
viewed. Several examples of present and past problems successfully solved were presented. Future 
plans for use of computers by several companies were indicated—linear programming, inventory 
control, marketing, plant design, process control, scientific calculations. Some general prognostica- 
tions were presented. 


I. D. PETERS, Secretary 


THE APRIL MEETING OF THE IOWA SECTION 


The forty-third regular meeting of the Iowa Section of the Mathematical 
Association of America was held at Grinnell College, Grinnell, Iowa, on April 
20-21, 1956. 


534 THE MATHEMATICAL ASSOCIATION OF AMERICA [September 


The attendance was 55, including 29 members of the Association. 

The following officers were elected: Chairman, Professor F. W. Lott, Iowa 
State Teachers College; Vice -Chairman, Professor A. H. Blue, Cornell College; 
Secretary-Treasurer, Professor E. L. Canfield, Drake University. 

The following motion carried unanimously: 

WHEREAS, the cooperation of the high-school and college teachers of math- 
ematics in Iowa is deemed to be of vital concern to the members of the Iowa 
Section of the Mathematical Association of America. 

NOW THEREFORE, BE IT RESOLVED that the Iowa Section of the 
Mathematical Association of America hold, each year, a meeting in addition to 
the annual Spring meeting to be devoted to the pedagogic interests of collegiate 
mathematics and held in conjunction with a meeting attended by large numbers 
of Iowa high-school teachers of mathematics. 


The following papers were presented: 
1. Pascal's arithmetical triangle, by Professor R. B. McClenon, Grinnell Col- 


lege. 


Professor McClenon presented Pascal’s construction of the arithmetical triangle, and several 
theorems which Pascal proved by mathematical induction. It was pointed out that they, as well 
as the well-known applications which Pascal made, could be proved easily by using modern nota- 
tion. 


2. An application of the functional equation f(x+y) =f(x)f(y) in elementary 
differential equations, by Professor L. E. Pursell, Grinnell College, and Professor 
R. F. Reeves, Ohio State University. 


It is well known that if y(x) satisfies the differential equations dy/dx=ky, then 
r(x) =y(x)/y(0) =exp (kx) satisfies the functional equation r(x%1-+x2) =7(x1)r(xe); and, conversely 
if r(x) is differentiable at x =0 and satisfies this functional equation, then for any choice of (0) the 
function y(x) =y(0)r(x) satisfies the differential equation dy/dx = [r’(0) |y. In some classroom appli- 
cations in which this differential equation is involved, it is more convincing to the students to dem- 
onstrate first that the functional equation is satisfied. The window problem as given in section 3.3 
of Differential Equations by Agnew is solved as an example. 


3. Common elements, by Professor F. A. Brandner, Iowa State College. 


A rigorous and complete treatment of the subject, “Common Elements”, is not to be found in 
any text-book of statistics, and almost no research has been done in that direction. Several defini- 
tions and their equivalence are discussed. The elementary idea is extended. Properties of common 
elements equations and their possible uses are developed. 


4. Charts for zeros of cross product Bessel functions, by Professor Don Kirk- 
ham, Iowa State College. 


In an earlier report (this MONTHLY, vol. 59, 1952, p. 501) some methods for obtaining the zeros 
Of Jn(Xp) Vin (RXp) —Jm(RXp) Yn(xp) and of some similar cross products having the inner pair of terms, 
or all four terms differentiated were presented. Now, utilizing these methods, a series of large 
graphs (charts) of x vs. kx, from which the zeros of the cross products, with and without the 
primes, for n=m=0, 1, 2, 3, p=1, 2,---9, OSkS~, kR=1 excluded, can be read to about two 
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decimal accuracy, has been prepared. The zeros of J,(x) and of J (x) lie on the graphs and are seen 
to be closely enough disposed to enable one to draw, to about two decimal accuracy, except for x 
or kx near zero, graphs of x vs. kx from a set of zeros of Jn(x) and/or of Ja (x) alone. Zeros of 
Y,(x) and of Yx (x) also lie on the graphs and are identified. The charts are of further particular 
interest in that they provide approximate values of x» for large k, values which are not tabulated in 
the literature; show clearly that a zero of the cross products exists at k= «© and k=0;and show that 
a zero at R= © or k=0 is a zero of either Jn(x) or of Jn (x). 


5. History of the first forty years of the Iowa Section of the Mathematical 
Association of America, by Professor Fred Robertson, Iowa State College. 


The author discussed the formation of the section on April 28, 1916, in Des Moines. The names 
of the charter members were given. The minutes of the first meetings were reviewed. The fact that 
the section has met jointly with the Iowa Academy of Science since its founding and met with the 
State Teachers Association for the first five years of its existence was emphasized in the discussion 
of time, and place of its meetings. Changes over the years were shown and hopes for future progress 
expressed. 


6. Remarks on commuting automorphisms of rings, by Professor M. F. Smiley, 
State University of Iowa. 

Nathan Divinsky (Trans. Royal Soc. Canada, Sec. III, (3), vol. 49, 1955, pp. 19-22) discusses 
automorphisms T of an associative ring A which satisfy x: x? =x? -x for every x in A. The present 
note frees this discussion from the chain condition employed by Divinsky by using results of the 
Jacobson structure theory of rings. 


7. A characterization of a certain type of distribution, by Professor R. V. 
Hogg, State University of Iowa. 

If x1, x2, ° °° , Xn be ordered, initially independent observations of a random variable having 
a frequency of the continuous type on the interval (0, b), then a necessary and sufficient condition 
that x; and x;/x;, i<j, be stochastically independent is that the frequency be of the form cx¢—1/be, 
0<x<b, zero elsewhere, where c>0. 


8. A certain limiting distribution, by Professor A. T. Craig, State University 
of Iowa. 

Let F(x) denote the c.d.f. of a random variable x and Gnr(#) that of the arithmetic mean # of a 
random sample of n values of x. It is well known that if E(x) =z is finite, the sequence of distribu- 
tions G,(#) converges to the distribution 

G(z) = 0, ¥< KB, 
= 1, #24, 
at every continuity point of G(#). If E(x) does not exist, little is known concerning the limit of the 
sequence G,(#). For the class of distributions having 


ra) =f Ag 
x) = ———— dy 
oe (i+y)p ~ 
pa positive integer, it is proved that the sequence of distributions G,(#) converges to the distribu- 
tion 
12 K 


G(#) = > . (Keay 


FRED ROBERTSON, Secretary 
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THE APRIL MEETING OF THE KENTUCKY SECTION 


The spring meeting of the Kentucky Section of the Mathematical Associa- 
tion of America was held on April 28, 1956 at the University of Kentucky, Lex- 
ington, Kentucky. Professor V. F. Cowling, Chairman of the Section, presided 
at both the morning and afternoon sessions. 

There were 52 persons in attendance, including 41 members of the Associa- 
tion. 

The following officers were elected for one-year terms: Chairman, Professor 
G. G. Roberts, Berea College; Secretary-Treasurer, Professor V. F. Cowling, 
University of Kentucky; Traveling Lecturer, Professor J. C. Eaves, University 
of Kentucky. 

By invitation of the Committee, Professor Fred Ficken of the University of 
Tennessee delivered an hour address at the afternoon session on “Isolated 
Singularities of Continuous Vector Fields in the Plane.” An abstract of this ad- 
dress follows. 

This paper was an expository account of the elementary classical theory. 
The behavior near the origin of streamlines of fields (ax-+by, cx-+dy), (ad—be 
~0) was treated in detail by reduction to familiar canonical forms (nodes, pass, 
focus, and center). After brief remarks on perturbation of these fields, the speak- 
er introduced for any continuous field the class I’ of simple closed sectionally 
smooth curves not passing through a singularity of the field, and discussed the 
isotopy classes of I’. Finally, the standard results on the Poincaré index of yET 
with respect to the field were presented. 

The following papers were presented: 

1. A criterion for the irreducibility of a polynomial, by Professor A. W. Good- 
man, University of Kentucky. 


This was an expository talk based on a result due to Perron, Jour. fur die Reine und Ang. Math. 
vol. 132, 1907, pp. 288-307. 


2. The comparability of cardinal numbers, by Mr. K. E. Stoll, University of 
Kentucky. 

The usual proof of the important theorem on the comparability of cardinal numbers depends 
on the elementary theory of ordinal numbers and the well ordering theorem. In this paper a proof 


of the comparability theorem was given without introducing ordinal numbers, and without direct 
use of the well ordering theorem. The proof did require the axiom of choice. 


3. Gibbs phenomenon for Taylor means, by Mr. Joseph Cornelison, Univer- 
sity of Kentucky. 


The preservation of Gibbs Phenomenon under various linear transformations was discussed, 
including recent work by O. Szasz [Acta Scientiarum Mathematicarum, vol. 12, 1950, pp. 107-111]. 
New results on “Gibbs Phenomenon for Taylor Means” were stated and the method of proof out- 
lined. 


4. The transcendence of e, by Mr. Richard Sprague, University of Kentucky. 


The speaker presented a proof of the transcendence of e as found in Edmund Landau, Vorles- 
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ungen uber Zahlentheorie, vol. 3, 1927, Leipzig, p. 90-++, pointing out the relatively elementary 
nature of the necessary ideas. 


5. Some remarks on polynomials, by Mr. Garnett Stephens, University of 
Kentucky, introduced by Professor V. F. Cowling. 

Descartes’ rule provides an upper bound on the number, N, of real zeros of a polynomial, P(x), 
with real coefficients. Using a generalization of a lemma of Fejer [C.R. Acad. Sci. Paris, vol. 158, 
1914, pp. 1328-1331], a criterion for obtaining a lower bound on WN is obtained based on the 


Tchebychef polynomial representation of P(x). The method is similar to that used by Turan 
[Bull. Amer. Math. Soc., vol. 55, 1949, pp. 797-800] with Laguerre polynomials. 


6. An approach to determinants via matrices, by Professor Frank Levin, 
University of Kentucky, introduced by Professor A. W. Goodman. 

The relationship between multiplication of determinants and of the matrices associated with 
them provides the well-known rules regarding row and column operations on determinants. This 
relationship can be made geometrically intuitive by a consideration of the effects of various linear 
transformations of the volume of a parallelepiped. Further, the linear transformations yield the 
rule for matrix multiplication. The paper gives an elementary method of proof of the various 
geometrical propositions involved. 


7. Recent trends in freshman mathematics programs, by Professor W. L. 
Moore, University of Louisville. 

The speaker reported on his visits to the University of Chicago and Case Institute of Technol- 
ogy during a semester's leave of absence. A symposium on the freshman program by Professor 
Price of the University of Kansas was held at the Institute. Two programs suggested to Dr. Moore 
are to be tried at the University of Louisville in the fall semester. One of these, suggested by the 
Chicago staff, will give an introduction to the principles of mathematics and the other a course in 
calculus not requiring analytic geometry as a prerequisite. 


A. W. GoopMAN, Secretary 


THE APRIL MEETING OF THE MISSOURI SECTION 


The spring meeting of the Missouri Section of the Mathematical Associa- 
tion of America was held jointly with the Missouri Council of Teachers of Mathe- 
matics at Fontbonne College, St. Louis, Missouri, on April 21, 1956. Professor 
H. D. Brunk, Vice-Chairman of the Section, and Miss Frances Story, Chairman 
of the Missouri Council of Teachers of Mathematics, presided at two parallel 
morning sections. Professor Francis Regan, Chairman of the Section, presided 
at the afternoon session. There were 86 persons in attendance, including 42 
members of the Association. ' 

At the business meeting the following officers were elected for the coming 
year: Chairman, Professor R. J. Michel, Southeast Missouri State College; 
Vice-Chairman, Professor W. R. Utz, University of Missouri; Local Secretary- 
Treasurer, Professor C. H. Dalton, Southeast Missouri State College. Professor 
Margaret F. Willerding, Harris Teachers College, was re-elected Association 
Secretary for a period of another five years. 

The following papers were presented: 

1. A report of a conference between high school and college teachers of mathe- 
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matics and science, by Professor C. A. Johnson, University of Missouri, School 
of Mines and Metallurgy at Rolla. 


A joint panel discussion by college professors and high school teachers concerned three 
problems: (1) How can we induce more students to complete high school? (2) How can we revise 
or revitalize the present high school curriculum to make it suitable to progress in scientific areas 
such as engineering? (3) How can we secure the personnel to carry out the teaching of science and 
mathematics on the high school and college level, especially in view of the salary inducements 
provided by industry? 


2. College arithmetic for prospective teachers, by Professors Marie A. Moore 
and Jesse Osborn, Harris Teachers College, presented by Professor Moore. 


The results of Arithmetic Proficiency Tests given at Harris Teachers College have proven that 
many of the students are poorly equipped in arithmetic content. The need of more effort to 
strengthen these students in the content before they attempt courses in methods was emphasized. 
Permanent progress in teaching methods must begin with and must not lose contact with the 
experiences and judgments of successful teachers of all times. Such progress has been hindered by 
promoters of catch-words urging swings from one extreme position to another. 


3. The Boolean geometry of the integers, by Professor J. L. Zemmer, Univer- 
sity of Missouri. 


An abstract set S is called a Boolean space if there is a function d(x, y) defined on the set of 
pairs of elements of S with values in a Boolean algebra B and satisfying the usual requirements of a 
distance function, namely, (1) d(x, y) =d(y, x); (2) d(x, y)=0 if and only if x=y; (3) d(x, y) 
Cd(x, 2)\Jd(z, y). In this paper a distance function is defined on the ring of integers with values 
in a suitable Boolean algebra. Some of the geometric properties of this Boolean space are discussed. 
The main result is a description of the group of isometries. 


4. Analytical functionals and symbolic calculus, by Professor Maria Castel- 
lani, University of Kansas City. 


The speaker outlined the theory of Fantappie’s indicatrices and their basic concepts and ap- 
plications to the theory of analytical functionals and symbolic calculus. A special consideration 
was given to the use of these indicatrices in methods of solving partial differential equations. 


5. Recreational mathematics for use in the elementary classroom, by Mrs. 
Ruth H. Nies, Ladue School System, introduced by the Secretary. 


Recreational arithmetic makes use of entertaining materials which stimulate interest, create 
favorable attitudes, organize and review fundamental processes, and strengthen basic concepts. 
Classroom experiences have shown that recreational methods, properly used, result in improved 
achievement as evidenced on standardized tests and in practical application of problem solving. 
Students at all grade levels may benefit from a recreational approach, which is worthwhile for the 
average and remedial groups as well as for those in an enrichment program. The values of recrea- 
tional arithmetic in modern teaching should not be overlooked. 


6. What position for recreation in high school classrooms? by Mrs. Mattie 
B. Ryland, Higginsville High School, introduced by the Secretary. 


Adaptation of teaching methods to meet needs of the high school mathematics student may 
well include increase in the use of and variety of recreational mathematics. Material used must 
prove enjoyable to the student lest he consider the term a misnomer. Use provokes questions. 
Shall all be required to participate? Shall the purpose be motivation, a method used with expected 
regularity, a guard against loss of interest, or an insert between units? Careful selection of material 
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and consideration of these questions by the instructor will determine position in the individual 
classroom. 


7. Glimpses of mathematical recreations on the college campus, by Professor 
Margaret F. Willerding, Harris Teachers College. 


The speaker discussed two phases of recreational mathematics on the college campus. The 
first phase was an outline of an in-service course for teachers called “Recreational Mathematics for 
Use in the Elementary and Secondary Classroom”. The second phase was the use of recreational 
mathematics as a motivating factor in undergraduate courses of mathematics. Recreational 
mathematics was particularly stressed in teacher training courses. 


8. Mathematics in the liberal arts curriculum, by Professor A. E. Ross, Notre 
Dame University. (By invitation.) 

In the present lecture we propose what we feel to be a well rounded and effective program of 
training in mathematics for non-mathematical specialists. The proposed program begins with the 
study of the role of language as a means of communicating ideas, of the role of technical terminol- 
ogy and of the very basic type of mathematical experience leading to the study of the algebra of 
classes and the Boolean algebra. The program continues with the study of number theory, pro- 
jective geometry, real numbers, vectors, analytic geometry, and complex numbers. 

Some basic ideas of calculus are introduced at the conclusion of the course. Without minimizing 
the importance of the acquisition of manipulative skills of mathematics, one must realize that math- 
ematics achieves the standing of a liberal arts subject only if the teaching reaches beyond manipula- 
tion into the wealth of mathematical ideas and if it does not neglect to bring out the dynamic or 
creative side of the subject. 

MARGARET F.. WILLERDING, Secretary 


THE APRIL MEETING OF THE NEBRASKA SECTION 


The thirty-second annual meeting of the Nebraska Section of the Mathe- 
matical Association of America was held at the University of Nebraska in Lin- 
coln, Nebraska, on April 21, 1956. Professor L. K. Jackson of the University of 
Nebraska presided. 

Thirty-eight persons attended the meeting. Of these, twenty-two were mem- 
bers of the Association. 

At the business meeting, the following officers were elected for the coming 
year: Chairman, Professor J. M. Earl, University of Omaha; Vice-Chairman, 
Professor L. K. Jackson, University of Nebraska; Secretary-Treasurer, Profes- 
sor H. M. Cox, University of Nebraska. 

The following papers were presented: 

1. Infinite exponentials, by Mr. D. W. Miller, University of Nebraska. 

By analogy with infinite series and infinite products, we define infinite exponentials in the 
following manner. Suppose given a countably infinite sequence a1, de, a3, - + + of non-negative real 
numbers. For real numbers a and 3, with a, b not both zero, we denote a? by [a, b]. Now define the 
sequence X1, Xo, X3,°°° by 

Xn = [a1, [ae, [as, +++, [@n-t, nj] -- = |, nm =1,2,3,--°-., 
Then [a1, [a2, [as, [ -+-+ is called an infinite exponential written Xj, If lim X,=E< ©, we 
say that the exponential converges to E, otherwise we say that the exponential diverges. Certain 
special classes of infinite exponentials are considered, and questions of convergence and divergence 
are discussed. 
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2. About the arithmetic and geometric mean, by Professor Arne Magnus, Uni- 
versity of Nebraska, introduced by the Secretary. 


Various arithmetic and geometric proofs of the inequality between the arithmetic and geo- 
metric means and related inequalities were presented. 


3. A locus on the sphere, by Professor O. C. Collins, University of Nebraska, 
introduced by the Secretary. 

Ina circle, a chord TPT’, perpendicular to the radius through O, subtends a central angle 2K. 
A sphere touches the plane of the circle at O. S and S’ are those points on the sphere which are 
nearest to T and J”. In the plane of the circle lies an ellipse, which has for its major axis that 
diameter of the circle which passes through O, and for the value of its eccentricity the sine of one 
half of the arc SS’ of the sphere. A point P, on the sphere, is determined so that the foot of a per- 
pendicular let fall from it onto the plane of the circle lies on the ellipse. It is proved that in the 
spherical triangle SPS’ the angle at P is equal to K. 


4. New mathematics courses for freshmen and sophomores, by Professor G. B. 
Price, University of Kansas. (By invitation). 

5. Lattice of divisibility and multiplication of the natural numbers, by Profes- 
sor H. B. Ribeiro, University of Nebraska. 

6. Functions defined by integrals, by Professor W. G. Leavitt, University 
of Nebraska. 

The method of defining a function by means of an integral is illustrated in a simple way by 


considering such a definition for log x. Many of the properties of the logarithm can then be derived 
by using elementary properties of integrals. 


7. Quasi-convex subsets of finite projectwe geometries, by Dr. E. J. Schweppe, 
University of Nebraska. 

A set Q of points in a projective space is called quasi-convex if at least one of the points C, D 
is in Q whenever C and D are separated harmonically by points A and B in Q. It is easily shown 
that the pointwise complement of a quasi-convex set is also quasi-convex. Using this result it is 
shown that, in a projective geometry which contains only a finite number of points, all quasi- 
convex subsets are almost trivial and those which do exist are then described explicitly. 


8. The decline and fall of the general solution empire, by Mr. H. W. Becker, 
Radio Engineering Institute, Omaha, Nebraska. 

Since only a few of the simplest problems of Diophantine analysis can have a general solution 
in polynomials, a more realistic program must be set up. A problem is solved through x if all solu- 
tions T(m) in integers equal to or less than m are tabulated. Let the number of solutions covered by 
a particular algebraic formula, and all such formulas known, be A’(m) and A(n) respectively. Then 
(adapting an idea from Dickson’s History II, xx) the virility of the particular formula is V’(m) 
=A'(n)/T(n), or V(n) =A(n)/T(n). In most problems of plane and solid arithmogeometry, the 
virility of algebra is a small percent. 


EpwWIN HALFAR, Secretary 


THE MAY MEETING OF THE ILLINOIS SECTION 


The thirty-fifth annual meeting of the Illinois Section of the Mathematical 
Association of America was held at Eastern Illinois State College, Charleston, 
Illinois, on May 11 and 12, 1956. Dean Hugh Beveridge, Chairman of the Sec- 
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tion, presided at all sessions. 

There were 63 persons in attendance, including 43 members of the Associa- 
tion. 

At the business meeting on Friday afternoon the following officerswere elected 
to serve for the coming year: Chairman, Professor F. E. Hohn, University of 
Illinois; Vice-Chairman, Professor C. T. McCormick, Illinois State Normal 
University; Secretary-Treasurer, Professor A. W. McGaughey, Bradley Uni- 
versity. Professor Arnold Wendt reported on the work of the Committee on 
Contests and Awards stating that about 1000 more high school students partici- 
pated this year than a year ago. Professor L. A. Ringenberg reported that the 
Committee on the Strengthening of the Teaching of Mathematics in conjunc- 
tion with a committee representing the IJlinois Council of Teachers of Mathe- 
matics were working cooperatively with the State Office of Public Instruction 
in arranging for correspondence work in higher mathematics in the smaller 
schools. Among other things, they were making it easier to publish articles on 
the teaching of mathematics in elementary and secondary schools. 

The following program was presented: 

1. Three problems, by Professor A. W. McGaughey, Bradley University. 

This paper presented three problems leading to the same two pairs of algebraic equations in 
two unknowns. Four pairs of solutions were obtained, one pair being positive integers, another pair 
being rational but non-integers and the other two pairs being complex numbers. It pointed out that 
the positive integers were the only solution for one problem, the rational pair could be used also 
for the second problem. It then showed how the complex numbers could be interpreted as real solu- 
tions for the third problem. 


2. Preface to undergraduate research, by Miss Rose Lariviere, University of 
Illinois, Navy Pier. 
Some important features of the training required by the immature research worker were dis- 


cussed, and group projects for elementary college classes, intended to increase confidence and to 
improve mathematical style, were described, 


3. Differentials, by Professor M. E. Munroe, University of Illinois, intro- 
duced by the Secretary. 


A valuable part of calculus, the algebra of differentials, is usually presented as suggestive only 
and scrupulously avoided in rigorous treatments. Development of calculus is strengthened by in- 
troducing the theory of differentiable manifolds in a suitably specialized, concrete form. Even this 
theory is enhanced by using the differential in the definition of the integral. Replace the usual 
differences x;—x;-1 by values of the operator dx on segments of the tangent line. When this is 
properly done, a rigorous proof of the substitution formula becomes trivial. A similar treatment of 
multiple integrals makes obvious the Jacobian formula for change of variable. 


4. Scientists and the secondary schools, by Dr. J. R. Mayor, Director, Science 
Teaching Improvement Program, American Association for Advancement of 
Science. 

Professional scientific organizations are now more deeply concerned about science and mathe- 


matics education in the secondary schools than at any other time in this century. Scientists recog- 
nize that they have a responsibility for the improvement of secondary-school teaching which has 
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not been adequately met. Throughout the nation there is evidence of new interest in teacher 
education and of a desire on the part of college and university staff members in academic depart- 
ments to cooperate with secondary-school teachers and administrators in improving secondary- 
school programs. If this interest and spirit of cooperation can be properly coordinated and fostered, 
desirable modification of some goals and trends in secondary education that have been questioned 
by scientists could result. 


5. Gunderson-Hoffman semi-groups, by Mr. Gayne Gunderson and Mr. D. K. 
Hoffman, presented by Professor Gertrude Hendrix, Eastern Illinois State 
College. 

Gunderson and Hoffman have found that the “set of eight numbers” reported by Porges 
(this MONTHLY, vol. 52, 1945, pp. 379-382) exists not because of peculiar properties of those eight 
natural numbers, but because of the base-ten notation in which they are symbolized. Using Porges’ 
operator on numbers written to other bases reveals a large family of semi-groups, probably infinite. 
In their paper, Groupoids determined by summing squares of digits of a natural number written to an 
arbitrary base, theorems are proved establishing that exhaustive results for each base can be ob- 
tained by considering only numbers less than the square of the base. Two theorems predicting 
elements of two semi-groups for each odd base also are proved. 

Further investigation takes two directions: (1) search for further relations by which elements 
of semi-groups for a given base can be predicted; (2) consideration of semi-groups which may 
appear when higher powers of the digits are summed. 


6. Mathematics clubs in Illinots, by Professor D. R. Bey, Illinois State 
Normal University. 

The present status of mathematics clubs is important because it reflects educational philoso- 
phy. At the time of the state-wide study during the school year 1954-1955 about one secondary 
school in ten had an active club in mathematics; indications were that the number of mathematics 
clubs was decreasing. In schools where clubs were in existence, teachers placed a higher evaluation 
on their contributions to the mathematics program than did the teachers in schools without clubs. 
There is a need for a state association of mathematics clubs in order to establish a unified policy, 
strengthen the programs of individual clubs, and encourage the formation of new clubs. 


7. A mathematical introduction to logic circuits, by Professor F. E. Hohn, 
University of Illinois. 


This paper outlines those aspects of propositional logic which can be represented by electronic 
circuits and shows how logical diagrams for these circuits may be developed. 


A. W. McGAuGHEY, Secretary 


THE MAY MEETING OF THE MINNESOTA SECTION 


The May meeting of the Minnesota Section was held in conjunction with the 
annual meeting of the Minnesota Academy of Science at Augsburg College in 
Minneapolis on May 5, 1956. There were 64 persons attending the meeting 
including 54 members of the Association. 

Professor George Soberg of Augsburg College presided at the morning 
session and Professor E. J. Camp of Macalester College, the retiring Chairman 
of the Section, presided at the afternoon session. 

At the business meeting, the following officers were elected to serve during 
the coming year: Chairman: Professor Walter Fleming, Mankato State Teachers 
College; Secretary-Treasurer: Professor F. C. Smith, College of St. Thomas; 
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Executive Committee: Professor E. J. Camp of Macalester College, Professor 
W. B. Fulks, University of Minnesota, and Professor F. L. Wolf, Carleton Col- 
lege. 

By invitation of the Executive Committee, Professor W. L. Hart of the 
University of Minnesota delivered an address entitled “Certain Iterative 
Gradient Methods for the Solution of Systems of Equations.” The abstract of 
this address follows: 


With x= (m1, %2, °° +, X,) in real n-space, f(x) real valued, and x a given point, the author 
first described the well-known vector correction Ax in the path of steepest descent to obtain 
x) =~) +Ax as a next approximation to a solution of f(x) =0. Then, the paper discussed two 
methods for obtaining a sequence {x)} converging to a solution of a system f(x) =0, f=(fi,° °°, 
fr), where gradient corrections are involved, as follows. (a) The sequential projection method (due 
toS. Kaczmarz for linear systems and to C. B. Tompkins for general systems). (b) The composite 
Newton-Raphson gradient method (due to W. L. Hart and T. S. Motzkin) which reduces, for linear 
systems, to a special case of a method for the linear case due to M. R. Hestenes and M. L. Stein. 
The method of proof for convergence of {x(™} in (b) was outlined. 


The following short papers were presented: 
1. A measurable mapping from one circle into another, by Professor Hidehiko 
Yamabe, University of Minnesota. 


Let C denote the circle group, i.e., the real numbers mod 1. We can define a mapping of C into 
itself associated with an integer m which maps x into mx. Then, for any two given circles, say C; 
and Cs, does there exist a measurable mapping f so that f(mx) =n(fx) holds for almost all x on C,? 
For the case m2n, there exists such a mapping f with meas (f(x), xE@C,) =1. The author proposes 
a conjecture that when m<n, meas (f(x), xECi) =0 if such a mapping f exists. 


2. Anapplication of mapping, by Mrs. Hildegarde Howden, St. Olaf College. 


Proposed: To show that the laws of the 12-tone technique of musical composition form a group 
by satisfying the following conditions: (1) The identity case 0 belongs to the set T of transforma- 
tions; (2) If R (In, RIn) belongs to T, then its inverse R“!(In—!, (RIn)~) does; (3) If R and In 
(or Rand RIn, In and RIn) belong to T, then the composite RJn does. In general, composition of 
mappings is not commutative; however, the transformations in the 12-tone technique of musical 
composition are commutative, 1.e., RIn=InR. 


3. Some elementary aspects of linear programming, by Mr. J. S. Hill, Actuary, 
Minnesota Mutual Life Insurance Company, St. Paul, Minnesota. 


The most popular text on the subject is by Charnes, Cooper and Henderson, and it was pre- 
pared from materials developed in a research seminar at the Carnegie Institute of Technology. 
The “simplex method” of computation is credited to G. B. Dantzig of the Rand Corporation. The 
subject has sparked the interest of economists, engineers, statisticians, mathematicians, and per- 
sons associated with business and industry. 

The theory rests on the proposition that within an n-dimensional space there can be con- 
structed a convex polyhedral cone whose boundaries are determined by the limitations which are 
basic to the problem. It is then possible to proceed from point to point in a manner such that the 
distance from the origin (z.e., the value of a linear functional) is never decreased. Thus by a 
methodical process, a maximum value of the functional is obtained. The process consists of setting 
up a matrix or “simplex tableau” and using specific rules and formulae to transform the matrix by 
successive steps. At each step a simple test is applied to see if the maximum has been reached. 

The types of problems to which the technique has been applied are machine productivities 
and capacities, optimum storage, shipment and distribution of goods, minimizing set-up times in 
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machine shop operations, and optimal labor allocation. Military combat and logistics problems, 
personnel selection, procurement, transportation, and Leontif-type problems are also actively being 
explored with this technique. The author hopes to experiment in certain life insurance management 
problems. As in all areas of applied mathematics, the highest order of skill is required in setting 
up the problem, developing reliable functions for the variables and in making a valid interpretation 
of the result. 


4. A panel discussion on the state commutiee for evaluation of secondary mathe- 
matics, by Professor D. A. Johnson, University of Minnesota, Mr. Clarence 
Olander, St. Louis Park High School, and Professor F. L. Wolf, Carleton Col- 
lege. 


The panel discussed the efforts of a state committee to develop methods and procedures for 
studying and improving the mathematics program in the secondary schools of Minnesota. The 
panel presented the suggested methods which the committee has developed to date and asked the 


audience for comments and criticisms to guide the committee in its future work. 


F. C. Smitu, Secretary 


CALENDAR OF FUTURE MEETINGS 
Fortieth Annual Meeting, University of Rochester, Rochester, New York, 


December 29, 1956. 


Thirty-eighth Summer Meeting, Pennsylvania State University, University 


Park, Pennsylvania, August 26-27, 1957. 


The following is a list of the Sections of the Association with dates of future 
meetings so far as they have been reported to the Associate Secretary. 


ALLEGHENY MOovunrtTAIN, Westinghouse Re- 
search Laboratories, Pittsburgh, Pennsyl- 
vania, Spring, 1957. 

ILLINOIS, Illinois State Normal University, 
Normal, May 10-11, 1957. 

INDIANA 

Iowa, Iowa State Teachers College, Cedar 
Falls, April 26-27, 1957. 

KANSAS 

KENTUCKY, Berea College, Berea, April, 1957. 

LOUISIANA-MISSISSIPPI, Buena Vista Hotel, Bi- 
loxi, Mississippi, February 15-16, 1957. 

MARYLAND-DISTRICT OF COLUMBIA-VIRGINIA, 
College of William and Mary, Williams- 
burg, Virginia, December 1, 1956. 

METROPOLITAN NEW YORK 

Micu1GAN, Wayne University, Detroit, March 
23, 1957. 

MINNESOTA, Concordia College, 
October 6, 1956. 

Missour1, Southeast Missouri State College, 
Cape Girardeau, Spring, 1957. 

NEBRASKA, University of Nebraska, Lincoln, 
April 27, 1957. 


Moorhead, 


NORTHEASTERN, University of Connecticut, 
Storrs, November 24, 1956. 

NORTHERN CALIFORNIA, University of Cali- 
fornia, Berkeley, January 12, 1957. 

OHIO 

OKLAHOMA, Oklahoma City University, Oc- 
tober 26, 1956. 

PaciFic NORTHWEST, Oregon State College, 
Corvallis, June, 1957. 

PHILADELPHIA, Muhlenberg College, Allentown, 
Pa., November 24, 1956. 

Rocky Mountain, Colorado School of Mines, 
Golden, Spring, 1957. 

SOUTHEASTERN, Emory University, Emory 
University, Georgia, March 15-16, 1957. 

SOUTHERN CALIFORNIA, San Diego State Col- 
lege, Spring, 1957. 

SOUTHWESTERN, University of Arizona, Tucson, 
April, 1957. 

TEXAS, University of Houston, Houston, April, 
1957. 

UprerR NEw York STATE, Skidmore College, 
Saratoga Springs, May 4, 1957. 

WIsconsIN, Wisconsin State College, White- 
water, May, 1957. 


HOMOLOGICAL ALGEBRA 


By Henri Cartan & Samuel Eilenberg 


During the last decade the methods of algebraic topology have invaded 
the domain of pure algebra and initiated a number of internal revolutions. 
This book presents a unified account of these developments and lays the 
foundation of a full-fledged theory. 


Princeton Mathematical Series, #19. 416 pages. $7.50 


INTRODUCTION TO MATHEMATICAL 
LOGIC (Vol. I) 


By Alonzo Church 
The long-awaited basic treatise on mathematical logic, which begins on 
an elementary level suitable for students and progresses rapidly to more 
advanced results. Princeton Mathematical Series, 4417. 400 pages. $7.50 
Order from 


PRINCETON UNIVERSITY PRESS 


Princeton, New Jersey 


NEW REPRINT 


Now Available 


American Mathematical Monthly 


Volumes 1-20, 1894-1913 


Cloth bound set $275.00 
Paper bound set 245.00 
Volumes 1-9, paper bound $15.00 each 
Volumes 10-20, paper bound 10.00 each 


This reprint is being undertaken with the permission of the Mathematical 
Association of America. Please address orders and inquiries to 


JOHNSON REPRINT CORPORATION 
125 East 23 Street 
New York 10, New York 


APPLIED MATHEMATICIAN 
to $11,500 


in this stimulating 
Missile Test Project 


You will be challenged by the re- 
search and theoretical studies in- 
volved in acquiring data from high 
velocity missiles being fired over the 
world’s longest test range. Ph.D. de- 
gree plus several years’ experience in 
work related to above, required. 


Join a scientific team at 
top level in this unprece- 
dented work with one of 
the nation’s largest cor- 
porations. Ideal lving 
and working conditions 
on Florida’s Central 
East Coast. 


TO ARRANGE CONFIDENTIAL INTERVIEW 


Send resume to Mr. H. C. Laur, Dept. N-I1H 
Missile Test Project 
PO Box 1226 
Melbourne, Florida 


APPLIED MATHEMATICIANS 


The Jet Propulsion Laboratory is working on many challenging 
problems relating to all phases of jet propulsion, aerodynamics 
and missile control. This work is supported by modern computer 
facilities together with excellent staff accommodations. 

The Laboratory is a continuing operation devoted to scientific 
research and development offering many opportunities for in- 
creasing responsibilities with its expanding activity. 

In our Machine Computing Group we now have several such 
opportunities open for Master’s-degree applied mathematicians 
for the mathematical analysis of advanced engineering problems. 
Machine computing experience is helpful but not essential. 

If you are interested in such work, in pleasant surroundings, 
please send us your qualifications immediately. 


JET PROPULSION LABORATORY 


A DIVISION OF CALIFORNIA INSTITUTE OF TECHNOLOGY 
PASADENA, CALIFORNIA 


The First in a Series of Announcements 
on Progressive Expansion of Program 
and Facilities in Mathematics at the 
Knolls Atomic Power Laboratory: 


GENERAL ELECTRIC’S 


KNOLLS ATOMIC POWER LABORATORY 


CONSTRUCTION OF A MODERN 
CENTER FOR MATHEMATICS 


Because we believe that theory is our most powerful weapon in dealing 
with reality, we are expanding our Mathematical Analysis Program. 
One of the first elements in this expansion is the creation of a new and 
modern building for mathematicians and physicists, which will be the 
center of the Laboratory’s efforts to meet by theoretical means the 
challenges of the nuclear energy field. 


We are seeking men with strong mathematical training at all degree 
levels to participate in this expanding Numerical Analysis Program — 
a program growing not only in staff, equipment, and facilities, but also 
in concept and function. They will work in close association with our 
theoretical and experimental physicists. There are openings in each of 
the following fields: 


RESEARCH IN MATHEMATICAL TECHNIQUES 

Numerical solution of the diffusion equation for complicated geometrical arrays 
taxes even the most powerful electronic computers. Fundamental work in iterative 
techniques must be carried out. 

FORMULATION AND EVALUATION OF THEORIES 

Due to the nature of pnystcal situations now being encountered, the rough ap- 
proximations which were formerly adequate must now be improved. The ultimate 
test of such improvement is comparison with experiment. 

APPLICATIONS TO REACTOR PROBLEMS 

A broad program of computational tools for reactor design must be effected incor- 
porating the best available techniques. Strong interests in computation and in 
machine properties are indicated. The program at Knolls offers the atmosphere, 
the equipment, the richness of subject matter and the material benefits conducive 
to a satisfying career in applications of mathematics. 


A LETTER TO DR. S.R. ACKER, EXPRESSING YOUR INTEREST, 
WILL RECEIVE IMMEDIATE ATTENTION. 


oe Knolle Alomie Power Laborilory 
ELECTRIC 


SCHENECTADY, N.Y. 


MATHEMATICIANS 


For Analysis Group of expanding research and 
development laboratory. Principal fields of 
interest are: weapons systems analysis, 
peacetime applications of atomic energy, and 
operations research. Several openings are 
available. 


1 To carry out studies in OPERATIONS RESEARCH. 
Familiarity with probability theory, linear 
programming, game theory, information theory, 
optimization procedures, and other OR 
techniques very desirable. 


2 To perform operational analyses requiring extensive 
background in aerodynamics and exterior ballistics. May also 
investigate problems dealing with missile fire control 
and navigational systems, Familiarity with 
digital computer programming desirable. 


3 To conduct investigations in the fields of electromagnetic 
theory, acoustics, thermal and radiation effects. 


These openings require men with vision and initiative. Our 
modern laboratory provides a professional working atmosphere 
and the location in a quiet suburban area provides 

pleasant living and working with easy access to the cultural 
and educational facilities of New York City. 


All inquiries in confidence. Please send resume, 
including salary desired, to Personnel Manager. 


VITRO LABORATORIES 


Division of Vitro Corp. of America 


200 Pleasant Valley Way 
West Orange, New Jersey 


Engineers ° Mathematicians ° Physicists 


TRANSLATE ADVANCED ENGINEERING 
INTO MATHEMATICAL TERMS 


Professional engineers and scientists with a strong interest in digital applica- 
tions are needed at GE’s expanding Aircraft Nuclear Propulsion Department. 
Advanced engineering or scientific knowledge is necessary, as well as the ability 
to analyze engineering problems. While computer experience is desirable, it is 
not essential. 


Specifically, the men who undertake this work must be able to take a physical 
problem and translate it into mathematical terms suitable for digital pro- 
gramming analysis and solution. 


Some of the most extensive and modern computer facilities in industry are at 
your service at GE’s Cincinnati plant. You may also do graduate work in 
your field under GE’s re-imbursed tuition plan. And the city itself, one of the 
country’s well-known cultural centers, is a fine place to live. 


Please write full details in confidence, including salary requirements to: 


MR. J. R. ROSSELOT 
Aircraft Nuclear Propulsion Dept. 


GENERAL @ ELECTRIC 


Cincinnati 15, Ohio 


OUTSTANDING MATHEMATICS TEXTS 


Analytic Geometry and Calculus 
W. R. Longley, P. F. Smith, W. A. Wilson 


Combines two subjects to meet needs of science and engineering students, 
with integration introduced early. Many worked-out examples; chapter 
on differential equations. 


Elements of Calculus 


W. A. Granville, P. F. Smith, W. R. Longley 


Gives applications of differential and integral calculus early, after de- GINN AND 
veloping formulas, to aid physics and engineering students. Graded 


problems; clear presentation. C 0 Mi PANY 


Elements of the Differential and Integral Calculus, Sales Offices: 


Revised Edition—Granville, Smith, Longley New York 11 
This well-known, standard text teaches differentiation and integration Chicago 6 


separately. 


Atlanta 3 


Dallas 1 
Advanced Calculus —A. E. Taylor Columbus 16 


Stresses understanding of concepts and basic principles of analysis— San Francisco 3 
properties of the real number system which support the theory of limits 
and continuity. Toronto 7 


ee , Home Office: 
Please Ask for Descriptive Circulars Boston 


Did you know— 


that FUNDAMENTALS OF 
COLLEGE MATHEMATICS 

by Johnson, McCoy & 
O'Neill 


—one of the first and bes! 
of the unified, rigorous pre- 
sentations of basic mathe- 
matical concepts——is now 
available at $5.00? 


RINEHART 


& COMPANY, INC. 
232 Madison Ave., New York 16 


Worth Your Attention 


The nw ENGINEERING 
MATHEMATIC S dy Kenneth S. 


M aller NEW YORK UNIVERSITY 


This modern, thorough treatment of differential equations, network 
theory and random functions provides the mathematics needed for 
today’s engineering research and development projects. Much 
material not heretofore found in texts on this subject is included, 
as, for instance, the Frobenius method, the Hermite, Laguerre and 
Tchebycheff functions, Green’s function, and Weiner-Khintchine 
relations. 


Copies will be available in October. Is your name on our waiting 


list to receive a text examination copy on publication? 


The new CALCULUS 
by Jack R. Britton 


UNIVERSITY OF COLORADO 


Based on years of careful planning, class- 
testing and teaching experience, and 
written by an author whose other mathe- 
matics texts are known for their clarity 
and thorough teaching of fundamentals, 
this new unified treatment of differential 
and integral calculus is outstandingly well 
organized, easy-to-understand, and at the 
same time mathematically rigorous. Con- 
tains hundreds of well-graded exercises, 
including interesting problems of a 
theoretical nature and review questions de- 
signed to develop the student’s critical and 
analytical faculties, 


Over 1200 teachers have already re- 
quested copies for text consideration. If 
you are not among them, send now for 
your examination copy of this outstand- 
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ELEMENTARY INTEGRALS 
D. H. POTTS, Navy Electronics Laboratory, San Diego 


1. Introduction. This paper is concerned with the following problem: What 
are the conditions that an elementary function possess an elementary indefinite 
integral? This question was first successfully treated by J. Liouville in a series 
of papers which appeared between 1833 and 1840. The work of Liouville and 
subsequent investigators is presented in Ritt’s monograph [1]. Although the 
problem is one which arises very naturally in the first course in calculus, its 
solution, as presented in Ritt [1], requires mathematical techniques of a con- 
siderably more advanced level. It is the purpose of this paper to show that a 
more elementary treatment is possible if one uses a more restrictive definition 
of elementary function. 

2. Elementary functions. In the calculus an elementary function is one which 
can be constructed out of the variable x by repeated use of: (a) algebraic opera- 
tions, (b) the taking of exponentials, (c) the taking of logarithms. To make 
“algebraic operation” more explicit we recall the notion of algebraic function. 
One says that y is an algebraic function of x if it is defined by an irreducible 
relation ~ 


doy” + ary” + +++ + dn = 0 


where do, @1, °° * » @n are polynomials in x, and dy is not identically zero. 

It is immediately clear from this definition why one must use more advanced 
techniques of analysis in treating the problem under consideration. For the 
algebraic functions are, in general, multiple-valued, and one is naturally led to 
consideration of branch points, Riemann surfaces, and related topics in theory 
of functions of a complex variable. 

It is also clear that one may avoid this complication if one is willing to re- 
strict the nature of “elementary function” as regards “algebraic operation”, if 
one requires that y be elementary in x only if one has an explicit relationship 
y =f(x) in which the operator f is constructed from the three basic types, v7z. 
algebraic, exponential, logarithmic. In this case one means by an algebraic 
operation one which involves only the extracting of root in addition to the usual 
rational operations. However, one may even dispense with extraction of root, 
since such an operation can be replaced by a combination of rational, ex- 
ponential, and logarithmic operations, 7.e., 


xlin — e (lin) log e 


Henceforth, we shall consider “elementary function” as being understood in this 
narrower sense. 
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3. The construction of an elementary function. In order to state more ex- 
plicitly the way in which an elementary function is constructable we shall em- 
ploy Ostrowski’s method of field extensions (see Ritt, p. 42). This device offers 
us a two-fold advantage: (i) it is simpler than the structure given by Ritt 
({1], p. 10-11); (ii) one can carry out the theory for a “generalized” concept of 
elementary function with no additional difficulty. 

At the core of this method is the concept of a differential field, z.e., a class 
of functions which form an algebraic field and is closed with respect to the 
operation of differentiation. To be more specific, we shall say that a class § 
of real valued functions of a real variable, each of which is piecewise differ- 
entiable on a common finite interval J, is a differential field provided that 

(i) § contains all the constant functions 

(li) a, BEFS—at+B, a BEF 

(ili) aC Fa’ CF 

(iv) a€S5=—1/aEF unless a=0 on I. 

We note that (iii), (iv) imply that the zeros of any non-constant member of F 
are isolated. 

We now introduce the concept of field extension. If ¥ is a differential field and 
6 is a piecewise differentiable function not in §, then the class of rational func- 
tions of @ with coefficients in § is a field. If it is also a differential field, then we 
call this field a stmple extension of § and denote it (6). 

We generalize the last. F(61, - - -,4n) isa simple extension of 5(61, - > - ,On-1). 
We call $(6:, - - - , @.) an extension of §. 

It is clear now how one may describe a structure for a given elementary 
function. One starts from the field of rational functions of x and makes the 
necessary extensions in each case by adjoining the appropriate exponential or 
logarithm. For example, suppose that 


a(x) = e* + log («+ e?). 
If is the field of rational functions of x then 
a € §(e*, log (x + e*)). 


4. Theorems on differential fields. In the following we shall assume that 
¥ is a given differential field. Identities will be understood to be identities on 
the interval J on which the functions of the field are defined. 


THEOREM 1. 
(i) 6g 
(ii) a a 


= = --- 8, = 0. 
(iii) By -+ + Ba EF POS Pe B 


(iv) 60" + Bor 4+---+ 6, =0 
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Proof. lf false, then we can assume 8)#0 and that 2 is minimal. We can 
then rewrite the equation of (iv) in the form 
a" + 7:0") + os +n = 0 


where 


Differentiating, we get 
(n6! + yi )0"-! + [y(n — 190 + yf Joe? +--+ tee = 0. 


All coefficients must vanish; otherwise 2 is not minimal. Thus 26’ = —y{. There- 
fore, 28 =c—vy1. But this contradicts (i). 


THEOREM 2. 
(i) as 
(Gi) e9*G¢S5,p=1,2,---,n 
(iii) Bo +++, Bm EF, wherem <n POS Br = 00° = Bm = 0. 


(iv) BoA" + 6:0" + +++ + Bm = 0, whered = e 
Proof. Suppose By) #0. Then, letting y;=8:/ByoCGS, we have 


(A) Om + y971 4+ os tn = 0. 
Differentiating, we get 
(B) mold™ + [yt + (m — 1)a'yi Jom +--+ + yl = 0. 


For any fixed value of x, the m values of 6 determined by (A) also satisfy (B). 
Thus the left-hand sides of these equations must be equivalent as polynomials 
in 6. Hence ma’y,=yi +(m—1)e'n, me'y2=Y¥2+(m—2)a'yo, +++, Mam =m: 
If 8.40, then ka’ =y;/yx. And so ka=c+log lve | « Thus e&=ay,€§. This con- 
tradicts (ii). 


THEOREM 3. 
(i) ae*eSg 
ii) ecage F p=1,2,---,n—1 
GY £5, p => There exist ya, °° * 5 Yn—1, Not all zero, 
(iii) , Bo, me fy Bn—1 S J 
. CS such that 
(iv) = e 


[Son] [Ew ]es 


k=xQ k=0 
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Proof. 
n—1 n—1 2n—-2 k 
| Sav] | Sot] = Sod bn 
k==0 k=0 k=0 j=0 
n—1 k 2n—2 k 
= D0 D1 Beit Dy O* Dy Basi 
k=O  j=0 k=n j=0 
n—1 k n—1 
= Do Dd Be-iv3 +O" DO Purn-ini|. 
k=0 j=0 jak+1 
If this product is to be in §, then, by Theorem 2, 
k n—1 
Ds Busi + 0" D7 Brin-svi = 0 
j=0 j=k+1 
for k=1,2,---,n-—1. 
Now suppose that 8,, is the last member of Bo, - - + , Bx-1 which is not identi- 
cal to zero. Each y; except Yn-m occurs in at least one equation with the co- 
efficient 8,,. For if k-—j=m, then 7=k—m has values 0, 1, 2,---,2—1-+m, 


while if kR+n—j=m, then 7=k+n—m has values n—m+1, n—m+2,---, 
n—1. The coefficients of Yn-m are obtained from j=n—m. Thus k—j=k+m—n 


and k+n—j=k—m. And so the following 6’s multiply yn—m: Bo, Bi, *- + * , Bn—1—-m) 
Bm—1, Bm~2, * * * » Bo. We can assume one of these is not zero, for if all were, then 
the result of the theorem would obviously hold. 

We thus have a system of »—1 equations in ~ unknowns Yo, - +: , Yn—-1. If 


the rank of the matrix of this system is »—r, we may transpose ¢ of the y’s 
leaving a non-vanishing coefficient determinant on the left. We can easily choose 
the y’s on the right so that not all right-hand terms are zero. We then solve for 
the remaining y’s. 


THEOREM 4. 
(i) a, e"* CF 
(ii) eG 5, p=1,2,---,n—1 
city) Bo, Buy ° . 1 Bm EF => P(w6) = 0. 
(iv) P(0) = >> 6.6" = 0, where 0 = e* 
k=0 
(v) ww = I 
Proof. Let [m/n|=r. Then 
m n—1 2n—1 ™m 
P(6) = 27 BO” = D7 BO” + DY BB+ +++ + DD BB" 
k=0 25 k=O k=n k=rn 
n—1 


= D> [Be + O°Bern +++ +O Breen lO” = 0. 


k=0 
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By Theorem 2, By, +0"Brant °° ° +6°"Brren=0, R=1, 2,---°,n—1. Since these 
last equations are unchanged by the substitution of w6 for 6, it follows that 
P(w0) =0. 


THEOREM 5. 
(i) ac § 
(ii) 6=e*¢s , 
ves => B’ CES. 
(iii) BE $6) 
(iv) BES 
Proof. Case 1. If e *E5, p=1, 2, ---, then it follows from Theorem 2 that 
B can be written uniquely in the form 
Q(6, x) 
= P(0, x 
B (0, *) + RO, w) 


where P, Q, R are polynomials in @ with coefficients in F, the degree of Q being 
less than that of R and (Q, R) =1, 2.e., no common factor in §(6). 
Differentiating, we have 


RQ: — R; '(R — R 
bY = Pat Pytal + O27 ORs F Gal ROo = OR) 


R? 
If B’ES, it follows from Theorem 2 that P,+Péa’ EF. Thus, if 
P= » px0*, 
k=n0 

then 

D, Lex +2kpuc’]o* € F. 

k=O 
Using Theorem 2 we have py +nprae’=0. And so na’ = —pi /pn, giving na= 


c—log |p,|. Thus e**E§; therefore n =0. 
We now have 


R*(p’ — Pz) = RQz — ORz + Oa'(ROe — ORs). 


As polynomials in 6, the degree on the left is greater than that on the right. In 
view of Theorem 2, this is impossible. 

Case 2. If e*GF, p=1, 2,---, n—1, but e**€F, then, by Theorem 3, 
every quotient of polynomials in 6 of degree less than 2 can be written as a 
product of such polynomials and hence eventually as a polynomial in 6 of 
degree less than m. Thus we may write 


B = BO" + By_10*-! + --- + Bo where k < n. 
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Differentiating, we get 
B’ = (Bz + ko’Bx)O* +--+ + Be. 


If B’ES, then, by Theorem 2, 8 +ka’B, =0. This leads to e**=a/8,E5, which 
contradicts our assumption. 


THEOREM 6. 
(i) ac F 
(ii) 6=log jal EF _ There exists y © ¥ and a constant ¢ such that 
(iii) BES but BESO) B=y+ clog | al. 
(iv) BES 


Proof. From Theorem 1 we see that 6 has a unique representation in the 
form B=P+Q/R where P, Q, R are polynomials in @ with coefficients in §, 
(Q, R) =1, and the degree of Q is less than that of R. Differentiating, we get 


y -RQ2— ORs + — (RQs — QRe) 
Bl = Ppt Py fp CS. 
a R? 


It follows from Theorem 1 that P,+(a’/a)PsCs. Thus, if P=pn0"+ --- + 0, 
then 


, , a! , 
pO” + Pn-1 + NPn —— Ort ee ee Po c §. 
a 


And so 


/ / / 


, , a , a , a 
Pn = Pn—1 + Pn — = pa-2at (nm — 1)pa-1 — = +++ = pi t 2p2— = 0. 
oA a oA 


Since px =0, pn is a constant. But then pr1=¢—npa log a. Therefore, pr=0. 
And so pa_1 1S constant. Continuing in this way, we see that pn=Pn1= °** =pe 
=( and p; is a constant. Thus 


a’ 
RQz — ORz + — (RQs — QRe) 
a4 
a” R? 
Réarranging, we get 


(s" _ n= — pt) R?= RQ; — OR. +— (RQ — QR) 


which, by Theorem 1, is possible only if the degree of R is zero. Thus B= 
potp: log | a| , where po€& and p is constant. 
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THEOREM 7. 
(i) ac §F 
(ii) f a EC F(O1,°-+ , On) There exist Bo, +++ , Ba € F and constants 

= 
see . ok . C1,° °° , Cn, such that 
(iii) each 0; 1s either an exponential 
or a logarithm fe = Bo +c, log Bi +--+ +c, log By. 

Proof. Suppose n =1. Then the result follows from Theorems 5, 6. Assume 
the theorem is true for n=1, 2,---, 5s. We consider the case n=s+1. Let 
G=5(61). Then a@€G and fa€G(Oo, - + - , Os41). Thus 


fa- Bo + ¢1 log B1 + +++ +c log B, 
where Bo, °- -, 8:€G and a, ---, ¢; are constants. Let 0=61. Then we have 
fo = Bo(8, x) + D1 & log B.(6, =) 
and 
a = Bo,06" + Boe + irs ~ [Bib + Bie]. 


Case 1. Suppose =e’, where yES and e*7¢5, p=1, 2,---. Then 0’ =’ 
and we have 


a = Bo, by’ + Puet DS ~ [Baer + B;,z]. 


This must be an identity in 6 by Theorem 2, since each 8; is a rational function 
of 6. If we replace 6 by ué we get 


ce = Bo,o(ud, x) ub’ + Bo,2(Ou, x) + >) ——— aa _ [B:,0(u0, x) uOy’ + Bi,2(u9, x) | 


which is the derivative of 
Bo(u8, «) + 2, cs log Bi(ud, «). 
Thus 
Bo(ud, x) + 2) cs log Bi(u9, x) = Bo(O, x) + D1 c; log 8,00, x) + flu). 
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Differentiating with respect to uw and setting .=1 we have 


Bo,0(9, «)6 + ) —— a, a D a7 Ty Bi, «8 = f’(1). 


Therefore 


ae 


Bo,o(8, 2+ Laas meee 6(6, x) = 


This is an identity in 6. Thus 
Bo(0, x) + >) clog Bi, «) = f’(1) [vy — log 40] + Bo(Oo, x) + >. ci log Bio, x). 


And so we can express fa in the desired form. 
Case 2. Suppose 6 =log |y|. Then 


a= Bos + Boo + DS =| B+ Bia] 
By Theorem 1 this must be an identity in 0. We replace 6 by 6+y. Thus 
a= Bosl0-+ 13) + By.l0+ m2) + OS =| B6a(0 oy 8) “+ B04 0 2), 


which is the derivative of 
Bo(9 + mu, *) + 2) clog Bi + w, «). 
And so 
Bo(6 + u, %) + D1 cs log BO + w, x) = Bol, u) + D7 c: log B:(0, x) + f(x). 


Differentiating with respect to uw and setting u.=0 we get 


Bo,0(0, x) + >, x a0 09, x) = f’(0). 


This is an identity in 6. Thus 
J a = Bo(0, #) + 2) es log B:(9, x) = f’(0)(0 — 40) + Bo(Ba, x) + D1 cs log Bs(Bo, 2). 
And so fa is of the desired form. 

‘Case 3. Suppose 6=eY where yCS and e7¢5, p=1, 2,---,n—1, but 
e"rCF5. We get 


a = Bo,’ + Boot De ~ [Bsr + B;,2| 


where, in view of Theorem 3, each 8; is a polynomial in @ of degree less than n. 
By Theorem 4 we can replace 6 by wf, k=0,1,---+,2—1, where w*=1, in 
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the last. We thus have 


fe = Bo(w*0, x) + >) 6; log Bw, x), k=0,1,---,n—1. 
And so 


1 n—1 1 n 
f a = — D1 Bo(w*6, x) +— Do c: log | I Bi(w"8, «|. 
N k=0 


nN k=0 


But the expressions > \Bo(w*, x), [[Bi(w"8, x) are symmetric polynomials in 
the quantities 0, wi, ---, w"1@. Since these are the roots of 6*—6=0, where 
5€S§, it follows that the expressions are rational in 6, and hence are in §. This 
gives fa the desired form. 

5. Applications. Theorem 7 of the last section is our version of the Liouville- 
Ostrowski Theorem ({1], p. 42). Much of the subsequent development in Ritt’s 
monograph may now be carried through with suitable modifications. For ex- 
ample, we have the following version of a result due to Liouville ([{1], p. 47): 


THEOREM 8. 
(i) a BES 


Gi) e*G¢5,n =1,2,--- 
There exists 6 € §¥ such that 


= 
(ili) y = f e*B 1s elementary with respect to S, = €%) + constant. 
i.€., y 1s contained in an extension of F 
Proof. Let e*=6. Then e*8 =0BCS(0). Thus, by Theorem 7, 


k 
vy = ro(6, x) + > c; log d;(8, x) 


4=0 


where A;E5(0), 7=0, 1, 2,---, 2. Differentiating, we have 
C3 
08 = robo’ + roe + Dd, LL [\s,00a” + Az, 2]. 


By Theorem 2 this must be an identity in 6. We replace 6 by w@ and integrate. 
Then 


uy = oud, *) + Doc: log As(u8, @) + f(u). 
Differentiating with respect to wu and setting w=1 gives 
ao x) 1 p(t). 
Let w(6, x) =do(O, x) + doc; log X4(0, x). We have 
w(O, %) = Ow,9(0, x) + f’(1). 


Y = Or0,0(8, x) + >, 
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Hence 
) 
Y= w(O, x) = 0 [w(Oo, x) — f’(1)] + f’(A). 


And so y has the desired form. 

Consider, for example, the case of y= fe*’dx. Theorem 8 applies where $ 
is the field of rational functions of x. If y is to be elementary, then y =e” 6-+con- 
stant. But y/ =e” =e* 6’+2xe7"5. Hence 6’-+2x5=1. Now 6 is rational in x and 
thus can be written in the form 6=P+Q/R, where P, Q, R are polynomials in 
x, (OQ, R)=1, Q of degree less than R. We have 

, , RQ’ — QR’ 2x0 _ 
P’+ Re + 24P + R 1=0. 

This is not possible for any polynomials P, Q, R (since coefficients must 
vanish). And so fe*’dx is not elementary. 

6. Trigonometric integrals. The restriction to real functions leaves out the 
integrands involving trigonometric functions, these being included in the com- 
plex case in their exponential form. But it is clear that, in order to treat such 
an integrand, one may replace sin x by (1/a) sinh ax and examine the resulting 
integrand. If its elementary integral is obtained, we replace a by ~/—1 to ob- 
tain an integral for the original expression. 


Reference 


[1] J. F. Ritt, Integration in Finite Terms, Columbia University Press, 1948. 


INTEGRAL APPROXIMATE SOLUTIONS OF SYSTEMS 
OF LINEAR EQUATIONS 


J. P. BALLANTINE, University of Washington 


1. Statement of the problem. Consider 


n 
(1) > Aizu; = O:, (1 =1,---, m). 
j=l 
This is a system of m linear equations in 2 unknowns, where m and 1 are arbi- 
trary positive integers. The coefficients, a,;, are real. The case of complex co- 
efficients can be disposed of by doubling the number of equations. 
As several kinds of solutions will be mentioned, the following terms are used: 
e-solution is an exact solution; 
a-solution is an approximate solution; 
4-solution is an integral solution; 
J-solution is a least square solution. 
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There would also be the combinations: za-solution, meaning an approximate 
solution where the unknowns have integral values; ia-solution, meaning an 
za-solution which compared with other za-solutions has the sum of the squares 
of its deviations a minimum. 

Many different situations may arise. For example, in 3-space, the equations 
of the system may represent planes which form a closed polyhedron, a prism, 
they may all pass through a point or a straight line, or they may all be parallel. 

Following are two interesting systems, each of one equation in two un- 
knowns: 


System A. y = /2x — 0.5. 
System B. y= lin — V2. 


System A has, among others, the two za-solutions (—1, —1), and (—35, —49). 
The former is more convenient to use, since the values of x and y are small in- 
tegers. The latter has much the smaller error. Further za-solutions with still 
larger values of x and y, but with still smaller errors, exist. Similar situations in 
higher dimensions are easily imagined by the reader. It will be shown that each 
of the two za-solutions cited can be obtained as an /ia-solution of a so-called 
Complete System. 

System B has the za-solutions x =4-+10g, y=3-+11g, for any integral value 
of g. These all have the same error, and all other za-solutions have larger error, 
no matter how large values of x and y may be considered. 

The method to be proposed for finding za-solutions will be the same for any 
system of linear equations. It is not necessary to determine in advance which 
kind of a system you have. After you have carried out the solution you will 
know whether the system is like System A or System B, or unlike both of them. 

The practical computer will object that he is not interested in za-solutions. 
He may want the values of x; carried out to 4 decimal places. Then he should 
multiply the constant terms of the system by 10‘, and proceed to find a-solu- 
tions, which later can be divided by 10‘. In this way, he can be sure that his 
results are correct to 4 decimal places. 

The procedure requires the adjoining of certain auxiliary equations, forming 
the so-called Complete System. The Jia-solution of the latter depends on finding 
the least value of a positive quadratic form for integral values of the variables. 
The method of handling the quadratic form, devised by Minkowski, will be 
briefly outlined. 

2. System of congruences. The method will also solve systems of con- 
gruences. Such a system can be converted into a system of linear equations, 
with one new unknown for each congruence. For example, the system of con- 
gruences 


ax + by = c, (modjp) 
dx + ey = f, (mod g) 


(2) 


556 SOLUTIONS OF SYSTEMS OF LINEAR EQUATIONS [October 


can be converted to the system of equations 
ax+by+ up= ce, 
dx + ey+q =f, 


where u and v must have integral values. The ¢-solutions of the System of 
Equations will give the z-solutions of the System of Congruences. 


(3) 


3. Notation. System (1) is called a non-homogeneous system. The corre- 
sponding homogeneous system is 


(4) Dy a:jx; = 0, (@=1,+-+,m). 
j=l 


Systems (1) and (4) may each be written as a single vector equation, by 
introducing the vectors: 


A; = (a1, Azjy*** y Ami), = 1,---,%), 
B = (hi, be, +++ , Om), 
0 = (0,0,---, 0). 


Systems (1) and (4), then, become 
(1’) Ajx1 + Aote + +++ + Anta = B. 
(4’) A 1%} + AX + see + AnXn = 0, 


4. The complete system. In order to find an e-solution of System (4), m 
quantities must be made to vanish, namely the left members of the m equations 
of the system. For an a-solution, it is enough to have them close to 0. 

It is also desirable that the variables, x;, shall be in some way limited in size, 
as in the case of System A, where severe restrictions on the variables might lead 
to the za-solution (—1, —1). Less severe restrictions might lead to a more ac- 
curate solution, with larger absolute values of x and y, namely (—35, —49). So 
there are ” further quantities which we would like to have small, namely the 
values of x;. 

All of the m-++n quantities which are to be small are now listed, each with a 
weight, w,, with & running from 1 to m-+n, as follows: 


W1( 44 ) = V1 

Wel Xo ) = Ve 

(5) Wa( Xn) = Un 
Wn4i(d11%1 + Qy2%2 fees + @inXn) = Un41 


Wnt-m(Om1%1 + Am2X2 + .e. + AmnXn) = VUntm- 
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This is called the Complete System. 

The values of the weights, w,;, are at our disposal. By decreasing the size 
of the first 2 weights, larger values of the variables are possible. In this way, 
you may choose when formulating the problem whether you prefer an za-solution 
with small values of the variables and large errors or an za-solution with large 
values of the variables and smaller errors. You can decide which of the two 
solutions of System A is better, (—1, —1), or (—35, —49). It is useless to 
demand the most accurate za-solution, regardless of the size of the variables. 

As in the case of Systems (1) and (4), the Complete System, (5) can also 
be written as a single vector equation: 


(5’) Viti + Vow, +--+ + Vata = V, 


where the vectors V; and V are the columns of the extended matrix of System 
(5). The components of those vectors involve the weights. V is called the 
deviation vector. The first components of V are called the solution part, and 
the last m components are called the error part of V. 


DEFINITION. A lia-solution of a system (5) for a given set of weights, Wy, consists 
of a set of tntegral values of x; for which the deviation vector, V, has minimum 
length. 


As there are at most a finite number of sets of integral values of x; for which 
| V| is less than a particular value, one or more of these must minimize | V| . 

The /za-solution of System (5) as defined has the useful property that no 
other set of integral values of x; can exist for which the solution part of the 
deviation vector is shorter without having a longer error part. It will give you 
the most accurate za-solution of System (4) considering the size of the variables, 
Xje 

5. The solution-error space, S. The vectors Vi,---, V» are the basis of a 
space S, called the solution-error space. We shall be concerned with the integral 
points of S, namely those points obtained by taking integral linear combina- 
tions of vectors V;, such as 


P= aVit aoVo+ ee + AnVa, 


where ai, - - - , @a are integers. The square length of P is 
(6) P?= P-P = (aVit -++ + dnVn)’, 
a positive quadratic form in the variables a1, - +: , dn. 


6. Minkowski on quadratic forms. The problem of finding the minimum 
value of a positive quadratic form for integral values of the variables has been 
treated in detail and solved by Minkowski.* 

A digest of Minkowski’s paper, sufficient for the practical computer, will 


* H. Minkowski, Diskontinuitatsberich fir arithmetische Aquivalenz, Crelle Journal 129, pp. 
220-274, 1905, reprinted in collected works (Gesammelte Abhandlungen) vol. 2, pp. 51-105. 
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be given. Proofs are omitted. Notations are simplified. Minkowski’s paper con- 
tains a proof that the proposed procedure will always lead to the smallest 
value of the quadratic form for integral values of the variables. The example 
which we work out will suggest the steps of the proof. 

7. The method. The shortest non-null integral vector of S is found by a 
reduction process. We start with Vi, Vo,---, Va, an integral basis of S. At 
each reduction, one vector, V,, is culled, after a suitable replacement V, has 
been found. To be suitable, V, must equal V, plus an integral linear combina- 
tion of the other vectors of the set, and V? must be less than V7. When no vector 
can be culled because of the non-existence of a suitable replacement, the re- 
duction is at an end, and the minimal integral basis of S has been obtained. 

It will be shown by examples that in many cases replacements can be found 
by inspection. Suggestions will be given to aid or improve the inspection process. 
Nevertheless, when z is 5 or more, the inspection method may fail to uncover 
replacements which are present. At this point a more systematic procedure will 
be followed, and this (Minkowski has proved) certainly will find replacements 
if any exist. It would be uneconomical to use this last procedure when replace- 
ments can be found by inspection. 

8. Replacements by inspection. In the early stages of a solution, replace- 
ments are frequently obvious. It may be noted that Vi+ V2 or Vi— V2 is shorter 
than V;. This happens when the large components of V; have the same signs 
as the corresponding components of V2, or when they all have opposite signs. 
Any such obvious relation should be tested. 

9. Aided inspection. After culling all the vectors whose replacements can be 
found by casual inspection, a slightly more systematic procedure must be fol- 
lowed. 

Let V be the matrix whose columns are the vectors V;. Then form the 
matrix product 


(7) M =V’'-V 


of V with its transpose, V’. 
Any vector of the form 


(8) Vi = RkiVict RoVot+s ++ + RkaVn 


is a suitable replacement for V., provided: 

1. Ri, ko, + > +, Rm are all integers. 

2. ke, the coefficient of the cull, is 1. 

3. Vi< Vz. 

With k,=1, V. can be expressed as an integral linear combination of V, and 
the other vectors, so that after the replacement, these will still be an integral 
linear basis of S. 

Condition 3 is somewhat laborious to check in a particular case. V? is seen 
to be the value of the quadratic form, 
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>» M ;;kyk;. 


When the values of &; are limited to 0 and +1, the value of this quadratic form 
is merely the sum of the elements of a certain principal minor of M, namely 
the minor with rows and columns corresponding to the values of z and 7 for 
which k; and k; are +1. The case when some of the values of k; are —1 can be 
handled by changing the corresponding signs in the minor. The illustrations 
will show how this is done. 

It is convenient to speak of a replacement of order 2 or 3 when that replace- 
ment is a linear combination of 2 or 3 vectors of the basis. All replacements of 
order 2 can be found by the following theorem. 


THEOREM 1. V,=V;4V; ts a suttable replacement for V; uf and only uf 
+2M;;>M;;. 


To use Theorem 1 for finding a second order replacement, find M;;, an off- 
diagonal element of matrix M which in absolute value exceeds one half of M;;, 
one of the corresponding diagonal elements. If J7;; is negative, then V,= V;+ V;. 
If M;; is positive, then V,=V;— V; is a replacement for V;. 

Conversely, if no such off-diagonal element exists, then there is no second 
order replacement for any vector of the set. Every second order replacement 
can be found by forming the matrix M, and scanning its off-diagonal elements, 
one by one. 


THEOREM 2. If no suitable second order replacement exists, and V,=Vi+ V2 
+ V3 1s a suitable replacement for Vi, then 

(a) all the off-diagonal elements of the corresponding 3-row principal minor 
of M must be negative, and 

(b) thetr sum in absolute value must exceed Mo.+ M33. 


To find a replacement for any vector, V,, with the aid of any two other 
vectors of the set, call the vectors Vi, Ve, and V3. Consider only the 3-row 
principal minor of M whose elements are Vi: Vi, Vi: Vo, - + + , V3- V3. See if the 
signs of all the off-diagonal elements can be made negative, by changing if 
necessary the signs of V2 and V3. If not, then the replacement is impossible. If 
the said off-diagonal elements all are negative, then see if their sum satisfies 
condition (b). This procedure will give every third order replacement. 

To discover, if it exists, a replacement for V1; involving only Vi, V2, V3, and 
Vi, use the following theorem: 


THEOREM 3. If there exists no suitable replacement of the form 
(9) Ve = Vit koVo + kaVz + RaVi, 


for Vi, where the values of k; are limited to —1, +1, and 0, then there are none 
with any integral values of k;. 


In seeking suitable replacements of orders 2, 3, and 4, all 2, 3, and 4 row 


560 SOLUTIONS OF SYSTEMS OF LINEAR EQUATIONS [October 


principal minors of M must be examined. Theorems 1, 2, and 3 eliminate most 
of these quickly, so that relatively few remain to be examined quantitatively. 

A similar procedure can be used for replacements of order higher than 4, 
except that in some very rare cases, coefficients, k;, greater than 1 will have to 
be used. For this reason, it is very difficult to be sure that all possible replace- 
ments have been found, since a thorough search involves such a large number of 
trials. 

10. The final roundup of replacements. After making all the replacements 
that have been found by inspection, the vectors of the resulting basis of S are 
arranged in descending order of magnitude, and renamed V:, V2,---, Vz. To 
be systematic, we first attempt to find replacements for V;; that failing, we try 
for replacements of V2, and so forth. So we must try to find 


V; = kiVit keV» Se RnVn 


where fi =1, all the other #’s are integers, and V,- V,< Vi: Vi. We demand of the 
method that either it deliver the required vector, or it assure us that no such 
vector exists. 

If no replacement for V; exists, then a similar procedure can be followed 
to find replacements for V2, and so forth. In the end, we shall either have a 
replacement for one of the vectors, or will know that no replacement exists for 
any. 

From the definition of V,, it is seen that V,- V, is a quadratic form in k;. It 
can be written as a sum of squares, each with a positive coefficient: 


V; = Vi(Ra + V1n—1Rn—1 + V1n—2hn—2 Ss a we yi1k1)? 
+ Vo( Ra—1 + V2,n—-2V n—2 + VY2,n—3kn—3 Ss Se yo1k1)? 
(10) re 
+ Vn-1(Re + Yn—1,1'1)? 
+ V,(h1)? < Vi. 


The coefficients, Y;, are all positive. The value of Vj, which is the right member 
of inequality (10) is a known number, and so are the coefficients, namely the 
Y’s and the y’s. 

For the purpose of finding a necessary condition on k,, any of the squared 
terms of inequality (10) may be dropped. For a sufficient condition, all the 
terms must be retained. 

So, first, retain only the final squared term. This puts limitations on the 
value of ki. If Y,> V?, it requires k; to be 0, and no replacement for V, exists. 
Suppose that k;=1 is not yet ruled out. Then consider another term of in- 
equality (10), namely the next to last squared term. This limits the value of 
ke. Proceeding in this way, every possible integral solution of equation (9) can 
be found. 


To make matters clearer, we give two numerical illustrations. The first is 
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too simple to justify such a ponderous method, but the reader looking at two 
unknowns is asked to imagine there are 25 or more. 

11. Example 1. We shall now solve System A. The homogeneous system is 
first formed, replacing the constant term by 0. Then the complete system is 


y = 0 
x =0 
100(y — 1.41421x) = 0. 


Note the choice of weight, w=100, for the last equation. This means, very 
roughly stated, that we wish the error in the equation, y—+/2x =0 to be about 
one hundredth the size of the values of x and y. A choice of w=10,000 would 
give a more accurate solution, with larger values of x and y. 

Also, in a real problem where there are 25 or so variables, any easily obtained 
simplification would be justified. So, we could give the first equation, y=0, a 
weight 0. The weight on x would keep both x and y within bounds, since the 
ratio of x and y would be determined by the last equation. 

The vectors forming the basis of the space S are the columns of the com- 
plete system, namely 


Vi=1, 0O, 100. 
V2 — 141.421. 


t 
— 
lo 


An obvious replacement is 
V3;=VitVe=1, 1, —41.421. 


V3 replaces Vo, the longer of Vi and V2. The present basis of S is (Vi, V3). An 
obvious replacement for V; is 


Vi=VitV3= 2, 1, 58.579. 
Similarly, 

Ves=Vs+ Va=3, 2, 17.158. 

Ve=V3+2V5=7, 5, —7.105. 


Let us suppose that no further replacements are obvious. The present basis 
of Sis Vs and Ve, which we rename V; and V2. Then the matrix is 


| 3, 2, 17.158 | 
(7, 5, —7.105 
For M, we have 


307.397 —90.908 
u=V-v' =| |. 


—90,908 124,481 
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Application of Theorem 1 of Section 9 would immediately direct our atten- 
tion to the off-diagonal element of M, namely —90.908, which in absolute value 
exceeds one half of 124.481. This would give us the replacement, V;-+ V¢ for the 
longer of the two vectors, namely Vs. However, we shall overlook this, in order 
to see how the method of Section 10 operates. 

We wish to find, if possible, 


V; = V1 + kV, 
where & is an integer, and V? < Vj =307.397. 


V, = (Vi + EV,)?, 

ViVi + 2kV1-Va + kV o-Vo, 

307.397 + 2k(—90.908) + #2(124.481), 
124.481(k — 0.73029)2 + 241.008 < 307.397. 


The two members of the inequality are seen to be equal for k=0, so it is 
easily seen to be satisfied for k=1. 
Following is the suggested arrangement of the computation: 


Name How Obtained Components Replaced by 

Vi Given 1 0 100. Vs 
V2 Given 0 1 —141.421 V3 
V3 Vit V2 1 1 —41.421 Ve 
Vi Vit V3 2 1 +58.579 Ve 
Vs Vit V3 3 2 +17.158 V; 
Ve V3+2 Vs 7 5 —7.105 

V7 Vit Ve 10 7 +10.053 


Each vector in the final basis of S, namely Veg and V7, gives an za-solution 
of the homogeneous system. V6, the shortest vector in this basis, gives the Ita- 
solution. It is easily seen from the first two components of V. that Ve=7Vi+5 V2, 
so the said za-solution is y=7, x=5. 

To solve the non-homogeneous complete system, let R be the vector made 
up of the right hand members of the equations. In the present example, R=0, 
0, 50, and the system is 


y = 0 
x = 0 
100y — 141.421% = 50. 
For the Jza-solution, we must find the shortest vector, V,, of the form 


V, = R + kiVit R2oV2 
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where k; and k, are integers. In fact, ki and ke will be the values of y and x. 

As a practical matter, any vector, V;, from the table of culls can be added 
to —R, since it will be a linear combination of Viand V>. The values of 2; and ke 
can be read immediately from V, as its first two components. 

In the example, it is noted that —R+V,% has the components 2, 1, 8.579 
and so is much shorter than V7 and V3. Hence, by inspection, we have the 
result that 


Vi=—-R+V=-R+M4+V;y, 


and the Jia-solution that y=2, x =1. 


To be absolutely certain that the vector (2, 1, 8.579) is the shortest vector 
of the prescribed form, we write 


V, = (2, 1, 8.579) + keVe + bVs 


and consider the minimum possible value of V,- V, for k=1 and integral values 
of ke and k7. The result is a quadratic form in k, ke, and R7. It is written as a 
sum of squares, as in the solution of the homogeneous case. The result kg =k; =0 
would confirm the result of our inspection. Any other value for kg and k; would 
give a better result, one that was overlooked by inspection. The details of the 
computation are as follows: 


Ve-Ve = 124.481Reke + 33.573kgk7 — 41.954hek 
+ 33.573krke + 250:063k7k7 + 113.245 k7k 
— 41.954kke + 113.245kk7 + 78.599kR 
= 11.332k? -+ 241.008(k7 + 0.51683)? 
+ 124.481(ke + 0.26970k; — 0.33703%)?. 


For this to be less than 78.599, with k =1, it is easy to see from the squared 
form that ki: = —1 and kg = +1. Therefore, 


Vi = —R+V+ Ve— V1 = (-1, 1, —8.579). 


Therefore, the /za-solution of the non-homogeneous system is y= —1,x= —1. 
Following is the suggested arrangement of the computation: 


Name How Obtained Components 

—R Given 0 0 —50. 
Vs —R+V, 2 1 +8.579. 
Vo Ve+Ve—V7 —1 —{ —8.579. 


The solution part of Vg is the vector with the first two components, which 
gives the values of y and x. The error part, namely —8.579, gives w times the 
error, so the latter is —0.08579. 
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For a solution with a smaller error, larger values of x and y will have to be 
allowed. For this, change the weight from w=100 to w=10,000, by shifting the 
decimal point two places in the fifth column of the table of culls, and revise 
the computation accordingly. This will give the result y= —49, x = —35, with 
an error of about .0025. With still larger values of w, solutions with still smaller 
errors, but larger absolute values of x and y, can be obtained. 

For this reason, when attacking a new system, the weights can be assigned 
arbitrarily, for a first run. Then you can change the weights, as may seem 
desirable in the light of experience. 

12. Example 2. For the second example, we want more than one equation 
in two variables. The important thing to notice is that the procedure is just the 
same as in the simpler example. 


Solve the system of congruences: 
(11) %1 cos 30° + x». sec 40° = csc 55°, (mod 1), 
%1 sin 30° + x, tan 40° = cot 55°, (mod 1). 


The corresponding system of equations is: 


(12) 41 cos 30° + x, sec 40° + x3 = csc 55°, 
%1 sin 30° + xe tan 40° +- 44 = cot 55°, 
The homogeneous system is: 
(13) 41 cos 30° + xe. sec 40° + x3 = 0, 
#1 sin 30° + wx. tan 40° + x4 = 0. 


The complete system is: 


1(%1 )=n 
1( Xo ) = Ve 
0( + x3 ) = 03 
a4) 0( + %4) = U4 


W (x1 cos 30° + x2 sec 40° + x3 ) = v5 
W(1 sin 30° + xe tan 40° + x4) = 4. 


Choice of weights 0 for the third and fourth equations is for the purpose of 
reducing work. Such a possibility was suggested in Example 1. 

‘Arbitrary choice of weight W=200 enables one to start the solution. Later 
W can be adjusted up or down, according as a solution is wanted with a smaller 
error or with smaller integral values of x1, - -- , x4. If you are more concerned 
in keeping the error small in equation 11a than in equation 11b, the former can 
be given a larger weight. While the weights are important, their precise values 
are not. 

The vectors forming the basis of space S are, as read from the columns of 
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the matrix of coefficients of system (14): 


Vi=(1, 0, 0, 0, Weos30°, W sin 30%, 
V2= (0, 1, 0, 0, Wsec 40°, W tan 40°), 
V;=(0, 0, 0, 90, W, 0 ), 
Vs=(0, 0, 0, 0, 0, Ws). 


In the table of culls, each row concerns one vector. The first column gives 
the number of the vector, the second gives the numbers of the vectors from 
which it was obtained. The next 6 columns give the six components of each 
vector. The value shown for each component must still be multiplied by the 
weight shown at the top of the column. 

The next column shows the norm, or squared length of the vector. This 
takes into account the weights. For example, in the case of V;, the components 
are 1, 0, 0, 0, 100+/3, 100. The sum of the squares of these numbers is 40,001. 
These norms are not necessary for the procedure. 

The final column shows which vector finally replaces the vector of that 
row. Vi is replaced by Vez, and V2 by V3, and so forth. At any point in the 
formation of this table, one can tell at a glance which vectors have been culled, 
and which form the current basis of S. The vectors of the final basis of S are 
seen to be Vie, Vis, Vig, and Voo. 


TABLE OF CULLS FOR EXAMPLE 2 


j How Weights Norm Replaced 
Obtained | 4 1 0 0 200 200 by 
1 1 0 0 0 | 0.866025 | 0.500000 | 40,001 6 
2 0 1 0 0 | 1.305407 | 0.839100 | 96,328 5 
3 0 0 1 0 | 1.000000 | 0.000000 | 40,000 7 
4 0 0 0 1 | 0.000000 | 1.000000 | 40,000 8 
5 | 2-1 _4 1 0 0 | 0.439382 | 0.339100 | 12,324 11 
6] 1-2(5) | 3 | -2 0 0 |—0.012739 |—0.178200 | 1,290 14 
71 3-5 1 | —-1 1 0 | 0.560618 |—0.339100 | 17,173 10 
g| 4—5 1 | -1 0 1 |—0.439382 | 0.660900 | 25,196 9 
9| 847 2 | -2 1 1 | 0.121236 | 0.321800 | 4,738 13 
10| 7-216) |—-5 | +3 1 0 | 0.586096 | 0.017300 | 13,786 12 
11| 5-9 ~3 3 | -1 | -1 | 0.318146 | 0.017300 801 15 
12 | 10~2(11) | 1 | -3 3 2 |—0.050196 |—0.017300 123 
131 94216) | 8 | -6 1 1 | 0.095758 |—0.034600 515 16 
14] 6-12 2 1 | —3 | —2 | 0.037457 |—0.160900 | 1,097 17 
15 | 114+5(12) | 2 |-12 | 14 9 | 0.067166 |—0.069200 520 18 
16 | 13412 9 | —9 4 3 | 0.045562 |—0.051900 353 
17/14-16 |—7 | 10 | —7 | —s |~0.008105 |—0.109000 628 19 
ig/15—-16 |-7 | —3 | 10 6 | 0.021604 |—0.017300 89 
19 | 17-18 o | 13 |-17 |-11 |—0.029709 |—0.091700 S41 20 
20| 19-12 |-1 | 16 |-20 |-13 | 0.020487 |—0.074400 495 
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All the replacements used in forming the table were found by inspection. 
Each involved at most the cull and one other vector. This is usual, unless the 
number of components is large, in which case a few third and fourth order 
replacements might be needed. These can be found by Theorems 1, 2, and 3 of 
Section 9. In very rare cases, one replacement might be overlooked, without 
the procedure of Section 10. The manner of finding the next to the last replace- 
ment, Vi9, by this method will be shown in detail. 

Just before finding Vj», the current basis of space S is the set (Viz, Vie, Vie, 
and Vis). These have been arranged, for convenience, in order of descending 
magnitude, and now will be renamed Vi, V2, V3, and V4. We seek a replacement 
for the longest, namely V;. So, write 


(15) V;, = iV, + RoV 2 + k3V3 + RVs. 
To find a suitable replacement for Vi, we must find a set of integral values for 
ki, > ++, ka, with ki:=1, and V,-V,<Vi- Vi. But V,: V; is seen to be a quadratic 


form in k; with matrix M=V-V’', where V is the matrix of the vectors Vj, 
Ve, Vz, Vs, which computes out in the present case to be 


626.8676 58.5128 54.7015 87.4240 
58.5128 352.7802 —19.5664 39.2877 
54.7015 —19.5664 122.7571 —29.4058 
87.4240 39.2877 —29.4058 88.6409 


(16) M = 


Application of Theorem 1 of Section 9 would direct attention to the off- 
diagonal element 87.4240 of M whose value exceeds half the corresponding 
diagonal element, 88.6409. Thus, replacement Vi, would be found. However, 
we wish to show how the method of Section 10 operates. 

So the quadratic form is expressed as a sum of squares: 


>. Mijkikj; = 447.5242k, + 334.9894( ke + 0.304787 81)? 
(17) + 113.0032(k; — 0.057814k2 + 0.740719%;)? 
+ 88.6409(ky — 0.331743 + 0.44322 h, + 0.98627 h1)?. 


We wish to choose ki, ko, k3, k4 such that 
(18) >, Mijkik; < 626.8676. 


If the coefficient of #? had turned out to exceed 627, the norm of Vj, then 
a mere glance at that term would show that the choice k}=1 would contradict 
inequality (18), and no replacement for V; would be possible. However, the 
possibility k;=1 is not so ruled out in this example. 

Now consider the later squared terms (with positive coefficients) one at a 
time, and in each case choose the new k; for that term so as to make the new 
term as small as possible. We try, of course, to keep the sum of the terms less 
than 626.8676. We know in advance by equation (15) that the values k,=1, 
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ke = k3 =k,=0 will not satisfy the inequality, for it will make the two members 
equal. So we find the solution, k:=1, ke=0, kg3= —1, k4= —1. These values put 
into equation (15) would give Vo. There is also the solution kj}=1, ke =k3=0, 
kg= —1, which gives Vig. When there are several solutions, it may be a little 
difficult to make a complete list of all possible ones. When there are no possible 
solutions, the arithmetic of inequalities will make that fact clear. 

The lza-solution of the complete homogeneous system can be read from 
the components of the shortest of the four unculled vectors, namely Vis= —7, 
—3, 10, 6,: ++, without weights. The /za-solution is x, = —7, x2= —3, x3=10, 
x4= 6. Substitution of these values into the complete homogeneous system gives 
the successive errors, —7, —3, 10-0, 6-0, (0.021604)(200), (—0.017300) (200), 
the components of Vis. 

13. Example 3. To save space, only the high points of Example 3 are given. 
The basis of the space S this time has 5 vectors, so that instead of equation 
(15), we have 


(15’) Vr = hiVi + heVo + RsVa + haVa + RsVs, 
and for (16), we have, for purposes of illustration, 

26 —-5 -—-5 —5 —3 

—-5 26 -—5 —5 —3 
(16’) M=|;-5 -—-5 26 -5 -—3 


The interesting thing about this example is that Theorems 1, 2, and 3 sug- 
gest no replacement for V;. In fact, trial of the values +1, —1, and 0 in every 
possible combination for the values of ki, - - - , ks in equation (15’) fails to give 
any replacement. If it becomes necessary to try also the values k; = +2 and —2, 
and if ~ is 10 or more, then it becomes prohibitive to make an exhaustive 
search for replacements. So it becomes interesting to see how the method of 
Section 10 handles the situation. So, write 


Y> Mijkikj = 14.95k; + 20.43(ky — 0.528)? 
4+. 23.12(ks — 0.34h, — 0.34h,)2 
4. 24.91(ky — 0.253 — 0.25h, — 2.25%)? 
+ 7(ks — 0.43k, — 0.43k3 — 0.43h2 — 0.432:1)?. 


(17') 


For a replacement, we must have 
(18’) >) Mijkik; < 26. 


Taking only the first squared term, we have 
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14.95h, < 26, 


so we start with k;=1. In fact for any hope of a replacement for Vi, we must 
have ki= +1. Next take two squared terms, 


14.95 + 20.43(ke — 0.52)? < 26, 


k.=1 or 0, preferably 1. (If that fails, we can return to the value k, =0.) 

Proceeding in this manner, it is found that ks=k,=1, but kj =2. So we 
have the desired replacement, k,=k,+Ro+k3+ a+ 2h. 

In a more complicated example, with a larger value of 2, before you could 
be sure that no replacements were possible, you may find it necessary to try 
several different hopeful starts, each of which would prove impossible by the 
time you considered all the squared terms. But the number of these starts 
would be finite, and much smaller than the number of trials necessary under 
the method of inspection of Section 9. 

14. The solution of system (13). System (13) is the homogeneous system of 
Example 2 from which the complete system was formed. If the values x, = —7, 
X_= —3, x3=10, x1=6, obtained at the end of Section 12, are substituted into 
System (13), instead of the zeros demanded the results obtained are 0.021604 
and —0.017300, namely the last two components of Vis. No za-solution with 
smaller values of x; (measured by the sum of the squares) can have a smaller 
error. 

15. Solution of system (12). To solve the given non-homogeneous system, 
(12), put it in the form: 


— x9 csc 55° + 41 cos 30° + xe csc 40° + 4x3 = 0, 
— xq cot 55° + x; sin 30° + xe tan 40° + 4, = 0. 
For a solution, we must have x»=1. The sum of two solutions would give x» the 
value 2, so the procedure of Section 12 cannot be followed. 
Instead, we find a particular za-solution of (12’), namely x9=1, x1. =x2.=%X3 


=%,=0 (Vo below), and to it add a linear combination of za-solutions of (13), 
in which x)»=0. In the result, x)» would always have the desired value of 1. As 


(12") 


TABULAR SOLUTION OF SYSTEM (12) 


Weight 

; How e1g S 
Obtained 1 1 110! 0 200 200 

21 1 o0!|ololo 1.220775 0.700208 
22 214+ 2 1 o!1i10 10 +.0.084632 +.0.138892 
23 224-12 1 1 |-2 | 3 | 2 +.0.034436 +.0.121592 
24 23417 1 |-6 | g |-4 |-3 +0.026331 +0.012592 
25 24412 1 |—s | 5 |-1 |-1 0.023865 0.004708 
26 25418 1 i-12 | 210901] 5 —0.002261 0.022008 
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in the tabular solution of system (13), weights are assigned, and the shorter 
the vector the better the corresponding za-solution. The computation may be 
put into tabular form. 

The shortest vector obtained by inspection is V2. This can be combined 
with the various vectors in the basis of S in an attempt to find a shorter vector. 
Among others, this gives V2., which is longer than V2, though its error part is 
shorter. 

To be absolutely sure that you have the /za-solution of the non-homogeneous 
complete system, the matrix can be expressed as a sum of squares, as was il- 
lustrated in the case of Example 1. 

From V2, the answer to Example 2 is read as x1= —5, x, = +5. The values 
of x3 and x, are each —1. These are the multiples of the modulus which are 
disregarded when solving a congruence. Substitution of these values of x1 and 
x2 in System (11) leads to errors —0.023865 and —0.005208. Vos would give 
smaller errors, but would use larger values of x; and xe. 


MATHEMATICAL NOTES 
EpITED BY F. A. FICKEN, University of Tennessee 


Because of the large number of papers on hand, consideration of new papers for this de- 
pariment has been temporarily suspended. 


NOTE ON A QUARTIC CONGRUENCE 
L. Carlitz, Duke University 
Known results on the Galois group of the equation 
(1) c¢+met+n=0 


as well as some general theorems about the factorization of a rational prime in 
an algebraic number field yield information about the congruence 


(2) x4 + mx? + n = 0 (mod p), 


where p is an odd prime and m, n are rational integers. It is however easy to 
obtain such results concerning (2) in a very elementary way as we shall now 
indicate. 

Since p is odd we may assume m= —2a (mod ). It is convenient to consider 
separately two cases: (i) 2 a square, (il) m a non-square. Thus in case (i) we 
consider the congruence 


(3) x4 — Jar? +h =0 (mod ) 
and assume first that (a@?—5b?)b?#0. Then none of the numbers 


(4) 2(a — b), 2(a + 5B), a? — 9? 
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is divisible by ; moreover since their product is a square it follows that either 
all of them are squares or exactly one is a square. We shall prove the following 


THEOREM 1. If (a? —b?)b?0 and each of the numbers (4) 1s a square (mod p), 
then the polynomial f(x) =x*—2ax?+b? is congruent to the product of four linear 
factors, while if only one of the numbers (4) is a square then f(x) 1s congruent to 
the product of two irreducible quadratics. 


To prove the first part of the theorem it suffices to note that if 
2(a — b) = 4r’, 2(a + b) = 4s?, a? — $6? = 4r’s?, 
then 
¢— Jat Pe(atrt+s\(eatr—s\(x-—rt+s\(x-—r—s). 


To prove the second part suppose for example that 2(a—b) =c?. Then we may 
verify that 


(5) f(%) = (4? + cx — b)(a? — cx — BD). 


Since c?-++-4b =2(a+5), which by hypothesis is not square, it follows that each 
of the quadratics in (5) is irreducible (mod )). 
The excluded sub-case (a?—b?)b?=0 is of little interest and obviously yields 


f(x) = (#? — a)? (a? = 6°), 
f(x) = x(a? — 2a) (5? = 0), 
so that we now have repeated factors. 
Turning next to case (ii) we consider the congruence 
(6) x4 — lax?+n=0 (mod ?) 
with 2 a non-square. It follows that (6) cannot have four roots. We have in this 


Case 


THEOREM 2. Assume n not a square. Then the polynomial g(x) =x*—2ax*-+n 
is wrreductble (mod p) when a?—n 1s a non-square. When a?—n is a non-zero 
square, g(x) 1s congruent to the product of an irreducible quadratic and two distinct 
linear factors. (The possibilily a? —n=0 1s ruled out by the hypothesis concerning 
n.) 


To prove this theorem suppose first that (6) has a root 7. Then 
(7) g(x) = (x? — r?)(x? — n/t’) 


and clearly the second factor is irreducible. Moreover since (7) implies 2a= 


r?-+-n/r?, we get 
nN 2 
4(a? — n) =(--*). 
r 
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Conversely when a?—7 is a square we get a factorization 
(4) g(x) = (x? — c)(x? — d). 


Since cd=n, one of c, d is a square, the other a non-square and (8) reduces to 
(7). This takes care of the second part of the theorem. Suppose now that a?—n 
is not a square. Clearly g(x) cannot have a linear factor. Also neither the 
factorization (8) nor 


(9) g(x) (a? — cx + d)(x? + cx + d) 
can occur, for (8) implies a?—n =(c—d)? while (9) implies n=d?. 
To give a few numerical examples we cite 
ett 3a? + 2 = xt — 14074 2 = (4 — 4)(44+ 4) (4 — 7)(*«4+ 7) (mod 17), 
xt — 622 + 4 = (a + 4(a — 4)(a% + 20)(x% — 20) (mod 41), 
v4 Sa? +1 = xt — 62? 4+ 1 = (x? + 2e — 1)(x? — 2x — 1) (mod 11), 
x4 — 242+ 2 irreducible (mod 11), 
xt + 6 = (% — 2)(4% + 2)(2%? — 7) (mod 11), 
xt — 292? + 2 = (x — 3)(4 + 3)(x? — 6) (mod 13), 
x4 + 1342+ 6 = (4 — 3)(4 + 3)(a? + 5) (mod 17), 
x4 — 4x? + 6 irreducible (mod 37), 
xt — 34? — 1 = (x? — 8)? (mod 13). 


NOTE ON AN ELEMENTARY PROPERTY OF TRIANGLES 
GUNNAR STEENSHOLT, University of Oslo 


Let P be an arbitrary point within a triangle ABC. Let its distances from 
A, Band C be Ri, Ro, Rs ,and let its distances from the sides BC, CA and AB 
(of lengths respectively a, b, c) be 71, 72, 73. Then we have the theorem of Erdés- 
Mordell: 


Ri+ Ro+ Rg 2 2(71 + re + 7s). 


A simple and elementary proof of this theorem is not known (see Toth [1]). 
However, an elementary theorem of some intrinsic interest, and formally re- 
lated to the Erdis-Mordell theorem, can be derived very simply as shown be- 
low. To the best of the author’s knowledge this result does not seem to have 
been recorded in the literature. 

It is plain that for the areas of the triangles involved: 


ABC — ABP = BCP + CAP, 


with two other similar equations. If now M1, he, hg denote the heights from the 
vertices A, B, C respectively, and if T is the area of the triangle ABC, then 


(hy — ri)a + (he — 12)b + (hg — rs)e = 4T. 
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But now clearly 


2T = ary + bre + crs, 
Ri 2 hy — 11, 
R22 he — fa, 
R3 2 hg — £3. 


Therefore 
aR, + bRe + cR3 2 2(ar, + bre + crs), 


which is the desired result. 
If we now introduce the “weighted” means R and ¢ of R; and 7; respectively 
(1=1, 2, 3) by putting 


R = (aR; + dR. + ¢R3)/(a + 6 4+ ©) 
r= (ary + bre + cr3)/(a + 6+ ©) 
we obtain 
R 2 2r, 


which may be regarded asa kind of analogue to the Erdiés-Mordell theorem. 
If a=b=c, we obviously get 


Rit Reo+ R32 2(r1 + ro + 13). 
This proves the original Erdés-Mordell theorem for equilateral triangles. 


Reference 


1. L. Fejes Toth, Lagerungen in der Ebene, auf der Kugel und im Raum, Springer Verlag, 
Berlin, 1953. See in particular p. 12 and p. 28. 


CLASSROOM NOTES 
EpITED By G. B. THomas, Massachusetts Institute of Technology 


Because of the large number of papers on hand, consideration of new papers for this de- 
partment has been temporarily suspended. 


ON THE SEQUENCE FOR EULER’S CONSTANT 


S. K. LaksHMaANA Rao, Indian Institute of Science 


The convergence of the sequence a, =1+4+ ---+1/n—log n as n—- > is 
proved below by expressing @, as an infinite integral. This procedure has the 
advantage of leading at once to the integral representation for lim a,=¥y 
(Euler’s Constant) and we may also examine the behaviour of a,—vy for large n. 

Noting that 1/r=fye-"*dx (r>0) and log n=¢ (e-*—e-"*)dx/x (Frullani’s 
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integral*), we write 


On -{ (e-7 + e274 +e +em)de— f ——_—_—_——. dx 
0 0 


Xx 
f 0 /g-% — —(n+1) 2 ent — ene 
= ——______ — -____} dx 
0 ( 1—e? x ) 


which can now be split up into a sum of two convergent infinite integrals in the 


form 
°o e~* e-* °o 1 1 
an =f (——-- Jax + f on(—- ) dx 
0 \l — e? x 0 x et — 


The following inequality 


(1) 1 -_ 1 1 c 1 0) 
—_—-—-—<-—-- — > 
2 8 x et — I 2 (x 


can be easily proved by showing that it depends on the elementary inequality 
tanh x<x(x>0). Therefore 


o) 1 1 Oo g-ne 1 
f Cd Jax < f dx =—-: 
0 xX e= — I 0 2 2n 


This proves that a, converges to a limit y given by 


im e7% —\ a 

= —_——-— — x. 

Y 0 \l — e? x 
°o 1 1 

an —- Y= f cu (—— ) ax 
0 x et — j 


and by the inequality (1), we have 


a) 1 x ° 1 
f ert — — =) dx <an—- ¥ <f e—"t.—. dx 
0 2 8 0 2 


Further, 


or 
1 1 1 
——-——<a,-—y<—- 
2n 8n? 2n 

Therefore ad,—y behaves Jike 1/2n and n(a,—y)=n(it3+--- +1/n- 


log n—‘y) converges to the limit $. 


* Referee’s comment: “Frullani’s integral” is a consequence of integration from 1 to nm of the 
previous integral. 
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A NEW INTERPRETATION OF THE FIELD POSTULATES{ 
DoNALD MILLER, Brookhaven National Laboratory 


In this note we shall consider an arithmetical operation + defined as a+b 
=qlee>, The operations * and ordinary multiplication satisfy the field axioms 
and have certain other interesting properties. 

Consider the standard postulates for a field in terms of the quantities a®b, 
a@b, —a,aq, 0, and 1. It is easy to verify that the postulates are also satisfied 
by the following interpretation. Let the positive real numbers be the set of 
elements, let ab be the interpretation for a@b, a+b be that for a@b, the base of 
the logarithms z (a positive real number, not equal to 1) be the interpretation 
for 1, 1 for 0, a~! for —a, and @=21/!84 for q-—!, 

Suppose one chooses to take ab in its usual role of a multiplication and then 
takes a*b as a new type of addition. Then an interesting and characteristic 
property of Boolean algebras is found to hold; namely, the distributivity of 
addition over multiplication. This property, 


a+ (bc) = (a«b)(a+c) 


is useful in showing that there is nothing especially unique in numerical systems 
about the standard distributive law 


a(b +c) = ab + ae. 


If « is taken as an addition operation in the interpretation (K, -, *), then 
there are certain propositions, trivial in the (K, -, +) interpretation, which 
are no longer trivial since #0. Some examples are 


a+2"” = qQ", a+eG" = 2g", 


a= axg}, az = G«az(¥3). 
+ Research carried out under the auspices of the U. S. Atomic Energy Commission. 


THE VOLUME OF A TETRAHEDRON AS A DETERMINANT 


S. B. Townes, University of Hawaii 


In Classroom Notes in the April 1955 Montutiy, G. M. Petersen gave a 
simple derivation of the area of a triangle as a determinant in the coordinates of 
its vertices. It is easy to obtain the volume of a tetrahedron by analogous 
procedure. In a space of three dimensions a plane area is equal to the square 
root of the sum of the squares of its projections upon the coordinate planes. 
It follows that the area of the triangle with the vertices (x2, ye, 22), (%3, Ys, 23), 
and (x4, ys, 24) is, (writing only the first lines of the determinants), 


2V | x2 yo 1 [2+ | yo 2201/2? + | 20 ae 1/2 


The equation of the plane through these same points is 
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x y 2 1 
x Bo 1 
2 Ye 2 = 0 
%3 V3 23 1 
V4 Ya 34 1 


Consider the tetrahedron with the vertices (x;, yi, 2:;),7=1, 2, 3, 4. Using the 
normal form of the preceding equation, one gets the altitude through (x1, 1, 21) 
in the form 


X1 Yi 41 1 
1 Xo Yo 22 1 

+ Se 
V | oxo yo 12+ | yo ze 1[?+ | se ae 1/? %3 V3 23 1 
Xe Ya 24 1 


From this it readily follows that the volume of the tetrahedron is 


X1 Yi 21 


1 
Xo Yo B | 
Xs Ys 23 1 

1 


V4 ‘Ws &4 
Ge 


By mathematical induction the content of a simplex in » dimensions can be 
found by the same method. 


THE EVALUATION OF TWO INFINITE INTEGRALS 
C. D. Otps, San Jose State College 
The “differential equation” approach to the evaluation of definite integrals 


has great student appeal, and the advanced calculus teacher should have a few 
examples tucked away in his notes. For example, consider the integral 

° acos me 
(1) “= a, 

0 a+ at 2p" 


where, in order to make the discussion as brief as possible, we shall assume 
that a>0 and that m>0. Using double integration by parts, we see at once 
that 


(2) “= — —f Cos sma (——) ds 
dx? \a? + x? 


But 
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and hence (2) shows that wu satisfies the differential equation 


d*u4 
— = m*4u, 
da? 
whose solution is 
(3) u = Aem™? + Bem, 


where A and BS are functions of m and not of a. However, if in (1) we let x =ay 
we find that 


° cos may 
va [SP ay 
0 1+y 


which shows that u is a function of ma; hence the constants A and B in (3) are 
independent of m. Letting, then, m— in (3), and using the fact that (4) con- 
verges, we deduce that A =0. Likewise letting m—0 we conclude that B=7/2. 


Thus 
© acosmx 1 
—_——— dx = — mwe7™4, 
0 


a+ x? 2 
Now if 
asin mx 
v= x, 
0 x(a? + x2) + 4?) 
then 
dv 1 
— = 4 = — re ™ 
dm 2 
so that v=7(1—e-”)/2a. Hence 
(5) iz a? sin mx F 1 ( 
—_—-——— 44 = — rl — em), 
0 x(a? + x?) 2 
Differentiating (5) twice with respect to m, we find that 
° “sin mx 1 
(6) f ——— dx = — re-™4, 
0 a? -+ x? 2 


Adding (5) and (6) we obtain the evaluation 


© sin mx 1 
f dx = — mr. 
0 x 2 


It is clear, of course, that all the operations involved can be established on the 
basis of uniformity. 
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A CONTINUATION PROBLEM 


C. P. GapspEn, Tulane University 


If one solution y; of y’+/fiy’+fey=0 is known, a second (linearly inde- 
pendent) solution is given by any solution of the reduced equation 


(1) yy’ — yi y = exp f — fide = w(x). 


Thus y2.=y1/7,(w/yi)dx. Clearly a problem arises when y; has zeros. Suppose 
4i(x1) =0 (hence y{ (x1) #0, since we assume of course 340). Choose x2 and x3 
so that x, is the only zero of 4; in the interval x.<x3, and consider a third solu- 
tion y3=y1/7,(w/yi)dx. From (1) we have, by continuity at x1, yo(x1) =/y3(%1) 
= —w(x1)/yi (x1). To compare the derivatives of ye and ys at x1 we integrate 
the easily verified relation d(y’/w) =(—foy/w)dx, first between x, and x2 for 
y=yo, and then between x, and x3 for y=ys; thus yf (x1) =w(x1) [1/y1(x2) 
— fA (foye/w)dx| and ys (x1) = w(x) [1/91(xs) — 2 (foys/w)dx], so that generally 
yd (x1) X43 (x1), and ys is in general not the continuation of y2 across x1. The 
continuation is readily obtained, however, in the form ye=Ky3+Cy1, since ys 
and y; form a fundamental set of solutions. The constants are easily evaluated 
as K = yo(%1)/ys(x1) =1 and C= [yd (x1) — yd (x1) |/yf (x1), which can be computed 
from the formulas obtained above. Continuation of ye across further zeros of 41 
is carried out interval by interval using the same method and basic relations. 


Reference 


Witold Hurewicz, Ordinary differential equations in the real domain, Brown University, 
1943, pp. 45-47. 


ELEMENTARY PROBLEMS AND SOLUTIONS 
EDITED BY HOWARD EVEs, University of Maine 


Send all communications concerning Elementary Problems and Solutions to Howard 
Eves, Mathematics Department, University of Maine, Orono, Maine. This department wel- 
comes problems believed to be new, and demanding no tools beyond those ordinarily furnished 
in the first two years of college mathematics. To facilitate their consideration, solutions should 
be submitted on separate, signed sheets, within three months after publication of problems. 


PROBLEMS FOR SOLUTION 
E 1231. Proposed by A. W. Walker, University of Toronto 


Show that x«?-++y°-++-23 —3xyz =a is a surface of revolution. 


E 1232. Proposed by Victor Thébault, Tennie, Sarthe, France 
Arbitrary parallel lines drawn through the vertices A, B, C of a triangle 
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intersect the circumcircle in A’, B’, C’. Show that A”, B’’, C’’, the symmetrics 
of these points with respect to the midpoints of BC, CA, AB, respectively, lie 
on a line perpendicular to the parallel lines and passing through a fixed point 
of the triangle. 


E 1233. Proposed by Joseph Andrushkiw, Seton Hall University 

Denote the sides and inradius of a triangle by do, 00, €0, and 79. The points of 
contact form a new triangle whose sides and inradius are a, bi, G1, and n. Re- 
peating the process one obtains the sequences {an}, {dn}, {cn}, and {ra}. 
Show that as n— © 


lim 7p/dn = lim rp/ba = lim rn/¢n = 3/6. 


E 1234. Proposed by Leo Moser and J. R. Pounder, Unwersity of Alberta 

(a) Find 3 distinct positive integers, relatively prime in pairs, such that 
the sum of any two is divisible by the third. Prove that these integers are unique. 

(b) Find 3 distinct positive integers such that the product of any two leaves 
a remainder of 1 on division by the third. Prove that the numbers are unique. 


E 1235. Proposed by D. S. Greenstein, University of Pennsylvania 
Let fo(x) be bounded and integrable over aSx 3b, and let 


fn(%) -{ fn—1(d) dt, n= 1, 2, 3, see, & < x s b. 
Evaluate 


SS fal). 


n=] 


SOLUTIONS 


Maximum Cross Section of Unit Cube 
E 1201 [1956, 120]. Proposed by C. S. Ogilvy, Hamilton College 


What is the area of the maximum cross section of the unit cube? 


Solution by A. R. Hyde, West Hartford, Conn. Equatorial sections of the cir- 
cumscribed sphere cut the cube in the following possible configurations: 

(a) section includes 4 vertices of the cube (2 diametrically opposed pairs) 
and, separates the others, 2 on each side of the plane; configuration a rectangle 
4/2 by 1 with area /2; 

(b) section includes 2 vertices (diametrically opposed) and separates the 
others, 3 on each side of the plane; configuration a parallelogram ranging in 
area from a rhombus with diagonals »/3 and 4/2. and area »/3/2 (plane bisecting 
2 edges of the cube) to the rectangle of (a) as a limiting case; 

(c) section separates vertices into two coplanar groups of 4; configuration 
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a parallelogram ranging from a unit square (plane parallel to a surface of the 
cube) to the rectangle of (a) as a limiting case; 

(d) section separates vertices into two noncoplanar groups of 4; configura- 
tion a hexagon with pairs of equal opposite sides and equal opposite angles, and 
whose limits are the rhombus of (b) and the rectangle of (a). 

It can be shown that planes parallel to any of these equatorial planes cut 
off successively smaller areas (or, at most, no greater areas) as the latitude in- 
creases. In cases (a), (b), and (c) the equatorial section is the same as if made 
on a unit-square prism of indefinite length. Parallel sections of this prism are 
congruent, whereas in cases (a) and (b) the areas decrease with increasing lati- 
tude because of the bounding surface, and in case (c) they are constant until a 
vertex is reached, then decrease. The hexagon of (d) may be considered as the 
parallelogramic section of the indefinitely long prism diminished by congruent 
triangles at two opposite vertices. For parallel planes these triangles remain 
similar as the base of one moves toward the vertex, the base of the other away 
from the vertex, at the same rate. Thus the sum of the triangles increases and 
the hexagon correspondingly decreases until a vertex is reached and the sectional 
area becomes pentagonal; thereafter, case (d) is like the others. 

Hence the greatest section is that of one of the equatorial planes, namely 
that of case (a), the +/2 by 1 rectangle with area 4/2. 

Also solved by Leon Bankoff, M. S. Klamkin, and Azriel Rosenfeld. 

Klamkin gave an analytical solution and remarked that it would be more 
difficult to determine the maximum cross section of the higher ordered regular 
polyhedra. The other two solutions were intuitive answers. 


Editorial Note. Since the maximum section of a convex body possessing a 
center of symmetry must pass through the center of symmetry, one needs to 
consider only those sections that pass through the center of the cube. 


Property of a General Simplex 
E 1202 [1956, 120]. Proposed by Victor Thébault, Tennie, Sarthe, France 


Let O be an arbitrary point on an arbitrary line X passing through the 
centroid G of a tetrahedron ABCD. If X cuts the planes BCD, CDA, DAB, 
ABC in A’, B’, C’, D’, show that 


A'O/A'G + B’O/BIG + C'0/C'G + D'0/D'G = 4. 
Solution by Azriel Rosenfeld, Columbia University. Clearly 
A'0/A'G = OBCD/GBCD = 4 OBCD/A BCD, 
with similar expressions for B’O/B’G, C’O/C’G, and D’'O/D’G. Therefore 
A'O/A'G + B'O/BG + C'0/C'G + D’0O/D'G 
= 4(0BCD + OCDA + ODAB + OABC)/ABCD = 4. 
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Also solved by Hiiseyin Demir, A. R. Hyde, P. W. M. John, M. S. Klamkin, 
Josef Langr, JoZe Uléar, Chih-yi Wang, and the proposer. 

Many of the solutions were analytical. N. A. Court pointed out that the 
problem is stated and solved in National Mathematics Magazine, vol. 15, no. 6, 
March 1941, p. 275, art. 9b. It is stated there that the analogous proposition 
for (affine) two dimensional space is also true. Since the corresponding proposi- 
tion for affine one dimensional space is easily established, one might conjecture 
that the proposition holds for the general simplex in affine n-dimensional space. 
Such is the case; Uléar furnished an analytical proof, and Rosenfeld’s synthetic 
proof is easily generalized. 

Klamkin pointed out that the given problem is a special case of the following 
problem found in Altshiller-Court, Modern Pure Geometry, p. 25, Ex. 38: “The 
areas of the faces of a given polyhedron are inversely as the perpendiculars from 
a point O, and OO’ meets these planes in P;, Po, P3,---, Pa, respectively; 
prove that 

O'P;/OP; + O'P2:/OP2 +--+: +O'P,/OP, = n.” 


Taking n=4 and replacing O’ by O and O by G, we obtain the desired result. 


An Extension of Poretsky’s Law 


E 1203 [1956, 120]. Proposed by S. I. Birnbaum, Polytechnic Institute of 
Brooklyn 


Prove that for given sets X, Y, JT we have X = Y=0 if and only if 
TH (XNTIUYATIUWXOTAY’). 


I. Solution by C. F. Pinzka, Educational Testing Service, Princeton, N. J. 

Necessity: If X is non-empty, it contains an element a. If a isin 7, it is not 
in X(\7T", YO\T", X'(\TC\ Y’, nor in their union T. Assuming a is in 7” also 
leads to a contradiction. Hence X =0. Similarly, Y=0. 

Sufficiency: Substituting X = Y=0 in the given expression yields T=T. 

II. Solution by Lawrence Glasser, University of Wisconsin. 

Necessity: (X(\T’)CT, whence X =0; (Yf\7")CT, whence Y=0. 

Sufficiency: (OOT’))UQNT’)UANTMO) =T. 

III. Solution by R. M. Conkling, New Mexico College of Agriculture and 
Mechanic Arts. Factoring 7’ from the first two summands, we have 


T=(TO(XVUYIVU[TAXYUY]. 


The right side is the symmetric difference of J and XY, 1.e., the set of ele- 
ments in either T or XY, but not in both. This symmetric difference is T if 
and only if XU Y=0, or, equivalently, if and only if X and Y are both null. 

IV. Solution by Roy Dubisch, Fresno State College. We use the equivalence 
between the algebra of the class of all subsets of any set and the algebra of 
statements to rewrite the given equality as: 


¢ equivalent to(*A\~t)VV¥A~rdV (~c#AtA~y). 
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Ogilvy, J. K. Patterson, J. D. Riley, L. A. Ringenberg, Stewart Robinson, 
Azriel Rosenfeld, David Rothman, J. P. Scholz, A. J. Tingley, Chih-yi Wang, 
David Zeitlin, and the proposer. 

Schell included the following interesting note with his solution: 

“Mr. Richard Ash, of the Programming Research Group of Remington 
Rand Univac Division, has devised a set of machine instructions which enables 
one to settle the validity of propositions in symbolic logic on the Univac, which 
is a large scale general purpose electronic computer. Because of the ease in 
stating Birnbaum’s problem as a proposition in symbolic logic, I asked Mr. 
Ash to try it out using his machine instructions, which he kindly undertook to 
do. The problem was translated into symbolic logic form using the Polish 
parentheses-free notation, which is the convention adopted for the machine 
instructions. After the instructions were read into the machine, it typed out the 
query, ‘How many variables?’ For this problem the response ‘3’ was typed in. 
The machine then typed out the request, ‘Please type in problem.’ The ap- 
propriate translation of Birnbaum’s problem was then typed in. In something 
less than a second, the machine typed out the response, ‘Result: True.’ Mr. 
Ash informs me that the present program handles up to ten variables, which 
is an arbitrary limitation he imposed in writing the machine instructions, and 
an extension to a larger number of variables could readily be made. 

“T believe your contributors will be impressed as I was with the speed with 
which the machine solved the problem, even though it pursued what appears 
to be a round about manner; namely an examination of all possible combinations 
of the truth variables.” 


An Application of Fundamental Continuity Theorems 
E 1204 [1956, 120]. Proposed by A. J. Goldman, Princeton University 


Let C be the circle x?+y?=1, f(x, y) a continuous real-valued function 
defined on C, and A an angle such that 0<.A Sa. Show that there are two radii 
of C which form an angle A and have endpoints at which f(x, y) has the same 
value. 

Solution by L. R. Ford, Illinots Instttute of Technology. Put f(x, vy) = F(@), 
where @ is the central angle. The periodic function F(@) —F(@+A) 20 at the 
maximum of F(@) and $0 at the minimum; hence=0 somewhere. 

Also solved by Louis Brickman, C. N. Campopiano, Peter Crawley, David 
Ellis, David Freedman, D. S. Greenstein, H. J. Hamilton, Vern Hoggatt, A. R. 
Hyde, M. S. Klamkin, Joseph Lehner, D. C. B. Marsh, J. C. Mathews, C. S. 
Ogilvy, C. F. Pinzka, J. D. Riley, L. A. Ringenberg, Azriel Rosenfeld, J. W. 
Ross, David Rothman, J. A. Tierney, JoZe Uléar, Chih-yi Wang, J. V. Whittaker, 
David Zeitlin, and the proposer. 


Special Case of an Inequality Due to Borg 
E 1205 [1956, 121]. Proposed by H. J. Cohen, City College of New York 
If f’’(x) is continuous on [0, 1] and if f(0) =f(1) =0, show that 
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J | f(a) /fa) | dae > 4, 


Solution by Martinus Esser, University of Maryland. There exist, by Rolle’s 
Theorem, a point (X, Y) at which | f(x)| is maximum, and, by the Mean Value 
Theorem, two abscissas a, } such that 


O<a<X<d<1, f(a=V/X, f(b) =—YV/(1—X). 


fi lre@nale> flrwrrle >| fi res] /17 
=| fo) —f'@|/| VY | = 1/X0 — X) 24. 


Then 


The given inequality is the best possible because for f(x) =x on [0, 1/2—e], 
f(x) =1—x on [1/2-+e, 1] and f(x) $0 on [0, 1] we have 


f lreie| ae < aya - 26, 


which is arbitrarily close to 4. 

Also solved by Paul Chessin, N. J. Fine, A. J. Goldman, H. Kestelman, 
M. S. Klamkin, Viktors Linis, T. F. Mulcrone, D. J. Newman, John Selfridge, 
R. E. Shafer, Chih-yi Wang, Albert Wilansky, and David Zeitlin. 

Several solvers pointed out that the proposed inequality is a special case 
of an inequality due to A. Beurling, which in turn is a special case of an in- 
equality due to G. Borg. See this Montuty [1956, 27]. Chessin pointed out 
that in the Quarterly Journal of Applied Mathematics, Oct. 1955, p. 335, is a 
reference to the proposed inequality with an indication that it is due to Lia- 
pounoff and is the best estimate. 

It should be noted that f(x) =0 is to be ruled out, since in this case the in- 
tegral does not exist. 


ADVANCED PROBLEMS AND SOLUTIONS 


EpiTep BY E. P, STARKE, Rutgers University 


Send all communications concerning Advanced Problems and Solutions to E. P. Starke, 
Ruigers University, New Brunswick, New Jersey. All manuscripts should be typewritten, 
with double spacing and margins at least one inch wide. Problems containing results believed to 
be new or extensions of old results are especially sought. Proposers of problems should also en- 
close any solutions or information that will assist the editor. In general, problems in well 
known textbooks or results in readily accessible sources should not be proposed for this de- 
partment. 


PROBLEMS FOR SOLUTION 
4703. Proposed by R. E. Bellman, Rand Corporation 
Show that the conditions (a) tn 2 Un—1—@n—1, An 220, Doig dn< ©, (b) wa SM, 
imply the convergence of the sequence {un}. 
4704. Proposed by L. E. Clarke, University College of the Gold Coast 


If m is a positive integer greater than 1, show that a necessary and sufficient 
condition that m be prime is that, for every integer n, 


(") = [n/m] (mod m). 


4705. Proposed by Albert Wilansky, Lehigh University 


It is possible to construct an additive but discontinuous real function of one 
real variable. Is it possible to construct one with the property that f(x) =f(y) 
implies x =? (This would give an algebraic isomorphism of the additive group 
of the reals which is not continuous.) 


4706. Proposed by S. W. Golomb, Cambridge, Mass. 

If f(x) and g(x) are real periodic functions of the real variable x, having in- 
commensurable periods, is it possible for f(x) -+g(x) to be-periodic? 

4707. Proposed by Charles Fox, McGill University 


A magic matrix is one whose elements are the numbers of a magic square, 
4.e., every row, column and diagonal has the same sum. (a) Show that a 3 by 3 
magic matrix inverts into a magic matrix. (b) Can this result be extended to 
magic matrices of higher order? 

SOLUTIONS 
A Summation of Cosines 


4636 [1955, 259]. Proposed by Emma Lehmer, Berkeley, California 
Show that, if 2 is a prime of the form 8m-++5, then 


n—l 2av _ 
>, cos = S/n 
y=) n 
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For what other values of x is this true? 
Solution by Leonard Carlitz, Duke University. A. Let p be a prime=5 (mod 8) 
and let r be a primitive root (mod p). Put 


m—1 


Nk = > eristk (k = 0, 1, 2, 3) 


&=:0 


where p=4m-+1 and e=e?™/?=cos (2m7/p)+7 sin (27/p). Next define the 
Lagrange resolvents (see, e.g., Bachmann, Die Lehre von der Kreistetlung, p. 
168) 


(7, €) = qo + im — 12 — tmp, 
(—4, €-) = no — tm — 2+ tM. 
We have also 
notmtntas = — 1, 
no — m+ 12 — 1s = VP, 
the last from the evaluation of a Gauss sum. It follows that 
1+ 4no = (i, €) + (-4, €) + V4, 
1+ 4y2 = — (i, €) — (-i,€-) + V9. 


Noting that yz and yo are conjugates, and that 14, 24, -- +, (p—1)* give the set 
of biquadratic residues counted four times, we get 


p—-l 2rs* _ 
(1) >, cos p = 1+ 2(m0 + m2) = V2, 
g=Q) 


the stated result. 
It also follows from the above that 


1+ 2m + 2n3 = —- V/?, 
so that 


(2) > cos 7 = — Vp, 


8unQ) 


where k& is any quadratic non-residue of . We may combine (1) and (2) in the 
form 


p—-l 2ras* a _ 
3 = { — , x0). 
(3) >, Cos , (=) v2 (a ¥ 0) 


gm) 


For p=1 (mod 8), the numbers 1-+470, 1+42 are determined by means of 


(4) VJ p+ V2(p + av), 
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where p=a?+b?, a=—1 (mod 4), (see Fricke, Lehrbuch der Algebra, v. 1, pp. 
441-443), but it is not known which value of (4) corresponds to 1+47. Since 
for p=1 (mod 8), 

pol 2rs* 


1+ 49 = >> cos 


=n 


) 


it is clear from (4) that (1) does not hold. 
B. To find values of 2 such that 


(5) >, cos 


gx=n0) 


= Vin, 


we make use of some known results concerning 


n—1 


Ss, = >> p™, 


g=nQ 


where p is a primitive mth root of unity (see Landau, Vorlesungen tiber Zahlen- 
theorie, v. 1, Th. 281, 307, 312): 


(a) Soi02 = Soper 

where p1 is an mth root and pe an meth root of unity, (m1, m2) =1, 

(b) S, = pr (n= p,p>2,2 S518 4), 
(c) Sp = pS, (n = p',1l> 4). 


First, if »=mi, where m, is quadratfrei and odd, it follows from (a) and 
(b) that Sp= M1. 


Second, if m.=p1-: - po where the ’s are distinct primes=3 (mod 4), 
then every square (mod m) is necessarily congruent to a fourth power, so that 
a | 
Sp = > p* = (—) a/me (p = e—2rhilm) 
sun Me 


Third, for mg=4, we have S;=1-+7, S_;=1-—i. 

Fourth, for m4=p=5 (mod 8) we have the case treated in A above. 

It follows at once that (5) holds in each of these four cases. Moreover we 
may combine by means of (a) to get the following possibilities: 


26, €2 63 
n= mM, Me2amM3, 


(6) 


26; 62 64 
n= mM, Mem, , 


where each e;=0, 1 and (m, me) =(m, ms3)=1. For example, when »=mgm, 
=Mop, let up+ume=1, p=erriln Pro = ert tule pa=er*tolp, Then 


S = SS, = (=) Vm, 
Me 
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$2 (Sva(2) 4 (20 
s=0 n M2 P m2} \ p 


But since up=1 (mod m2) and vm,=1 (mod )p), 


EXS)-OE)-+ 


by the quadratic reciprocity theorem. Hence (5) holds in this case. 
Presumably (6) enumerates all the cases in which (5) holds. 
Also solved (part A only) by J. H. Hodges, R. E. Shafer, and the Proposer. 


Integral Points on a Sphere 
4643 [1955, 446]. Proposed by Norman Anning, Alhambra, California 


If r is a prime of the form 4k-+1 or is the product of such primes, show that 

the number of points with integral coordinates on the sphere 
gt $+ y2 4 22 = 7 
is 67. 

Remarks by C. D. Olds, San Jose State College. In a letter written in 1884 
to Ch. Hermite, T. J. Stieltjes proved by means of elliptic functions that if 
n=p*, p=1 (mod 8), » prime, then N3(n?) =6p*, where N3(n?) denotes the 
number of representations of 2? as the sum of three squares. [“Lettre 45, 
Correspondence d’ Hermite et de Stieltjes, vol: 1, Paris, 1905, pp. 89-94.] In 1907 
this formula was generalized by A. Hurwitz [Mathematische Werke, vol. 2, 
Basel, 1933, p. 751. ] 

The general formula is as follows: Let 


n= 2m =2*P0, P=TIe’, O= To’ 
yaa] yuo 


where each p, is a prime=1 (mod 4), and each gq, is a prime=3 (mod 4), then 


‘To ® "— 1 
N;(n*) = 6P [[| "+ 2 . 
van] qv — 1 
Arithmetical proofs have been given by G. Pall [Journal of the London 
Mathematical Society, vol. 5 (1930), pp. 102-105], and by C. D. Olds [Bulletin 
of the American Mathematical Society, vol. 47 (1941), pp. 499-503. | 
Similar discussions were submitted by Leonard Carlitz, M. S. Klamkin, 
A. Walfisz, and Chih-yi Wang. 


Isomorphic Groups 
4644 [1955, 447]. Proposed by Azriel Rosenfeld, Columbia University 
Prove that in no field K can the additive group Kt be isomorphic to the 
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multiplicative group K*. 


Solution by R. E. Priest, Bell Telephone Laboratories, New York City. If the 
characteristic of K is not equal to 2, then Kt has precisely one element of order 
2, vz. 0, and K* has precisely two elements of order 2, viz. 1 and —1. 

If the characteristic of K equals 2, then all elements of Kt are of order 2 
while K* has precisely one element of order 2, viz. 1 = —1. 

In no case, therefore, can K+ and K* be one to one. 

Also solved by W. J. Blundon, G. U. Brauer, Leonard Carlitz, R. C. Courter, 
Helen F. Cullen, M. P. Drazin, David Ellis, M. P. Epstein, V. D. Gokhale, 
A. J. Goldman, William Googe, R. D. Gordon, C. D. Gorman, D.S. Greenstein, 
B. Gross, A. S. Hendler, J. Horvath, H. H. Johnson, Tung-Po Lin, D. C. B. 
Marsh, E. C. Milner, T. O. Moore, F. D. Parker, G. B. Robison, H. D. Ruder- 
man, J. J. Schaffer, and W. R. Scott. 


A Determinant Divisible by a Prime 
4645 [1955, 447]. Proposed by Leonard Carlitz, Duke University 


Let 0Srsp-—i, where p is prime, and let ao, a1, ---, a, be integers not 
divisible by ». Define the determinant of order r+1 


2 


A, = | a; | (4,7 = 0,1,---,7). 
Show that 
A, = 0 (mod prerth (r+2)/6) 


Solution by the Proposer. We shall prove the following stronger result. Let 
m=0 and define 


m m+) 
Ar = lar | (i,j =0,1,---,7). 
Then we show that 
(1) A” = 0 (mod ?*), 
where e=mr(r+1)/2+r(r+1)(7+2) /6. 
Define 
n-+l n n-+1 n 
n @P? ~=—a?P n rAa? — Aa? 
Aa? = } tae = ——__——_ 
prt pati 
and generally 
n-+1 n 
Asti ” _ A&®a? — Ata? 
a — a ae ° 


In A™ subtract the jth column from the (j-+1)th for j=0, 1,---,r—1. 
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Then 


1 
(m) mrer(r-l)/2) pp” ptr . 
r = | a; Aa; --+ Aa; | (¢=0,1,---,7). 


Again subtracting the jth column from the (j-+1)th for 7=1, 2, ---,r-—1, we 
get 


(m) c pp” 2 p” 
A, = p | a; Aa; Aa; --:-Aa; |, 


where c=m(2r—1)+r(7+1)/2+7r(7—1)/2. Continuing in this way we finally 
get 


(2) A,” = p'| A‘a; | (4,j = 0, 1;---,7), 


where 
e=m{rt(r—1) +--+ +1} + {rl t 1/24 (r— 1)r/2+--- +1} 
= mr(r + 1)/2 + r(r + 1)(r + 2)/6. 


Now Schur (Sttzungsberichte der Preussischen Akademie der Wissenschaften, 
1933, pp. 145-151) has proved that for all (a, p) =1, r<p, the numbers A'a?” 
are integral for all m 20. Consequently (2) implies (1). 

Also solved by F. W. Ponting. 


Two Limits Suggested by Probabilistic Considerations 


4646 [1955, 447]. Proposed by Oliver Gross, the Rand Corporation 

Let Fi(x) =Gi(x) =x for x real, and for n>1 define F,, G, recursively by 
F (41, ° ++, %) = max (#1, Gri(4e, +++, Xn), 
Gn(%1, °° * ) Xn) = min (44, Pa_i(e, -- + , Xn)). 


Are the following relations true: 


1 1 rV/3 
lim f ee f F,,( 41, cy Xn) aX ee dX 
0 0 


 ) 


nR-— 0 


. , : V3 
lim f ae f Gn(%1,°°° , Xn)d4%1--+ dx, = 1 ? 
0 0 9 


N—-> 00 


Solution (abridged) by Chih-yi Wang, Unwersity of Minnesota. The given 
limits are correct. Define 


1 1 
f _ f [F(21, «++, %)]"da1 +++ da, = I(r, n), 
0 0 


f a [Ge "+04 @n) Pdar +++ dn = J(s, 1). 


590 ADVANCED PROBLEMS AND SOLUTIONS [October 


It can be easily verified that for n>2: 


1 
(1) I(r, n) = eat? 


Ln— 
rad jit n—2)— 


— I(r + 2,” — 2), 


(2) J(r,n) =I(r,n — 1) - ws I(r +1, » — 1), 


1 r 
3 I(r, 1) = ——>_—s— I(r, 2) = ——- + —_—_- 
(3) (r, 1) rad (r, 2) i+ GeDGeD 
Case I (n=2m-+1). By applying (1) successively and by aid of (3) we ob- 
tain, omitting details, 


v1 — omtt(1 — 2) 
I(1, ») = f J ay 


In this integral, the part which is independent of m yields the required result 
x+/3/9, while the other part can be so estimated that the lower bound of the 
denominator is 3/4 and the upper bound of the numerator is 4-"—! which will 
—0 asm—o., 

Case II (n=2m). By applying (1) successively and by aid of (3) we obtain, 
again omitting details, 


yi-— 1—an(1 — x)™ — 2" 1 fy 
I(1, 2) = f J foxede bY +f J x™(1 — x)" "Idxdy. 
~— 0 0 


The first integral converges to the same limit 14+/3/9 as stated in case I, and the 
integrand of the second integral is dominated by 4—"+! which will -0 as m—> &. 
The second proposed statement can be verified by (2) and the first result. 
The result of the problem can be generalized as follows: For any given 
positive integers r and s, we have 


rxrl 
lim I(r, n f [- —_—_—_—_—_—_—_—- dxdy, 
N—> 00 ( )= 0 1—x-+ x’ 7 


; y sel — 2) — x) 
lim J(s,”) = f f ——_—_—_— dxdy, 
0 


Nn—> 1—*+ + 


which can be verified in a straightforward manner. 

Note by the Proposer. The following heuristic argument is of interest. In- 
terpret the x,’s as independent random variables from the uniform distribution 
over [0, 1]. The integrals in question represent the expected values of the two 
random variables F,, Gr. But since, if x; and x2 are independent random vari- 
ables, it is easy to see that 

x}, 


P{max (a1, #2) S x} = P{x, S «}-P{a 
P{min (#1, #2) S$ «} =1— {1-— P(m S «)} {1 — P(m Ss a)}, 


IIA 
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whence we can set up a pair of simultaneous equations for the limiting distribu- 
tions f, g of F,, Ga (which can be shown to exist), namely, 


f(x) = a-g(x), g(x) =1—-(1—a)(1—f(x)), 2x € [0,1]. 
Then 
x x 
IO =e OTe 


The limits required by the problem are then given by 


f a and fi vaste) 


which give the numerical values as stated. 
Also solved by Richard Courter, M. L. Freimer and A. L. Tritter, R. D. 
Gordon, and E. C. Milner. 


RECENT PUBLICATIONS 


All new material for this section should be sent to the incoming editor, Richard V. Andree, 
University of Oklahoma, Norman, Oklahoma. 


Elementary Topology. By D. W. Hall and G. L. Spencer, II. New York, John 
Wiley & Sons, Inc., 1955. 7-+303 pages. $7.00. 


As point set topology has become firmly established in a position of funda- 
mental importance in much of modern mathematics, it is inevitable that atten- 
tion be given to the feasibility and desirability of introducing the subject to 
the student of mathematics at an early stage in his education. At many schools, 
it is difficult, if not impossible, to teach an elementary course, unless one has 
available an adequate text. Those who feel that topology should be taught 
early will probably welcome the book by Hall and Spencer, for this book is in- 
tended as a text for an introductory course in point set topology for students 
who have not necessarily had courses in advanced calculus and modern algebra. 
The book does not treat algebraic topology. 

The material treated in the first half of the book (149 pages) is elementary 
and should prove to be accessible to undergraduates. The second half of the 
book, which is primarily concerned with the proofs of some of the gems of 
topology, is, in this reviewer’s opinion, too difficult for the typical undergraduate 
mathematics major. Nevertheless, the authors hope that it will be accessible, 
and therefore spell out all proofs in great detail. 

The book begins with a concise chapter on set theory, which, with minor 
exceptions, meets the prevailing standards of rigor for non-axiomatic set theory. 
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Chapter II is devoted to a treatment of the basic properties of the real number 
system. Concepts such as connectedness and continuity are defined and de- 
veloped in such a way as to prepare the student for the corresponding ab- 
stractions he will meet in later chapters. Presumably in an attempt to keep the 
book elementary, no definition of the real numbers is given. It is assumed that 
each real number has a “representation” as an infinite decimal. The reviewer 
believes that some students will feel uncomfortable with this treatment. 

Chapters III and IV, which comprise about 100 pages, are devoted to topo- 
logical and metric spaces. The basic concepts are here introduced, almost always 
with their most modern definitions, and the fundamental theorems are carefully 
proven. There are a large number of exercises, some of which are routine, others 
of which are thought-provoking. Some topics not treated in the text, notably 
the theory of category and of Moore-Smith convergence, are developed in a 
series of exercises. The contents of Chapters III and IV will probably be the 
heart of any introductory course in point set topology. 

The remainder of the book is concerned with some beautiful but deep and 
difficult concepts and theorems. The unit interval and circle are given topologi- 
cal characterizations along the lines first done by Janiszewski. The famous 
theorem of Hahn and Mazurkiewicz which characterizes the continuous image 
of the closed unit interval, as well as Zippin’s characterization of the simple 
closed surface are presented. Also proven are the Jordan curve theorem, the 
Jordan-Schoenflies theorem, and theorems concerning complex concepts in- 
troduced by Sierpinski and Bing. The last chapter of the book deals with trans- 
finite reasoning, t.e., the Axiom of Choice, Zorn’s lemma, well-ordering, and 
Tychonoff’s theorem. 

Some readers of the book may be critical of some aspects of the authors’ 
style. For example, some may feel that the authors should have presented 
Hilbert’s proof of Peano’s startling discovery that the closed unit square is the 
continuous image of the unit interval in order to elucidate the statement and 
proof of the more general theorem of Hahn and Mazurkiewicz. Others, how- 
ever, may feel grateful that the authors left to the instructor pleasant oppor- 
tunities to delight and enlighten his class. In any event Elementary Topology 
is a welcome addition to the relatively few books suitable as texts for courses 
for advanced undergraduates in modern mathematics. 

L. E. DuBINS 
Carnegie Institute of Technology 


Through the Mathescope. By C. S. Ogilvy. New York, Oxford University Press 
1956. 162 pages. $4.00. 


The current importance of mathematics is generally acknowledged: it is an 
indispensable adjunct to technology. But to the public this merely signifies 
that a familiar evil has become a necessary one. The greater therefore is the 
mathematicians’ wish “to proclaim to the world that their beloved mathe- 
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matics is not the dry-as-dust, ugly, routine affair that so many people think 
it is.” 

The author, like others before him, accepts the challenge. But he is unlike 
them in at least some of these respects: he speaks briefly and on few but well- 
chosen topics; he does not assume that a reader with little mathematical 
preparation may safely be treated like a fool; he provides elementary proofs 
when available and none otherwise; he distinguishes nicely between mathe- 
matical truth and physical reality; he exploits some of the simpler paradoxical 
situations; he makes a single concept do multiple duty whenever possible— 
thus providing a happy continuity between otherwise apparently unrelated 
subjects; he injects lively historical observations; he stresses the artistic ele- 
ment; and by his breezy style no less than the remarkable recency of many of 
his references he makes mathematics live. 

The “mathescope,” says the author (after crediting invention of the word 
to Watson Davis), is the mathematician’s counterpart of the scientists’ tele- 
scope and microscope, “with reason for its pedestal and inspiration for its 
lenses.” Subjects viewed through the mathescope are organized into 11 in- 
triguingly titled chapters (e.g., “Wheels within Wheels” for the one on cycloids) 
and include (though not in this order) integral, rational, irrational, imaginary, 
and transfinite numbers; Pythagoras’s Theorem, the regular polyhedra, co- 
ordinate geometry, the conic sections, and cycloids; infinite series and continued 
fractions; fallacies arising from algebraic misdemeanors, pictorial proofs, and 
immoderate enthusiasm for circle-squaring and angle-trisecting; probability, 
with the binomial and norma! distributions; and elementary topology. 

An appendix of 23 pages provides a running commentary on the 129 pages 
of main text, with additional references, proofs of slightly higher order of 
difficulty than those presented in the earlier section, and what might be termed 
“lay research questions”. 

The only statement in the book to which the reviewer took serious exception 
was this: “Essentially what the calculus does is integrate (sum) an infinite 
number of infinitely small elements of this type” (p. 86). However, the author 
is still apologizing for it two pages later. (One recalls with a shudder the pres- 
entations of the calculus offered by authors like Hogben!) Misprints noted 
were “x?” for “pb?” on p. 143, missing subscripts on a couple of “V’s” on p. 144, 
and a superfluous “the” (within a quotation) on p. 118. Slips in reasoning, 
terminology, eic. which were observed were few in number and were generally 
slight. 

‘Perhaps the strongest feature of the book is its success in conveying the 
author’s personal enthusiasm for mathematics. It is hard to imagine anyone’s 
reading a single page without concluding that mathematics is a subject in which 
at least Professor Ogilvy is passionately interested! The more laymen who can 
be tempted to read Through the Mathescope the better. 

H. J. HAMILTON 
Pomona College 
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Methods in Numerical Analysis. By Kaj L. Nielsen. New York, The Macmillan 
Company, 1956. xiii+382 pages. $6.90. 


It has become increasingly evident that numerical analysis may now be 
regarded as having a ratson d’étre in the modern mathematics curriculum. 

Dr. Nielsen has sought to write Methods in Numerical Analysis as an ele- 
mentary textbook and has approached his objective in a careful and effective 
manner. As the title implies, the subject matter stresses methodology in the 
art of computation rather than mathematical sophistication. Appropriate em- 
phasis is placed on those modern computational procedures arising in the 
analysis of tabulated data and approximate solutions of equations which lend 
themselves to the use of tables included in the appendix, or are easily adapted 
to automatic desk calculators for problem laboratory purposes. 

The first five chapters are concerned primarily with classical material from 
the theory of errors, accuracy of approximate calculations, finite differences, 
interpolation theory, numerical differentiation and integration. Chapters six 
and seven deal principally with existent procedures for numerical solutions of 
sets of linear and nonlinear algebraic equations, and an introduction to tech- 
niques for handling differential, difference, and partial differential equations. 
Chapters eight and nine portray some recent developments in the representa- 
tion of empirical functions and smoothing of data employing the methods of 
least squares, Nielsen-Goldstein, orthogonal polynomials, and autocorrelation 
functions. 

The author apparently believes firmly in systematic procedures and utilizes 
a multitude of calculating forms and schematics in the topical illustrations 
which are worked out in detail. 

In summary, it is the reviewer’s opinion that the author has succeeded in 
writing an effective elementary text and convenient reference on up-to-date 
methods in the field of numerical analysis, useful for a wide variety of situations 
encountered by students and workers in applied mathematics. 

W. E. RESTEMEYER 
University of Cincinnati 


NEWS AND NOTICES 


Epitep BY EpitH R. SCHNECKENBURGER, University of Buffalo 


Readers are invited to contribute to the general interest of this department by sending 
news items to Edith R. Schneckenburger, University of Buffalo, Buffalo 14, New York. Items 
must be submitted at least two months before publication can take place. 


ORACLE APPLICATIONS PROGRAM 


The Oak Ridge Institute of Nuclear Studies has announced that it will make 
available to universities throughout the region the services of the ORACLE, its 
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high-speed electronic digital computer. Dr. T. W. Hildebrandt will direct the 
new program. One object of the program is to aid in extending to university 
campuses a wider awareness of the capabilities of modern high-speed computing 
equipment. The program will also assist university research programs. 

For further information write to Dr. T. W. Hildebrandt, ORACLE Applica- 
tions, University Relations Division, Oak Ridge Institute of Nuclear Studies, 
P.O. Box 117, Oak Ridge, Tennessee. 


THE UNIVERSITY OF ILLINOIS PROGRAM OF HIGH SCHOOL MATHEMATICS 


The University of Illinois has announced that a grant of $277,000 from the 
Carnegie Corporation of New York will be used by a University committee to 
continue its work of devising a new mathematics course for each of the four 
secondary years, preparing classroom text materials and teachers’ manuals, 
and conducting training courses to acquaint teachers with the new teaching 
techniques to be developed. This committee consists of representatives of the 
colleges of education, engineering, and liberal arts and sciences. The [Illinois 
project has the goal of bringing the high school mathematics curriculum up to 
date by including topics from modern mathematics and by presenting the sub- 
ject as an integrated body rather than as a group of isolated courses. 


PERSONAL ITEMS 


Professor Richard Courant, head of New York University’s Graduate 
Mathematics Department and scientific director of the Institute of Mathemati- 
cal Sciences, has been elected to foreign membership in the Royal Netherlands 
Academy of Sciences and Letters. 

Professor S. C. Kleene of the University of Wisconsin has been elected 
President of the Association for Symbolic Logic for a three-year term beginning 
January 1, 1956. 

Assistant Professor M. D. Marcus of the University of British Columbia 
has been awarded a Postdoctoral Research Associateship for advanced study 
at the National Bureau of Standards. 

Professor J. J. Stoker, Jr., associate director of the Institute of Mathemati- 
cal Sciences, New York University, has been awarded the Dannie Heineman 
Prize of $5,000 for his two books, “Non-Linear Vibrations” and “Theory of 
Water Waves”. 

California Institute of Technology announces the following: Professor H. F. 
Bohnenblust has been appointed Dean of Graduate Studies; Associate Professor 
C. R. DePrima has been promoted to a professorship in the Department of 
Applied Mechanics; Assistant Professor T. M. Apostol has been promoted to 
an associate professorship. 

At Purdue University: Professor C. Y. Pauc of the Faculté des Sciences de 
Rennes, France, has been appointed to a visiting professorship; Dr. H. S. C. 
Sharp, previously chairman of the Department of Mathematics of the U. S. 
Coast Guard Academy, has been appointed to an associate professorship at 
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the Hammond Extension Center; Dr. Melvin Carter, formerly a research as- 
sistant at North Carolina State College, Professor Philip Dwinger of the Uni- 
versity of Indonesia, Assistant Professor Imanuel Marx of the University of 
Michigan, and Dr. R. F. Williams, previously a visiting lecturer at the Uni- 
versity of Wisconsin, have been appointed to assistant professorships; Dr. M. J. 
Mansfield, previously a research assistant at the University, has been ap- 
pointed to an instructorship. 

Seattle University announces that Mr. C. C. Chang and Mr. A. L. Yandl 
have been appointed to instructorships. 

University of California, Davis, reports: Assistant Professor Anne C. Davis 
of the University of Washington has been appointed to an assistant professor- 
ship; Professor G. A. Baker has been named Faculty Research Lecturer. 

University of Washington (Seattle) announces: Assistant Professors M. G. 
Arsove, F. H. Brownell, and E. A. Michael have been promoted to associate 
professorships; Instructors H. A. Forrester, J. H. Walter, and R. L. Vaught 
have been promoted to assistant professorships; Associate Professor V. L. 
Klee, Jr. has been awarded a Sloan Foundation Fellowship; Assistant Professor 
R. L. Vaught has been awarded a Fulbright Fellowship for study during 1956-57 
at the University of Amsterdam; Associate Professor E. A. Michael will spend 
the year 1956-57 at the Institute for Advanced Study; J. Butler of the Univer- 
sity of California at Los Angeles, R. K. Getoor of Princeton University, T. J. 
McMinn of the University of California at Berkeley, and A. Nijenhuis of the 
University of Chicago have been appointed to assistant professorships; R. M. 
Blumenthal of Cornell University, G. Helmberg of Innsbruck, Austria, and 
R. T. Ives of the University of Washington have been appointed to instructor- 
ships; J. M. G. Fell of the University of Chicago has been appointed to a re- 
search assistant professorship under a grant from the Office of Naval Research. 

Wayne State University announces: Professor S. T. Hu of the University of 
Georgia and Professor Wallace Givens of the University of Tennessee have 
been appointed to professorships; Assistant Professor Felix Haas, University of 
Connecticut, and Assistant Professor M. T. Wechsler of the State College of 
Washington have been appointed assistant professors. 

Dr. S. S. Abhyankar, recently an associate at Columbia University, has 
been appointed to a visiting assistant professorship at Columbia University. 

Assistant Professor A. V. Banes of Trinity University has a position as a 
programmer analyst with the Ramo-Wooldridge Corporation, Los Angeles, 
California. 

,Mr. C. R. Berndtson, previously a teacher at Vinalhaven High School, 
Maine, is employed as an applied research mathematician by the Avco Manu- 
facturing Corporation, Stratford, Connecticut. 

Dr. F. G. Brauer, formerly a graduate student at Massachusetts Institute 
of Technology, has been appointed to an instructorship at the University of 
Chicago. 

Professor T. H. Brown, Graduate School of Business Administration, Har- 
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vard University, has been appointed to an emeritus professorship in business 
statistics. 

Dr. R. G. Buschman of the University of Colorado has been appointed to an 
associate professorship at the University of Wichita. 

Assistant Professor Lorenzo Calabi of Boston College has been promoted to 
an associate professorship. 

Mr. M. N. Chase, previously a mathematician at Battelle Memorial In- 
stitute, has accepted a research position with Technical Operations, Inc., 
Arlington, Massachusetts. 

Mr. T. E. Cheatham, Jr., formerly a research assistant at Purdue University, 
is Head of the Computer Division, Technical Operations, Inc., Washington, 
D.C. 

Dr. John Christopher of Fresno State College has a position as a mathe- 
matician with the ElectroData Corporation, Pasadena, California. 

Assistant Professor L. J. Cote of Purdue University has been appointed to 
an assistant professorship at Syracuse University. 

Mr. D. F. Coulter, Jr. of Grays Harbor College has been appointed to an 
instructorship at Hartnell College. 

Mr. D. L. Daly of Missouri School of Mines and Metallurgy has been ap- 
pointed to an assistant professorship at Illinois Wesleyan University. 

Mr. D. C. Davis, previously a development engineer for McDonnell Aircraft 
Corporation, St. Louis, Missouri, is employed now as an engineer by Chance- 
Vought Aircraft, Dallas, Texas. 

Dr. Bernard Dimsdale of Raytheon Manufacturing Company has accepted 
a position as Director of the Univac Computing Center, Remington Rand 
Division of Sperry-Rand Corporation, Los Angeles, California. 

Dr. Jesse Douglas of Columbia University has been appointed to a profes- 
sorship at the City College of the City of New York. 

Dr. H. T. Engstrom, formerly vice-president for Research and Engineering, 
Engineering Research Associates, Washington, D. C., is Vice-President of 
Remington-Rand, Division of Sperry Rand Corporation, New York, New 
York. 

Assistant Professor M. P. Epstein of Johns Hopkins University has received 
an appointment as mathematician at Bell Telephone Laboratories, Whippany, 
New Jersey. 

Mr. D. O. Etter, Jr., of International Lubricant Corporation, New Orleans, 
Louisiana, has accepted a position as a research engineer with North American 
Aviation, Los Angeles, California. 

Visiting Assistant Professor G. H. F. Gardner of Carnegie Institute of Tech- 
nology has a position as a mathematical physicist with Gulf Research and De- 
velopment, Pittsburgh, Pennsylvania. 

Mr. L. T. Gardner, formerly an actuarial analyst for the Travelers Insurance 
Company, Hartford, Connecticut, is teaching at Oakwood School, Poughkeepsie, 
New York, 
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Professor A. W. Goodman of the University of Kentucky is on leave at the 
Institute for Advanced Study. 

Dr. Edison Greer, previously a design engineer at Aerojet General, Azusa, 
California, and professor of mathematics at Mount San Antonio College, has a 
position as a research scientist on the applied mathematics staff of Missile Sys- 
tems Division Research Laboratories, Lockheed Aircraft Corporation, Palo 
Alto, California. 

Professor I. R. Hershner, Jr., formerly chairman of the Department of 
Mathematics of the University of Vermont, has accepted a position with 
the Office of Chief of Research and Development, U. S. Army, Washington, 
D. C. 

Professor Ralph Hull, head of the Department of Mathematics of Purdue 
University, has accepted a position as a staff member of the Ramo-Wooldridge 
Corporation, Los Angeles, California. 

Associate Professor P. E. Irick of Purdue University has accepted a position 
with the Highway Research Board’s Road Test Project. 

Assistant Professor H. G. Jacob, Jr., of Louisiana State University has been 
promoted to an associate professorship. 

Mr. Edgar Karst, formerly an electronic computing analyst with Great 
Lakes Pipe Line Company, Kansas City, Missouri, now has a position as a 
computing engineer with the IBM Scientific Computation Laboratory, Endi- 
cott, New York. 

Assistant Professor N. D. Kazarinoff of Purdue University has been ap- 
pointed to an assistant professorship at the University of Michigan. 

Mr. J. P. Line of the University of Rochester has been appointed to an as- 
sistant professorship at Georgia Institute of Technology. 

Mr. G. E. Mahoney of Computer Control Company, Inc., Point Mugu, 
California, has accepted a position as Director of the Computing Bureau, 
SPICA, Inc., Somerville, Massachusetts. 

Dr. P. J. McCarthy of the College of the Holy Cross has been appointed 
to an assistant professorship at Florida State University. 

Mr. D. S. McManus of the University of Buffalo has been appointed As- 
sistant Professor of Mechanical Engineering at Norwich University. 

Mr. D. D. Morrison, previously a research associate in the Computation 
Laboratory, Wayne State University, has a position as a member of the technical 
staff of the Ramo-Wooldridge Corporation, Los Angeles, California. 

Dr. Margaret Owchar, formerly a researcher and statistician for the Mani- 
toba Cancer Relief and Research Institute, Winnipeg, Manitoba, has been ap- 
pointed to an assistant professorship at Bemidji State Teachers College. 

Associate Professor P. M. Pepper of Ohio State University is now Director 
of the Mapping and Charting Research Laboratory of the University. 

Assistant Professor A. J. Perlis of Purdue University has been appointed to 
an associate professorship at Carnegie Institute of Technology. 

Mr. Arthur Reetz, Jr., of Missouri School of Mines has a position as a nu- 
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clear engineer with Consolidated-Vultee Aircraft Corporation, Fort Worth, 
Texas. 

Assistant Professor J. B. Roberts of Reed College is on leave of absence for 
the academic year 1956-57 as Visiting Assistant Professor at Wesleyan Uni- 
versity. 

Dr. Berthold Schweizer has been appointed to an instructorship at Illinois 
Institute of Technology. 

Mr. Seymour Sherman of Research and Advanced Development Division, 
Avco Manufacturing Company, Stratford, Connecticut, has accepted a position 
as staff member of Dian Laboratories, New York, New York. 

Professor C. N. Shuster, head of the Department of Mathematics of State 
Teachers College, Trenton, New Jersey, has retired from this position. He is 
teaching at Trenton Junior College and at The Pennington School, Pennington, 
New Jersey. 

Mr. W. K. Spears of the Electronics Corporation of America has accepted a 
position as an engineer with the General Electric Company, Utica, New York. 

Assistant Professor E. A. Sturley of Allegheny College has been promoted 
to an associate professorship. 

Professor Irving Sussman of California State Polytechnic College has been 
appointed Professor and Chairman of the Department of Mathematics at the 
University of Santa Clara. 

Professor H. L. Turrittin of the University of Minnesota was awarded a 
Fulbright Fellowship and was Visiting Professor at the University of Innsbruck, 
Austria, during 1955-1956. 

Associate Professor W. R. Utz, Jr., of the University of Missouri is on leave 
of absence for the year 1956-57 and is spending the year at the Institute for 
Advanced Study. 

Dr. Hermann von Schelling, formerly a biomathematician for the Naval 
Medical Research Laboratory, U. S. Submarine Base, New London, Connecti- 
cut, has a position as a consultant mathematician with the General Electric 
Company, Schenectady, New York. 

Miss Ruth A. Wagner of the Rand Corporation has accepted a position as 
a mathematician with the Ramo-Wooldridge Corporation, Los Angeles, Cali- 
fornia. 

Assistant Professor L. E. Ward, Jr., of the University of Utah has accepted 
a position as a mathematician with the U. S. Naval Ordnance Test Station, 
China Lake, California. 

Dr. Jack Warga of Consolidated Engineering Corporation, Pasadena, Cali- 
fornia, is employed as a mathematician by the ElectroData Corporation, Pasa- 
dena. 

Mr. C. S. Wolfe of the University of Maryland has been appointed to an 
assistant professorship at the U. S. Naval Academy. 

Mr. F. W. Wolock of Iona College has been appointed to an instructorship 
at St. John’s University. 
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Professor E. J. Lowry, head of the Department of Mathematics of Hastings 


College, died on February 18, 1956. 


Professor J. A. McKee of Beaver College died on February 7, 1956. 
Dean Emeritus T. G. Rodgers of New Mexico Highlands University died on 
May 19, 1956. He was a charter member of the Association. 


THE MATHEMATICAL ASSOCIATION OF AMERICA 


Oficial Reports and Communications 


NEW MEMBERS 


Professor H. M. Gehman, Secretary-Treasurer, announces that the following 
84 persons have been elected to membership by the Board of Governors on ap- 


plications duly certified. 


J. G. Avex, A.B.(Sacramento S.C.) Math., 
University of California Radiation Lab. 

L. J. ANDREWS, B.S.(U.C.L.A.) Project Engr., 
National Cash Register Co., Hawthorne, 
Calif. 

G. C. ARROWSMITH, Student, Oregon State Col- 
lege. 

A. C. BARBEAU, Student, University of Mon- 
treal. 

R. J. Bem, M.S. (Okla. A.&M.C.) Asst. Pro- 
fessor, Vanderbilt University. 

Joan BLEwitTT, Student, Seton Hill College. 

C. O. Broom, M.S.(Pennsylvania) Math. 
Teacher, Central School, Ellenville, N. Y. 

D. M. BLoom, Student, Columbia University. 

M. L. BroussarD, Student, Southwestern Loui- 
siana Institute. 

Patricia A. Brown, Student, Trinity Univer- 
sity. 

D. J. C. Burks, Student, Queen’s University. 

P. B. Burt, Student, University of Tennessee. 

E. W. CamMpBELL, A.B. (San Jose S.C.) Math., 

University of California Radiation Lab. 

F, J. Carter, Student, LeMoyne College. 

C. C. ConLEy, Student, Wayne University. 

W. C. Creu, M.A. in Ed. (Arizona S.C., Flag- 
staff) Math., Holloman Air Force Base, 
N. Mex. 

C. F. DANIEL, Student, Oregon State College. 

J. K. DieE1, Student, Ottawa University. 

THADDEUS DILLON, M.S. (John Carroll) Instr., 


John Carroll University. 

IrMA B. EsriG, Student, City College of the 
City of New York. 

J. C. Ezyx, A.B.(St. Anselm’s) Asst. Profes- 
sor, St. Anselm’s College. 

J. B. FLanspurc, B.S.(New Hampshire) 
Chairman, Department of Mathematics, 
St. John’s School, Houston, Texas. 

F, E. GInsBErG, Instr., Brooklyn Polytechnic 
Institute. 

Atva M. GirpbLEy, Student, Cardinal Stritch 
College. 

W. G. GOELLER, Central Office Tech., New 
York Telephone Co., N. Y. 

W. E. Goutp, Student, Rutgers University. 

E. F. Grirrin, II, Student, Georgia Institute of 
Technology. 

R. E. GRISWOLD, Student, Stanford University. 

D. E. Harris, Jr., B.S.(Southern Methodist) 
Staff Member, University of California, 
Los Alamos Scientific Lab., N. Mex. 

J. B. Harvity, Jr., B.A.(North Texas S.C.) 
Teaching Fellow, North Texas State Col- 
lege. 

F. E. Hazvett, B.A.(U.C.L.A.) Computer 
Applications Engr., Librascope, Glendale, 
Calif. 

H. G. Henry, Student, University of Oregon. 

W. H. Horter, B.S. (Franklin and Marshall) 
Applied Math., Atlantic Research Corp., 
Alexandria, Va. 
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E. L. HusBBarp, Employee, Wright Studio and 
Camera Shop, Midland, Mich. 

R. W. Hunt, Student, West Texas State Col- 
lege. 

MEYER JORDAN, Ph.D.(N.Y.U.) Lecturer, 
Brooklyn College. 

D. S. Kaun, Student, Princeton University. 

J. L. Katz, M.S.(Union C.) Engr., General 
Electric Co., Schenectady, N. Y. 

DoroTHEA A. KELLER, Student, University of 
Rochester. 

J. W. Kennepy, B.S.(Purdue) Wisconsin 
High School, University of Wisconsin. 

W. J. Lee, M.A.(Carleton) Asst. Teacher, 
Hunter College High School, New York, 
N. Y. 

GERALD LEIBOWITZ, Student, City College of 
the City of New York. 

I. J. LrEBERMAN, M.A. (Southern California) 
Sr. Res. Scientist, Litton Industries, 
Beverly Hills, Calif. 

MARSHALL LUBAN, Student, Yeshiva Univer- 
sity. 

H. B. Lyncu, Student, Colorado School of 
Mines. 

Kurt MAHLER, D.Sc. (Manchester) Professor, 
Manchester University, England. 

R. A. Mazer, B.A.(U.C.L.A.) Sr. Lofting 
Math., North American Aviation, Santa 
Monica, Calif. 

E. V. MartTIn, Student, University of Cincin- 
nati. 

J. G. Maxwe ti, M.A.(Kent S.U.) Teacher, 
John Marshall High School, Cleveland, 
Ohio. 

Rev. L. W. McCa tt, S.A.C., M.S. (Marquette) 
Supervisor, Pius XI High School, Mil- 
waukee, Wisc. 

M. C. McCorp, Student, University of Tennes- 
see. 

M. A. McKernan, Ph.D. (Illinois I.T.) In- 
str., Illinois Institute of Technology. 
MADELINE D. Messner, M.A.(Montclair 
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THE APRIL MEETING OF THE KANSAS SECTION 


The forty-first annual meeting of the Kansas Section of the Mathematical 
Association of America was held at the University of Wichita, Wichita, Kansas, 
on April 21, 1956, in conjunction with the annual meeting of the Kansas As- 
sociation of Teachers of Mathematics. There were 130 persons registered, in- 
cluding 40 members of the Association. Sessions of the Association were held on 
Saturday morning and afternoon. Professor Ferna Wrestler, Chairman, pre- 
sided. 

The following officers were elected for one-year terms: Chairman, Professor 
W. R. Scott, University of Kansas; Vice-Chairman, Professor L. E. Laird, 
Kansas State Teachers College, Emporia; Secretary-Treasurer, Miss Helen F. 
Kriegsman, Kansas State Teachers College, Pittsburg. 

By invitation of the Executive Committee, Professor B. W. Jones of the 
University of Colorado delivered an address at the morning session entitled 
“Observations on English Schools and Colleges.” 

The following short papers were presented at the afternoon session: 

1. Quality control, by Professor F. C. German, Kansas State Teachers Col- 
lege, Pittsburg, introduced by the Chairman. 

As tolerances narrow and the demands of the general public become more exacting, the de- 
mand for a higher and more uniform quality and for more refined engineering procedures grows 
at an astounding rate. Statistical quality control is the tool used to maintain and improve this 
quality. The established distributions such as the normal, Poisson’s approximation, or the log 
normal, have wide enough practical applicability to approximate a vast number of situations 
that arise. In other instances a distribution must be established empirically in which case its 
validity is restricted to the particular type of procedure being studied. It is an obligation imposed 


on the control operator that he keep in constant touch with the frontier of mathematical develop- 
ment as it pertains to his field. 


2. Divided differences and linear differential equations, by Dr. A. H. Kruse, 
University of Kansas. 


Let &,(m) =e” for all real x and complex m, let mo, m - + + mn be complex numbers, and let 
[100, - + *, Mn; £2| be the mth order divided difference of & at (#0, m1, °° +, mn). If g is a real- 
valued continuous function on aSx Sb, then y(x)=/f “[mo, m, +++, mn3 fulg(x—u)du is that 
solution of the differential equation (d/dx —mo)(d/dx—m) + + - (€/dx —mn)y(x) =g(x) on aSxSb 
such that y“(a) =0 for 0SjSn. The divided difference in the integrand leads to the inequality 
| y(x) | S1/nlf, “*ynere| g(x—u)| du, where r is the maximum of the real parts of m0, m1, +++, Mn. 


3. Geodesics in metric spaces, by Professor W. L. Stamey, Kansas State College. 


A geodesic in a metric space is a locally congruent map of the real axis. In a finitely compact, 
convex metric space in which each metric segment admits a unique local prolongation beyond each 
end point, each two points are joined by a geodesic. The nature of the geodesics in some such 
spaces is discussed, and some general properties of geodesics are pointed out. 


4. A note on teaching statement problems, by Professor Paul Eberhart, Wash- 
burn University. 


On a test in intermediate algebra it was found that most of the students could not, or did not, 
complete correctly a statement of the form “Let x= , as the first step in a statement 
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problem. In spite of this, correct numerical answers were generally obtained. It is then fairly 
obvious why more difficult problems cause trouble. However, with some extra stress on the formu- 
lation of problems much better results were obtained. 


5. Report of Board of Governors Meetings, by Professor C. B. Read, Univer- 
sity of Wichita. 

Professor Read reported on meetings of the Board of Governors held in Ann Arbor on August 
29, 1955, and in Houston on December 29, 1955. Topics mentioned included the continuation of 
the program of visiting lecturers; the employment register; policies relative to solicitation of funds; 
Carus Monographs; omitting publication of names of members attending meetings; revised policies 


relative to payment of expenses of sections and of section officers attending annual meetings; high 
school contests; time of annual meetings. 


LAURA Z. GREENE, Secretary 


THE APRIL MEETING OF THE OHIO SECTION 


The fortieth annual meeting of the Ohio Section of the Mathematical Associ- 
ation of America was held at Oberlin College, Oberlin, Ohio, on April 14, 1956. 
Professor R. R. Stoll, Chairman of the Section, presided at the morning and 
afternoon sessions. 

One hundred twenty persons registered in attendance including eight-five 
members of the Association. 

The following officers were elected for the coming year: Chairman, Professor 
P. V. Reichelderfer, Ohio State University; Secretary-Treasurer, Professor 
Foster Brooks, Kent State University; Third member of the Executive Commit- 
tee, Professor W. E. Deskins, Ohio State University; Program Committee: 
Chairman, Professor H. D. Lipsich, University of Cincinnati, Professor E. B. 
Leach, Case Institute of Technology, Professor Sam Selby, University of Akron. 


Professor C. H. Yeaton submitted a tribute to the late Professor W. D. 
Cairns, which was unanimously adopted by the Section. 

The following papers were presented: 

1. Sperner’s lemma, by Professor R. R. Stoll, Oberlin College (Chairman’s 
address). 


Several fundamental theorems of topology can be proved in an entirely elementary way using 
the following combinatorial lemma due to Sperner: If the simplex S with vertices Po, P1,-- +, Pn 
is divided simplicially and each vertex e of every subsimplex T is assigned a number u(e) such that 
if e lies on the face of S with vertices P:,, P:,, +--+, Ps, then (e) is one of %, 21, - + - , dz, then there 
exists an odd number of T’s having vertices labeled with 0, 1, - - - , x. This result was proved and 
then applied to prove Lebesgue’s Covering Theorem and Brouwer’s Fixed Point Theorem. 


2. A proof of the composite function theorem for matric functions, by Mr. D. W. 
Robinson, Case Institute of Technology. 


The composite function theorem for matric functions was stated and demonstrated by R. F. 
Rinehart in this MONTHLY, vol. 62, 1955. The proof contained in that paper is rather lengthy and 
tedious. The present note provides a simpler proof, which depends upon the combinatorial proper- 
ties of matric functions. 
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3. Some applications of stochastic processes, by Professor W. R. Van Voorhis, 
Fenn College. 


Most of the developments in the theory of stochastic processes have taken place during the 
past 25 years. In certain applications, dynamic probability models of physical processes have been 
developed and described mathematically. Professor Van Voorhis pointed out that these models, 
used extensively in the field of Operations Research, arise out of sets of postulates concerning 
probabilities associated with a stochastic variable and characterizing the process. Examples were 
given of the use of the theory in problems involving contagion, “birth and death”, queueing, and 
replacement. 


4. The theory of vernters on non-uniform graduated scales, by Professor P. M. 
Pepper, The Ohio State University. 


Since the time of Pierre Vernier (1580-1637) the application of a small auxiliary scale along a 
uniformly graduated scale to obtain refined reading has been in widespread use. Because of the 
non-uniformity it has been thought impossible to obtain a vernier action for any scales excepting 
those with equal graduations. The author shows that a vernier mechanism can be constructed for 
any scale generated by a strictly monotone continuous function. Such a vernier mechanism will be 
operable with all of the accuracy of an ordinary vernier. The nearest prior approach to verniers of 
non-uniform scales was disclosed in a British patent issued in 1944, to an inventor who laid out 
a scale for a logarithmic function on a suitably chosen logarithmic spiral for which the 
scale graduations have equal intervals of arc between them. Suitably spaced vernier lines were then 
drawn on a transparent pivoted arm in such a way that these lines cut off equal arc length intervals 
of the original scale line suitable for forming a vernier at each stage. The present author shows that 
this restriction, namely, of adapting the scale line to the function scale, is inessential to the con- 
struction of a correct vernier. A number of possible applications of the vernier device to instru- 
ments are cited, and the possibility of constructing a five significant figure slide rule with verniers for 
all numerical and trigonometrical scales is demonstrated. The author holds U. S. Patent No. 
2,564,227 which covers, among other things, the application of verniers to non-uniform scales. 


5. The role of the mathematician in a computing laboratory, by Mr. E. F. 
Ormsby, Applied Science Division, International Business Machines Corpora- 
tion. 


The rapid growth of computing laboratories in the past few years has opened wide opportunity 
for employment of mathematicians. A typical laboratory will employ from 25 to 200 mathema- 
ticians or physicists. All levels of professional qualification are required, from the new college gradu- 
ate with a B.A. to the post graduate mathematician. Today’s universities must expand their 
horizons to meet this challenge. 


6. The geometric method 1n modern algebra, by Professor Ernst Snapper, 
Miami University. (By invitation.) 


The geometric method in modern algebra consists of the geometric use of the notion of n-di- 
mensional vector space with anarbitrary field as scalar domain. A good example of this method is 
Witt’s theory of quadratic forms. A quadratic form is a metric space. The space is an n-dimensional 
vector space R with a commutative field F as scalar domain, where F does not have characteristic 2. 
The metric of R is given by an inner product for the vectors of R. Witt’s theorem concerning the 
extension of isometries between subspaces of a nondegenerate R to isometries of R was discussed. 
Many other examples of the geometric method can, of course, be given. The talk ended with a dis- 
cussion of how the fact, that the notion of 2-dimensional vector space has become so important in 
algebra, should influence our undergraduate teaching. 


1956] THE MATHEMATICAL ASSOCIATION OF AMERICA 605 


7. Some current problems of teachers of mathematics in elementary and second- 
ary schools, by Dr. Herschel Grime, Supervisor of Mathematics, Cleveland 
Public Schools. (By invitation.) 

Due to the critical shortage of elementary teachers and mathematics teachers in the secondary 
schools, it is extremely difficult to maintain the integrity of mathematics courses. By assigning our 
best teachers to college preparatory mathematics classes this danger can be lessened to some extent. 
Careful guidance by the secondary schools insures that pupils having ability in mathematics elect 
courses best fitted to their ability and probable future needs. The courses in college preparatory 
mathemtics in the secondary schools are very much in need of reform. The necessary revisions and 
additions should be made by committees including both college and secondary teachers. 


8. Three courses 1n the elements of modern mathematics, by Professors Gay- 
lord Merriman and H. D. Lipsich, University of Cincinnati. 

The authors discussed three courses to be given at the University of Cincinnati, designed to 
meet the problems raised by (a) the desire of local high schools to modernize their curricula, (b) the 
increasing number of graduates of honors programs in mathematics from the local high schools, 
(c) the insistence of social scientists on a revision of traditional freshman mathematics curriculum. 
These courses are respectively: (a) Fundamental Modern Concepts in Mathematics, For Teachers. 
—Some of the modern concepts now fundamental in the structure of secondary school and college 
mathematics prior to calculus, such as, Boolean algebra, basic algebraic structures, finite and non- 
euclidean geometries; matrix solution of systems of linear equations; (b) Tutorial Readings in 
Modern Mathematics.—Continuation of analytic geometry and calculus, introduction to the 
algebra of sets, logic and postulational systems, groups and matrices; (c) Fundamentals of Modern 
Mathematics.—Basic modern concepts now important in mathematics, science, and some social 
sciences, such as, logic and postulational systems, sets, groups, matrices; selected topics in algebra, 
trigonometry, analytic geometry, statistics and the ideas of calculus. 


FosTtER Brooks, Secretary 


THE APRIL MEETING OF THE SOUTHWESTERN SECTION 


The annual meeting of the Southwestern Section of the Mathematical As- 
sociation of America was held at the New Mexico College of Agriculture and 
Mechanic Arts, State College, New Mexico, on April 27 and 28, 1956. Professor 
R. L. Westhafer, Chairman of the Section, presided at the afternoon session on 
April 27 and also at the morning session on April 28. 

There were 76 persons in attendance including 31 members. 

The following officers were elected: Chairman, Professor R. B. Lyon, Arizona 
State College at Tempe; Vice-Chairman, Dr. R. C. Hildner, Sandia Corpora- 
tion, Sandia Base, Albuquerque, New Mexico; Secretary-Treasurer, Mr. W. W. 
Mitchell, Jr., Phoenix College. 

The following papers were presented. 

ft. The role of mathematics in present day technology, by Dr. S. M. Ulam, Los 
Alamos Scientific Laboratory. (By invitation). 

2. A study on generalized implication, by Professor D. L. Webb, University 
of Arizona. 

The operations of implication, logical sum, logical product, and negation were generalized 


to cover v-values. A study was then made to see which of sixteen methods of proof listed by 
J. Barkley Rosser in his Logic for Mathematicians held in the generalized systems. 
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3. First removal time in a general stochastic epidemic, by Professor P. W. M. 
John, University of New Mexico. 


In Bailey’s model for a general stochastic epidemic a population of size 2 is considered, of 
which ¢ are susceptibles, s are infectives (in circulation), and the remaining z= —r-—s are either 
removed or immune. The probability that in an element of time dt a susceptible will become in- 
fected is Brsdt--o(dt), and that an infective will be removed is ysdt'+-o0(dt). The number of infectives 
in circulation is thus a birth and death process with \,=6rs and u.=7;s. An expression is obtained 
for the expected time elapsed until the first removal after the population has reached the above 
state; the result is illustrated in the case of a small intra-household epidemic. 


4. Two basic methods in extended analytic geometry, by Professor R. S. Under- 
wood, Texas Technological College. 


This paper describes briefly a flexible system for plotting on a plane the locus of an equation 
in # variables. When X and Y are specified single-valued functions of the variables, each set of 
coordinates determines a point (X, Y). Two types of plotting rules are found effective in solving 
simultaneous equations. (1) Simple rules may be used with which are associated many readily- 
found loci. (2) In a specific problem an artificial rule designed to make one locus a curve is often 
feasible, since the remaining loci may then be found by a routine method. 


5. A metric space defined on the subsets of (0, 1), by Professor B. C. Meyer, 
University of Arizona. 


Nikodym defined a metric space on the (Lebesgue) measurable subsets of (0, 1). This paper 
was concerned with extending his space to include nonmeasurable sets and examining the prop- 
erties of the resulting space. 


6. The potential with Legendre polynomials for bodies with axis of symmetry, 
by Professor O. B. Ader, New Mexico College of Agriculture and Mechanic 
Arts. 


If a material body has an axis of symmetry, it is generally possible to express the potential 
U(P), at any point P on this axis, as a function of 7, the distance of the point from a fixed origin. 
When U(P) is expanded in powers of 7, a theorem from potential theory gives the potential at 
any point of free space as a series of Legendre polynomials. The theorem is illustrated for the case 
of a straight line segment of constant linear density, and the series compared with the closed form 
of the solution. 


7. Points at which the osculating conic hyperosculates a plane curve, by Pro- 
fessor Louis Child, New Mexico College of Agriculture and Mechanic Arts. 


At a point P of a plane curve I, the osculating conic 7s exists and then exists uniquely if and 
only if at P 
(a) The radius of curvature p and its first two derivatives p1, p2 with respect to the arc-length s exist 
and are finite, and »;<0. 

sThe conic ys contacts I at P in at least six points if and only if (a) is true and also 


(b) g = 36p: + 9p ps — Ippy2 + 4p = 0. 
The conic ys contacts I at P in at least »+6 points if and only if (a) and (b) hold and also 
dig . 
(c) ie 0 1sjsSn. 


The derivatives (c) are the formal derivatives of (b), and (a), (b), (c) are all evaluated at P. 
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8. More about the altitude quadric, by Professor J. H. Butchart, Arizona 
State College at Flagstaff. 


Professor Butchart showed that the quadric on which are the four altitudes of a tetrahedron is 
characterized by the properties that a section normal to any ruling is an equilateral hyperbola and 
that its asymptotic cone contains three mutually perpendicular generators. Analytically, a neces- 
sary and sufficient condition for a hyperboloid of one sheet to be an altitude quadric is that the 
sum of the coefficients of the square terms is zero. If the Monge point is equidistant from any 
three of the altitudes and orthocentric lines, it is equidistant from all, and these distances all lie 
in the equatorial plane of the quadric. 


9. Some mathematical problems investigated through computations on electric 
machines, by Dr. S. M. Ulam, Los Alamos Scientific Laboratory. (By invitation). 


As example of the heuristic value of calculations on fast computing machines, two problems 
were mentioned: 

1. A study of the vibrating string with non-linear forces. The distribution of the energy among 
the various modes for the corresponding linear problem was studied as a function of time. A strange 
almost periodic behavior of the system was described. (A Los Alamos report by Fermi, Pasta, and 
Ulam in 1955 and a forthcoming one by Pasta and Ulam). 

2. A study of a mathematical game by statistical experiments. (A paper by P. Stein and 
S. Ulam in the proceedings of the Louisiana Conference on Computors in 1955, and a forthcoming 
article by P. Walden in Volume 3 of Contributions to Theory of Games.) 


10. Making electrons count, by Professor R. L. Westhafer, New Mexico Col- 
jege of Agriculture and Mechanic Arts. 


Professor Westhafer showed a film on the Whirlwind Computer by courtesy of the Digital 
Computation Laboratory of the Massachusetts Institute of Technology. 


11. The down hill method of solving a polynomial f(x) =0, for real and imagi- 
nary roots, by Dr. J. A. Ward, Holloman Air Force Base. (By invitation). 


The author shows a numerical method of determining to any desired accuracy the real and 
imaginary roots of a polynomial equation with real coefficients. The technique of using this method 
on a small computer is also given. 


12. Some equations over complete Boolean algebras, by Professor H. D. 
Sprinkle, University of Arizona, introduced by the Secretary. 


The purpose of this paper is to establish as a main result necessary and sufficient conditions 
for 8 (8 any ordinal number) equations in 8 unknowns to have a solution, not necessarily unique. 
These conditions will be stated in terms of the coefficients of the unknowns. 

Other results—the existence of a minimal solution, a disjoint solution, and a unique solution— 
are stated for 8 =2, and the question as to generalizations is left open. 


13. Normal subgroups of direct products, by Professor Ralph Crouch, New 
Mexico College of Agriculture and Mechanic Arts. 


Let 2n(H) be the monomial group of H over U where dH is a group, U is a finite set. The 
normal subgroups of Z(H) are known (see: O. Ore, Theory of Monomial Groups, Trans. Amer. 
Math. Soc., vol. 51, 1942, pp. 15-64). The set of all monomial substitutions with permutation 
component in the alternating group is a subgroup 24,,(H) and the normal subgroups have been 
determined (see: R. B. Crouch, Monomial Groups, Trans. Amer. Math. Soc., vol. 80, pp. 187-215). 
If m=2, D4.m(H) is simply the direct product HX4H and the structure theorems for the normal 
subgroups become a special case for the known theorems of Mazzoni (see: Annali Della R. Scuola 
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Normale Di Pisa, vol. 14) and Remak (see: Journal fur die Reine und Angewindte Mathematik, 
vol. 163, 1930. 


14. Intermediate algebra and an experiment, by Professor F. C. Gentry, Uni- 
versity of New Mexico. 

Dr. Gentry pointed out that in view of the ever increasing number of students entering 
college who are unable to pass traditional courses in college algebra without remedial courses, it 
seems wise to find ways and means of removing these deficiencies as early as possible. He discussed 
an experiment with a combined course in intermediate and college algebra followed by a combined 
course in trigonometry and analytic geometry. 


15. An application of least squares, by Mr. W. W. Mitchell, Jr., Phoenix 
College. 

The method of least squares is used to determine a set f; of m numbers and two other numbers, 
A and B, such that a set of 2 numbers, a;, is approximated by A/;, a set of m numbers, 0;, is ap- 


proximated by Bf;, and a third set of x numbers, c;, is approximated by the set f;, the approxima- 
tions being the “best possible.” 


W. W. MITCHELL, JR., Secretary 


THE APRIL MEETING OF THE TEXAS SECTION 


The annual meeting of the Texas Section of the Mathematical Association 
of America was held at San Marcos, Texas, on April 20-21, 1956, sponsored 
by Southwest Texas State Teachers College. Sessions were held Friday after- 
noon and Saturday morning, Professor M. E. Mullings presiding. At the banquet 
Friday night Dr. Don Cowan of Texas Christian University gave a speech 
entitled “Education for the Nuclear Age.” 

There were 108 persons in attendance and 78 of these were members. 

At the business meeting the following officers were elected for the coming 
year: Chairman, Professor Don Cude, Southwest Texas State Teachers College; 
Vice-Chairman, Professor Martin Wright, University of Houston; Secretary- 
Treasurer, Professor C. R. Sherer, Texas Christian University. 

The program consisted of the following papers: 

1. Algebraic properties of classes of functions, by Mr. B. T. Goldbeck and 
Professor A. A. Grau, The University of Oklahoma, presented by Mr. Goldbeck, 


Any function of a complex variable, f(x), has a unique expansion in terms of functions of 


type (2, k) for each n, k=0,1,2, +--+ ,2—1, wherea function of type (n, k) isa function f(x) having 
the property that f(wx) =w*f(x), w being a primitive mth root of unity. Furthermore the classes 
of functions, (n, k), k=0, 1, 2, +++ ,#—1, form a ring isomorphic to the ring of the residue classes 


of integers, modulo 2. 


2. The singularities of a function defined by a Taylor series with gaps, by Mr. 
Alan Wilson, The Rice Institute, introduced by the Secretary. 


J. M. Whittaker proved that if f(z) = 207, an, 2°" (an, £0) with radius of convergence one has 
exactly k isolated singularities (poles or essential) on | s| = 1 and no other singularities there, then 
limn+s An/t Sk. S. Mandelbrojt presented without proof essentially the following improvement of 
Whittaker’s result: let a be the length of the smallest arc of |z| =1 which contains the & singu- 
larities of f(z) and put w= [20/a]. Then for each integer (0 Sp<w) the sequence {uy} consisting 
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of those \n=p(mod w) satisfies (1/w) limn+e we? /n Sk. The present paper contains a proof of the 
latter theorem along lines suggested by Mandelbrojt. 


3. Euler's diagrams showing all 2"-minterms, by Professor R. E. Greenwood, 
The University of Texas. 


The familiar Euler diagram has three intersecting circles showing all 2*=8 distinct intersec- 
tions or regions into which objects can be classified as to whether or not they possess three different 
attributes. These distinct intersections or regions have been named as minterms by Serrell. It is 
possible to modify Euler’s diagram for case of four (or a higher number of) attributes, but the 
symmetry disappears. However, Euler’s circles may be replaced by a quadrant diagram in which 
symmetry is retained, particularly for an even number of attributes. Some properties of the quad- 
rant diagram were discussed. 


4, Extremal elements of a convex cone of concave functions, by Professor E. K. 
McLachlan, Baylor University. 


Let Da be a convex compact subset of Euclidean n-space, Z", that contains a sphere of E"- 
Let C, be the set of all real valued nonnegative concave functions f on Dn. A function f is concav® 
on D, if, for x and yin Dn, f(x +(1—d)y) 2if(x) +(1 —A f(y) for OStS1. The set C, is closed under 
addition and positive scalar multiplication and hence C, is a convex cone. A function {0 is an 
extremal element of Cn if f=f:+fe where fi and fe belong to C, implies that f; (and f2) is proportional 
to f. The extremal elements of C; were characterized. Partial results were given for n 22. 


5. Special sertes expansions of three Jacobian inverse elliptic functions, by 
Mr. R. P. Kelisky, University of Texas. 


Power series expansions in x of sn7! (x, k), and tn! (x, %) are obtained in which the coefficients 
are expressed in terms of the Legendre polynomial P,(A) where d is a function of k and the com- 
plementary modulus k’. These infinite series are generalizations of known series for sin~! x, cos} x, 
and Gregory’s series for tan7! x. For x =1, series expansions of the complete elliptic integral K in 
terms of Legendre polynomials may be obtained. In obtaining these expansions, several known 
formulas relating the complete elliptic integrals Z and K to the Legendre functions of orders 1/2 
and —1/2 are easily obtained. 


6. Concerning two theorems of R. L. Moore, by Mr. J. R. Boyd, Chance 
Vought Aircraft, Dallas. 

The primary purpose of this paper is to prove the theorem: if a collection of fundamental se- 
quences of regions has the hypothesis property, then a T-space satisfies R. L. Moore’s Axtoms 0, 1(1), 
1(2) and 1(3). 

With point and region as undefined terms, a T-space is a collection of points and regions satisfy- 
ing Axiom 0 and Theorem 2 as given in R. L. Moore’s Foundations of Point Set Theory, New York, 
A.M.S., 1932. A collection of fundamental sequences of regions is the collection of regions satisfying 
Theorem 2 for each point of the space. The definition of hypothesis property is a modification of the 
hypothesis of Theorem 17’ of the same publication. 


7. Spirals and their whirl points and windings, by Professor R. L. Moore, 
The University of Texas. (By invitation). 


Definitions of the whirl points and windings of spirals in the plane were given. 


8. Growth of entire functions, by Professor G. R. MacLane, The Rice Insti- 
tute. 
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9. A non-modular compact connected topological lattice, by Professor D. E. 
Edmondson, Southern Methodist University. 


An example is constructed of a compact connected topological lattice which is not modular. 
This is done by suitably defining an order on a portion of the unit cube. 


10. Geometric interpretations related to the mean value theorem, by Dr. R. C. 
Osborn, The University of Texas. 


In differential calculus, insufficient attention is given to geometric interpretations of the 
Mean Value Theorem (hereafter called MVT). The so-called generalized MVT may be obtained 
as a specialized form of the ordinary MVT by taking the function in parametric form—a fact which 
is not new, but which ts insufficiently emphasized. The MVT may be taught more meaningfully 
if the generating function for the MVT is interpreted geometrically. Many generating functions 
are available, each with its own interpretation, and they lead to various forms of the MVT, some 
of which are unusual. 


11. Operational analysis of certain nonlinear systems, by Professor W. T. 
Guy, Jr., The University of Texas. 


Certain solutions of the differential equations of van der Pol and of Duffing are obtained 
using integral transform techniques under rather mild hypotheses regarding the form of the solu- 
tion. 


12. On the contingent of G. Bouligand at the points of a line, by Professor 
H. C. Parrish, North Texas State College. 


If £ is a planar set, the contingent T(A, E) of E at a point A consists of the set of all rays 
(A, 6), of origin A in direction 6, such that every open sector S(A; 6), of vertex A and containing 
6, contains a point of #. It is shown that if Z is an arbitrary set in a half-plane K bounded by a 
line L, then at every limit point A of E in L not belonging to a set which is exhaustible and of 
measure 0, either T(A, £) is the line Z (both directions) or T(A, £) is the half-plane K (all direc- 
tions in K). Several partial converses of this result are given. 


13. Approximation of functions which have harmonic support, by Mr. Guy 
Johnson, Jr., The Rice Institute. 


Consider a real valued function v(z) defined in a domain D of the complex z-plane. Define the 
class (hs), functions which have harmonic support in D, to be functions v such that for each o€_D, 
=3h(z) harmonic and single valued in D satisfying h(zo) = V(z0) and h(z) Sv(z) in D. The following 
theorem is proved. If ¥€ (hs) in Dthen 3a sequence of functions {un} , where each tn is in (ks) and 
infinitely differentiable, such that w#a—v subuniformly in D. 


14. College mathematical training for students specializing in agriculture, by 
Professor W. I. Layton, Stephen F. Austin State College. 


The study included seventy-five colleges that offer training in agriculture. These colleges 
were of varying size and type in forty states. Requirements for agricultural engineers were ex- 
cluded, but requirements were included for those preparing for Smith-Hughes work in agriculture 
and all others who major or minor in agriculture. 

Recommendations of departments of agriculture indicated that there is a growing interest in 
requiring agricultural mathematics instead of college algebra and/or trigonometry in the curricula 
for college students specializing in agriculture. 
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15. Texas Tech's special committee for the advancement of the study of the 
sciences, by Professor J. W. Lindsay, Texas Technological College. 

At Texas Technological College, the Special Committee for the Advancement of the Study 
of the Sciences was appointed to study the current scientific manpower shortage in the U. S. The 
Committee’s recommendations will help determine the College’s role in stimulating more interest 
in the study of mathematics and the natural sciences and improving the quality of science teaching 
in these subjects. The shortage of teachers and mathematicians was illustrated. 


16. Revisions in the 1956 engineering curricula at Texas Tech, by Professor 
E. R. Heineman, Texas Technological College. 

Entering engineering students will take a placement test in mathematics. Those making un- 
satisfactory scores will take a non-credit course in intermediate algebra. Those making satisfactory 
scores (roughly, the highest 40%) will take a dual course (algebra-trigonometry). For the first half 
of the fall semester, they will take a three-credit course in algebra meeting six times a week. In the 
second half, trigonometry will be given in the same way. The spring semester’s work consists of a 
three-credit course in analytic geometry, followed by a three-credit calculus course. Two more 
three-credit courses in calculus and one in differential equations follow. 


17. Types of mathematics used in aeronautical engineering, by Dr. Nat Ed- 
monson, Jr., Convair, Fort Worth. 

The kinds of mathematical analysis in daily use in the research and engineering design groups 
of a large airplane company engaged in the development and production of weapons systems were 
described by means of slides and examples. It was pointed out that such fields of mathematics as 
ordinary and partial differential equations, matrices and determinants, tensor analysis, integral 
equations, statistical analysis, and numerical analysis are necessary tools in the development of 
the highly complex modern airplane. , 


C. R. SHERER, Secretary 


THE APRIL MEETING OF THE UPPER NEW YORK STATE SECTION 


The twelfth annual meeting of the Upper New York State Section of the 
Mathematical Association of America was held at Alfred University, Alfred, 
New York, on April 28, 1956. The Chairman of the Section, Professor C. E. 
Rhodes of Alfred University, presided at the morning session, and the Vice- 
Chairman, Professor A. J. Coleman of the University of Toronto, presided at 
the afternoon session. 

There were 97 persons in attendance, including 63 members of the Associa- 
tion. 

At the business meeting the following officers were elected: Chairman, 
Professor A. J. Coleman, University of Toronto; Vice-Chairman, Col. W. W. 
Bessell, Jr., U. S. Military Academy; Secretary, Professor N. G. Gunderson, 
University of Rochester. 

The morning session was devoted to a panel discussion on “The Secondary 
School—College Transition.” Professor A. J. Coleman, University of Toronto, 
was moderator, and the members of the panel were: Professor H. M. Gehman, 
University of Buffalo; Mr. C. W. Pflaum, John Marshall High School, Roches- 
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ter; Dean R. S. Fisk, School of Education, University of Buffalo; Professor 
C. W. Munshower, Colgate University. 

The following papers were presented at the afternoon session: 

1. Mathematics in industry, by Dr. T. C. Fry, Bell Telephone Laboratories. 
(By Invitation.) 


The substance of this talk appeared under the title, Mathematics as a profession today in in- 
dustry, in this MONTHLY, vol. 63, 1956, pp. 71-80. 


2. A fundamental limit and its applications, by Professor M. J. Pascual, 
Siena College. 
An elementary geometric proof that the limit of the ratio of arc length to chord length, as 


each approach zero, is one for smooth curves, was given. This limit was then used to establish 
several formulas of elementary calculus, which are usually derived by more involved means. 


3. Some special determinants, by Professor F. R. Olson, University of Buffalo. 


Let *«™ =x(*x—1)(x—2) «+--+ (x—n-+1). The Stirling numbers of the first and second kind, 
S? and T?, are defined as the coefficients in the expansions 
ow > Six! and x =), Tin? 

jal jal 
It was shown that 
a 4 Ni 7 0, k , 
y sir} <? 
j=l iia = 4, 


and as a consequence that the determinant 


[7 | = (my, jp h=1,2,+++, 0, 
This parallels the known result 


ise "| = [(n — 11)". 


4. False solutions in elementary extremum problems, by Professor C. S. Ogilvy, 
Hamilton College. 


Examples from elementary calculus were used to illustrate “false” solutions of two types. 
(1) A maximum is sought and only a minimum is delivered by the machinery of differentiation, 
because of an unsuitable choice of independent variable. (2) Two “solutions” appear, but one is 
extraneous, even though both may lie within the admissible range of the problem. The false solu- 
tion here usually has an interesting geometric interpretation. In general, if two problems requiring 
different answers lead at some stage to the same equation, then this equation must deliver at least 
two solutions, one of which will be extraneous to each problem. 


5. Mathematics for statisticians, by Professor J. E. Freund, Virginia Poly- 
technic Institute. (By invitation.) 


The speaker, who is Chairman of the Section on Training of the American Statistical Associa- 
tion, discussed some of the problems of planning graduate curricula in statistics with special 
reference to the type of mathematics courses to be included in such programs. He also illustrated 
briefly what topics in modern algebra and advanced calculus are essential for an M.S. degree in 
statistics. 

N. G. GuNDERSON, Secretary 
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THE MAY MEETING OF THE INDIANA SECTION 


The thirty-third annual meeting of the Indiana Section of the Mathematical 
Association of America was held jointly with the Indiana Council of Teachers of 
Mathematics at Wabash College, Crawfordsville, Indiana, on May 5, 1956. 
Professor R. O. Virts of Central High School and the Purdue University Center 
at Fort Wayne, Chairman of the Section, presided at the general session and 
at the sectional meetings of the Association which followed. 

Professor K. O. May, Chairman of the Mathematics Department of Carleton 
College, guest speaker for the hour lecture, addressed the general session on the 
topic, “A Modern Introduction to Mathematics.” 

There were 133 in attendance including 51 members of the Association. 

The following officers were elected: Chairman, Professor C. H. Brumfiel, 
Ball State Teachers College; Vice-Chairman, Professor C. B. Gass, DePauw 
University; Secretary-Treasurer, Professor J. C. Polley, Wabash College. 

Professor P. D. Edwards, Chairman of the Committee on Awards, reported 
that five Association medals had been awarded during the year for high mathe- 
matical achievement in the Indiana Science Talent Search. 

The following short papers were presented: 

1. Non-linear recurrence relations for classical orthogonal polynomials, by Pro- 
fessor M. S. Webster, Purdue University. 

Some of the known and some new non-linear relations involving Hermite, generalized Laguerre, 


and ultraspherical polynomials were given. A typical proof was presented showing that such a 
relation essentially characterizes polynomials of the type given. 


2. A geometry experiment, by Professor C. F. Brumfiel, Ball State Teachers 
College, and Professor M. E. Shanks, Purdue University, presented by Professor 
Shanks. 


The purpose of this paper was to call the attention of college teachers to shortcomings in 
high school geometry texts and to encourage the writing of better texts. Defects in Euclid’s geom- 
etry have long been known but current texts do not remove these flaws. In fact, they add errors of 
their own. Besides being incomplete, these texts are lacking in logic and give as postulates what are 
really theorems or definitions. A critique of Euclid’s postulates was given and Hilbert’s postulates 
were described briefly. A modified version of Hilbert’s postulates was described, a version which 
is being taught at the Burris High School in Muncie, Indiana in a course for which the textual 
material has been prepared by the authors of the paper. 


3. Discontinutties for the classroom, by Professor H. L. Hunzeker, DePauw 
University. 


Graphical illustrations of discontinuous functions for classroom use were obtained from con- 
sidering common machines as mathematical systems. 


4. An operator identity for (D*-+a*)y=f(x), by Professor R. E. MacKenzie, 
Indiana University, introduced by Professor H. E. Wolfe. 


A solution of the differential equation (D?+-a?)y=f(x) by quadratures was effected by means 
of an operator identity using trigonometric functions. 
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5. On a function defined by means of an infinite radical, by Professor G. N. 
Wollan and Mr. D. M. Mesner, Purdue University Center, Fort Wayne, pre- 
sented by Professor Wollan. 


If 0<xS1, then x has a non-terminating binary representation «=aid2+++@,-+-+:. Let 


Qn = (— 1) and fn(x) =V kor kar b+ ++ tans/k, n=1, 2, 3,---+, and let J denote the 
interval 0<xS1. When k>2+4/2, then limna+o fn(x) exists and is real for every x in IJ and this 
defines a function f(x) =limn... fn(x). This function is discontinuous at every point in J having a 
terminating binary representation and is continuous elsewhere in J. The function is not monotone 
in any sub-interval of J and yet has a derivative equal to zero at each point of a dense set of points 
of J and has a left derivative equal to zero at every point of discontinuity. 


J. C. PoLLey, Secretary 


THE MAY MEETING OF THE MARYLAND-DISTRICT OF COLUMBIA-VIRGINIA SECTION 


The spring meeting of the Maryland-District of Columbia-Virginia Section 
of the Mathematical Association of America was held at the U. S. Naval 
Academy, Annapolis, Maryland, on May 5, 1956. Professor F. E. Johnston, 
Chairman of the Section, presided at the morning and afternoon sessions. 

There were 99 persons in attendance, including 75 members of the Associa- 
tion. 

The following officers were elected to serve for a period of one year: Chairman 
Professor R. C. Yates, College of William and Mary; Vice-Chairmen, Professor 
J. E. Freund, Virginia Polytechnic Institute and Professor D. B. Lloyd, District 
of Columbia Teachers College; Secretary, Professor R. P. Bailey, U. S. Naval 
Academy; Treasurer, Professor T. W. Moore, U. S. Naval Academy. 

The following papers were presented. 

1. The coloring of maps, by Professor R. W. Rector, U. S. Naval Academy, 

The speaker presented a historical survey of the four color problem with particular attention 
to the method of Birkhoff and Lewis for constrained chromatic polynomials for the m-ring. Certain 


steps were indicated leading to the solution of the constrained chromatic polynomials of the 
seven-ring. 


2. Aliquot sequences (preliminary report), by Mr. G. A. Paxson, U.S. Army, 
Fort Meade, Maryland. 


Let S(2) = > and, O<d <n. S(n) is called the sum of the aliquot parts of n. Put S°(m) =n, S1(n) 
=S(m), and S**!(m) =S(S*(m)). The infinite sequence n, S(n), S?(m),--- is called the aliquot 
sequence with leader n. 

A sequence is eventually periodic if any term of the sequence recurs. 

Conjecture: Every sequence is eventually periodic. Every sequence examined for this property, 
except a few, displayed it upon computation of a sufficient number of terms. The few involve 
terms of great size, rendering continued hand computation impracticable. All sequences with 
leaders 710,000 are being computed until discovered to be periodic or until a term with more 
than 20 digits is reached. Computation is being done on the IBM Type 650 Magnetic Drum 
Data-Processing Machine at the Watson Scientific Computing Laboratory, 612 West 116th Street, 
New York, New York. 


1956] THE MATHEMATICAL ASSOCIATION OF AMERICA 615 


3. A graphical method of determining the instantaneous center of zero accelera- 
tion of a rigid body having plane motion, by Professor J. P. Hoyt, U. S. Naval 
Academy. 

If the acceleration of one point on a rigid body having plane motion is known together with 
the angular velocity and angular acceleration of lines in the body, the instantaneous center of zero 


acceleration is found as the intersection of two circles. A property of these circles is considered for 
a special case. Certain general results and applications are discussed. 


4. A set of predictor and corrector formulas for the numerical solution of ordi- 
nary differential equations, by Dr. C. H. Frick and Mr. J. E. Mulligan, Jr., 
U. S. Naval Proving Ground, Dahlgren, Virginia, presented by Mr. Mulligan. 


The use of 


(1) hyn = 12yq_9 — 12yn1 + h(S9n2 + B9n1) + Rete 
or 

, , o , 33 ° 
(2) hyn = 339n—3 + 249n-2 — 57 yn + h10 Ins + 57 Yn—2 + 2492-1) + 130 hSyet 
for predicting the slope, and 

, , 1 
(3) Yn = 0.24n-2 + 0.8yn_1 + 1(0.8yn-1 + 0.490) — 30 hAyte 
or 
, , , 1 . 

(4) Wn = 0.143 + 1.8yn~2 _ 0.941 + h(0.94n~2 + 1.844 + 0.3yn) —_ 500 hye 


for estimating y, was discussed. The estimated value of yn can be entered into the differential 
equation y’ =f(x, y) and corrected values of y’ and y computed. 


5. A Carnegie Foundation project in modern mathematics for college sopho- 
mores (preliminary report), by Professor R. V. Andree, University of Oklahoma 
and Haverford College. 


The Carnegie Corporation is sponsoring an experiment in the inclusion of some mathematics 
other than calculus in the college sophomore course and the inclusion of examples from fields other 
than physics. It is suggested that about three-fourths of the academic year be spent on calculus, 
utilizing the (polynomial) calculus contained in many freshman courses. The remaining one-fourth 
academic year will be spent on material mainly from abstract algebra. 


6. The national status of mathematics contests in secondary schools, by Profes- 
sor D. B. Lloyd, District of Columbia Teachers College. 


The purposes of this study were two-fold: (1) to survey the mathematics contests now being 
given in high schools of the United States; and (2) to ascertain the prevailing sentiment for or 
against the launching of a nation-wide contest. Some 125 questionnaires were distributed to all 
states through state representatives and others prominent in mathematics education. Thirty-six 
contests were discovered in 26 states, involving some 3900 schools. As to the desirability of a single 
nation-wide contest, the enormity of the problem, and the impracticability of attempting to adapt 
a single contest to the heterogeneous local needs, were cited from some areas. However, some 22 
states reported no contests at all,—thus indicating fertile virgin soil for introducing a well-planned 
contest program under the auspices of a national body. The study revealed the feasibility of a 
nationally sponsored contest, provided that interference with certain local contests was carefully 
avoided. 
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7. Commutativity of finite matrices, by Dr. Olga Taussky-Todd, National 
Bureau of Standards, introduced by the Secretary. 


Various generalizations of the concept of commutativity of a pair A, B of finite matrices are 
being discussed. One such generalization consists in assuming that all polynomials (A, B) have as 
eigenvalues p(a:, 8:) where a:, 8; are the eigenvalues of A and B taken in a special order. A more 
recent generalization assumes that only all linear combinations \A+uB have as eigenvalues 
ha: +ups; A further generalization is obtained by studying the matrices in the pencil \A+yuB 
which have multiple characteristic roots. The vanishing of the higher commutators of A and B 
also plays a big role. If in particular B = A* (the complex conjugate and transpose of A) then the 
vanishing of the higher commutators sheds light on the nature of A itself. 


R. P. BAILey, Secretary 


THE MAY MEETING OF THE ROCKY MOUNTAIN SECTION 


The thirty-ninth annual meeting of the Rocky Mountain Section of the 
Mathematical Association of America was held at the University of Utah, Salt 
Lake City, Utah, on May 4 and 5, 1956. Professor C. R. Wylie, Jr., Chairman 
of the Section, presided at all three sessions. 

There were 77 persons registered for the meeting, including 48 members of 
the Association. 

Officers elected at the meeting for 1956-1957 were: Chairman, Professor 
R. R. Gutzman, Colorado School of Mines; Vice-Chairman, Professor J. S. 
Leech, Colorado College; Secretary-Treasurer, Professor F. M. Carpenter, 
Colorado School of Mines. 

The following papers were presented: 

1. Connectedness in partially ordered sets, by Professor L. E. Ward, Jr., 
University of Utah. 

A partially ordered space is a triple (X, T, <) where (X, JT) is a topological space, (X, <) isa 
partially ordered set, and there obtains some harmonious relation between T and <. Toward the 
end of characterizing various partially ordered spaces theoretically, results of the following type are 
of interest: order hypothesis—topological conclusion. Sample theorem: if the set of ax is compact 


for each xCX, if the partial order is continuous and dense, and if each pair of points of X havea 
common predecessor, then X is connected. 


2. Convergence of sequences of linear fractional transformations, by Professor 
W. J. Thron, University of Colorado. 

Let {7,(z)} be a sequence of nonsingular linear fractional transformations. Let Z be the set 
in the complex plane, such that { T(z) } converges for all z@Z. Finally, let T(z) be the function to 
which the sequence converges on’Z. Possible domains of convergence Z and corresponding limit 
function T(z) are determined. Among other results it is proved that T(z) must either be a constant 
for all z©@Z, or a constant for all but one value of Z, or a linear fractional transformation (in this 
case Z is the whole plane). 


3. Orthonormal functions used for the approximate solution of integro-dzffer- 
ential equations, by Professor F. M. Stein, Colorado Agricultural and Mechanical 
College. 


Under certain conditions the integro-differential equation U(u) =Z(u) — ff h(x, t)u(t)dt =f(x) 
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with boundary conditions U;(u)=O(¢@=1, 2,---+, m) has a unique solution of the form u(x) 
= f H(x, Df(édt, where H(x, £) is the Green’s function of the problem. Let Sr(x) be a sum of 
functions of the complete set ¢;(x) which are orthonormal with respect to the weight function p(x) 
and which satisfy the boundary conditions. Under the criterion that f | f(x) — U[Sa(x)| | "dex shall 
be least for r>0, this paper examines the sufficient condition that S,(x) as well as its first m 
derivatives be uniformly convergent to the corresponding derivative of the solution “(x) as n be- 
comes infinite. 


4. The Dirichlet sertes transformation, by Professor J. R. Britton, University 
of Colorado. 


Let F(é) be a complex valued function defined for nonnegative integral values of ¢#. If a is a 
positive constant, the Dirichlet series })°_, a~*tF(#) is the Dirichlet series transform, D { F(t) }. The 
series converges, for example, if F(é) =@(k*), R>0, ¢>to. Simple properties of the transform were 
developed, in particular, the convolution theorem 


[D{ F()} ][D{em}] = D} > F(t — 2)G(r) t. 


Application was made to “summation” equations of the convulution type } 7, F(t—7r)G(r) 
= H(t), where G(t) and H(é) are given functions, and F(#) is to be found. 


5. Series solution of linear differential equations, by Mr. C. A. Grimm, South 
Dakota School of Mines and Technology. 


By the use of the exponential shift formula, 
P(d)e™tf(t) = emtP(A + m)f(t) 


and the substitution x —a =e, one easily arrives at the formula P(A) (x—a)™ =P(m)(x—a)™. Then 
by writing (if possible) a linear differential equation in the form f(A)y+(x—a)*g(A)y=0 with the 
assumed solution y= > 0 n(x —a)*tU", ¢540, the recurrence relation, standardly found by the 
method of Frobenius, is readily obtained. 


6. Homogeneous continua, by Professor C. E. Burgess, University of Utah. 


A brief history of results on homogeneous continua was given, and some related unsolved 
problems were mentioned. 


7. Finite geometries and difference sets, by Professor B. W. Jones, University 
of Colorado. 


Cyclic finite geometries were defined and it was shown that any such geometry leads to a per- 
fect difference set. Conversely, any perfect difference set leads to a finite geometry. One or two 
generalizations were indicated. 


8. Decimal expansions, by Dr. Bodo Volkmann, University of Mainz, Visit- 
ing Professor, University of Utah. (By invitation.) 


Borel proved in 1909 that almost all real numbers are normal, 7.¢., their decimal expansion 
involves each of the possible digits with the same asymptotic frequency. A number of generaliza- 
tions of Borel’s theorem to the digit distribution of non-normal numbers were obtained by Besi- 
covitch, Knichal, Eggleston, and the speaker. These theorems describe certain sets of real numbers 
in terms of their Hausdorff (or fractional) dimension. Among the unsolved problems on decimal 
expansions are questions such as whether numbers like e, x, or »/2 are normal in any scale, and what 
conclusions can be drawn from the normality of a real number in a given scale about its digits 
distribution in any other scale. 
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9. Some constants associated with the Riemann zeta-function, by Dr. W. E. 
Briggs, University of Colorado. 


The Riemann zeta-function has the representation 
(—1 Yn 
i) = + ue ———— (s — 1)" 


where 


N it nf N | n 
yam tim [ $ E fY Neeee a] 
1 


n> tux] nN xX 


and satisfies the functional equation ¢(s) =2*r*~! sin sar(1—s)¢t(1—s)/2. By letting s=1—2m, 
where m is a positive integer, it can be shown that infinitely many yn are positive, and infinitely 
many are negative. From a representation of yn as an infinite series, it can be shown that 

=O{(n/2e)"}. Using the fact that ¢(s)—1/(s—1) is an entire function of order one, it can be 
shown that if e>0, then 2~*"< | | <n is true for infinitely many n. 


10. Production delay period, by Professor E. A. Davis, University of Utah. 


In the production of economic goods a “production delay period” elapses between the time 
factors are joined in a firm’s productive mechanism and the time resulting output materializes. The 
delay period, “time”, acts somewhat as a productive factor whose cost is expressed through the 
interest rate. The author considered adjustments of a firm attempting to maximize “profit” in- 
tegrals, strict competition being assumed, under the assumption that the production delay period 
for the firm was: a) of zero length; b) of fixed length; c) of length subject to entrepreneur control. 
The latter two cases lead naturally to a theory involving producer expectations. 


11. Summing of series with missing terms, by Dr. H. J. Fletcher, Brigham 
Young University. 


A method is presented to sum many series of the form )anbn where the series } a, is known 
and bn is a periodic function of x. The method consists of expressing bn as a finite sum of sines and 
cosines, and summing the corresponding trigonometric series. In particular, if the series } an sin nx 
can be summed to a known function, then the corresponding sum which has terms missing periodi- 
cally can be summed to a known function. 


12. Fitting empirical equations to data from small orifice fluid meters, by Pro- 
fessor S. R. Smith, University of Wyoming. 


Two empirical equations, C=R/(a+bR) and C=d+k/4/R were fitted to the orifice meter 
data (C, R data was determined by Professor Eric Lindahl, University of Wyoming). Water was 
the fluid used in each case. C is the coefficient of discharge of the meter and R its corresponding 
Reynolds number, both dimensionless. 


13. Errors in linear systems, by Professor C. A. Hutchinson, University of 
Colorado. (Presented by title.) 

14. Coordination of college and high school mathematics topics, by Professor 
O. M. Rasmussen, University of Denver. 


The author expressed the need for coordination of mathematics programs in the high schools 
and colleges, especially with respect to topics of modern mathematics. This need was shown by a 
brief review of some of the present activity concerning modern topics in mathematics. It was 
emphasized that coordination should take place on national, regional, and local levels with each 
individual aiding in any manner possible. 
F. M. CARPENTER, Secretary 


CALENDAR OF FUTURE MEETINGS 
Fortieth Annual Meeting, University of Rochester, Rochester, New York, 


December 29, 1956. 


Thirty-eighth Summer Meeting, Pennsylvania State University, University 
Park, Pennsylvania, August 26-27, 1957. 

The following is a list of the Sections of the Association with dates of future 
meetings so far as they have been reported to the Associate Secretary. 


ALLEGHENY Mountain, Westinghouse Research 
Laboratories, Pittsburgh, Pennsylvania, 
Spring, 1957. 

Intrno1s, Illinois State Normal University, 
Normal, May 10-11, 1957. 

INDIANA, May 4, 1957. 

Iowa, Iowa State Teachers College, Cedar 
Falls, April 26-27, 1957. 

KANSAS 

KENTUCKY, Berea College, Berea, April 20, 
1957. 

LovuIsIANA-MississipP!, Buena Vista Hotel, 
Biloxi, Mississippi, February 15-16, 1957. 

MARYLAND-DISTRICT OF COLUMBIA-VIRGINIA, 
College of William and Mary, Williams- 
burg, Virginia, December 1, 1956. 

METROPOLITAN NEW YORK 

MICHIGAN, Wayne University, Detroit, March 
23, 1957. 

MINNESOTA, Concordia College, 
October 6, 1956. 

Missouri, Southeast Missouri State College, 
Cape Girardeau, Spring, 1957. 

NEBRASKA, University of Nebraska, Lincoln, 
April 27, 1957. 


Moorhead, 


NORTHEASTERN, University of Connecticut, 
Storrs, November 24, 1956. 

NORTHERN CALIFORNIA, University of Cali- 
fornia, Berkeley, January 12, 1957. 

OHIO 

OKLAHOMA, Oklahoma City University, October 
26, 1956. 

Paciric NorTHWEST, Oregon State College, 
Corvallis, June, 1957. 

PHILADELPHIA, Muhlenberg College, Allen- 
town, Pennsylvania, November 24, 1956. 

Rocky Mountain, Colorado School of Mines, 
Golden, Spring, 1957. 

SOUTHEASTERN, Emory University, Emory 
University, Georgia, March 15-16, 1957. 

SOUTHERN CALIFORNIA, San Diego State Col- 
lege, Spring, 1957. 

SOUTHWESTERN, University of Arizona, Tucson, 
April, 1957. 

Texas, University of Houston, Houston, April, 
1957. 

Upper NEw York State, Skidmore College, 
Saratoga Springs, May 4, 1957. 

WISCONSIN, Wisconsin State College, White- 
water, May, 1957. 


THE CARUS MATHEMATICAL MONOGRAPHS 


A new Carus Monograph has been published in 1956. The title of this Mono- 
graph is: 


MONOGRAPH 11: Irrational Numbers, by Ivan Niven. 


Each member of the Association may purchase one copy of this Carus Mono- 
graph at the special price of $1.75. Orders should be addressed to: Mathematical 
Association of America, University of Buffalo, Buffalo 14, New York. 


Additional copies of Monograph 11 for members and copies for nonmembers 
may be purchased at $3.00 from John Wiley and Sons, 440 Fourth Avenue, New 
York 16, New York. 


Professor Niven’s Monograph on Irrational Numbers provides an exposition 
of some central results on irrational, transcendental, and normal numbers. There 
is a complete treatment by elementary methods of the irrationality of the ex- 
ponential, logarithmic, and trigonometric functions with rational arguments. 
The approximation of irrational numbers by rationals, up to such results as the 
best possible approximation of Hurwitz, is also given with elementary techniques. 
The last third of the monograph treats normal and transcendental numbers, in- 


cluding the transcendence of x and its generalization in the Lindemann theorem, 
and the Gelfond-Schneider theorem. 


INTERMEDIATE ANALYSIS 


AN INTRODUCTION TO THE THEORY OF 
THE FUNCTIONS OF ONE REAL VARIABLE 


By John M. H. Olmsted, University of Minnesota 
@ 


The outstanding feature of this new text for courses in mathemati- 
cal analysis which presuppose only a first course in calculus is its 
flexibility. Both the text and the exercises are so arranged as to 
make the book adaptable to beginning and advanced students in 
modern analysis, and to longer or shorter courses. 


Another important feature is the large number—1336—of care- 
fully chosen and well-arranged exercises. Generous hints ac- 
company many of the exercises; and answers to all problems are 
given. The text is also notable for its numerous. illustrative 
examples. 


305 pages, illustrated, $6.00 


APPLETON-CENTURY-CROFTS, INC. 
35 West 32nd Street New York 1, N.Y. 
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le you ate employed by a college, university or private 
school you ate eligible for low-cost life insurance in TIAA. 

Term, Family Income, Ordinary Life and a wide variety 
of other plans are available at substantial savings. To get full details 
send us the coupon below. You'll receive premium rates and an easy- 
to-read booklet that will help you select the plan most suitable for 
your family’s needs. There is no obligation, of course. 

The Teachers Insurance and Annuity Association (TIAA) 
is a unique, nonprofit life insurance company established by Carnegie 
organizations in 1918 solely to serve the field of higher education. 
Assets now total more than $450,000,000. 


TIAA employs no agents—no one will call on you 


l crecchors Insurance and Annuity Association A 


eachers Insurance and Annuity Association 
|, 522 Fifth Avenue, New York 36, New York 

| Please send me a Life Insurance Guide and the booklet, Plan 

Your Life Insurance. 
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The Second in a Series of Announce- 
ments on Progressive Expansion of 
Program and Facilities in Mathematics 
at the Knolls Atomic Power Laboratory: 


GENERAL ELECTRIC’S 


KNOLLS ATOMIC POWER LABORATORY 


IT IS NOW DOUBLING THE 
STAFF OF MATHEMATICIANS FOR ITS 


MODERN MATHEMATICAL CENTER 


The steadily advancing nuclear program 
at Knolls Atomic Power Laboratory calls 
for new and imaginative departures in 
mathematics —ranging from the most ab- 
struse formulations of fundamental prob- 
lems to the digital solution of physical 
problems. To meet the consequent expan- 
sion of its Mathematical Analysis Program, 
the Laboratory plans to increase signifi- 
cantly the number of qualified mathema- 
ticians now at work here—enough new 
openings have been created, in fact, to 
more than double the present mathema- 
tical staff. Mathematicians at all degree 
levels are invited to join this expanding 


program. 


As previously announced, a modern build- 
ing is now under construction, principally 
for the use of mathematicians and physi- 
cists. This Center will be equipped with the 
finest of facilities, including digital com- 
puters that rank among the most powerful 
available. Here mathematicians, working 
both independently and in association with 
theoretical and experimental physicists, will 


cnjoy an atmosphere in which the creative 
mind may find its full fruition. 


As members of the Mathematical Analysis 
Unit, they will participate in the formula- 
tion of theories to describe new physical 
situations now being encountered, in eval- 
uating these theories and adapting them 
to numerical solution by digital computers, 
and in evaluating reactor designs. Design 
evaluations will focus on the calculated 
behavior of mathematical models and will 
employ the most modern techniques in 
computer programming. The nature and 
complexity of these operations call for cre- 
atively new approaches and fundamental 
advances in these techniques. These mathe- 
maticians will also have the opportunity to 
deal with basic research in physics, chem- 
istry, metallurgy and many other aspects 
of nuclear science. 


The program at the Knolls offers the atmos- 
phere, the equipment, the richness of sub- 
ject matter and the material benefits con- 
ducive to a satisfying career in applications 
of mathematics. 


A LETTER TO DR.S.R. ACKER, EXPRESSING YOUR INTEREST, 


WILL RECEIVE IMMEDIATE ATTENTION. 


Knolls Alomie Power Laboritory 


OPERATED FOR A.E.C. BY 


GENERAL 


ELECTRIC 


SCHENECTADY. N.Y. 


The new 


Are you considering 
these outstanding 
texts for your second 
semester courses? 


The new 


Britton: CALCULUS 


from the publishers of 


Engineering Mathematics 
by Kenneth S. Miller 


A modern thorough treatment of differential equations, network 

eory and random functions by a mathematician widely experi- 
enced in current engineering research. Includes much material 
needed in today’s engineering development projects that has not 
heretofore appeared in similar textbooks, 417 pp., $6.50 


The highly praised 


GOFFMAN: Real Functions 


263 pp., $6.00 


Noted for its clarity, attention to points which often prove stumbling 
blocks to the student, and excellent exercises. 


BEAUMONT & BALL: Introduction to 
Modern Algebra and Matrix Theory 


331 pp., $6.00 


The more advanced theory is clearly developed from the funda- 
mental concepts of algebra in this lucid, thorough, and rigorous 
text. 


JONES: The Theory of Numbers 


143 pp., $3.75 


Emphasis on discovery—the development of theory, with many 
illustrative problems, makes this an unusually interesting text. 


Rinehart 


584 pp., $6.50 *. & COMPANY 


This carefully planned, coordinated treatment of differential and 
integral calculus, by an author known for the clarity and accuracy 


of his other college mathematics texts, is based on years of teach- 7 


ing experience and class testing. Includes 3200 well graded exercises 
and problems, many designed to develop the student’s analytical and 
critical faculties; full mathematical tables. 


The outstanding 


Rinehart Mathematical Tables, 
Curves, and Formulas 


by Harold Larsen 
280 pp., $2.50 
Known and used everywhere as exceptionally legible and complete. 


Includes Bessel Functions, complete elliptic integrals, values and 
logarithms of the Gamma function. 


INCORPORATED 


232 Madison Ave. 
New York 16 
New York 


the 


second edition of 


ANALYTIC GEOMETRY 


R. S$. UNDERWOOD 
FRED W. SPARKS 


improved and tested presentation 
tedious computations avoided 
minimum of memorizing 
increased exercises 


Inviting type 


yt 


a 


new text 


PRACTICAL TRIGONOMETRY 


R. S$. UNDERWOOD 
HORACE E. WOODWARD 


For scientists, engineers, investigators 
a brief but very complete course 
minimum of calculation required 

interesting applications 
estimates emphasized 


clear proofs 


* 


HOUGHTON MIFFLIN 
COMPANY 


Miantthe McGRAW-HILL Ln0ks 


MODERN MATHEMATICS FOR THE ENGINEER 


Edited by E. F. Beckensacu, University of California, Los Angeles. 536 pages, $7.50 


The aim of this useful book is to generate in the minds of engineers and applied scientists 
engaged in research, design, and administration an awareness of the recent rapid advance- . 
ment in applied mathematical thought resulting largely from the demands of modern engi- 
neering programming and design. It is the first to cover so extensively the methods and 
applications of our new high-speed computational procedures, and to emphasize the im- 
portance of stochastical analysis, the theory of games, operations analysis, and linear, non- 
linear, and dynamic programming in modern engineering. The separate chapters are written 
by experts well known for their theoretical competence and also for their practical experi- 
ence in applied mathematics. 


INTRODUCTION TO STATISTICAL ANALYSIS 


By Witrrep J. Drxon and Frank J. Massey, Jr., University of Oregon. 370 pages, $5.25 


This unique text presents the basic concepts of statistics in a manner which will show the 
student the generality of the application of the statistical method. The text presents funda- 
mental concepts of statistics which can be applied to many fields, and examples are drawn 
from agriculture, business, chemistry, engineering, medical research, psychology, etc. Both 
classical and modern techniques are presented with emphasis on the understanding and use 
of the techniques rather than on mathematical development. 


ESSENTIAL BUSINESS MATHEMATICS 


By LLEweEttyn R. Snyper, City College of San Francisco. Second Edition. 421 pages, $4.50 
This text is especially designed to provide knowledge and skill in the computations of practical 
financial problems of a business, civic, and personal nature. The book is simple and includes 
excellent problems. The material is so prepared that it will form a sound basis for either 
subsequent or concurrent courses in accounting, investments, business finance, money and 
banking, insurance, retailing, real estate, statistics, and related business subjects. Early 
chapters review arithmetic fundamentals; algebra is. not a prerequisite. The revised, up-to- 
date edition of the Workbook is also available. (160 pages, $2.50) 


ELEMENTS OF BUSINESS MATHEMATICS 
FOR COLLEGES 


By LLEWELLYN R. Snyper. 249 pages, $3.75 


Presents a sound review of arithmetic and its practical application in solving the most fre- 
quently occurring types of business problems and problems of personal finance. Only prob- 
lems that are practical in nature ... problems that occur constantly in business and personal 
life are included. Current business practice is followed in all of the fields covered. Especially 
practical for those with only a fair background in high school mathematics. A Student 
W orkbook with 67 assignments is available. 


MATHEMATICS OF FINANCE 


By Paut M. HummMet and CuHartes L. Seeseck, Jn. University of Alabama. New Second 
Edition. 390 pages, $4.75 

A thorough, up-to-date treatment of the mathematics of finance and investment for students 
in schools of commerce and business administration or anyone who frequently encounters 
problems in finance and investment. It begins with the treatment of simple interest and simple 
discount; develops gradually and logically through the topics of compound interest, annuities 
with their many applications, perpetuities, bonds, and depreciation; and ends with an ele- 
mentary treatment of the fundamentals of life insurance. Stresses the equation of equivalence 
and also makes extensive use of the time diagram. Illustrative examples throughout the book 
guide the student in setting up almost every type of problem encountered in the mathematics 
of finance. 


Send for copies on approval 


McGraw - Hill Book Company, Inc. 


330 West 42nd Stree? New York 36, N.Y. 


CALCULUS 


by John F. Randolph, University of Rochester 


e “contains more material and certainly more theory than is found in the usual 
textbook in calculus... 

e@ “the clearness and completeness of each presentation is excellent ... 

@ “a textbook which goes beyond the usual in attempting to give adequate explana- 
tions to the concepts developed in the beginning course in calculus .. . 

e “contains excellent reference material for the student and the teacher as well.” 
The Mathematics Teacher 


1952 483 pp. $6.00 


A SURVEY OF MODERN ALGEBRA, Revised Edition 


by Garrett Birkhoff, Harvard University, and Saunders Maclane, Uni- 
versity of Chicago 

“This well-known textbook has served . . . to introduce a great many students to the 
fundamental concepts of modern algebra in an extraordinarily effective way... . The 
authors are to be congratulated on having improved an already excellent text.” The 
Scientific Monthly 

1953 472 pp. $6.50 


A BRIEF SURVEY OF MODERN ALGEBRA 


by Garrett Birkhoff and Saunders MacLane 


The authors have converted the first ten chapters of their revised sURVEY OF MODERN 
ALGEBRA into a brief survey, suitable for shorter courses in linear algebra or modern 
algebra. 


1953 276 pp. $4.75 


ANALYTIC GEOMETRY, Fifth Edition 


by Clyde E. Love, Professor Emeritus, and Earl D. Rainville, University 
of Michigan 


New topics covered are the distance formula in polar coordinates, circles of Ap- 
polonius, radical axis, common chord, tangents to a conic from an external point, 
chord of contact, the shape of certain higher plane curves, parametric equations of 
lines, circles, conics, the method of least squares, parametric equations of lines in space 
and the generation of surfaces of revolution. As in previous editions, there is strong 
emphasis on techniques which will prove useful in later courses and there are 2,000 
carefully constructed exercises (majority new). 


1955 302 pp. $4.00 


FUNDAMENTALS OF MATHEMATICS 


by Moses Richardson, Brooklyn College 


Since its publication, this book has been -widely used in liberal arts mathematics 
courses for non-majors. The lively interestingly-developed text and the variety of 
supplementary problems (many of them of the non-traditional type) support the 
emphasis on mathematical thinking, rather than rote problem solving. Professor 
Richardson aims throughout at giving students “a critical logical attitude, and a 
wholesome respect for correct reasoning, precise definitions, and clear grasp of under- 
lying assumptions.” 

1941 525 pp. $5.00 
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CAMPANOLOGICAL GROUPS 
T. J. FLETCHER, Sir John Cass College 


The art of change ringing has always been considered highly mathematical, 
but little has been said about the precise mathematical notions involved. This 
may be because the art has been restricted almost entirely to English-speaking 
countries, and so has not attracted the attentions of algebraists on the continent 
of Europe. This paper contains examples of some of the methods used by bell- 
ringers, and shows that they are decompositions of a symmetric group into 
Lagrange cosets. In consequence they provide useful practical illustrations of a 
topic which most textbooks treat in an entirely abstract fashion. We also see 
that a knowledge of the elementary notions of group theory might have enabled 
campanologists to construct peals without the tedious empirical methods which 
seem to have been the practice in the past. 

The problem which a team of ringers undertakes is to produce all the 
permutations (changes) on a set of bells, proceeding according to certain rules. 
The highest bell, number one, is called the Treble, and the lowest is called the 
Tenor. When the bells ring down the scale, from Treble to Tenor, they are said 
to be in rounds. The rules to which a peal must conform are: 

i) the peal must begin and end in rounds, 
ii) no bell may move more than one place between successive changes, 
iii) no bell may lie still for more than two successive changes. 
(The last rule is relaxed occasionally.) 

A peal may be composed of any number of bells up to twelve, and as it takes 
about 28 hours to ring all the changes on eight bells alone, the ringers cannot 
hope to ring all the possible changes if the number of bells is larger. Then they 
restrict attention to ringing those changes which are regarded as the most 
musical. 

The six changes on three bells may be rung as follows: 


1 2 3 
2 1 3 
2 3 1 
3 2 1 
3 1 2 
1 3 2 
1 2 3 


They could equally well be rung in the reverse order, but only these two ways 
conform to the rules. The course of the Treble is particularly simple—it hunts 
up and then hunts down. The other bells follow a similar hunting course but 
naturally the phase is different. 
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Notation. We will denote changes as ringers do by numbering the bells from 
Treble to Tenor and giving the order in which they ring in the change. The sym- 
bols which result could be regarded as the elements of a symmetric group, but 
it is more strictly logical to regard the transitions between changes as constitut- 
ing the group, and we will denote these by the familiar cycle notation. Thus the 


transition 
k ea 
514263 


will be denoted by the symbol (145) (36). (Rule ii of course prohibits the carrying 
out of this transition in one move.) The notation means that the bell in first 
place moves to fourth place, and the bell in fourth place moves to fifth place, 
and the bell in fifth place moves to first place; while the bells in third and sixth 
place change over. The cycle symbol is an operator which transforms the first 
change to the second, and such operators multiply together according to well- 
known rules. We will use capital letters to denote these transitions. Initially they 
will denote transitions between adjacent changes, but later on they will be used 
to denote transitions from one change to another which may occur elsewhere in 
the peal. Because of Rule ii, capital letters denoting transitions between adjac- 
ent changes are operators of period two. That is to say they are their own 
inverses. It is important to avoid confusing the change 1342 with the change 
generated by applying the operator (1342) to rounds, because this is 2413. 

Singles. A peal on four bells is called Singles. If four bells hunt they produce 
the eight changes in the first block of Table I. A further move of a similar kind 
would restore rounds, so, in ringers’ language, “the bell that the treble takes 
from lead makes second place and leads again; and the other bells dodge at the 
back-stroke lead of the treble.” The mysteries of “hand-stroke” and “back-stroke” 
do not concern mathematicians; they arise because a bell swings two ways and 
successive strokes have to be rung with a different action. The meaning of 
“‘dodge”’ should be sufficiently clear from the table. 


TABLE I 
SINGLES 
123 4 13 4 2 14 2 3 
21 4 3 3 12 4 4 13 2 
2 4 1 3 3 21 4 4 3 1 2 
42 3 1 23 4 1 3 42 1 
4 3 2 1 24 3 I 3 2 4 1 
3 4 1 2 4 2 1 3 23 1 4 
3 1 4 2 4 1 2 3 213 4 
13 2 4 14 3 2 12 4 3 


The process of hunting consists of employing the two operators A = (12) (34) 
and B=(23) alternately. These generate a group of order eight, the first eight 
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changes. In general hunting on z bells generates a group of order 2”. A B = (1342) 
and this element has period four. It is convenient to call these eight elements 
the hunting sub-group and to denote it by &. The last of these changes is 1324, 
and the peal continues by following this with the irregular move C = (34), instead 
of employing B which would produce rounds. The second block therefore con- 
sists of the hunting sub-group premultiplied by B-!C = (243). This can be de- 
noted by (243)3c. After it has been rung the irregular move C has to be per- 
formed again, and the third block consists of (243)?3¢c. When the last change is 
followed once more by C we return to rounds because (243)? = TJ. 
This method of ringing therefore displays the decomposition into cosets: 


G = 5 + (243)5C + (243) 290. 


Other methods are possible on four bells but their structure is not quite so 
clear as in this example. 

Doubles. A peal on five bells is called Doubles. For five bells or more it is 
usually necessary to have a conductor who calls bobs and singles as required. 
That is to say he does the multiplications which change from one coset to the 
next—or to put the matter more correctly he does some of them, because the 
ringers engaged on any particular peal proceed under a set of standing orders 
which ensure that a number of the transitions from one coset to the next are 
done automatically. The first five bell method which we will consider is called 
Grandsire Doubles. The hunting sub-group of ten changes is generated by the two 
operations A = (23)(45) and B=(12)(34). In Grandsire Doubles the number of 
changes which the ringers can ring without further instructions is increased to 
30 by using the further operation C = (12)(45). In practice this irregular move is 
performed at the very beginning, before hunting commences; and the peal be- 
gins as shown in Table II. 


TABLE II 


GRANDSIRE DOUBLES 


123 4 5 

213 5 4 21 5 4 3 2143 °5 
23 1 4 °55 25 1 3 4 24 1 5 3 
3 2 41 =°5 5 23 1 4 42 5 1 3 
3 4 2 5 1 5 3 2 4 1 452 3 1 
43 5 2 1 3.5 42 1 5 43 2 1 
453 1 2 3.4 5 1 2 5 3 4 1 2 
5 4 1 3 2 43 1 5 2 3 5 1 4 2 
5 1 4 2 3 413 2 5 3 15 2 4 
152 4 3 142 3 5 13 25 4 
i125 3 4 12 4 5 3 123 4 § 


These 30 changes are called plain course. It is easy to see why the ringers 
prefer to begin with the operation C. If this is done the return of the Treble to 
the lead can be taken as the cue to perform the irregular operation C again, 
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whereas if they commence with hunting no such clear indication is given them. 
It is now necessary to introduce some means whereby the ringers may pass from 
one plain course to another; and to do this the conductor calls bobs and singles. 
A single is a change which interrupts the regular work of an even number of 
bells, and a bob is a change which interrupts the regular work of an odd num- 
ber. The distinction is again not one which a mathematician would have chosen. 
In some cases a bob or a single alters the parity of the changes which are being 
rung, whereas the other does not, but this is not the case in general. 
Grandsire uses the single 


 veays 


i503 = (), 


and Rule iii is relaxed at this point in this method of ringing. To ring a full peal 
of Grandsire, four bobs and two singles are necessary. Grandsire Doubles is a 
decomposition of the symmetric group on five symbols into twelve cosets of ten, 
masked by a pre-multiplication by C. Without the pre-multiplication plain 
course may be written: 


a + (354)3C + (354)28¢. 


(354) = B-!C and is obviously of period three. This leads one to suspect that 
it is possible to generate a longer plain course by employing some move different 
from C. This can be done, and Plain Bob employs D = (23) instead of C. B-!D 
= (1342), and so plain course consists of 40 changes, and the entire peal can be 
rung with fewer calls. 

One of the most pleasing methods from a mathematical point of view is 
Stedman's Doubles. This method was invented round about 1640, and it dis- 
plays a striking knowledge of decomposition into cosets very nearly one hundred 
years before Lagrange was born. Troyte [1] describes the method as follows: 
“Three bells go through the three bell changes while the other bells dodge be- 
hind; at the completion of each six changes one bell coming down from behind 
to take its part in the changes, and one going up behind to take its part in the 
dodging.” In the Grandsire the work of the Treble is different from that of the 
other bells, as he pursues a hunting course the whole of the time, whereas the 
other bells modify their hunting course now and again. In Stedman’s method 
the work of every bell is the same, and the symmetric group is decomposed into 
cosets of six. By tradition the method begins in the middle of a set, so the de- 
composition into cosets is pre-multiplied by three operations, or alternatively 
it is carried out from the reference order 32415 instead of 12345. The peal is 
shown in Table III. It will be noticed that the sets of six changes are rung as in 
our very first example, but taken forwards and backwards alternately. 

The method requires two singles, and in this case they change the parity of 
the permutations being rung. The singles are indicated on the table by the letter 
S. They interchange some of the members of the cosets in which they occur, and 
they also decompose the whole group in another way—into two cosets of 60. 
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All the members of the alternating sub-group occur in the peal before and after 
the singles, while the members of the other coset occur between them. 


TABLE III 


STEDMAN’S DOUBLES 


12345 
213 5 4 

23145 

3241 5 52341 3142 5 5 13 4 2 
23451 532. 134 : 531. 
2431 5 35 2 14 3 35 1 
423514 3.2 5 41 3 31 5 
43215 23 5 : 4314+. 13 5 : 
34251 25314 34152 15324 
43521 52134 43512 5123 4 
S4 5312 251 - $4 5321 15 2 ; 
54312 21 5 54321 125 
53421 125 5 3412 215 
35412 15 2 ; 35421 251 ; 
34521 5 12 4 3 34512 5 21 3 
43251 15 4 2 3 43152 2541 3 
3421 5 14 5 : 341--. 24 5 : 
32451 441 5 314 4 2 5 
23 41 5 45 1 134 4 5 2 
24351 541. 14 3 : 542. 
42315 5 14 3 2 41325 52431 
2413 5 15342 1423 5 25341 
214 5 3 513. 124. 523. 
12435 5 3 1 21 4 5 3 2 
1425 3 35 1 241 35 2 
4123 5 31 5 . 421 ; 3.2 5 ; 
421 5 3 13524 412 5 3 23514 
2451 3 3125 4 145 2 3 32154 
42531 321 . 41 5 : 312 ; 
45 21 3 231 45 1 132. 
54231 21 3 5 41 12345 
5241 3 123 - 514. 

25431 13245 15432 


The number of changes generated by some particular method can be calcu- 
lated quite easily. Consider for example Plain Bob Major. (A peal on eight bells 
is called Major.) The complete 40,320 changes on eight bells were first rung at 
Leeds, Kent, in 1761, by relays of men who took 27 hours to complete the task. 
Plain Bob Major generates the hunting sub-group by means of A = (12) (34) (56) 
(78) and B= (23)(45)(67), and when the Treble returns to the lead, rounds are 
avoided by using C= (34)(56)(78) which means the second coset commences 
with B-!C = (2468753) which is of period 7. Plain course therefore consists of 7 
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cosets of 16, which is 116 changes. This method uses the bob (23) (56)(78) and 
the single (56)(78), and it is interesting to work out how many more changes 
these will generate and where they must be used. 

Treble Bob. The Treble Bob methods of ringing are more complicated than 
the plain methods because the bells do not follow a simple hunting course, but 
dodge on their way up and down. This means that a “lead” (the set of changes 
between successive appearances of the Treble as the first bell) is twice as long 
as in the plain method, and that the changes of a lead do not possess the group 
property, being usually a complex generated by three operations employed ac- 
cording to some scheme such as ABACABAC - - - . Even here group properties 
are very apparent in the tables which are given in books on campanology. The 
move at the end of a lead in Treble Bob is arranged so that when the Treble 
returns to the front the other n—1 bells are cyclically permuted; in this way 
plain course consists of as many leads as possible. 

We have so far pointed out only that the three blocks of Table I are a de- 
composition into left-hand cosets. If we read the table by lines we see a decom- 
position into right-hand cosets using a sub-group of order three. This can also 
be seen in Table II although it is a little obscured by the irregular way in which 
the peal begins, and it is a general feature of Plain and Treble Bob methods. 

As we have indicated earlier most of the methods of campanology are empiri- 
cal, ad hoc methods devised some hundreds of years ago long before the inven- 
tion of formal group theory, but the subject has not been without its great 
theorists. One of the finest of these was W. H. Thompson, who was not a prac- 
ticing ringer but a civil servant in India who made a hobby of solving change 
ringing problems. As far as can be ascertained he was not a mathematician and 
his writings [3] do not suggest that he realized that the calculations which he 
was performing were in fact pieces of group theory. He was concerned in par- 
ticular with the following problem: “Is it possible to ring all the changes on 
seven bells (Triples) using the Grandsire method with only plain and bob 
leads?” He devised his own notation for this problem, and it bears striking analo- 
gies to the notation invented by the celebrated Irish mathematician Hamilton 
for another problem [4] a few years earlier. 

Because the work in each lead is perfectly regular (being the hunting sub- 
group), the analysis of a complicated peal is greatly simplified by considering 
only the “lead-ends.” Putting this in a way which seems more natural to mathe- 
maticians we need only consider the first member of each coset. The effect of a 
plain lead in Grandsire Triples is to send bells which have just rung a lead 
starting with rounds into the next lead in the order 1253746. We may therefore 
write P = (34675). The effect of a bob lead is to send bells which have just rung 
a lead starting with rounds into the next lead in the order 1752634, and so we 
put B= (247) (365). 

There are 7! changes in Grandsire Triples and each lead contains 14. The 
total number of leads is therefore 6!/2 and the initial members of the cosets form 
the alternating group on six symbols. Denoting these six symbols by 2, 3, 4, 
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5, 6, 7 (because bell number 1 is always in front at the beginning and end of a 
lead) the question which Thompson was discussing was: “Will P and B generate 
the alternating group on six symbols, and furthermore generate it unicursally?” 

The answer was “No,” but the interest is in Thompson’s methods. Using the 
notion of lead-ends he drew up a chart in such a way that the unicursal genera- 
tion of the group became a matter of the unicursal description of a polytope 
whose edges represented the leads of the peal. The problem is remarkably like 
the problem of the game of visiting the vertices of an icosahedron which Hamil- 
ton had discussed a few years before [4]. Hamilton’s problem is by far the sim- 
pler of the two, and it is not exactly the same as he is concerned with visiting 
the vertices of the polytope and Thompson is concerned with traversing the 
edges, but the two employ an algebraic notation which is almost identical. The 
solution of Hamilton’s game presumably gives a peal on six bells (or rather a 
touch, because the 20 vertices of the icosahedron correspond to only 40 leads, 
whereas 60 leads are necessary to ring a full peal in Minor). 

After constructing the polytope Thompson argues as follows. If the result of 
following x with a plain ending is the same as the result of following y with a 
bob, then clearly the leads x and y must be treated in the same way, that is both 
must be plain or both must be bob. Now if xP=yB then y=xPB—!. Therefore 
if x is plain or bob, x(PB—') must be the same. But the operator PB™! is of period 
five, and so all the leads may be split up into sets of five which must all be 
treated the same way. Thompson called these Q-sets, and they are of course 
cosets in the strict meaning of the term. 

If all the 360 leads are plain they are split up into 72 round blocks since P is 
of period five. On the other hand if they are all bobs they are split up into 120 
round blocks since B is of period three. The peal can be rung if we may start 
at one of these extremes and by bobbing or plaining suitable Q-sets convert the 
whole 360 leads into one round block. This would be denoted by a chain of let- 
ters of the form PPBPBPPPB etc, where the whole product was equal to the 
identity but no sub-section was. Thompson showed this to be impossible by 
proving that bobbing or plaining any Q-set always results in the loss or gain of 
an even number of round blocks. Hence the number of round blocks, which is 
72 or 120 to start with, can never be reduced to one. The beauty of the proof is 
marred by the fact that the stage showing that the number of round blocks lost 
or gained is always even is carried out by along and tedious process of enumera- 
tion. But it is very difficult to see any means by which this could have been 
avoided. The enumeration of the cosets of a group of large order is inevitably 
tedious, and modern processes do not seem to offer any way of reducing Thomp- 
son’s labours to any marked extent. 

The study of campanology therefore shows how bell-ringers acquired a con- 
siderable amount of empirical knowledge about groups long before the theoreti- 
cal basis was established by mathematicians, and it also provides instructive 
examples of the abstract theorems. The main problem of campanology is a 
problem of Group Theory to which no practical solution seems to have been 
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found even yet: “Given a particular set of elements of a group, will they gener- 
ate the whole group, and will they generate it unicursally?” 
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POLYNOMIALS DEFINED BY GENERATING RELATIONS 
R. P. BOAS, JR., anp R. C. BUCK,* Northwestern University and University of Wisconsin 


1. Introduction. Many familiar sets of polynomials ,(z) have generating 
relations of the form 


co 


(1) 2 w"pn(z) = A(w)p(zg(w)), 

where A(w), Y(t), g(w) are power series. These sets include such general classes 
as Appell polynomials (g(w)=w, W(t) =e"), Sheffer polynomialst (p(t) =e*), 
Brenke polynomials [1] (g(w) =w), and such particular sets as certain constant 
multiples of the Jacobi,f Laguerre and Hermite polynomials. The generating re- 
lation (1) appears not to have been discussed before in full generality. Here we 
shall characterize the polynomials defined by (1) by means of both an explicit 
formula and a recursion relation; the explicit formula reduces to known results 
for Appell and Brenke polynomials, but otherwise seems to be new. We also give 
a brief discussion of a simple special subclass that is interestingly related to the 
class of Appell polynomials. 

2. An explicit formula. Let A(w), Y(t), g(w) be the formal power series 


(oo) 
(2) A(w) = 27 dnw”, dy ¥ 0; 
n=0 
* This investigation was supported in part by the Office of Ordnance Research. 
+ Sheffer [5], [6] calls them sets of type zero; Steffensen [9], [10] calls them poweroids; the 
Bateman Manuscript Project [2] calls them sets of generalized Appell type. 
¢ The Jacobi polynomials Pn“ (z) have a generating relation of the form (1) only when 
a—B=—1, 0, or 1 (Smith [8]), but P,@°(x+1) do havea generating relation (1) (Erdélyi [3], 
p. 264). 
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ie) 


(3) v(t) = Yt", 
n=l) 

with y(t) not a polynomial; 

(4) g(w) = Dy baw". 
n=0 


We are actually concerned only with the algebraic relations among coeff- 
cients implied by relations among formal power series. In establishing them we 
may operate with the power series as if they were convergent; for a discussion 
of this point see Sheffer [5]. In all the applications of which we are aware, the 
power series have positive radii of convergence. 


THEOREM 1. In (1), the px(2) are polynomials if and only tf bp =0; tf this ts the 
case, Pn(z) ts of degree n uf and only tf byyn¥0; moreover, 


n 


(5) prlz) = > ay j >> Did ekg + + * Dkjy 


jm 
where the inner summation extends over all sets of 7+1 non-negative integers { k} 
such that Rotki+ +--+ +ky=n. 
In particular, if g(w) =w this reduces to Brenke’s formula [1 | 
pulz) = Dy ahy ini, 
j=0 


which in turn reduces to the well-known formula for Appell polynomials, 


(6) pale) =O stay s/f} 


j=0 


if in addition W(t) =e'. In the general case with Y(t) =e' we have the following 
formula for Sheffer polynomials: 


n gi 
ols) = Dy De drobry «+ Bry Rot khit-: > + kj = 2. 


j=0 


This could also be deduced from Sheffer’s integral expression for these poly- 
nomials [7]. 

Let (1) hold with A, y, g from (2), (3), (4), and write K(z, w) =A (w)W(zg(w)). 
Let pn(z) = dopo Past’. Then 


K(z, w) = 2) w Do pnt = Daf Do pnw, 


n=) j=0 j=0 n=0 


so that 
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20 O1K 
kl > prnjw” = —— 


n=l) dzi gmu0 


We also have 


giK | 
oe = Aw) (aC) WO (ee(w)), 


and so 


(7) Da pai = 7;A(w) { g(w) }*. 
Now if g(0) =0, the right-hand side has a power series beginning with y,aobjw?, 
so that p,;=0 at least for n Sj and so p,(z) is a polynomial of degree m at most. 
On the other hand, if g(0) =0)+0, it follows from (7) that, for an infinity of 
integers 7, fo; =;a0b) does not vanish, so that po(z) is not a polynomial. 

Now suppose that g(0) =0 and write (7) in the form 


(8) Do pnjw” = y;A(w){g(w) fA 

n=] 
Picking out the coefficient of w* on both sides, we have p;;=y,;a0b1, which shows 
that p;(z) is of degree j if and only if y;b:+0. Similarly, p,; is the coefficient of 
w” in the product of the 7-++1 power series on the right-hand side of (8), and so 


Pai = Vi Dy Orde, +++ Diy kot hit:++ + ky =n. 
This completes the proof of Theorem 1. 
With any polynomial pa(z) =coz"-+c12"-!+ +--+ +cnx we can associate an- 


other polynomial ,*(z) =coteiz+ +--+ +¢nz"=2"b,(1/z); we call this the re- 
versed polynomial, for lack of a generally accepted term. For the special case of 
Brenke polynomials we have the following result. 


THEOREM 2. If pn(z) are Brenke polynomials with yo*0 and A(w) not a poly- 
nomial, p.*(z) are also Brenke polynomials. 


In fact, we have 
A(w)p(2w) = Dd) pa(z) w", 
and writing 1/z for zg and then zw for w we obtain 
A(zw)b(w) = D2) pal) w". 


3. Characterization by properties of the generating function. We next obtain 
a characterization of polynomial sets which are generated by relations of the 
form (1). Given any sequence { pa(z)} with p, of degree x, we form the series 


32 w'pa(z) = K(z, w). 


n=0 
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Our first characterization is in terms of properties of K. 


THEOREM 3. A necessary and sufficient condition that K(2z, w) =A (w)p(2zg(w)) 
with A, y, g as in (2), (3), (4) and bb) =0, 0, =1, ts that there exist power sertes 


a(w) = y nw", 


(9) Ne) ; 
B(w) = 1+ D7 B,w*, 
such that 
(10) K2(z, w) = a(w)K(z, w) + sw 8(w) Kilz, w), 


where the subscripts denote partial derwatives. 


If K(z, w) has the specified form we can verify by differentiation that (10) 
holds with a(w) = A’(w)/A(w), B(w) = weg’ (w)/g(w). 

Conversely, if (10) holds, choose A(w) of the form (2) so that A’(w)/A(w) 
=a(w). Set H(z, w) = K(z, w)/A(w). Since Ki(z, w) = A(w) Ai (2, w) and K2(z, w) 
= A’(w)H(z, w)+A(w)A2(2, w), (10) implies that 


(11) H(z, w) = zw B(w) A(z, w). 


Now choose g(w) of the form (4) so that B(w) = wg'(w)/g(w), and so that g(0) =0, 
g’(0) =1. Then (11) states that 


H(z, w) = {2g’(w)/g(w) } Hi(z, w). 
Replacing z by 2/g(w), we obtain 
H2{2/g(w), w} — 2g’(w){g(w)}—*Hi{z/g(w), w} = 0, 


which is to say 
re] 
— H{z/g(w), w} = 0 
Ow 


Thus 7 {2/ g(w), w} is independent of w, and so has the form y(z) for some y. 
In other words, 


K(z, w) = A(w)H(z, w) = A(w)p(zg(w)). 


4. Characterization by a recursion relation. Theorem 3 can be expressed 
more directly in terms of the »,(z) as follows. 


THEOREM 4. If pa(z) ts a polynomial of degree n, the sequence { Pn(z) has a 
generating relation of the form (1) with A, , g as in (2), (3), (4) and b)>=0, b,=1, 
af and only if there are two sequences of numbers { On} and { Bn} such that 


d 
(12) gmt — {2-"palz)} + Uolpn—a(z)] + Uilpne(z)] +--+ + Un—i[p0(z)] = 0, 


ra 
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where U; ts the linear differential operator 


Uy, = ap + Beri — ° 


dz 
More explicitly, (12) states that 
2*[pi(z)/2]’ = — aopo(z), 


2° po(z)/2*]’ = — [arpo(z) + aopi(z)] + Bizpr'(2), 
(13) 24[p3(z)/2?]’ = — [aepo(z) + arpi(z) + aopa(z)] + 2[Bopr’(z) + Bide’(z) |, 
ets [pa(s)/anl = — E an-napa(e) + 2 3 Ba-ape'(e) 


Relation (12) can be used to calculate the »,(z) recursively. Theorem 4 gives 
no information about the form of Y and so cannot be used to characterize Appell 
polynomials. The Brenke polynomials, for which g(w) =w, are characterized by 


n—I1 


gntl[a-np,(2) |’ — — > On—k-1P (2) 


k=0 


since in this case all the 6's, except Bo, are 0. 

To establish Theorem 4 we merely observe that (13) is equivalent to (11). 
In fact, if K(z, w) = > pn(z)w", (11) is 
(14) De Palz)nw? = ow) 2) pa(z)w™ + 2w-1B(w) D7 pa’(z)w", 


and (13) follows if we express a(w) and B(w) by (9) and equate coefficients of 
w”. Conversely, if (13) holds, (14) follows, and so K(z, w) satisfies (11). 

5. Analogues of Appell polynomials. The Appell polynomials arise from the 
Sheffer polynomials, defined by 


(15) A(w)e@ = D7 pn(z)w” 
n=0 
by the specialization g(w) =w. We note that the left-hand side of (15) can be 
written as H { a(w) +-zg(w)}, where H(t) =et. 
THEOREM 5. The only functions H with H(0)=1 such that K(z, w)= 
H{a(w)+2b(w) } is of the form (1) are H(t) =e' and H(t) =(1—1)>. 


To prove this, we obtain another necessary condition on K(z, w) for it to 
have the form A(w)(gg(w)). By differentiation, we have 


K(z, w) = A(w)o(ze(w)), 
Ki(z, w) = A(w)g(w)¥'(ze(w)), 
Ku(z, w) = A(w) { g(w) }°¥’(2g(w)), 
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so that, for z=0, KKy=c{K,}*2, where c is a constant. When K(z, w) = 
H{a(w)+2b(w)}, this leads to the equation 


H(a(w)) H’"(a(w)) { b(w) }? = c{ H’(a(w) }?{ b(w) }2. 


The only solutions of this with H(0)=1 are H(t) =e*' and A(t) =(1+eat)—. 
The number a can be absorbed into the functions a(w) and b(w), so that we may 
take a=1 or a= —1, respectively. 

Thus, in addition to the Sheffer polynomial sets, which correspond to the 
first choice H(t) =e’, one is naturally led to consider a second class of sets 
whose generating functions are { 1 —a(w) —2b(w) b—a, Putting this into the stand- 
ard form (1) we have 


A(w) {1 — 2¢(w)} = 32 pala) w 


n=0 


The special case g(w)=w yields polynomial sets which are in many ways 
analogous to the Appell polynomials. They are defined by 


(16) A(w)(1 — sw) = ys P,(2)w” 


N=a0 


and satisfy the mixed equation 


Piai(z) = XPa(z) + Pa(z). 


To see the connection between these polynomials and those of Appell, set Q(z) 
= P,(2/d). Then 


On+i(2) = Qn(z) + (2/NQn(2), 


so that lim,.,, Q, is the Appell polynomial of degree m associated with the func- 
tion A(w). 

Some other interconnections may be mentioned. For example, formula (5) 
gives the explicit formula 


a GRA, 
P,(z) > oni( 1 Jz! 
where A(w) = > a,w*. The reversed set, P,*(z) =2"P,(1/z), is recognized to be 
exactly the zth Cesaro partial sum of order \—1 (if X>0) of the power series 
for A(w) (see [3], p. 96). In particular, when \=1, P,*(z) = >.” _ 5 ax2%, so that 
P,(2) = ar Q,-;27 (compare (6)). In this case, there is a further formal con- 
nection with the Appell polynomials. The polynomials P, obey the relation 


Pris(z) —_ Pr+1(0) = p (2) 


which is the special case r= 0 of the formula 
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(17) Pasilz) — Pneslre) = P,(2). 
Z— 72 

When r=1, (17) becomes P,/4:(2) = P,(2), the recursion relation for Appell poly- 
nomials. Thus the polynomial sets characterized by (17) form a family which 
contains both the Appell sets and the sets {P,} of (16) for \=1. They have 
been investigated in detail by Sharma and Chak [4]; the recursion (17) was sug- 
gested to us by T. S. Motzkin several years ago. These polynomials are also a 
subclass of the general polynomials defined by (1); indeed, they are the Brenke 
polynomials with 


20 w'(r — 1)” 
Ww) = Ly eget peed 
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A NOTE ON QUASI-IDEMPOTENT MATRICES* 
C. R. MARATHE, Muslim University, Aligarh, India 


1. Introduction. Let A be a square matrix of order p over the field C of 
complex numbers, and F(x) a polynomial matrix of the same order p over the 


* T am thankful to the referee for his comments and suggestions. 
My thanks are also due to Professor S. M. Shah for his guidance in the preparation of this 
note. 
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ring C[x] of polynomials in the indeterminate x. Huff [1] defines A as quasi- 
idempotent if A*=F(r) for all positive integral r. 

He states that by substituting fractional and negative values for 7 in F(r) 
we can obtain the corresponding fractional and negative powers of A. It is, 
therefore, of some interest to know what matrices can possibly be quasi- 
idempotent. 

Two necessary and sufficient conditions to determine a quasi-idempotent 
matrix are given by Huff. A few more results about such matrices are obtained 
in this note. 

2. Definitions. Huff has given some definitions which are stated below for 
the sake of convenience. 

(i). If A is q.i.p. (read quasi-idempotent) such that A"= Fir), then F(x) is 
called “an exponential polynomial matrix” associated with A. 

(ii). Clearly F(x) = >)A,x* where A, are square matrices over C of the 
same order as that of A. Thus F(x) is a polynomial in the indeterminate x with 
matric coefficients. If we replace x by a square matrix X we get a mairic poly- 
nomial with matric coefficients. Huff calls the latter the image of the first. There 
is a natural isomorphism between (C[X]), and C,[X |. Thus if F(x) =A o+Aix 
+Aox?-+ --- +A,x*, then the image F*(X) of F(x) is given by 


and F*(X) is called “the exponential matric polynomial” associated with A. 

(iii). If A is q.i.p. a necessary and sufficient condition proved by Huff is 
A(A —JI)*=0 for some positive integer k, J being the unit matrix of the same 
order as A. Further, if 2 is such that A(A —I)"+0 but A(A —J)"*!=0, then n 
is called the index of the q.i.p. matrix A. 

(iv). If A is q.i.p., Huff has shown that there is an “identity” matrix Bo 
for A such that AB) =B,A =A and (A —B,)*t!=0. In case A is non-singular, 
By equals J. 

3. Uniqueness and existence. 


THEOREM 1. Given a q.i.p. matrix A, there is a unique exponential polynomial 
mairix F(x) associated with A, and conversely, given an exponential polynomial 
matrix F(x), there 1s a unique q.t.p. matrix A associated with F(x). 


Proof. For a given q.i.p. matrix A the existence of a unique F*(X) is stated 
by Huff. Now there is a natural isomorphism between (C[X]), and C,[X]. 
Hence uniqueness of F*(X) implies the uniqueness of F(x). 

The converse is obvious. For, if possible, let there be two q.i.p. matrices A 
and B associated with the same exponential polynomial matrix F(x). Hence 
A’=F(r) =B’ for all positive integers 7. In particular, when r equals 1 we get 
A=B., 
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4. The minimum equation of a Q.I.P. matrix. 


THEOREM 2. The minimum equation of every q.1.p. matrix has only two possible 
distinct roots viz. 0 and 1. 


Proof. Let A be q.i.p. Then for some positive integer k we have: 
A(A — J)* = 0. 


Thus A satisfies \(A\—1)*=0. Hence if m(A) =0 is the minimum equation of A 
then m(A)|A(A—1)4. Hence m(A) can have only two distinct factors \ and 
(A\—1). Hence the possible distinct roots of m(\) =0 are zero and unity. 


THEOREM 3. The zero root of the minimum equation of a q.t.p. matrix of index 
n ts at most simple and the multiplicity of the unit root is (n-+1). 


Proof. lf A is q.i.p. and # its index then by the definition of the index 
A(A—I)"#0 and A(A—1)**!=0. So that m(A){A(A—1)* but m(A)|AA— 1)". 
Hence m(A) can at best have one nonrepeated factor \ and the factor (A—1) 
is repeated (x+1) times. This proves the theorem. 

It has been observed by Huff that if a q.i.p. matrix A is nonsingular then 
its identity matrix Bo is the universal identity matrix J. This also follows from 
the above theorem. For if A is nonsingular and q.i.p. then the minimum equa- 
tion m(\)=0 of A has no zero root. Hence (A—1)"t!=0 corresponds to 
(A —I)"*!=0. But also (A —By)*t!=0. So Bo= I. 

5. Transforms of Q.I.P. matrices. 


THEOREM 4. Let A be q.i.p. of index n and order p and let B= HAH where 
Hisa pXp nonsingular matrix over C. Then B ts q.1.p. of index n. 


Proof. If f(x) is any polynomial with coefficients in C then f(B) =f(HAH—) 
= Hf(A)A-!. Put f(x) =x(x—1)"t+1. Since A is q.i.p. so f(A) =0. Hence f(B) =0. 
Then B is q.i.p. Again as A(A —I)"0 we have B(B—I)*=HA(A —I)"H-'+0 
since H is not a divisor of zero. Hence the index of B is n. 

In the above theorem #H is nonsingular. This theorem can be slightly gen- 
eralized even if H is singular. 

Let H be singular but q.i.p. with F(x) as its associated exponential poly- 
nomial matrix and G» as its identity. Further let Gp be commutative with A. 
Now H™! can be defined as H-!=F(—1) and HH-!=F(0)=Gp». Hence /f(B) 
=f(HAH—) =Hf(A)H—!. So that if A is q.i.p. so is B. However, the index of 
B may not be the same as that of A since H may be a divisor of zero. 


THEOREM 5. If B ts the transform of a q.t.p. matrix A, the matrix of trans- 
formation being H, then the exponential matric polynomial G*(X) of B 1s also the 
transform by H of the exponential matric polynomial F*(X) of A. 


Proof. Let F*(X)=Fothix+ ---+F,X*® and let G*(X)=GotGix 
+.----+G,X*, Let B=HAH—. Hence H1BH=A. Now A*t=F(r) for all 
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positive integers r. So B*= HF*(rJ)H—'. But the exponential polynomial matrix 

is unique by Theorem 1. Hence G(r) = HF*(rlI)H—. Thus the degree of G(x) is 
the same as the degree of F(x) 4.e., h=k. Further G;=HF;H-—' for +=0, 1, 2, 
-++,h=k. Hence we have 


G(«) = A(Po + Fix +--+ + Fyx*) HO 
so that 
G*(X) = A(Fot PiX +--+ + F.X)H 
= HF*(X)H— 


which proves the theorem. 

6. Characteristic roots of Q.I.P. matrices. The minimum equation of a 
q.i.p. matrix 1s not in general its characteristic equation. For example consider 
the unit matrix J of order p. As I is idempotent it is also q.1.p. The minimum 
equation of J is \—1=0, while its characteristic equation is (\—1)?=0. 


THEOREM 6. The possible distinct characteristic roots of a q.1.p. matrix A 
are zero and unity. The multiplicity of the unit root equals the rank of A while the 
multiplicity of the zero root equals tts nullity. 


Proof. The distinct characteristic roots of a matrix are the distinct roots 
of its minimum equation. The minimum equation of a q.i.p. matrix has only 
two distinct roots v7z., zero and/or unity. So the distinct characteristic roots of 
a q.il.p. Matrix are possibly zero and unity only. 

If A is q.i.p. of order m and nonsingular then there is no zero root of the 
characteristic equation. Hence the multiplicity of the unit root is n, the rank 
of A. 

If A is singular of rank p=n—c, where g is its nullity, then the characteristic 
roots of A contain o zero roots and the remaining roots are non-zero. Now as 
A is q.i.p. all the remaining roots are unity, their number being p, which proves 
the theorem. 

The converse of the above theorem is not necessarily true. A matrix may 
have distinct characteristic roots zero and/or unity and yet it may not be 
q.1.p. 

For example 


1 0 0 
A=|0 0 1 
0 0 0 


has distinct characteristic roots zero and unity. Now the minimum equation of 
A is \?(A—1) =0, and so by Theorem 3 is not q.i.p. 


Reference 
[1]. G. B. Huff, On quasi-idempotent matrices, this MONTHLY, vol. 62, 1955, pp. 334-339. 


ALGEBRAIC PROPERTIES OF CLASSES OF FUNCTIONS 
A. A. GRAU anp B. T. GOLDBECK, JR., University of Oklahoma 


The concepts of odd and even functions are well known. An even function 
is a function f(x) such that f(—x) =f(x), and an odd function is a function f(x) 
such that f(—x) = —f(x). It is also well known that any function may be 
uniquely expressed as the sum of an odd and even function [1]. 

A simple generalization of these concepts to ” types of functions is furnished 
by the mth roots of unity. Let w be a primitive mth root of unity. The distinct 
nth roots of unity are w’, 7=0,1,---,(m—1) [2]. 

Consider a function, f(x), of a complex variable, x, to be of type (n, k) with 
Osk<nif 


f(wx) = w*f(x). 


It follows, that for each n, f(x) may belong, at most, to one of these types; 
for let 


fw) = w*f(x), 


and 
Fwax) = w*f(x). 
Then 
(w* — w*) f(x) = 0, 
or 


First, a lemma is proved. 


Lemna. If w ts a primitive nth root of unity, then the determinant D¥0, where 


1 1 1 es | 1 

1 w w? qy (—-2) w(n-1) 
De= 1 wo? «4 wo2n®) (nd) 

1 or? gt (02) we gy (m2)? gy (R2) (n=1) 

1 wl gtlm—l) . 6. gy (n— 1) (n—2) gy (n-1)? 


Proof. It may be verified that 
636 
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D? = 
0 0 n---0 0 
On 0-:-:-0 0 

_ (—1) (n—2)(n—-1)/2yn Sé (, 


This result determines the value of D to within sign. This cannot be pre- 
determined, since this depends upon the primitive root of unity used. 


THEOREM 1. If f(x) 1s any complex valued function, tt may be expressed uniquely 
as 


f(x) = fo(%) + filx) + fe(%) +--+ + fa-a(x), 
where f(x) ts of type (n, k). 
Proof. lf f(x) has an expansion of this type, then 
f(wix) = fo(%) + wifi(a) + w fox) + +++ + wl YIf,_i(x), 
for 7=0, 1,2,---+, (w—1). 
Since the determinant of the coefficients of fo(x), fi(x), - - - ,fni(x) is D and 
therefore non-zero by the lemma, these functions have a unique expansion in 


terms of f(x), f(wx), -- + ,f(w%-x) and are, therefore, unique. 
It may be easily verified that these expansions are: 


1 
Tix) = a [f(x) ++ wif(wa) + w#f(ws) ++ + wD if(w™x) | 


for 7=0, 1, 2,---+, (m—1). 

The following isomorphism can be established between a system of non- 
empty classes, »f,, of the functions of type (”, &), and the ring of residue classes 
of integers modulo n. 

With suitable definitions of operations, the classes ,{, form a ring. Let 
nok be the set of all functions of type (n, k), and let »%,- 2%. denote the set of all 
functions which arise as products of functions in aj}, and »f,. Also, if f(x) € af: 
g(x) € n%e, and f[g(x) |€ »Fre, itis possible, then, to define the composition of the 
classes nz and ne, ntvk O ngye to be the class nVis. 

Let f(x) E nz and g(x) € »¥.; then 


f(x) g(a) =e *f(x) -w*g (2) 
= wtf x) g(x). 


Hence, 
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nk’ nds C nBats- 
Conversely, if f(x) € aes, then 
f(a) = xk la-* f(x) J, 
and 
a® © We 
[«-*f(x) ] E a8. 
Therefore, n§r‘nBeOnOe+e and 


nOk nds = nBm, (k + s = mmod n). 
Then, if f(x) € »§, and g(x) € a®., 
flg(wa)] = florg(x)] 
= w*f[2(x) |. 


From this and the definition, it follows: 
nk O nds = nBm (ks = mmod n). 


THEOREM 2. The ring of classes of functions, n&x, 1s tsomorphic to the ring of 
residue classes of integers modulo n. 


Proof. Define a mapping h, such that 
h: n®n< Rk mod n. 
Then, 
hz nS nBs = aWars > (Rk + 5) mod n; 
h: nk O ne = nee <> (Rs) mod n. 


Therefore, is an isomorphism between the ring of classes of functions, »{;, 
and the ring of residue classes of integers modulo n. 

In view of the fact that the residue classes modulo 2 are the odd and even 
integers, this isomorphism lends additional justification to the use of the ter- 
minology: odd and even. 

It may be pointed out that if the total set of functions includes the kth roots 
of x, then the composition defined herein coincides with the definition of com- 
position where nz O nf; is taken as the set of all functions f[g(x)] which arise 
from the composition of functions in ,§;, and »§., where f(x) € .§, and g(x) € ns. 
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COLLEGE MATHEMATICS FOR NON-SCIENCE STUDENTS 


A report of the Special Committee on College Mathematics for Non-Science Students, a Subcom- 
mittee of the California Committee for the Study of Education. 


This committee has undertaken a study of College Mathematics for General 
Education, defined as that mathematics which is studied in the freshman or 
sophomore year as part of a liberal education. It is not a course planned for 
engineers, professional mathematicians, physical or biological scientists, or even 
for the modern social scientist who needs specialized mathematics peculiar to 
his field of research. 


I. Current Practices in the Field of College Mathematics for 
General Education 


In order to gain a knowledge of current practices in this field as to curricula, 
related teaching problems and their solutions, questionnaires were sent to about 
250 representative colleges throughout United States and Canada. 

Of 110 colleges making replies on the questionnaires, 67 were offering special 
courses in mathematics for non-science majors, 16 expressed a desire to give 
such courses, although at present they did not do so. The remaining 27 implied 
that the usual sequence of mathematics courses was adequate for all of their 
students. 

Most colleges reported that the students who took these special courses had 
two years of high school mathematics, but in many schools the students had 
less preparatory mathematics and in a few they had more. 

Thirty-three different textbooks were being used, and in six colleges instruc- 
tors used their own manuscripts. The books used most frequently by those 
replying on the questionnaires were the textbooks by Richardson; Newsom 
and Eves; Leonhardy; Cooley, Gans, Kline and Wahlert; Trimble, Peck, Bolser; 
Jones; Griffin. Relatively few instructors were completely satisfied with any 
available text indicating that there is essentially no agreement on the topics 
to be included in a course in mathematics for general education. 

Colleges devoted different amounts of time and credit to the course, varying 
from two to ten semester units. The majority offered either a one semester 
three credit course or a two semester course, three units each semester. These 
were in about equal numbers. Most of these courses were required, or they met 
a general college requirement that could also be satisfied in some other way. 

The nature of the course varied greatly in different institutions. In some of 
the large state universities where they were obliged to take students with little 
or no high school mathematics, the presence of poor students, large classes and 
inexperienced teachers made their courses chiefly basic skills courses with em- 
phasis on computation and techniques. They were unhappy about the situation 
and saw the need for improvement. 
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In most colleges these courses in mathematics for general education used a 
historical, intuitive and cultural approach with emphasis on ideas rather than 
on manipulation or computation. There was a wide range of difficulty. It varied 
from courses planned for students with no high school mathematical preparation 
to courses on a high level which emphasized modern mathematics and tried to 
encourage thinking of an original nature. 

Problem solving was the chief type of homework for these courses, but essays 
and oral reports were frequently required. Practically all organized course activ- 
ity was limited to the classroom, with few field trips. 

The questionnaires also sought information concerning the attitudes of the 
students, their emotional reactions, what topics they liked most and what they 
liked least. The replies on these questions were difficult to tabulate, but they 
indicated (1) that a large proportion of the students who took these courses had 
had some unfortunate mathematical experience which frequently left them with 
a negative attitude toward mathematics; and (2) that there is some agreement 
on topics which inspire enthusiasm and those which antagonize. 

The following were mentioned as experiences which caused most enthusiasm: 
applications; bizarre, new or unusual results; modern implications; problems 
which can be visualized; problems which the student can solve; challenging 
situations; discovery on one’s own; reasoning; elementary logic; number scales; 
higher dimensions; transfinite numbers; maximum and minimum problems; 
problems involving rates; learning how toread stated problems; variation prob- 
lems; percentage; applications in the field of business; annuities; graphs; sta- 
tistics and probability; starting at the student’s level of understanding and 
enabling him to achieve success. 

Among experiences which seemed to antagonize students the following were 
mentioned: new definitions; difficult ideas with no applications; not obviously 
useful or necessary abstractions; logic; topology; proofs, especially detailed 
tricky proofs; abstract geometry; formal algebra; word problems; lengthy com- 
putations; having to give reasons; careful reasoning; thinking; routine. 

From an overall examination of the replies on the questionnaires the follow- 
ing generalizations may be drawn: 

(1) There is not a single course that meets the needs of all students and all 
instructors. Successful courses are taught at different levels of mathematical 
difficulty and maturity. 

(2) It is just as important to consider the instructor as it is the students in 
preparing a course. 

(3) The choice of topics is not as important for the success of the course 
as are the attitude and interests of the teacher, and the attitudes and emotions 
of the students. 


II. Textbooks and Literature on Mathematics for General Education 


Much has been published in recent years on the subject of mathematics for 
general education. The committee has compiled a limited annotated bibliog- 
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raphy of some textbooks and articles from leading journals which are pertinent 
to the subject of this study. Copies of this bibliography may be obtained by 
writing to Professor May M. Beenken, Immaculate Heart College, 2021 North 
Western Avenue, Los Angeles 27, California. 


III. Committee Recommendations 


The committee does not recommend a single course to meet the needs of all 
students and all instructors. Successful courses may be constructed for students 
of different degrees of mathematical maturity. 

The following are guiding principles to consider in constructing a course in 
mathematics for general education. It should include mathematics that is useful 
in the home, business and everyday occupations, mathematics which the student 
will use in other college courses and the mathematics which throws light on 
the culture of our society. The course should be taught with an adult approach, 
from a mature and reasonable point of view. 

Emphasis in this course will be on critical thinking and understanding rather 
than technique. But since real understanding must come through application of 
principles, it must be a course in mathematics and not just about mathematics. 
Appeal will be made through the beauty of mathematics as well as its utility. 

Students who take mathematics for general education are frequently those 
who have emotional blocks toward the study of mathematics. It will then be 
not so much the content as the attitude and teaching approach that must dis- 
tinguish this course from other courses in mathematics. We must meet students 
where they are and lead them along the path of mathematics as a meaningful 
aid in precise thinking. This course requires a teacher who is interested in help- 
ing students to overcome their blocks and to acquire a liking for mathematics 
and a feeling of confidence in their ability to do mathematics. The teacher 
should have a thorough knowledge of mathematical theory and a wide acquaint- 
ance with applications to the arts and sciences. He should be well versed in the 
history of mathematics and its cultural significance. Further qualifications of 
the successful teacher are patience and an understanding of the learning process. 

Beyond such essential topics as the number system, operations with num- 
bers, arithmetic of measurement, functions, graphs, equations and formulas, 
logical reasoning, the selection of topics should be influenced by the desires and 
abilities of the students, the interests of the teacher, and the amount of available 
time. Other topics which may be included are introduction to the calculus, 
probability and statistics, number theory and some elementary aspects of mod- 
ern mathematics. In this work the objective will be more an attitude or point of 
view than a definite amount of knowledge or skill. Some history of mathematics, 
of important mathematical concepts and the role of mathematics in a world of 
scientific achievement should be interspersed throughout the entire course. 

Upon completion of the course the student should be more critical and exact 
in his thinking, be better able to meet quantitative situations that arise in every- 
day living, and he should have a wholesome respect for the power and beauty of 
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mathematics as a living subject that is constantly growing to meet the needs 
of an advancing civilization. 

A standard course in mathematics for general education should carry three 
units of credit for each of two semesters. Some colleges may wish to devote more 
time and credit to this course; others may be restricted to less. Since the success 
of the course in any college requires the support of all members of the faculty 
and administration, a major effort should be made to enlist their cooperation 
through an adequate interpretation of the course to them. 


IV. Universal Mathematics 


A committee of the Mathematical Association of America on the Under- 
graduate Mathematical Program has made a thorough study, and advocates a 
universal freshman course. A first effort at writing a text for such a course has 
been published as Universal Mathematics by the 1954 Summer Writing Group 
of the University of Kansas. 

Universal Mathematics requires a higher level of mathematical preparation 
than is assumed for the course discussed in this report. This committee urges 
college mathematics teachers to read the reports of the Committee on the 
Undergraduate Mathematics Program, and to experiment with the ideas sug- 
gested. We agree that students interested in technical mathematics, whether 
for natural science, social science or the arts, might well take the same course, 
which should be different from the traditional course. But this is not the class of 
students for whom a course in mathematics for general education, as defined in 
this report, is designed. 

We feel that it would be inadvisable to give the technically able students, 
with superior mathematical background of high school mathematics, the same 
course as average liberal arts students pursuing non-scientific courses, who have 
had little training in secondary mathematics. 
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MATHEMATICAL NOTES 
EpItEep By F. A. FICKEN, University of Tennessee 


Because of the large number of papers on hand, consideration of new papers for this 
department has been temporarily suspended. 


ON WALLIS’ FORMULA 
JOHN GURLAND, Iowa State College 


1. Introduction. It is well known that the number 7 satisfies the following 
inequalities 


2 2k) 7 1 2k)i 7}? 
(1) sola <e<[o ey, k=1,2,---, 
where 
(2k) !] = 2-4. +++ -(2k — 2)(2k) 
(2k — 1)! =1-3-5--- (2k — 3)(2k — 1). 


This result is due to Wallis (cf. de la Vallée Poussin [1]). 

It is interesting that a basic theorem in mathematical statistics concerning 
unbiased estimators with minimum variance leads to the following inequalities 
which yield a closer approximation to 7 than that afforded by (1), namely 


4k+3 T (2B 7 4 (2k) Pp : 
) GEE miter _ a SS e+ 5 _ 7 BEB A 


A statement and a sketch of the proof of this theorem is given below in section 
2. Following this, a simple application is given in section 3 which leads to the 
result (2). In addition to providing this result, the method may be of some inter- 
est in itself. 

2. A theorem in mathematical statistics. Although a more general formula- 
tion of this theorem is possible (cf. Cramér [2], Lehmann [3]), the following 
form of the theorem will be adequate for the purpose considered. The notation 
Ef(X) denotes, as usual, the mathematical expectation of f(X). 


THEOREM. Let (X1, Xo, +++, Xn) be a random sample from a population with 
probability density p(x| 0), where the unknown parameter @ is a number in some 
open interval I. Suppose T(X1, Xo, +++, Xn) ts an unbiased estimator of 6, and 
assume the regularity conditions (C) hold. Then the variance of satisfies the in- 
equality 


1 
9 log o(X | 6)) 2 
nef og p( a 
30 
643 


(3) op = 
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The equality can occur tf and only tf T(X1, Xo, +++, Xn) 15 a linear function of 
n @ log p(X; | 0) 


> 


ix 00 
The regularity conditions referred to are the following: 
d lo x | 60 
(i) ates 2210 exists for allx, and alld@c I 
° Ap(x | 0 
(ii) J Op(# | @) | dx = 0 
00 00 
c d log p(x; | 6) 
(iii) ff cf Tey ayes ee) ESE ae - dx, = 1 
—0o VY —co —00 oe | 00 
0 log p(X | @)) ? 
(iv) pe cs _ >0 
00 
Proof. The method of proof is briefly indicated here. Let 
n oO log D(X; ) 
o(X1, Xe, . , Xn) = >» @ log o(%s| 6) 
ime 00 
Then the regularity conditions (C) imply that Eé(X1, Xo, ---, X,)=0 and 
ET(X,,---, Xn)O(X1, > ++, Xn) =1. Since the correlation coefficient between 


T and ¢@ must lie in the interval from —1 to 1, it follows that 
E(T — ET)*Eq? S ET¢o. 
This yields the required result. 


3. Proof of (2). Consider a random sample (Xi, X2, +--+: , Xz) from a normal 
population with mean 0 and variance o*. Then 


1 2 2 
P(e | 0) = se e220”. 


ov/ 24 
Now (1/0?) >>%., X? has a yx? distribution with degrees of freedom; hence 
(1/0) V)-* X? has probability density 
1 


ae enema neers yr le? 2, n) > Q, 
n 
2 (n/2)—1pf0 __. 
(>) 
the first moment of which is 
nm+i 
vir(“) 
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1 n 
r= —4/ > xi 
a 1 


is an unbiased estimator a. It is easily verified that the variance of T is given by 
2 2f{n 
oT=c¢C (= — 1). 
a’ 


d lo 1 2 
Glog p(sfe) 1 


Oa a a? 


Consequently 


Further, since 


the lower bound for o} given in (2) is o?/2n. However, since 


n 1 <2 
b(X1, Xe, °-+, Xn) = —~—+— > X; 
og 


oy 


it is clear that T is not a linear function of @; hence the bound in (3) is not at- 
tained by oF. Thus 


which reduces to 


(4) , 4 1 = 1, 2, se 
n n 
(5) 
2 
For n=2k, the inequality (4) may be written as 
(2k)!! VP 4 
(2Qk—1)!t) 4k+1 
while for »=2k-+1 it may be written as 
Ak+ 3 2k! 2 
aes aC rere 
(2k + 1)? L(2k — 1)!! 


Combining these two results yields the inequalities in (2). 
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A MINIMUM SOLUTION OF A DIOPHANTINE EQUATION 


R. J. LEvit, Massachusetts Institute of Technology 


Let a, b, and c be given integers, a and 0 relatively prime, and ab)+0. The 
traditional procedure in solving the diophantine equation, 


(1) ax + by =, 
namely, determining a solution of 
(2) a& + bn = 1 


and multiplying it by c, generally leads to excessively large numerical values 
for x and y and consequently to an unnecessarily cumbersome form for the 
general solution. For example, in the case of the equation, 


(3) 94x + 53y = 77, 


which is satisfied by x= —2, y=5, it yields the solution, x = 1694, y= — 3003. 

On the other hand, there is a familiar elementary method of solving (1) inde- 
pendently of (2) which does not have this defect. We recall this method by ap- 
plying it to the example (3). Solving for y, we obtain y= (77 —94x)/53 =1—2x 
+ (24-+-12x)/53. Then, since x and y are integers, so is w= (24-+12x)/53; and w 
satisfies another diophantine equation, 53w—12x = 24, of the form (1) but with 
smaller coefficients than (3). Repeating the process by solving the latter equa- 
tion for x, we arrive at a homogeneous equation, 12v—5w=0, which has the 
obvious solution w=v=0. Then we find from the preceding equation that 
x=-—2 and hence y=5. This we call the definitely least solution in the sense 
that | «| and | | both attain their least possible values. It is the purpose of 
this note to show that with a slight modification, which incidentally shortens 
the computation, this method always leads to the definitely least solution when 
it exists and, when it does not, to a solution in which, with the notation arranged 
so that al = | b| ; | «| assumes its minimum value. This we call a minimum 
solution with respect to x. We also give conditions for the existence of the de- 
finitely least solution. 

It is not necessary to write out and solve explicitly the successive equations 
as was done in the example. The process can be reduced to an algorithm. In this 
form it is a generalization to arbitrary c of a highly efficient algorithm suggested 
originally by Gauss for the solution of (2), which, as D. H. Lehmer has pointed 
out,* requires only half as much labor as the usual continued fraction procedure. 
Setting bp) =a, b1=b, co=c for uniformity of notation, we perform successively 


for 7=1, 2,---, ” the two sequences of divisions with numerically least re- 
mainders, 

(4) by = Qibi + Desi, | dear | S 4] de, 
(5) C1 = gibit Ci, | cs <4 5,|. 


* A note on the linear diophantine equation, this MONTHLY, vol. 48, 1941, pp. 240-246. 
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The value t= at which the divisions terminate is uniquely determined by the 
conditions, 


(6) 0< lal <4$|o| (i= 1,2,-++,n—1) 
and either 

(7a) Cn = QO, b, % 0, or 

(7b) Cn = + 9b, ¥ 0. 


That (6) and (7) will hold for some integer 1 follows from the fact that the se- 
quence (4) would constitute a Euclidean algorithm for the greatest common 
divisor (bo, b1) if continued until a zero remainder b,4, was reached. Then, 
bm = (bo, 61) = (a, b) =1, and hence by (5) for =m, ¢m=0, so that (6) and either 
(7a) or (7b) are satisfied by some positive integer nm. This brings us to our 
algorithm. 


THEOREM 1. From the qi, bi, gi determined in the divisions (4) and (5) let 
integers x; be computed as follows: X», and Xn41 are defined by etther 


(8a) Xn = Un4i = 0, or 
(8b) ta = 5bn, Vnt1 = + [40,41 | 


accordingly as (7a) or (7b) holds respectively. The upper signs are to be used in 
(8b) af the upper sign was chosen in (7b); otherwise the lower signs are to be used. 


Then Xn—1, Xn—2, °° * » X1, Xo are obtained successively by the recurrence relation, 
(9) tina = Bi — Qiks + Len 

Then 

(10) x= %, y = xX 


ts a solution of the diophantine equation, 

(11) box + biy = Co, | bo| 2 | b1] > 0, (bo, d:) = 1. 
More generally, we show that 

(12) b5Xi41 + Opie; = C; (j= 0,1,---+,m). 


When (8a) applies, (12) is immediate for j=n. (8b) can apply only when J, 
is even and hence only when bjs; is odd so that xn41= F3(On41—1), from which 
we can again verify (12) for j= by direct substitution. Now to complete the 
proof by finite descending induction, suppose (12) holds for a value j=7>0. 
Then x41= (€;—0741%;) /b; so that from (9), (5) and (4) 


Ci — Opts = gabe +g — (gibi + Ds) a Ce — Oy_1 4; 
Vji-1 = £- ax + FO a 
b; b; b; 
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and hence (12) holds for j=7—1 also. Thus (12) is established for 
j=n,n—1,---,0; and the case j7=0 is precisely our theorem. 

To establish the minimum property of the solution (10) we state the follow- 
ing lemma, which is readily proved from the usual form of the general solution 


of (1). 


Lemma. A solution (X, Y) of (1) ts a minimum solution with respect to x (y) tf 
and only tf |X | <}| b| (| Y| <}| a| ), and is the only such solution except when the 
equality holds. It is the definitely least solution if and only if both |X| $4|b| and 
| ¥| Sle]. 

THEOREM 2. Let the integers x; be computed as in Theorem 1 with the sttpula- 
tion that the ambiguous sign in (7b) ts to be chosen positive tf bn_1 and Cn have the 


same sign and negative if they have opposite sign. Then x=x1, y=Xo ts the mint- 
mum solution of the diophantine equation (11) with respect to x. 


Proof. We first show that for n>1 
(13) | «;| <4] 9, (j= 1,2,--+,0— 1). 


When (8a) applies, | bnXn—a| = | Bn—1Xn tbnXn—1| = | Cn—1| <i| b,-1| by (12), (6) 
and hence, since b,+0 by (7a), | Xt <4 dna]. When (8b) applies and the 
sign in (7b) is chosen as stipulated in the hypothesis, Xn = 4 b,,| sgn (Bn—1Cn—1) SO 
that by (12) 


| x | Cn-1 — bn—1%n Cn—1 — 4 | bn 1D» | Sgn Cr—1 
n~1 = | ———______ | = | ——_—_—_—— 
bn b, 
(14) 1 
| Cn—1 | ~— | | bn—19n | Cn—1 1 
= [So Saal Sl al]. 
bn, b, 2 


But | Cn—1/Bn| S| cn-1| <4|b,-1| by (6) and hence again | xn—1| <4|d,-1|. Thus 
(13) is established for j=n—1. In the case »=2 the proof of (13) is already 
complete. For n>2 the proof is by descending induction; so we suppose (13) 
holds for any value j=k>1. Then, since b; and x, are integers, 2|x.| <|b.| —1. 
Hence by (12) and (6) 


Cra — D4_1X% Ch-1 bp-1%% 
| tx1| = | —-——| § |—— 
bi by, by, 
by-1 by_1( | b;,| — 1) 1 
wet] 4g |e oa 
2b; 20% 2 
so (13) holds for 7 =k—1 also. Thus (13) is established for j=n—1,n—2,---,1 


provided 2 >1. When »=1, x,=0 or x1= +$b: by (8a) or (8b). Combining this 
with the case j=1 of (13), we have 


(15) lai] <#/0,| when x > 1; | a1] <4 [61] when» = 1. 


Hence by the lemma (x1, xo) is a minimum solution of (11) with respect to x. 
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We note that by the lemma (x, %o) is the only minimum solution of (11) 
with respect to x except when x,= +$b,. Then there is just one other such 
solution, say (xj, xd); and, since by the lemma | xf | =4| b,| also, we must have 
xf =—x,. In view of (15) this case can occur only when »=1. Then (14) be- 
comes | xo = | | co/ba| —4 b| , while in like manner | xd | = | co—boxd | /| d1| 
= | co Dox: | /| bj | = | co/d1 +4| b| ; SO | xd | > | xo] - This proves the corollary, 


COROLLARY 1. Ether (x1, xo) ts the only minimum solution of (11) with respect 
to x or there ts just one other, and then (x, Xo) ts the one in whitch || 4s smaller. 


Since the definitely least solution of (11), if it exists, is a fortiori a minimum 
solution with respect to x and is the one in which | y| is least, we then have 


COROLLARY 2. (%1, Xo) is the definitely least solution of (11) whenever such a 
solution extsts. 


The following example illustrates the operation of the algorithm with the 
termination (7b) in conjunction with the convention for choosing the ambiguous 
sign: 


(16) 202434 + 9153y = 69084 
4 b; qi C3 gi Xs 
0 20243 69084 — 10104 
1 9153 2 5013 7 4572 
2 1937 5 —798 3 —967 
3 — 532 —4 — 266 1 — 266 
4. —191 96 


Since | cs| = | bs| , n=3. b, and c, have opposite sign; so the quotient g3 is chosen 
to give a negative remainder c3. Then, since c;= -+43b3, we use the upper signs 
in (8b) to obtain x3=4b3;= —266, x4= — [404] = —|—191/2]=96. The rest of 
the last column is then calculated upward by means of (9) giving finally x =x 
=4572, y=x9= —10104, the definitely least solution. The traditional method 
yields the solution x = 46,355,364, y= —102,520,656. 

We conclude by establishing conditions for the existence of a definitely least 
solution (d.l.s.) of (1). There is no loss of generality if we take b odd, a>0, 
b>0, c20. 


THEOREM 3. Let a>0,b>0, ¢c20. There are integers L and R depending only 
on a and b such that the diophantine equation (1) has ad.l.s. for every c<L, for no 
c>R, and for exactly half the values of ¢ in the interval LScSR. There is a d.l.s. 
for one but not the other of each patr of values c=C and c=C' such that C+C’ 
=DL+R. In particular, thereisad.l.s. for c=R but not for c=L. With the notation 
arranged so that b ts odd the values of L and R are given explicitly by 


(17) a odd: = t+(a+ Dd), R = ab — 3(a+ 3D); 
(18) a even: = ia+ ), R = ab — ha. 
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Proof. Let a and 6b be odd and let (X, Y) be a solution of (1) for the value 
c=C. Then a(—X)+b(a— Y) =ab—(aX+bdY) =ab—C; 2.e., (—X, a-—Y) isa 
solution of 


(19) ax+by=C’=L+R-C 


with LZ and R given by (17). Now, if (X, Y) is the d.l.s. of (1) for c=C, by the 
lemma (to Theorem 2) |X| <4), | Y| <4a. Hence also | —X| <4 but |a—Y| 
> 4a so that by the lemma (—X, a— Y) is the (unique) minimum solution with 
respect to x of (19) but not the d.l.s. However, when the d.l.s. exists, it is 
necessarily also a minimum solution with respect to x. Hence we conclude that 
(19) has no d.l.s. Conversely, suppose (1) has no d.l.s. for a value c=C such 
that OSCSL+R but that the solution (X, Y) is a minimum with respect to 
x so that | X| <4b. Then Y>4a; for otherwise, since (X, Y) is not a d.ls., 
Y<—4a, and it would follow that C=aX+bY<a-4b—b-4a=0 contrary to 
hypothesis. At the same time Y<3a/2, since, if Y23a/2, we would have 
C>a(—4b)+0(3a/2) =ab=L+R as given by (17). Accordingly 4a< Y<3a/2 
and hence —4sa=a—3a/2<a—Y<a—}ja=ja, or |a— Y| <4a; and, since 
| —X| <b, the solution (—X, a—Y) of (19) is a d.l.s. For a even we readily 
verify that, if (X, Y) is a solution of (1) for c=C, (—X, a+1-— TY) is a solution 
of (19) with Z and R given by (18). We can then proceed as before to show that, 
ifOSCSL-+R, one but not both of the equations (1) (with c=C) and (19) has a 
d.l.s. Next, if (1) has the d.l.s., (XY, Y) and a and 6 are odd, | X| <4(b—1), 
| ¥| $4(a—1), and cSa|X|+b| Y| Sa-3(6—1)+0-4(a—1)=R as given by 
(17). On the other hand, if a is even, | Y| Sta and then cSa-}(6—1)+b-4a=R 
as given by (18). In either case (1) can have no d.l.s. for c>R, but for c=R it 
does have the d.l.s.. x=4(b—1), y=$(a—1)(a@ odd), y=4a(a even). Finally, 
since, as we have just seen, there is no d.l.s. for any value c=C such that 
R<CSL-+R, there isa d.l.s. for every valuec=C’=L+R—C,where0SC’<L. 
However, because there is a d.l.s. for c= C=R, there is none for c=C’=L. 

Thus, referring to the example (3), 94x-+53y =c has a d.l.s. for every integer 
¢<100 but for no c>4935, there being a d.l.s. for c=4935 but not for c=100. 
Since from the example (16) 20243x+9153y=c has a d.l.s. for c=69084, it has 
none for c=20243-9153 — 69084 =185,215,095. There is a d.l.s. for every in- 
teger ¢<14698 but for no ¢c>185,269,481. 

It is natural to ask how our results would be affected if in the divisions (4) 
and (5) we used least positive remainders instead of least absolute remainders. 
The following is easily shown: 


THEOREM 4. Let by) >b,>0. Replace the inequaltties 1n (4) and (5) by 
0S di < O;, QOsc¢,< ); 


respectively, terminating the sequence of divisions with (7a). Determine the integers 
x; by (8a) and (9). Then x=X1, y=Xo 15 a Solution of (11), and | x1 <j. 
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The equation 11x+7y=6 has the solution (—2, 4) while in this case x1=5, 
Xo = —7; 1.€., (X1, Xo) is not necessarily a minimum solution of (11) with respect 
to x. However, since (11) has only two solutions with | «| <b,, it follows from 
Theorem 4 that there is at most one solution such that |x| <|x|. 


A SINGULAR INTEGRAL EQUATION CONTAINING A PARAMETER 
J. R. HAtcHeER, Fisk University 


This note concerns the inversion of the singular equation 
(1) (wi) J cos NE — ta)g(idt/(t — te) = ft), WEL, 
L 


where LZ (consisting of a finite number of smooth non-intersecting contours of 
finite length Lo, Zi, - +--+, La with Lo containing all the rest) is the boundary 
of a plane connected region, the functions f(t) and g(t) are subject to the Hélder 
condition on L, and X is a parameter. 

The well-known solution of (1) for \=0, 1.e., 


(2) g(t) = (wf KOat/(t — 4) 

indicates the possibility of a general solution of the form 

(3) eth) = (wi f Gre — wp lpan/(e — 49, 

where G[A(t—to) | is of Hélder type with respect to ¢, to, and G(0) =1. 


Thus, replacing g(t) in (1) by means of (3) and applying the Poincaré- 
Bertrand transformation formula [1, p. 56] 


Kit, 8) ae f f K(t, §) 
= — mK (bo, ¢ —_—__—__——— dl, 
[— L roa . Uf ot a (i — by(E—- 2) 
it is seen that the function G(¢) must satisfy the following conditions: 
cos A(t — t)G[A(E — £) | 
: f rose f SM MEME= 91 4g G0) = 
(5) SO) ae (0) 


But an expansion of [(t~—¢))(€—#)]-! in partial fractions immediately reveals 
G(t) =cos ¢. For 
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f een a 
L (¢ — h)(E — #) 


1 1 1 
(6) = 72 ~f \ 77 + cos A(t — &))G[A(E — 2) ]dé 


= — (G[A(E — ft) ] — cos A(E — to) } 


provided G[A(é—Z) | is analytic as a function of Z, where Z belongs to the region 
bounded by L. Therefore G(t) =cos ¢ satisfies (5), and hence the relations 


(7) (ri) J cos M(t — f)g(£)dt/(t — t) = f(t) and 


(8) (31)— f cos A(t — fo) f(t)dt/(t — t) = g(ty) are reciprocal. 


Further, it is easily seen that similar relations hold for other special functions 
K[Mt—to) | with K(0) =1, e.g., cosh X(t—to). 


Reference 


1. N. I. Muskhelishvili, Singular Integral Equations, Translation from the Russian edited 
by J. R. M. Radok, P. Noordhoff, N. V. Groningen-Holland, 1953, 


THE ROW-SUMS OF THE INVERSE MATRIX, II 


ALBERT WILANSKY, Lehigh University 


It was remarked in I (this MonTHLY, vol. 58, 1951, pp. 614-615) that an 
obvious fact about finite matrices failed to hold for infinite matrices, namely, 
if the row-sums of a matrix A are s those of its inverse are 1/s. Let us state this 
as (*); if BA=I, >o4 daz =s for each n; then >< bar =1/s for each n. Proof (with 
s=1): B1=B(A1) =(BA)1=1, where 1 is the column vector of ones. 

Clearly (*) holds for infinite matrices if B is row-finite, or if ||Al]<, 
||B|| < ©, where ||A|/=sup, >ox |an.|. That neither of these hypotheses can be 
dropped follows from an example in I. 

In the finite case, s=0 implies that B does not exist. We give an example to 
show that this is false in the infinite case. Specifically, there exists a matrix A 
(which turns out to be row-finite) with row-sums zero, and a matrix B with row- 
sums one, such that BA =I. (Example 1, below.) As a variant of (*) we state: 
if B is row-finite and 1-1 (1.e. Bx =0 implies x =0), if BA =I and >; ba, =s, then 
Yon Ons =1/s (and s¥0). 

Proof (with s=1): B(1—A1) =1—B(A1) =1-(BA)1=0. 

We may replace the hypothesis of row-finiteness by a boundedness assump- 
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tion as in (*). Netther “row-finite” nor “1-1” may be omitted. That “1-1” may not 
be omitted follows from the last paragraph but one of I. That “row-finite” may 
not be omitted follows from Example 1, below, in which it may be checked that 
B is 1-1 (simpler examples are available without this property). 
Finally, Example 1 also verifies the conjecture made in I that (*) need not 
hold for infinite matrices if it is assumed only that >°; baz exists for each n. 
These failures result of course from the non-associative character of matrix 
multiplication. (See Vermes, Non-associative rings of infinite matrices, Math. 
Rev., vol. 14, 1953, p. 7.) 
Example 1. 


1/2 1/4 1/8 1/16 1/32--- 
3/4 0 1/8 1/16 1/32-- 
7/8 0 O 1/16 1/32--- 
15/146 0 O O 1/32---: 


es 
I 


oO Oo & & 


Reference 


A. Wilansky and K. Zeller: Inverses of matrices and matrix transformations, Proc. Amer. 
Math. Soc., vol. 6, 1955, pp. 414-420. 


FUNCTIONS WITH PREASSIGNED DERIVATIVES 


E. B. Leacu, Case Institute of Technology 


The existence of a function of one real variable whose derivatives of all 
orders have preassigned values at a point has been shown in a simple way by 
A. Rosenthal.* In this note we give an alternative proof, and make the extension 
that if the initial values for the derivatives are C* functions of a number of real 
parameters, the desired function can be chosen to be a C® function of the 
parameters. This proposition has for a simple corollary the corresponding prop- 
osition for functions of several real variables whose partial derivatives are to 
have preassigned values at a point. 


* A. Rosenthal. On functions with infinitely many derivatives, Proc. Am. Math. Soc., vol. 4, 
pp. 600-602, 1953. 
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THEOREM 1. Let { ax () ie k=0,1,2,-°- bea sequence of C* functions of the 
m-dimensional real variable u=(u1, +++, Um), each defined for uC U, an open set 
in R™. Then there is a C® function f(x, u) defined for xEGR', and uC U, such that 
O*f(0, u)/Ox* =a,(u), R=0,1,2,°--. 


Proof. The obvious formal solution is: 


(1) fw, 0) =D ay(ta) a /ul. 
p=0 
Let ¢(x) be a function of x satisfying: 
(i) #(x) is a C® function defined for «CR! 
(ii) d(x) =0 for |x| 21 
(iii) #(0) =1; 6 (0) =0 for R=1, 2,---. 
Such a function is readily shown to exist. We could take for example: 


exp [—(1 — | «| )texp(—|#/-)], O< |x| <1 
o(x)= 740, |[a| 21 
1, x = 0. 
We will now modify the formal solution (1) to take the form: 


x 


(2) fle #) =D aw) = o(a/e) 


p=0 

In view of the property (iii) of the function ¢, it is evident that (2) is again 
a formal solution to our problem. We shall show that it is possible to choose 
positive numbers e¢,, so that (2), and the result of differentiating (2) any number 
of times formally with respect to « and a combination of the variables u, con- 
verges uniformly on every compact subset of R! XU. By well-known theorems 
of analysis, this implies that f has the properties asserted in the theorem. 

Let us consider the contribution of the wth term of (2) toa formal derivative, 
p times with respect to a combination of the u variables and g times with respect 
to x. This will be the product of two factors: 

(a) The corresponding pth derivative of a,(u) 

(b) The gth derivative of (x*/u!)d(x/e,). 

To find an appropriate bound for the factor (a), let {C;} ,k=1,2,--+--+-bean 
expanding sequence of compact subsets of U whose interiors cover U. Then 
a,(u) and each of its derivatives is bounded on C;. Let N; be a common upper 
bound on the magnitude of a,(u), and of its derivatives of orders Sk—1. Then 
the factor (a) will be no greater than N,, ifu2zp+1, 42, and w€C,, since { C,} 
is an expanding sequence of sets. 

To bound (b), let 14, be a common upper bound for the magnitudes of (x), 
and of its derivatives of orders Sk—1. The gth derivative of (x*/u!)(x/e,) is 
the sum of 2% terms, each of which is the product of an rth derivative of (x*/p!) 
and an sth derivative of }(x/e,), where r-+-s =q. Since 6(x/e,) and its derivatives 
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vanish for |x| >e,, we may assume |x| Se,, and a bound for any one of the 
terms will be (e,)"""-¢,°M, =e) "M,, the factor e,° arising from the chain rule 
for differentiating ¢(x/é,). This bound is valid, provided w2q+1. Multiplying 
by the number of terms gives 2%e% "M/, as a bound for (b), when pw2q-+1. 

Multiplying the bounds for (a) and (b) together, we obtain 2%e% ‘M,N, as 
a bound for the contribution of the wth term of (2) to the formal derivative we 
are considering, provided u€ Cy, and wasup (p-+1, g+1, &). Now, if €, is chosen 
so small that ¢,M/,N,$1, the bound may be replaced by 2%e4~*~*; and if 0<«, 
<1/2, the bound may be replaced by (1/2)#-29-!, since the exponent of e€, in 
the previous bound is non-negative, for ~2q+1. Since the new bound is the 
general term in a convergent series of positive constants, we have established 
uniform convergence of the result of differentiating (2) term by term any num- 
ber of times, for «© C; which in turn shows that the function f(x, u) defined by 
(2) satisfies the conditions of the theorem. 

We can extend this result immediately to the case of several real variables: 


COROLLARY. Let a@x,...4,(4), Ri, > + *, Rn=O0, 1, 2,---+ bea collection of C” 
functions defined for uC U, as in the theorem. Then there is a C® function f(x, u), 
where «=(%1, °° +, Xn), defined for x«ECR", and uC U, such that for every choice of 
indices, ki, +++, Rn, we have: 


a*f(0, u) 


—— = gy. (8), k= ky t-e++ + Rp. 
Oat. +» dakn, rise ha() 


Proof. We use induction on 2, the theorem being the case n=1. For n>1, 


let x’ = (x1, - + +, Xa-1); and by the induction hypothesis, there exists, for each 
integer k,n, a C® function f,,(x’, u), satisfying: 
d*f;,,(0, ) 


= Diy. + +h, (%), k = ky + see + Ra-1- 


Oxpt- + + dakon 

Letting x’’=x,, there is now, by the theorem for the case n=1 a C® function 
f(x’, x’, uw), such that for each value of R,,: 

Oka f(x’, O, 2) 


Ox/! kn 


= fleg(%! U). 


It is immediately verified that under the identification (x’, x’) =(x%1, ° °°, Xn), 
the function f has the desired properties. 


CLASSROOM NOTES 
EDITED BY G. B. THomas, Massachusetts Institute of Technology 


Because of the large numbers of papers on hand, consideration of new papers for this 
department has been temporarily suspended. 


THE CUBIC EQUATION AND THE MANNHEIM SLIDE RULE 
H. A. ARNOLD, University of California, Davis 
The graphical discussion of Klamkin in [1], if slightly modified, leads to an 
unusually simple slide rule solution of the cubic, in which, except for a pre- 


liminary cube root, the only adjustment made is with the cursor (hairline). The 
cubic, with real coefficients, 


(1) z° + ayz* + aez + a3 = 0, a3 ~ Q, 
can be reduced by the substitution z=w—da,/3 to the form 
(2) w+awtbd=0, b #0, 
where 


a= (3a. — a3) /3 


3 
( b= (2a; —_ Dade + 27a3)/27. 


Setting w=b1/8x, equation (2) reduces to 
(4) 8—Se+1=0, S = — (a/b)d3, 
(4’) x? + 1i/x = S. 


| b| 1/3 ig found with or without the K-scale using the slide-rule instruction. 

Using the standard relations between the roots and coefficients of a cubic, 
see [2, p. 64], equation (4) has exactly one negative root. It has no positive 
(hence two conjugate imaginary) roots, two coincident or two distinct positive 
roots according as the discriminant A= —4a*—27}? is <0, =0, >0; that is, as 
S is less than, equal to, or greater than 3/41/?= 1.890. See [2, pp. 95-97 ]. 

Close the slide rule, with the A, C’ and D-scales visible and their ends aligned. 
(If the tongue is upside down, the C-scale serves as a C’-scale). The hairline (in 
any position) now lies over: some number x on the D-scale; 1/x on the C’-scale; 
x? on the A-scale. This remark used with equation (4’) justifies Steps I and II, 
and fixes the position of the decimal point on each scale. 

Step I. The negate root, —v. For all S. Set the hairline so that 


(5) A-reading minus C’-reading = S. 


The negative of the D-reading is the root —v. If Sis a negative number, multiply 
equation (5) by —1. 
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Step II. The posite roots. S23/4)/? =1.890. Set the hairline so that 
(6) A-reading plus C’-reading = S. 


The D-reading is a positive root. Two such settings, or one, or no such setting is 
possible. The position of the decimal point may be different on a given scale for 
each setting. 

After Step I, one may divide equation (4) by x —(—v) and solve the resulting 
quadratic for the remaining roots Xo, x3 


(7) x? — vx + 1/v = 0 
(8) xo, % = Ao + Vv? — 4/2) if vo & 41/8 = 1.587 +, 


xe, He = $v + i/—vP + 4/0) if v < 414, 


This yields any imaginary roots and checks Step II for real roots. As a final 
check, the sum of the roots of (4’) is zero. 

An example is equation (4), where S=3.5. In Step IJ, the readings for A, 
C’, D are 4, .5, 2 respectively, so x;= —2; in Step I] the two sets of respective 
readings are 2.91, 0.586, 1.706 and 0.086, 3.41, 0.293. Consequently, x.=1.706, 
and x3 =0.293. 


References 


1. M.S. Klamkin, A geometric determination of the nature of the roots of the cubic, biquad - 
ratic and quintic equations, this MONTHLY, vol. 61, 1954, pp. 340-342. 
2. W. V. Lovitt, Elementary Theory of Equations. Prentice-Hall, New York, 1950. 


PREDETERMINED DETERMINANT VALUES USING FIBONACCI NUMBERS 
J. H. Means, Huston-Tillotson College 


In plane analytic geometry the condition that three lines intersect in a com- 
mon point is that the determinant 


A, By Cy 
Ago Bo Ce = 0. 
Az Bs C3 


If the instructor wishes to obtain a number of such lines he may do so by using 
the Fibonacci numbers. The well-known Fibonacci series is 1, 2, 3, 5, 8,--:-, 
the law of formation being that any term after the second is the sum of the two 
preceding terms. Let the terms be denoted by U1, Us, Us, +--+ with Up» being 
defined as unity, then Uy42= Unyi+U,. Then we have 

Un Ons Unto 

O n+ O n+2 Ont = Q, forn = 0, 1, 2, 3, se 


On+e On+3 On+s 
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Example: 
1 1 2 
1 2 3 =.0 
2 3 5 


The three equations of the lines which intersect in a common point are 
e+ yt2=0 
e+2y+3=0 
2x-+ 3y + 5 = 0. 
The instructor may use the following scheme to arrive at a similar result. 
Un Onse Une 


O n+ On+3 O nts = Q, 
Unse Unsa Unie 


Example: 
3 8 21 
5 13 34 = 0, 
8 21 55 


In plane analytic geometry where the area of a triangle is given by a third 
order determinant, a predetermined area may be handily obtained like this: 


NU, O n+ 1 
NUny1 Unte 1!) = (-1)"77, where NV is any number. 


N OU n4+2 On+3 1 


Example (with N=4): 


12 5 1 
20 8 1 | = (~1)4(4). 
32 13 «1 


If the coordinates of the vertices of a triangle are (12, 5), (20, 8), and (32, 13) | 
the area of the triangle is 2. 
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with period independent of the initial value xo (for x9 hi, ke). 
If (2) is an elliptic projectivity with w not a rational multiple of 7, then 
{xn} (for a fixed real x) is everywhere dense. 


Three further observations may be made. First, if in the sequence { %n (xo) 
determined by an initial value %o(+fi, k2), there exist some two terms that are 
equal 


(13) xy(%o) = tv+m(%o), 


then Xn(%o) is a periodic function of 1, for all x»>—for (13) implies that 7” leaves 
fixed x» as well as the elements fixed under 7 and hence r™” is the identity. Sec- 
ond, if we consider the sequences {x_,} (~>0), we note that the set of cluster 
points of {x_,} is of the same type as that of {xn } and that {x_n} converges if 
and only if {xn} converges. If 7 is parabolic, both sequences converge to the 
same value, but if 7 is hyperbolic and not an involution, lim x_,=ke, where kz is 
the fixed element f,. Finally, we note that our geometric analysis of the se- 
quence (1) can be made, without significant modification, when the variable 
and the parameters in (1) are complex. In complex projective space, a projectiv- 
ity 7 is either parabolic or nonparabolic. If 7 is parabolic, it follows from (7a) 
that {xn} converges to the unique double element of 7, determined by (5). If 
7 is nonparabolic, we see from (7a) that we must distinguish between | z I 
and |%| =1. If |%| #1, we can suppose that |k| >1, so that yao. Then {xn} 
converges to the solution k; of (5) given by (9) provided that the ambiguity in 
the determination of R in (9) is resolved by choosing for R the root that makes 
k, in (10), have absolute value greater than one. If, on the other hand, | | =1, 
we have two possibilities: either y, is a periodic function of z or the values of y, 
are everywhere dense on the circle | | = | vol . But in the original x coordinate 
system, the circle | yl = | yo is clearly the circle through x» orthogonal to the 
pencil of circles containing the two solutions of (5). 


FINDING THE CARTESIAN EQUATION OF A LOCUS 
E. B. Leacu, Case Institute of Technology 


Here is a method of finding an equation in rectangular coordinates of a 
plane locus for which we are given an equation in polar coordinates. It may 
be applied to a locus having a polar equation whose sides are polynomials in r 
and the sines and cosines of rational multiples of 0. The idea is to find an equa- 
tion of the locus in r?, 7 cos @, and r sin 6, so that the Cartesian equation can be 
found simply by identifying these with x?+-y?, x, and y, respectively. 

Let g(r, 0) =0 be the given equation. If we replace 6 by 0-+a and r by —yr, 
we get another equation of the same locus, g:(7, 0) =0. On iterating the process 
we get a sequence of equations, each determining the same locus: 


g(r, )) = 0, gir, )) = 0, me fy gn, 0) = 0, 
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k being chosen so that the transformation applied to g;(r, @) will give either 
g(r, 8), or —g(r, 0). We then form the product 


G(r, 0) = g(r, 0)-gi(7, 0) >> + + ge(r, 8). 


The locus G(r, 8) =0 is evidently equivalent to the original given locus, and 
further, is not altered except for change of sign if we replace 0 by 0-+7 and 
yr by —r. It then appears that the coefficients of powers of r in G(r, @) are periodic 
of period 27, and so can be written in terms of sin 8 and cos @. If G is then 
multiplied by a suitable power of 7, the result can be expressed in terms of 7?, 
r cos 9 and ¢ sin 0, and the identification described above can be made. 
Example 1. r=1-+cos 0. The two distinct forms given by the transformation 
are: 
r-i1-—cos?@=0 
—r—i+cosé@= 0. 
On multiplying these together and simplifying, we obtain: 
sin? 6 + 2r cos @ — r? = 0. 


This is then multiplied by r? and we immediately see the Cartesian form of the 
equation: 


y+ Qala + ¥%) — (at + 99? = 0. 


Example 2. r=sin (0/3). The different polar forms of the locus are: 


ry — sin — = 0 
3 


_ O+f tr 
—r— sin = 
3 
_ O+F ar 
r— sin = (), 


Multiplying these together gives the complicated expression: 


6+7 in") ( _O+nr . 6+ 2n 
-+ rf — sin 


— $1n sin 


] 
r® + n(- sin 7 -+- sin 


] 6+ 27 ] ] iF] 6 
--+ sin 7 sin — sin 7 sin r ") -+ sin 7 sin 


3 3 

This can be simplified with the aid of various trigonometrical formulas to: 
ri — $7 + 4 sin 6 = 0. 

Then the Cartesian equation is found as in the first example to be: 


(22 + y3)? — Bat + 9") + dyl= 0. 
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In the first example, it is seen that the main advantage of this method is 
that it avoids rationalization of an algebraic expression. The second example 
would be extremely difficult to carry out without the aid of a special device. 

It should be noted that when multiplication by a power of r is required, 
the origin may be added to the original locus. In the above examples, the origin 
was already part of the locus, and so no alteration occurred. But the equation 
r sin 8 cos? @—1=0 gives a simple case where the origin appears in the Cartesian 
equation of the locus, but not in the polar equation. 


THE EUCLIDEAN ALGORITHM 


PuiLip FRANKLIN, Massachusetts Institute of Technology 


Several elementary texts on number theory, such as the recent one by 
Harriet Griffin (1954) and the older one by R. D. Carmichael (1914), include 
the following as an exercise. 

Prove that the number of divisions required to find the greatest common 
divisor of two positive integers written in the scale of 10 by means of the 
Euclidean algorithm does not exceed five times the number of digits in the 
smaller integer. 

Both authors recognized this as a hard problem by its position at the end 
of a set, and Carmichael added a star. Since its difficulty for students is con- 
firmed by experience in the classroom, a short solution may be of interest to 
teachers or students of number theory. 

We first observe that a typical step of Euclid’s algorithm at any stage uses 
the division transformation a=qb-++r to replace the pair a, b with a>b by 3, r 
with b>r. If r<(5/8)d, this single step reduces the smaller number in the 
ratio r/b<5/8. 

Next suppose that 72 (5/8)b. Then the following step of the algorithm uses 
b=qr+tn with q=1 and 1=b—r<(3/8)b. This leads to the pair of numbers 
¥, 7, with r>7,. And the smaller number has been reduced in the ratio 7,/b $3/8 
for two steps. This is an average ratio of reduction less than 5/8 per step, since 
3/8<(5/8)?. 

For five steps, the average ratio of reduction is less than (5/8)5=105/270 
= (1/10) (1000/1024)?<1/10. Hence for 5” steps the ratio will be less than 
10-*. Let be the number of digits in the smaller integer of the original pair. 
Then the smaller integer initially had a value less than 10". Thus it would be 
reduced to less than unity if 5” steps were required. But the process stops when 
the remainder used as the new smaller number is zero. This proves that at 
most 5” steps will suffice. 

The algorithm may be modified by using positive or negative remainders. 
In this case for a typical step we use a=qgb+r with |r| <b/2 to replace the 
pair a, b with a>b by 8, |r| with b>([r|. If |r| <(3/7)b, the first step reduces 
the smaller number in the ratio |r| /b<3/7. 
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Next suppose that |r| = (3/7)b. Then the following step of the algorithm 
uses b=qil/7|+n, with gi=2. Since |r] $b/2, nZ20. And m=b—2)r| 
<b—(6/7)b=6/7. This leads to the pair of numbers |r| , tr. And the smaller 
number has been reduced in the ratio 7:/b $1/7 for two steps. This is an aver- 
age ratio of reduction less than 3/7 per step, since 1/7 < (3/7)?. 

For three steps, the average ratio of reduction is less than (3/7)? = 27/343 
<1/10. Hence for 3” steps the ratio will be less than 10-”. This shows that if 
n is the number of digits in the smaller integer of the original pair, for the 
modified algorithm 3” steps will suffice. 

The result for the Euclidean algorithm was found by G. Lamé in 1844. He 
used properties of the Fibonacci series in the proof. The result for the modified 
algorithm was found by Lionnet in 1857. Other references and details are given 
in Dickson’s History of the Theory of Numbers, vol. I, pages 332 and 394. 


ELEMENTARY PROBLEMS AND SOLUTIONS 


EDITED BY HOWARD EVEs, University of Maine 


Send all communications concerning Elementary Problems and Solutions to Howard 
Eves, Mathematics Department, University of Maine, Orono, Maine. This department 
welcomes problems believed to be new and demanding no tools beyond those ordinarily fur- 
nished in the first two years of college mathematics. To facilitate their consideration, solutions 
should be submitted on separate, signed sheets, within three months after publication of 
problems. 


PROBLEMS FOR SOLUTION 
E 1236. Proposed by Hazel E. Evans, University of Pittsburgh 
For a>b and N <abd find the maximum value of N for which the equation 
ax + by = N 
has a solution in non-negative integers. 


E 1237. Proposed by Viktors Linis, University of Ottawa 


Let £ be an ellipse, 7; and r, focal radii, a the angle between the focal radii, 
and ds the element of arc. Evaluate the integrals 


f ds/(rire)'/? and f (cos a/2)ds. 
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E 1238. Proposed by M. S. Klamkin, Polytechnic Institute of Brooklyn 


Determine integral values of n>0 such that 3%, 3"+!, 3"*? all have the same 
number of digits in their denary expansions. 


E 1239. Proposed by Josef Langr, Prague, Czechoslovakia 


Let Q’=A’B’C'D’ be the quadrangle formed by the orthocenters A’, B’, 
C’, D’ of triangles BCD, CDA, DAB, ABC of a given convex quadrangle 
Q=ABCD. Show that: (1) the vertices of Q and Q’ lie on a common equilateral 
hyperbola, (2) Q and Q’ have equal areas. 


E 1240. Proposed by H. Lindgren, Patent Office, Canberra, Australia 


Find six-piece dissections of a regular dodecagon into a square and into a 
Greek cross. 


SOLUTIONS 


Diophantine Consideration of the Optic Formula 
E 1206 [1956, 186]. Proposed by W. E. Briggs, University of Colorado 


If is a given positive integer, how many integral solutions does 
1/n = 1/"%-+ 1/y 
have with x and y positive and unequal? 


Solution by N. J. Fine, University of Pennsylvania. Put x=n-+r, y=n-+s, 
with rs. The given equation reduces to n2=rs. Thus the required number of 
solutions is d(m?) —1, where d(N) is the number of divisors of NV. 

Also solved by J. L. Alperin, Leon Bankoff, G. E. Bardwell, H. W. Becker, 
D. M. Bloom, B. J. Boyer, A. L. Brown, D. H. Browne, Leonard Carlitz, W. B. 
Carver, George Cherlin, A. E. Danese, J. E. D’Atri and Stephen Lichtenbaum 
(jointly), G. W. Day, Monte Dernham, David DeVol, F. J. Duarte, Hazel E. 
Evans, Michael Goldberg, A. J. Goldman, D. S. Greenstein, Cornelius Groene- 
woud, E. H. Grossman, Nathaniel Grossmann, Virginia S. Hanly, B. A. Haus- 
mann, R. E. Heaton, J. M. Howell, A. R. Hyde, F. I. John, M.S. Klamkin, Sam 
Kravitz, Aaron Lieberman, D. C. B. Marsh, Erich Michalup, J. B. Muskat, 
C.S. Ogilvy, Hyman Orlin, C. F. Pinzka, M. A. Rashid, L. A. Ringenberg, Azriel 
Rosenfeld, J. W. Ross, C. M. Sandwick, Sr., Erwin Schmid, J. P. Scholz, John 
Selfridge, G. J. Simmons, Malcolm Smith, Art Steger, G. B. Thomas, G. W. 
Walker, Chih-yi Wang, R. M. Warten, William Zlot, and the proposer. 

Becker called attention to L. E. Dickson, History of the Theory of Numbers, 
vol. II, pp. 688-691. Thomas expressed interest in the related equation 


1/n? = 1/4? + 1/y%. 
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A Locus Problem 


E 1207 [1956, 186]. Proposed by R. D. Gordon, California State Polytechnic 
College 


Given two mutually perpendicular lines J]; and J, in a plane, and a point Q 
in the plane located equally distant from /, and /,. Determine the locus of a point 
P in the plane if its distance from Q equals the sum of its distances from J, and J,. 


Solution by N. G. Gunderson, University of Rochester. Choose axes and units 
so that /; is the y-axis, J, is the x-axis, and Q is at (1, 1). Then P: (x, y) is on the 
locus if and only if 


lal + ly] = [Ce — 1)2?+ (y — 12)”, 


or, squaring, if and only if | xy| = —x—y-+1, and so, if and only if it is a point 
on the hyperbola (x-+1)(y+1) =2 for which xy20 or else a point on the lines 
(«—1)(y—1) =0 for which xy SO. 

Also solved by A. N. Aheart, J. L. Alperin, W. A. Al-Salam, Robert Bart, 
Julian Braun, D. H. Browne, W. B. Carver, A. E. Danese, J. E. Darraugh, J. E. 
D’Atri, A. G. Davis, Hiiseyin Demir, Hazel E. Evans, David Freedman, Herta 
T. Freitag, Michael Goldberg, A. J. Goldman, Cornelius Groenewoud, E. H. 
Grossman, J. H. Holdsworth, R. A. Hoodes, R. H. D. Hou, A. R. Hyde, I. M. 
Isaacs, F. I. John, Virginia L. Johnson, M. S. Klamkin, D. C. B. Marsh, Beck- 
ham Martin, Morris Morduchow, C. S. Ogilvy, Hyman Orlin, D. J. Peterson, 
M. A. Rashid, B. E. Rhoades, Azriel Rosenfeld, J. W. Ross, Erwin Schmid, 
Sister M. Stephanie, Malcolm Smith, Chih-yi Wang, G. W. Walker, David 
Zeitlin, and the proposer. 

This problem illustrates the pitfalls of “squaring out,” and for this reason 
has been given by the Proposer to his classes as a prize problem. Many of the 
above solutions were only partially correct. 


Covering a Closed Interval 
E 1208 [1956, 186]. Proposed by Gretchen Geller, Student, University of Cali- 
fornia, Davis, Calif. 
Can aclosed interval J be covered by an infinite set J of nondegenerate closed 
intervals in such a manner that no finite subset of J covers I? 


Solution by J. L. Brown, Jr., Pennsylvania State University. Let I be the 
closed interval [—1, 1]. Then the infinite sequence of nondegenerate closed 
intervals 


[—1, 0], [1/2, 1,], [1/4,1],---, [1/2", 1], --> 


has the required property. 
Also solved by Peter Crawley, A. E. Danese, N. J. Fine, A. J. Goldman, 
R. L. Helmbold, P. G. Hodge, Jr., F. A. Homann, L. E. Isenecker, F. I. John, 
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B. E. Rhoades, L. A. Ringenberg, J. W. Ross, Malcolm Smith, David Zeitlin, 
and the proposer. Late solution by M. S. Klamkin. 

This problem occurs, without solution, as prob. n, p. 32, in M. E. Monroe, 
Introduction to Measure and Integration. 


A Cross Ratio Associated with Any Triangle 
E 1209 [1956, 186]. Proposed by Hiiseyin Demir, Zonguldak, Turkey 


Let ABC be any triangle and (J) its incircle. Let (I) touch BC, CA, AB at 
D, E, F, and intersect the cevians BE, CF at E’, F’ respectively. Show that the 
anharmonic ratio D(E, F, E’, F’) is the same for all triangles ABC. 


I. Solution by W. B. Carver, Cornell University. This is obviously a metrically 
special case of a more general projective theorem. The incircle may be replaced 
by any conic tangent to the sides at D, E, F, with the conic cutting the lines BE 
and CF at EL’ and F’ respectively. By one of the limiting cases of Brianchon’s 
theorem the lines AD, BE, CF meet in a point G. We set up a homogeneous 
coordinate system with A, B, C, G as the points (1, 0, 0), (0, 1, 0), (0, 0, 1), 
(1, 1, 1) respectively. It then follows readily that D, EZ, F are the points (0, 1, 1), 
(1, 0, 1), (1, 1, 0); the conic has the equation 


x2 + y2 + 22 — 2yg — Ize — 2xy = 0; 


E’, F’ are the points (1, 4, 1), (1, 1, 4); the lines through D have the equations 
kx-+y—z=0 with k=1, —1, —3, 3 for DE, DF, DE’, DF’ respectively; and the 
required anharmonic ratio is therefore 


(14 + 3)(—1 — 3)/(1 — 3)(-14- 3) = 4. 


II. Solution by M.S. Klamkin, Polytechnic Institute of Brooklyn. By a central 
projection, triangle ABC and its incircle (J) can be transformed into an equi- 
lateral triangle and its incircle. The anharmonic ratio D(E, F, E’, F’) is invariant 
under this transformation and consequently is constant for all triangles. It is 
easy to show that D(E, F, E’, F’) =4. 

Also solved by N. A. Court, P. W. M. John, D. C. B. Marsh, O. J. Ramler, 
Roscoe Woods, and the proposer. 


A Dissection of a Pair of Equilateral Triangles 
E 1210 [1956, 186]. Proposed by Michael Goldberg, Washington, D. C. 


Given two equilateral triangles of edges a and 0. Show how to dissect them 
by straight cuts into a total of no more than six pieces which can be assembled 
into another equilateral triangle. When the ratio of the larger to the smaller 
satisfies a/b = 4/3, then five pieces suffice. When a/b = 4/3, four pieces suffice. 


Solution by H. Lindgren, Patent Office, Canberra, Australia. The maximum 
number of pieces required is not six but five. 
When a/b =4/3, the triangle of side b is dissected as in Figure 1 into a trape- 
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zoid, and the other triangle is placed on AB. This is the special case for which 
four pieces suffice. 

When 0<a/b<4/3, the triangle of side } is dissected as in Figure 2 into a 
trapezoid whose top edge is equal to a, and again the other triangle is placed on 
AB. We have 


AC = (a? + 6?)1/2 — a, 
and the cuts are determined as follows: 
DE = AC, EF = FG, GH = AC, HK = KL, 


C 
Fic. 1 Fic. 2 


This is the general case for which five pieces suffice. It is possible if F is not lower 
than H and K not higher than EF. (The relative heights of E and H are im- 
material.) Therefore it is possible if 


DE 2 (DG)/3, 
that is, if 
(a? + 67)! — @ = 6/3, 
a? + b? = a* + 2ab/3 + 67/9, 
4b = 3a. 


IV IN 


The edges of the triangles have been named so that this condition is satisfied. 

Also solved by C. F. Pinzka and the proposer. 

By an alternative method, called superposition of strips, Lindgren obtained 
other dissections. In the dissections of Pinzka and the Proposer, only the larger 
triangle is cut. Pinzka’s dissection requires only five pieces when a/b>4/3. 
W. B. Carver pointed out that four pieces are sufficient when a/b = +/3; one has 
merely to bisect each triangle by a cut along an altitude. 


ADVANCED PROBLEMS AND SOLUTIONS 


EDITED BY E. P. STARKE, Rutgers University 


Send all communications concerning Advanced Problems and Solutions to E. P. Starke, 
Rutgers University, New Brunswick, New Jersey. All manuscripts should be typewritten 
with double spacing and margins at least one inch wide. Problems containing results belteved to 
be new or extensions of old results are especially sought. Proposers of problems should also en- 
close any solutions or information that will assist the editor. In general, problems in well known 
textbooks or results in readily accessible sources should not be proposed for this department. 


PROBLEMS FOR SOLUTION 
4708. Proposed by H. A. Bender, University of Rhode Island 
Prove the following relationship: 
1 00 npn 
f ec(l—2") dix — > es ¢ . 
0 nao 3°90 °° + (2n + 1) 
4709. Proposed by R. W. Marsh, Arlington, Va. and A. M. Gleason, Harvard 
University 


Let f(x) =x"+an1x"-!+ +++ +a be an irreducible polynomial with co- 
efficients in the finite field of g elements. Suppose that the roots of f are primitive; 
that is, they generate the multiplicative group of their extension field. Prove 
that 


F(x) = x} + agree + +--+ + a 
is irreducible. 


4710. Proposed by Hiiseyin Demir, Zonguldak, Turkey 


Prove that if in a complete quadrangle inscribed in a circle (O) one pair of 
opposite sides are isotomic lines with respect to a triangle inscribed in (O), then 
the remaining pairs of opposite sides are also isotomic lines with respect to the 
same triangle. 


4711. Proposed by Morgan Ward, California Institute of Technology 


If z(m) is the number of prime numbers not greater than n, show that 


> nN 
a(n) << — 
4 logn 


for every composite number x. 
4712. Proposed by J. V. Whittaker, University of California, Los Angeles 
Show that if x;20 (¢=1,---,) and >0%,1/(1+«,) $1, then >, 2-*S1. 
669 
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SOLUTIONS 


Power Series Conditionally Convergent on the Unit Circle 
4648 [1955, 496]. Proposed by W. S. Loud, University of Minnesota 


A power series, >)» @n2", has radius of convergence unity. It is known to 
converge at every point of its circle of convergence. Does it necessarily converge 
absolutely on the circle of convergence? 

Editorial Note. It seems to be well known that a negative answer is called 
for. The following references are supplied by our contributors. 

G. H. Hardy has shown that if we let (1—z)-‘= }\bng*, then the series 
>°(b,/log n)z" converges conditionally and also uniformly on the circle of con- 
vergence. (See Dienes, The Taylor Series, pp. 464-465.) 

Actually, problem 4449 [1952, 650] is equivalent to the present problem. 
There the series of Pringsheim is cited: 


(= 1) Mar/n, 

n= 
It is convergent at every point of the unit circle. See also Pringsheim, Vorlesun- 
gen tiber Funktionenlehre, V. II, part 1, pp. 250-252; Knopp, Theory and A pplica- 
tion of Infinite Series, p. 454; Knopp, Problem Book in the Theory of Functions, 
p. 31. 

Another example is given by F. Herzog and G. Piranian, Duke Mathematical 
Journal (1949), p. 532. For schlicht Taylor series which converge uniformly but 
not absolutely on the unit circle, see P. Erdés, F. Herzog and G. Piranian, 
Pacific Journal of Mathematics (1951) pp. 75-82; also D. Gaier, Math. Zeitschrift 
(1953), pp. 349-350. 


Power Series with Uniformly Bounded Partial Sums 


4649 [1955, 496]. Proposed by D. J. Newman, Advanced Development Divi- 
ston, AVCO, Stratford, Conn. 


Does the fact that a power series has uniformly bounded partial sums on the 
circle | z| =1 necessarily imply that it converges everywhere on | 2| =? 

Editorial Note. The conclusion is not necessary. References sent in by read- 
ers include: Herzog and Piranian, Duke Mathematical Journal, 20 (1953) pp. 
45-50; Erdés, Herzog and Piranian, Math. Scand., 2 (1954), pp. 262-264. 


Change of Sign in a Determinant 


4650 [1955, 496]. Proposed by J. L. Massera, Instituto de Matematica Y 
Estadistica, Montevideo, Uruguay 

Let f1,:°:°, px be any fixed indices, OSpi<po< +--+ <py<n and let 
D(x, ++ +, Xx) be the mth order determinant whose elements a;; are defined by: 
Qi =X) if t+j=p,+1, h=1, sey k; Qijg= — Xn ifti+j=n+p,+1, h=1, coe, k; 
a:;=0 otherwise. Show that D, considered as a function of the real variables 
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x1, °° * , Xx, may change its sign only in the neighborhood of those values which 
satisfy one of the relations x; tx%3+ --- +x,=0. 


Solution by the Proposer. D vanishes if and only if 
(1) yet + geste to ees + ayer = Q, 


where z is an mth root of —1. This follows either directly from the factorization 
of D given by R. F. Scott, Note on a determinant theorem of Mr. Glaisher’s, 
Quarterly Journal of Mathematics, 17 (1880) pp. 129-132, or by writing down the 
Euler resultant of the system formed by (1) (considered as an equation of 
degree »—1) and z*++1=0 and then making suitable elementary transforma- 
tions in this resultant which show that it is equal to +D. 

Let g,=pnr—p:; the x, being real, we will have 


x1 + X22 -- cee + xpZe = 0, 
Xi woe + --- f+ 43% = 0. 


Suppose the point (x1, - - - , xx) in k-dimensional real space satisfies (2) where 2 
is an mth root of —1. If the rank of the matrix 


1 gi. 6 glk 
( BM... ) 
is 2, the set of points which satisfy (2) is a linear variety of dimension k —2; 
and since this variety does not separate the k-dimensional space, in the neigh- 


borhood of such points D cannot change its sign. If the rank is 1, then 2%=2% 
which implies 2% = +1 and one of the relations x, t+x%2+ --- +x,=0 is satisfied. 


(2) 


Equilateral Triangles on a Parallelogram 
4651 [1955, 496]. Proposed by the late Joseph Rosenbaum 


On the sides of a parallelogram A142A3A4,, equilateral triangles A,A i41B; are 
constructed exteriorly. Then equilateral triangles B;Bj,.1C; are constructed in- 
teriorly to B,B,B;By. Prove that C1C2C3C, coincides with A,;42A3A4. 

Generalize to the case where the original parallelogram is replaced by a 
polygon of x sides. 


Solution by Joseph Langr, Prague, Czechoslovakia. Let the sides of the given 
parallelogram be A1A,=A3A,4=a, A2A3=A1A,=), and let angle A,AiA2=8. 
The three triangles A,B,B,, A4A3Bi, A.B,A3 are congruent, having A,;Bi=A3A,4 
=A,B, =<d, A,B, =A,B, = A.A; = b, and angles BLA 1B, = B,A,A3 = B,A.A3 =@ 
+120°. Thus B,B,=BsA3;=B,A3 and A3=Ci. In the same manner we can show 
that Ai, Aa, As coincide with C2, Cs, Ci. 

The situation is not essentially different if the triangles A;A 44138; are con- 
structed interiorly with respect to parallelogram A ,A,A3A4, and the proof goes 
through unaltered. One must note, however, that it depends upon the shape of 
the original parallelogram whether triangles B;B,;,,C; must be constructed ex- 
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teriorly or interiorly (with respect to B,B,B3;B,) in order to guarantee the coin- 
cidence of A; with Cys. 

The same argument shows that, if we start with 4,42 - - - A, and generate 
CiC.- ++ Cn by the above construction, each C; is the fourth vertex of the 
parallelogram two of whose sides are adjacent sides of the given n-gon. 

Also solved by Michael Goldberg, and R. L. Helmbold. 


Editortal Note. The generalization intended by the proposer is the following. 
Let Ai:\A,-+--+-An bea projection of a regular n-gon, and on the sides A:Ais1 as 
bases construct exteriorly tsosceles triangles A;Ais1B;, where the vertex angle B; 1s 
such that 


and on the sides B;Bis, as bases construct intertorly isosceles triangles B;BiziC; 
similar to A;Ai41B;; then when n ts even the n-gons (iC, ---C, and AyA2---An 
are coincident, and when n 1s odd the two n-gons are congruent with corresponding 
sides parallel. 


A Theorem on Measure 
4652 [1955, 496]. Proposed by Albert Wilansky, Lehigh University 


Let f be a Lebesgue integrable function onan interval. Let t, be the measure 
of the set of points x such that | f(x)| >n. Prove that dot, <. 


Solution by S. I. Goldberg, Wayne University, Detroit. This is an immediate 
consequence of the following well known result given as a problem in Titch- 
marsh, The Theory of Functions, 2nd ed., p. 343: If f(x) 1s a measurable function 
over an interval and Uy 1s the measure of the set of points x such thatn—1Sf(x) <n, 
the necessary and sufficient condition that f(x) be integrable is that >.” — « | n| Un be 
convergent. 

To see this, note that )itn= >_| 2| un. 

Also solved by P. T. Bateman, Joshua Barlaz, G. U. Brauer and Chih-yi 
Wang, W. M. Faucett, Harley Flanders, A. J. Goldman, C. D. Gorman, D. S. 
Greenstein, P. R. Halmos, J. Horvath, B. C. Kenny, William Kruskal, A. E. 
Livingston, Neill McShane, C. M. Pearcy, H. G. Tucker, and the Proposer. 


Editorial Note. The result is given as an exercise (accompanied by a strong 
hint of the solution) in Halmos, Measure Theory (New York, 1950), p. 115. The 
exercise points out that the condition of problem 4652 is sufficient as well as 
necessary, and also, for complete precision, requires the interval to be bounded. 


RECENT PUBLICATIONS 


EpITED BY E. P. VANCE, Oberlin College 


All new material for this section should be sent to the incoming editor, Richard V. An- 
dree, University of Oklahoma, Norman, Oklahoma. 


Fundamental Concepts of Geometry. By B. E. Meserve. Addison-Wesley Publish- 
ing Company, Cambridge, Massachusetts, 1955. ix-+-321 pages. $7.50. 


In this work one finds material which should be valuable for anyone teaching 
mathematics, especially geometry, as it shows the relationship of several types 
of geometries to one another. 

The aims of this book, according to the author, are to help the reader 

1. Discover how euclidean plane geometry is related to, and often a special 

case of, many geometries, 

2. Obtain a practical understanding of “proof,” 

3. Obtain the concept of a geometry as a logical system based upon postu- 

lates and undefined elements, and, 

4. Appreciate the historical evolution of our geometrical concepts and the 

relation of euclidean geometry to the space in which we live. 

The first chapter of this text is devoted to a study of various sets of postu- 
lates, some of their consequences, and the associated logic. Then in Chapter Two 
synthetic projective geometry is developed from the postulational viewpoint. 
Later coordinate systems are introduced, and some of the basic properties of 
analytic projective geometry are developed. The relation of this geometry to the 
synthetic projective geometry already considered is then discussed. Affine geom- 
etry is next considered as a special case of analytic projective geometry, and 
euclidean geometry is developed as a special case of affine geometry. The last 
three chapters of the book are devoted to a historical sketch of the development 
of geometry, a brief discussion of some non-euclidean geometries, and a descrip- 
tive approach to topology. 

Klein’s definition of a geometry, “The study of the invariants of a configura- 
tion under a group of transformations” is frequently mentioned, and the empha- 
sis is on the study of the transformations used in the various geometries and 
the invariants that exist under these transformations. Many of the basic proper- 
ties of the various geometries are developed, but no attempt is made to study 
completely any one of the geometries under consideration. However, enough of 
each geometry is developed so that the restrictions which need to be imposed 
on it to obtain another geometry are evident. 

From the pedagogical standpoint, it should be noted that the proofs of some 
of the theorems needed in the development of the text are left as exercises for 
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the student. Also, there is a paucity of illustrative examples, which might make 
it difficult for an embryonic mathematician to see what is wanted or how to 
proceed in some of the exercises. As far as mathematical techniques are con- 
cerned, only those of College Algebra are needed, but a greater mathematical 
background is needed for an appreciation of the material presented. 

R. G. SANGER 

Kansas State College 


Analytic Geometry and Calculus. By T. S. Peterson. New York, Harpers Mathe- 
matics Series. Harper and Brothers, Publishers, 1955. 456 pages. $6.50. 


Over-all picture of text. This text covers the analytic-geometry topics, the 
calculus topics, and the introduction-to-differential-equations found in tradi- 
tional, approved analytic-geometry and calculus texts. Formulas and curves of 
more elementary mathematics together with tables, mathematical symbols, and 
the Greek alphabet are conveniently located. The order of topic-presentation 
and the pattern of exposition (theory, then illustrations, examples and solutions) 
are conventional. 

Concerning the author’s objectives. As to the design, purpose, and intended 
rigor, Peterson writes, “This book is designed to serve as an introductory course 
in Analytic Geometry and Calculus for students who have some familiarity with 
algebra and trigonometry,” and “It is the purpose of the book to present 
Analytic-Geometry and Calculus not only as a powerful tool that can be used in 
applied fields but also as an important branch of mathematical analysis. To 
serve this latter purpose, all definitions, theorems, and general procedures are 
as accurately presented as the demands of clarity and simplicity permit.” 

Peterson achieves the objective of the first quotation by writing in a simple 
and concise manner. In fact Peterson writes so concisely that one is likely on first 
reading to conclude that the book is too abridged. However, on a second reading 
one realizes that there is still much material in this text. In fact, any student 
who thoroughly masters all the material in Peterson’s text will be definitely su- 
perior to the average run-of-the-mill calculus student. 

In the second quotation, the decision to develop rigor compatible with clar- 
ity and simplicity seems wise in view of the deficiency in self-discipline prevalent 
in today’s students in many classes. 

Concerning controversial definitions. Now by way of discussing a few topics 
that are of interest to writers and teachers, I present this paragraph. 

In defining function, some authors emphasize that a function is the relation- 
ship, law or correspondence between two variables, or is a set of number-pairs. 
Peterson writes as follows, “If two variables x and y are related so that, for each 
x in a range R of real numbers, we obtain one or more real values for y, then y 
is said to be a real function of the real variable x defined over the range R.” 
Possibly the presentation of limits on page 73 could be improved by elaboration. 
Peterson does not emphasize a distinction between integration and antidiffer- 
entiation. He does not distinguish between iterated and multiple integrals. In 
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writing today there are new ways of defining versus traditional ways of defining. 
Both can be criticized. Peterson in most cases adheres to the traditional. 
Comments and conclusions. More youths are kept in school today, and hence 

more non-students are found in our classes. Also the multitudinous distractions 
in the form of extra-curricular activities have caused some of our good students 
to expect more of the text and the professor. Hence great moderation must be 
exerted in the extent of rigor, ramifications, and details when writing some texts. 
The reviewer feels that Peterson’s text is very appropriate for many of today’s 
students. 

E. M. PEASE 

University of Rhode Island 


Analytic Geometry, By N. H. McCoy, and R. E. Johnson. New York, Rinehart 
and Company, 1955. 301-+xiv pages. $4.00. 


Analytic Geometry, New Second Edition, By R. R. Middlemiss. New York, 
McGraw-Hill Book Company, 1955. 310+ix pages. $3.75. 


Each instructor has his own idea concerning the teaching of analytic geom- 
etry, and from the great wealth of textbooks, he is sure to find one to suit his 
purposes. As most students study analytic geometry as preparation for the cal- 
culus, the instructor is guided in his selection as to the purposes of his students, 
the basic ideas, and the presentation of the methods for graphing. A textbook 
then stands or falls according to the preferences of the instructor. 

McCoy and Johnson in the preface state: “The emphasis throughout the 
book is on an understanding of the basic principles of analytic geometry.” The 
text contains the traditional material, but in an order which does not always 
force the best understanding of the basic principles. In the discussion of conic 
sections, only the simplest standard forms are discussed very fully. Two chap- 
ters later, the standard form is again introduced after the translation of axes 
has been discussed. There seems to be a tendency throughout the textbook to 
encourage the students to substitute in memorized relations derived from proven 
theorems. For example, the center and the radius of the circle x?+y?+Dx+Ey 
-+ F=0 are found from the relations (—D/2, —E/2) and 4$/D?+E?—4F rather 
than the completion of the squares in each individual case. 

The discussion of the general properties of curves in Chapter 3, entitled 
“Equations and Graphs”, concerns itself with the intercepts, extent, and sym- 
metry, but only of the conic sections. It is felt that the rapid sketching of curves 
is a most important contribution of analytic geometry to the student’s future 
work in mathematics and should not be confined to only the simplest of curves. 
The authors seem however to give only “lip service” to these properties, since 
throughout the text extensive tables of values are compiled (some entries to 
three decimal places) and used in the sketching of algebraic and transcendental 
curves. These tables of values have a place in introducing rectangular coordi- 
nates in algebra courses but are not desirable in analytic geometry. 
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The format of the text is excellent in general, with large, clear type and ex- 
cellent illustrations especially in the section devoted to solid analytic geometry. 
Some of the earlier illustrations, t.e., in the chapter on polar coordinates, are too 
extensive and could gain from judicious elimination of excess information. 

The preface of the textbook by Middlemiss sets forth his plan and arrange- 
ment, and states in part: “The original edition of this text was written with the 
primary aim of giving students a better preparation for calculus and the sci- 
ences. To this end, less than the usual amount of space was devoted to the conic 
sections—and more than the average amount was devoted to the polynomials 
and rational fractional functions and to the graphs and properties of the ex- 
ponential, logarithmic, and trigonometric functions.... All these character- 
istics of the original text have been retained in this new edition.” 

A brief introduction compiled of essential definitions and formulas from alge- 
bra and trigonometry include the evaluation of determinants by minors, the 
definitions of trigonometric functions, and the fundamental relations between 
the trigonometric functions. 

In Chapter 4, the way is paved easily to the general discussion of curves 
through the polynomials, while the more formalized discussion of intercepts, 
symmetry, extent, and asymptotes, is introduced in Chapter 5 using rational 
fractional functions. The commendable practice of orderly discussion of curves 
in the numerous examples throughout the text should greatly aid those students 
who have hitherto had only a vague notion of what was required in rapid sketch- 
ing. 

The introduction of transformation of coordinates before the discussion of 
the circle and the other conic sections permits a fuller discussion of the general 
standard forms together with the simpler forms. 

A fine feature of the text is a more complete discussion of trigonometric, ex- 
ponential, and logarithmic curves than is ordinarily found in analytic geometry 
texts. The essential properties of lines, planes, and surfaces required in the 
calculus have been included in the section on solid analytic geometry. 

Students using the text by Middlemiss will have a clearer understanding of 
the nature of graphs and equations and a more solid foundation for future ap- 
plication and study. The less important aspects of the curves have been relegated 
to the problem sets, which are numerous and varied. 

The format of the text is excellent, with clear-cut and ample illustrations. 

E. F. Myers 
University of Pittsburgh 


NEWS AND NOTICES 
EDITED BY EpiItH R. SCHNECKENBURGER, University of Buffalo 


Readers are invited to contribute to the general interest of this depariment by sending news 
items to Edith R. Schneckenburger, University of Buffalo, Buffalo 14, New York. Items 
should be submitted at least two months before publication can take place. 


MATHEMATICS DIVISION OF ASEE 


The Mathematics Division of the American Society for Engineering Educa- 
tion met on June 25-29, 1956, at Iowa State College. Four well-attended sessions 
were held, including a joint conference with the Iowa Section of the Mathemati- 
cal Association of America. The following new officers of the Division were 
elected at the annual business meeting: Chairman, Professor W. G. Warnock, 
Rensselaer Polytechnic Institute; Secretary, Professor W. E. Restemeyer, Uni- 
versity of Cincinnati; Director, Professor G. B. Thomas, Massachusetts Insti- 
tute of Technology; Director, Professor C. O. Oakley, Haverford College; Direc- 
tor and Representative to General Council of ASEE, Dr. R. S. Burington, De- 
partment of Navy. The next annual meeting of the Mathematics Division of 
the ASEE will be held in June, 1957, at Cornell University. For further informa- 
tion write to Professor W. E. Restemeyer, University of Cincinnati. 


MATHEMATICS TEACHING ESSAY CONTEST 


Kappa Mu Epsilon and the Science Teaching Improvement Program of the 
American Association for the Advancement of Science are cooperating in the 
sponsorship of an essay contest on “Opportunities in Teaching Mathematics in 
Secondary Schools.” Satisfactory essays will be published in The Pentagon. First 
prize in the contest will be $50. There will be second and third prizes of $25 and 
$15, respectively. 

The Mathematics Teaching Essay Contest is planned to increase interest 
in the teaching of mathematics at the secondary-school level, and to encourage 
all students in mathematics to consider the advantages of a career in secondary- 
school mathematics teaching. It is also hoped that the preparation, as well as 
the reading, of the essays may attract good students with an aptitude for and 
interest in mathematics to enter the teaching profession. The importance of the 
ability to express oneself in writing, particularly on the part of teachers, should 
also be emphasized by such an essay contest. 

Essays submitted in the contest should reach Professor Carl V. Fronabarger, 
Southwest Missouri State College, Springfield, Missouri, no later than April 1, 
1957. They must be not more than 1,000 words in length, and should be typed 
double-spaced on a good grade of paper. Four copies should be submitted by 
each contestant. The content of the essay should be as specific as possible, and 
point out the advantages of preparation for the teaching of mathematics at the 
secondary-school level. The essay may consider one or more of the special facets 
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of the profession of mathematics teaching, or cover the general area as com- 
pletely as the length of the essay will permit. Undergraduate and graduate stu- 
dents in mathematics are eligible to enter the contest. The essays will be 
judged on accuracy and objectivity of the data presented, the degree to which 
the essay appears to be convincing in the case presented for mathematics teach- 
ing, and composition and neatness, 


PRELIMINARY ACTUARIAL EXAMINATIONS PRIZE AWARDS 


The winners of the prize awards offered by the Society of Actuaries to the 
nine undergraduates ranking highest on the score of Part 2 of the 1956 Pre- 
liminary Actuarial Examination are as follows: 


First Prize of $200 


Pratt, Richard L. Washington University 
Additional Prizes of $100 each 
Brillinger, David R. University of Toronto 
Earle, Clifford J., Jr. Swarthmore College 
Kaplan, Stanley Cornell University 
Mosher, Robert E. Kenyon College 
Riehm, Carl R. University of Toronto 
Rubin, Jerrold Columbia University 
Schweitzer, Paul A. Holy Cross College 
Soderquist, George D. Drake University 


The Society of Actuaries has authorized a similar set of nine prizes for the 
1957 examinations on Part 2. 

The Preliminary Actuarial Examinations consist of the following three exam- 
inations: 


Part 1. Language Aptitude Examination. 
(Reading comprehension, meaning of words and word relationships, 
antonyms, and verbal reasoning.) 

Part 2. General Mathematics Examination. 
(Algebra, trigonometry, coordinate geometry, differential and inte- 
gral calculus.) 

Part 3. Special Mathematics Examination. 
(Finite differences, probability and statistics.) 


The 1957 Preliminary Actuarial Examinations will be prepared by the Edu- 
cational Testing Service under the direction of a committee of actuaries and 
mathematicians and will be administered by the Society of Actuaries at centers 
throughout the United States and Canada on May 15, 1957. Applications should 
be submitted before April 1, 1957, to the Society of Actuaries, 208 South La- 
Salle Street, Chicago 4, Illinois. 
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PERSONAL ITEMS 


Fresno State College announces the following: Dr. S. J. Bryant, formerly a 
teaching assistant at the University of Missouri, Dr. V. E. Howes, and Dr. T. C. 
Kipps of the University of Santa Clara have been appointed to instructorships; 
Assistant Professor G. D. Alkire has been promoted to an associate professor- 
ship. 

Purdue University reports: Associate Professor R. A. Oesterle of Eastern 
Oregon College of Education has been appointed Assistant Professor of Mathe- 
matics and Education; Mr. G. D. Miller, previously principal of Shadeland High 
School, Indiana, and Dr. Judah Rosenblatt have been appointed to instructor- 
ships; Dr. Rosenblatt is also a consultant in the Statistical Laboratory. 

At San Diego State College: Dr. C. V. Holmes of Northrop Aircraft and As- 
sistant Professor Margaret Willerding of Harris Teachers College have been 
appointed to assistant professorships; Mr. Roger Shaw of the University of 
California has been appointed to an instructorship; Associate Professor A. R. 
Harvey has been promoted to a professorship; Dr. L. J. Warren has been pro- 
moted to an assistant professorship. 

Southwest Texas State Teachers College announces: Mr. W. C. Akin, Mrs. 
Saphrona B. Krause, and Mr. A. W. Spear have been appointed to instructor- 
ships. 

Mr. D. S. Adorno of the University of Utah has been appointed to an in- 
structorship at Iowa State College. 

Mr. F. T. Baker, previously a student at Yale University, has a position as 
a programmer with the International Business Machines Corporation, New 
York, New York. 

Mr. J. M. Behr, formerly a technical writer for Librascope, Glendale, Cali- 
fornia, has a position as a computer applications engineer with the Royal Pre- 
cision Corporation. 

Assistant Professor Dean Clifton Benson of South Dakota School of Mines 
and Technology has been appointed to an assistant professorship at Chico State 
College. 

Mr. W. S. Bicknell of Wayne University has been appointed Assistant Pro- 
fessor of Commerce and Actuarial Science at the University of Wisconsin. 

Mr. I. W. Boxer of California State Polytechnic College has been appointed 
to an instructorship at E] Camino College. 

Mrs. Carolina M. Brennan has been appointed to an instructorship at the 
University of the Philippines. 

Professor A. R. Brown, Jr. of Drury College has accepted a position as chief, 
Office of Ballistic Computations, Air Force Armament Center, Eglin Air Force 
Base, Florida. 

Mr. Donald Brown, previously a student at Hofstra College, is employed 
now as an aeronautic research intern by the National Advisory Committee on 
Aeronautics, Langley Field, Virginia. 
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Mrs. Mary H. Brown of Florida State University has been appointed to an 
instructorship at Perkinston Junior College. 

Assistant Professor W. O. Buschman of Portland State College has been 
appointed to an assistant professorship at California State Polytechnic College. 

Mr. C. N. Campopiano, formerly a project engineer for the Sperry Gyroscope 
Company, Great Neck, New York, has accepted a position as a research associ- 
ate at the Micro-wave Research Institute of the Polytechnic Institute of Brook- 
lyn. 

Associate Professor F. L. Celauro of East Tennessee College has been pro- 
moted to a professorship. 

Mr. E. W. Cheney, recently a teaching fellow at the University of Kansas, 
has a position as a senior research engineer with Consolidated-Vultee Aircraft 
Corporation, San Diego, California. 

Assistant Professor Eckford Cohen of the University of South Carolina has 
been appointed to an assistant professorship at the University of Tennessee. 

Assistant Professor R. M. Conkling of the University of New Hampshire 
has been appointed to an assistant professorship at New Mexico College of Agri- 
culture and Mechanic Arts. 

Mr. B. G. Cooper, formerly a graduate assistant at Kansas State College, is 
a teacher at Coronado High School, California. 

Dr. F. W. Donaldson, previously a senior aerophysics engineer for Con- 
solidated-Vultee Aircraft Corporation, Fort Worth, Texas, is now Supervisor of 
the Computing Laboratory, General Electric Company, Philadelphia, Pennsy]l- 
vania. 

Mr. Willard Draisin, formerly a student at Brooklyn College, is employed as 
a staff member of Lincoln Laboratories, Lexington, Massachusetts. 

Dr. Jacqueline P. Evans of Smith College has been appointed to an assistant 
professorship at Wellesley College. 

Professor S. H. Gould of Williams College has been appointed Executive 
Editor of Mathematical Reviews. 

Mr. E. P. Graney is employed as an analyst by the Westinghouse Electric 
Corporation, Kansas City, Missouri. 

Dr. R. C. Gunning of the University of Chicago has been appointed a Hig- 
gins Lecturer at Princeton University. 

Dr. N. A. Hall, assistant dean of the College of Engineering, New York 
University, has been appointed Professor and Chairman of the Department of 
Mechanical Engineering of Yale University. 

Dr. Melvin Hausner of Brooklyn College has been appointed to an assistant 
professorship at Stevens Institute of Technology. 

Mr. F. E. Hazlett, previously a computer applications engineer at Libra- 
scope, Glendale, California, has a position as a computer applications engineer 
with the Royal Precision Corporation. 

Mr. Simon Hellerstein, formerly a graduate assistant at Syracuse University, 
has been appointed to an instructorship at the University. 
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Brigadier General Harris Jones, professor of mathematics and dean of the 
U. S. Military Academy, has retired. 

Mr. Edward Keegan, previously a graduate student at Kansas State Teach- 
ers College, is employed as a mathematician by the Coast and Geodetic Survey, 
Washington, D. C. 

Associate Professor L. G. Kelly of Clemson Agricultural College has been 
appointed a research scientist at Lockheed Missiles Systems Division, Mathe- 
matical and Computing Center, Palo Alto, California. 

Dr. A. V. Kozak, chairman of the Department of Mathematics and engineer- 
ing officer of Concord College, has been granted a leave of absence to do addi- 
tional graduate study and to work as a member of the operations research staff 
at the Glenn L. Martin Company, Baltimore, Maryland. 

Assistant Professor L. T. LaBorde of the University of the South has been 
appointed to an assistant professorship at the University of Cincinnati. 

Captain W. T. Lee, recently a teacher at Oklahoma Military Academy, has 
a position as a nuclear engineer with the Glenn L. Martin Company, Baltimore, 
Maryland. 

Mr. J. L. Lewis, Jr., has a position as an engineer for Westinghouse Electric 
Corporation, Baltimore, Maryland. 

Mr. B. W. Marks, formerly a teacher at San Jacinto Junior High School, 
Midland, Texas, has a position as an analytical chemist at Continental Oil 
Company, Westlake, Louisiana. 

Dr. Ceslovas Masaitis of the University of Tennessee has a position as a 
mathematician at the Ballistic Research Laboratory, Aberdeen Proving Ground, 
Maryland. 

Dr. L. F. McAuley of the University of Maryland has been appointed to an 
instructorship at the University of Wisconsin. 

Professor C. N. Mills of Augustana College has been appointed Visiting 
Lecturer at Florida State University. 

Dr. C. V. Newsom, formerly Executive Vice-President, has been elected 
President of New York University. Dr. Newsom served as Editor of this 
MONTHLY from 1947 to 1951. 

Dr. R. H. Owens, recently a mathematician at the Office of Naval Research, 
Washington, D. C., has been appointed to an assistant professorship at the 
University of New Hampshire. 

Dr. Edgar Reich of the Rand Corporation has been appointed to an assistant 
professorship at the University of Minnesota. 

Mr. L. A. Rife of Mississippi Southern College has been appointed to an as- 
sistant professorship at Clemson Agricultural College. 

Dr. P. D. Ritger of Stevens Institute of Technology has been promoted 
to an assistant professorship. 

Mr. D. H. Schmieder, formerly a graduate assistant at the University of 
Kentucky, is a physicist at the Army Ballistic Missile Agency, Huntsville, Ala- 
bama. 
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Miss Janet H. Scott (Mrs. Allsbrook), previously a graduate assistant at the 
University of South Carolina, is now a mathematician at the David Taylor 
Model Basin, Washington, D. C. 

Mr. R. M. Shank, formerly a graduate student at the University of Ken- 
tucky, is teaching at Nitro High School, West Virginia. 

Mr. G. J. Simmons, previously a graduate student at the University of Okla- 
homa, is employed as a research scientist at the Lockheed Missile Division, Van 
Nuys, California. 

Mr. R. L. Slater, Jr., formerly an assistant engineer for Chicago Midway 
Laboratory, Chicago, Illinois, is now an associate laboratory director at Bjork- 
sten Research Laboratories, Madison, Wisconsin. 

Dr. Paul Slepian of Brown University is employed now as a member of the 
technical staff of the Ramo-Wooldridge Corporation, Los Angeles, California. 

Assistant Professor R. W. Sloan of the University of New Hampshire has 
been appointed to an assistant professorship at Carleton College. 

Mr. R. A. Spong, previously a mathematician at the U. S. Navy Underwa- 
ter Sound Laboratory, New London, Connecticut, has accepted a position as 
a scientist-mathematician in the Special Projects Division of the Research and 
Development Department of the Electric Boat Division, General Dynamics 
Corporation, Groton, Connecticut. 

Mr. Vivian Spurgeon has been appointed to an assistant professorship at 
East Texas Baptist College. 

Dr. R. D. Stalley of Fresno State College has a position as a mathematician 
at the U. S. Naval Ordnance Test Station, China Lake, California. 

Mr. Robert Tates, recently a graduate student at Syracuse University, is 
now an engineer with the Glenn L. Martin Company, Baltimore, Maryland. 

Associate Professor H. E. Taylor of Florida State University is on leave dur- 
ing 1956-57 as a Carnegie Intern in General Education and is Visiting Associate 
Professor at the University of Chicago. 

Mr. Jack Warga of the Electro Data Corporation, Pasadena, California, is 
on leave of absence on a Chaim Weizmann Memorial Fellowship at the Weiz- 
mann Institute of Science, Rehovoth, Israel. 

Dr. Ti Yen of Lehigh University has been appointed to an assistant profes- 
sorship at Illinois Institute of Technology. 


President Emeritus F. C. Ferry of Hamilton College died on August 14, 
1956. He was a charter member of the Association. 

Professor Emeritus L. C. Karpinski of the University of Michigan died on 
January 25, 1956. He was a charter member of the Association. 

Professor Emeritus William Marshall, who was formerly Head of the De- 
partment of Mathematics of Purdue University, died on July 31, 1956. 

Sir Edmund T. Whittaker of Edinburgh, Scotland, died on March 24, 1956. 


THE MATHEMATICAL ASSOCIATION OF AMERICA 
Official Reports and Communications 


THE THIRTY-SEVENTH SUMMER MEETING OF THE ASSOCIATION 


The thirty-seventh summer meeting of the Mathematical Association of 
America was held at the University of Washington, Seattle, Washington, on 
Monday and Tuesday, August 20 and 21, 1956, in conjunction with the summer 
meetings of the American Mathematical Society, the Biometric Society, the 
Econometric Society, and the Institute of Mathematical Statistics. There were 
919 persons registered, including 303 members of the Association. 

Sessions of the Association were held on Monday morning and afternoon and 
on Tuesday morning in the Guggenheim Auditorium of the University of Wash- 
ington. President W. L. Duren and former Vice-President F. L. Griffin presided 
on Monday morning, Professor W. A. Golomski on Monday afternoon, and 
Vice-President G. B. Price and President Duren on Tuesday morning. The 
fifth series of Earle Raymond Hedrick Lectures was delivered by Professor 
J. C. Oxtoby of Bryn Mawr College. The Program Committee for the meeting 
consisted of C. R. Wylie, Jr., Chairman, C. L. Clark, W. A. Golomski, and F. E. 
Hohn. 


FIRST SESSION OF THE ASSOCIATION 


The Earle Raymond Hedrick Lectures: “Category and Measure”; Lecture I, 
by Professor J. C. Oxtoby, Bryn Mawr College. 

“The Metropolitan New York Mathematical Competition,” by Professor 
W. H. Fagerstrom, City College of New York. 

“The Stanford University Competitive Examination in Mathematics,” by 
Professor H. M. Bacon, Stanford University. 

“The William Lowell Putnam Mathematical Competition,” by Professor 
L. E. Bush, Kent State University. 


SECOND SESSION OF THE ASSOCIATION 


Hedrick Lecture II, by Professor Oxtoby. 

“Dynamic Programming,” by Dr. Richard Bellman, Rand Corporation. (By 
title.) 

“The Practice of Mathematics,” by Dr. R. E. Gaskell, Boeing Airplane Co. 

“Games of Survival,” by Dr. L. S. Shapley, California Institute of Technol- 
ogy. 
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THIRD SESSION OF THE ASSOCIATION 


Hedrick Lecture III, by Professor Oxtoby. 

Business Meeting of the Association. 

“Report from the Commission on Mathematics of the College Entrance Ex- 
amination Board,” by Dean A. E. Meder, Rutgers University, and Professor 
G. B. Thomas, Massachusetts Institute of Technology. 


MEETING OF THE BOARD OF GOVERNORS 


The Board of Governors of the Association met on Monday evening in the 
lounge of McKee Hall in the Women’s Residence Hall, with twenty members 
present. Among the more important items of business transacted were the 
following: 

The Board voted to accept the resignation of Professor Ralph Hull as Gov- 
ernor from the Indiana Section and elected Professor P. D. Edwards of Ball 
State Teachers College to the Board for the balance of the unexpired term. 

The Secretary-Treasurer was instructed to prepare amendments to the By- 
Laws to be voted on at the annual meeting of December 1956 providing for a 
more specific statement of the control of the Association over its sections, and 
for an increase in the annual dues to five dollars and in the dues of emeritus 
members who receive the MONTHLY to two dollars. The Board also voted to 
increase the annual subscription rate of the MONTHLY to $6 effective January 1, 
1957. 

It was voted to hold the Forty-first Annual Meeting at the University of 
Cincinnati and the Hotel Sheraton-Gibson, Cincinnati, Ohio, on Friday, Janu- 
ary 31, 1958. 

Professor Leo Zippin of Queens College was invited to deliver the Hedrick 
Lectures at the 1957 Summer Meeting. 

Approval was voted for the holding of a meeting for the organization of a 
New Jersey Section of the Association, at which tentative by-laws are to be 
adopted and officers elected. 

The Board voted that the Association will sponsor an annual contest in 
mathematics for secondary school students in the United States and Canada, 
the first such contest to be held in 1958 under the supervision of a standing com- 
mittee on High School Contests. 


BUSINESS MEETING OF THE ASSOCIATION 


At a business meeting held on Tuesday morning, announcement was made 
that a grant of $1,250 had been received from the National Science Foundation 
for the support of the work of the Committee on Mathematical Personnel and 
Education. It was also announced that the membership of the Association was 
6,461 on August 6. 

The following committee chairmen reported on the work of their respective 
committees: B. W. Jones for the Committee on Visiting Lecturers; W. L. Duren 
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for the Committee on the Undergraduate Program in Mathematics; G. B. Price 
for the Committee to Study the Activities of the Association; Tomlinson Fort 
for the Committee on Mathematical Personnel and Education; R. P. Bailey on 
High School Contests; and J. S. Frame for the Committee on Employment Op- 
portunities. 


MEETING OF SECTION OFFICERS 


A meeting of officers of the Sections of the Association was held on Tuesday 
evening in the lounge of McKee Hall. About thirty persons were present repre- 
senting 22 of the 26 sections. 

Among the topics discussed were the various types of contests now being con- 
ducted by the sections, the recruitment of college mathematics teachers, revision 
of the undergraduate mathematics curriculum, and programs of sections. Em- 
phasis was placed on traveling lectureships and other contacts with high school 
teachers and students in order to make known the many professional opportuni- 
ties now open to mathematicians. 


MEETINGS OF OTHER ORGANIZATIONS 


The American Mathematical Society held its sessions from Tuesday after- 
noon through Friday afternoon. The colloquium lectures on “Harmonic analysis 
and probability” were delivered by Professor Salomon Bochner of Princeton 
University. 

Meetings of the Biometric Society, the Econometric Society, and the Insti- 
stitute of Mathematical Statistics were also held during the week of August 20. 


ARRANGEMENTS, ENTERTAINMENT, AND RECREATION 


The Committee on Arrangements for the meeting consisted of: A. E. Liv- 
ingston, Chairman; R. A. Beaumont, Z. W. Birnbaum, D. G. Chapman, D. B. 
Dekker, H. M. Gehman, V. L. Klee. 

Registration headquarters was in the Student Union Building of the Univer- 
sity of Washington. The Employment Register and the Book Exhibit were on 
display in the Union Building. Dormitory accommodations were available in the 
Women’s Residence Hall and meals were served in the Union. 

The facilities of the Officers’ Club at the Sand Point Naval Air Station were 
available for an informal party on Tuesday evening. A salmon bake was held on 
Wednesday afternoon and evening at Seward Park. A boat cruise along the 
Seattle waterfront and around Bainbridge Island was held on Thursday. 

A motion prepared by Professor Tomlinson Fort was adopted by the five 
mathematical organizations, expressing thanks to the members of the Depart- 
ment of Mathematics of the University of Washington and to the ladies of the 
department for their labor with hand and heart for the comfort and happiness 
of the visiting mathematicians. 

H. M. GEHMAN, Secretary-Treasurer 
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NEW MEMBERS 


Professor H. M. Gehman, Secretary-Treasurer, announces that the following 
44 persons have been elected to membership by the Board of Governors on ap- 


plications duly certified. 


R. L. ADLER, A.M.(Columbia) United States 
Army. 

E. A. ANDERSON, JR., Student, Lebanon Valley 
College. 

SEYMOUR BAcHMUTH, B.S. (Brooklyn) 
lyn, New York. 

D. J. BoEpIcKER, B.S.(LeMoyne) Instrument 
Engr., International Business Machines 
Corp., Poughkeepsie, N. Y. 

B. R. Buzsy, B.S.(Antioch) Grad. Student, 
Indiana University. 

A. A. Caporaso, M.S.(N.Y.U.) Math., Inter- 
national Business Machines Corp., New 
York, N. Y. 

JULIANNE COLLINs, Student, Cardinal Stritch 
College. 

C. M. Conpit, Student, Idaho State College. 

W. M. CunnEA, S.M.(Chicago) Teaching 
Asst., University of Chicago. 

F. C. DESua, Ph.D.(Pittsburgh) Asst. Pro- 
fessor, University of Pittsburgh. 

A. J. GRUBER, Student, Kent State University. 

S. M. HENDLEY, M.A. (South Carolina) Engr., 
Westinghouse Electric Corp., East Pitts- 
burgh, Pa. 

P. G. HeypA, B.S.(London) Math., deHavil- 
land Aircraft Co., Hatfield, Herts, Eng- 
land. 

Mrs. ALicE A. HUFFMAN, Student, University 
of California, Riverside. 

J. P. JAcos, M.A.(Columbia) Teacher, St. 
Luke’s School, New Canaan, Conn. 

W. J. Kevsey, B.A.(Hunter) Junior Actuary, 
State Insurance Fund, New York, N. Y. 

M. J. Kemp, Student, University of Utah. 

FRANK LEVIN, Ph.D. (Cincinnati) Asst. Pro- 
fessor, University of Kentucky. 

SapiA M. Makxy, M.S. (Queen Alia C., Iraq) 
Grad. Student, Indiana University. 

H. W. MARTIN, B.A. (West TexasS.C.) Teach- 
er, Clarendon Junior College, Texas. 

G. E. McCune, B.A.(Kansas) Pvt., United 
States Army, Fort Bliss, Texas. 

D. S. McManus, B.S.(Columbia) Asst. Pro- 
fessor of Engineering, Norwich University. 


Brook- 


E. G. McNig.t, M.S.(DePaul) Instr., DePaul 
University. 

E. W. MEBNER, B.S.(Case I.T.) Res. Engr., 
National Cash Register Co., Hawthorne, 
Calif. 

E. L. MESSERE, Student, University of Rhode 
Island. 

C. E. MiLiter, Ph.D.(Chicago) Res. Math., 
California Research Corp., Richmond, 
Calif. 

G. H. Paviaxkos, M.S.(DePaul) Asst. Profes- 
sor, Elmhurst College. 

GEORGE PEPPERDINE, II, Student, George Pep- 
perdine College. 

RONALD PyYKE, M.S.(Washington) Res. Asst., 
University of Washington. 

THEODOR RANOov, Dr.Ing. (Technical U., Ber- 
lin) Professor of Engineering, University 
of Buffalo. 

L. E. REYNoLps, M.Ed. (Alfred) Chairman of 
the Department of Mathematics, State 
University of New York, Agricultural and 
Technical Institute, Alfred. 

W. C. Rounps, Math. Instr., Ford Apprentice 
Training School, Chicago, III. 

R. M. Scamurra, B.A. (Buffalo) Junior Math., 
Cornell Aeronautical Lab., Buffalo, N. Y. 

S. H. Scaot, M.A.(Maryland) Res. Asst., 
University of Maryland. 

H. M. Scoriretp, B.Ch.E. (Cornell) Chemical 
Engr., Linde Air Products, Buffalo, N. Y. 

DonnaA J. SEAMAN, B.S.(Washington) Physi- 
cist, U. S. Naval Proving Ground, Dahl- 
gren, Va. 

PEpRO SEN, B.S.E.E.(Mapua I.T.)  Instr., 
University of Santo Tomas, Manila, Philip- 
pines. 

SEYMOUR SHERMAN, S.M.(Harvard) Staff 
Member, Dian Labs., New York, N. Y. 

E. E. SHutt, B.A.(Southern Illinois) Res. 
Asst., Biological Research Lab., Southern 
Illinois University. 

R. S. Sprra, Student, University of California, 
Berkeley. 

THomAs THEOCLITUS, B.S.(Ohio U.) Dynam- 
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ics Engr., Bell Aircraft Corp., Niagara Mrs. Mary K. TuLockx, M.A.(George Pea- 


Falls, N. Y. body) Asst. Professor, California State 
G. P. TrIcoLes, A.B.(U.C.L.A.) Res. Engr., Polytechnic College. 

Convair Division, General Dynamics L. A. WELLER, M.A.(Toronto) Physicist, 

Corp., San Diego, Calif. Foster Wheeler Corp., New York, N. Y. 


THE MAY MEETING OF THE WISCONSIN SECTION 


The twenty-fourth annual meeting of the Wisconsin Section of the Mathe- 
matical Association of America was held at Marquette University, Milwaukee, 
Wisconsin, on May 7, 1956. Professor A. C. Moeller, Chairman, presided. There 
were 66 present, including 41 members. 

The following officers were elected for the coming year: Chairman, Mr. C. J. 
Vanderlin, Jr., Wisconsin State College, Whitewater; Vice-Chairman, Mr. 
Joseph Kennedy, Wisconsin High School, Madison; Secretary-Treasurer, Sister 
Mary Felice, Mount Mary College, Milwaukee. 

The following papers were presented: 

1. Probability and statistics in general education, by Professor J. V. Talacko, 
Marquette University, Milwaukee. 


Mathematical probability and statistics are an important part of general education. Statistics 
is a coherent, uniform, mathematical science based on the laws of probability. Institutions of 
higher learning should have in their curriculum courses in probability and statistics having two 
objectives: (1) to give students basic instruction in the concepts and methods of statistics, so they 
may be able to understand statistical reasoning and be able to apply its methods in the fields of 
their specialization; (2) to train professional, applied or theoretical statisticians. 

The number of courses will depend on the size of the institution and on the determination of 
objectives. 


2. What is a surface? by Professor L. C. Young, University of Wisconsin, 
introduced by Professor R. C. Wagner. 


The basic notion, originating with Sophus Lie, is that of a weighted set of pairs x, J(x), where 
x is a point and J(x) determines a positively oriented plane element through x. A surface is defined 
as such a weighted set subject to an irreducibility condition (akin to connectedness) and a boundary 
condition. It is derivable from a traditional surface of finite type by an arbitrarily small modifica- 
tion in area. The definition is sufficiently general to ensure, for the first time, the existence of a 
solution to Plateau’s problem without restrictions of topological type. More general weighted 
sets define “generalized” surfaces. 


3. Geometries, by Mr. C. J. Vanderlin, Jr., Wisconsin State College, White- 
water. 


The paper presented a brief survey of various geometries and their relationships. An outline 
of Artin’s proof that a projective plane can be co-ordinatized over a division ring if and only if 
Desargue’s theorem is satisfied was given. This division ring is commutative if and only if the 
Pappus-Pascal theorem is satisfied. Following Klein’s Erlanger program, affine, unimodular affine, 
euclidean, metrical, and non-euclidean geometries were presented as sub-geometries of projective 
geometry. 
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4. The Science Teaching Improvement Program of the American Assoctation 
for the Advancement of Sctence, by Dr. J. R. Mayor, Director of Program, Wash- 
ington, D. C. 

Professional scientific organizations are now more deeply concerned about science and mathe- 
matics education in the secondary schools than at any other time in this century. Scientists recog- 
nize that they have a responsibility for the improvement of secondary-school teaching which has 
not been adequately met. Throughout the nation there is evidence of new interest in teacher educa- 
tion and of a desire on the part of college and university staff members in academic departments 
to cooperate with secondary-school teachers and administrators in improving secondary-school 
programs. If this interest and spirit of cooperation can be properly coordinated and fostered, 
desirable modification of some goals and trends in secondary education that have been questioned 
by scientists could result, 


5. Special Mathematics Programs 

a. Report by Professor P. C. Rosenbloom, University of Minnesota. 

Since April, 1955, special programs in mathematics have been conducted for superior high 
school, and even younger, students with special classes weekly, one for high school students, one 
for junior high, and some for 4th to 6th grade children. Attendance is purely voluntary, but has 
consistently averaged 40 in the first two groups and 20 in the third. This program was set up with 
the cooperation of H. O. Jackson, recently appointed consultant in mathematics to the Min- 
neapolis public school system, and F. Roessel, principal of Lincoln Junior High School. The im- 
portance of having people in the school systems with primary responsibility for the gifted students 
was stressed. 


b. Report by Mr. Joseph Kennedy, Wisconsin High School, Madison. 


Mr. Kennedy described briefly an experimental twelfth grade course at Wisconsin High 
School. This course included a number of topics from modern mathematics; the text was Principles 
of Mathematics by Allendoerfer and Oakley. It is difficult to draw conclusions from one year’s 
work, but it appeared that students grasped abstract ideas easily, their approach to problems 
became less inhibited, they displayed knowledge of important concepts, and they found the course 
an enjoyable experience. This teacher believes that almost any twelfth grade class would profit 
from a course based on this text, although some topics would have to be omitted for a less able 


group. 


7. A universal metric for experimental sciences, Biological tume and gamma 
function, Elementary problems in theory and elasticity, On the geometry of Q=82?, 
by Professor Jose Gallego-Diaz, Special School of Agricultural Engineering, 
Madrid, Spain. (Presented by title.) 

SISTER MARY FELICE, Secretary 


ORGANIZATIONAL MEETING OF THE NEW JERSEY SECTION 


At a meeting of New Jersey mathematicians to be held November 3, 1956, 
at Rutgers University a motion to organize a New Jersey section of the Associa- 
tion will be entertained. 

Dean’ A. E. Meder, Jr., is temporary chairman; Professor C. A. Nelson is 
chairman of the committee on by-laws; Professor I. L. Battin is chairman of 
the nominating committee; and Professor D. R. Davis is chairman of the pro- 
gram committee. 

I. L. Battin, Temporary Secretary 


CALENDAR OF FUTURE MEETINGS 
Fortieth Annual Meeting, University of Rochester, Rochester, New York, 


December 29, 1956. 


Thirty-eighth Summer Meeting, Pennsylvania State University, University 
Park, Pennsylvania, August 26-27, 1957. 

The following is a list of the Sections of the Association with dates of future 
meetings so far as they have been reported to the Associate Secretary. 


ALLEGHENY MOvuNTAIN, Westinghouse Re- 
search Laboratories, Pittsburgh, Pennsyl- 
vania, Spring, 1957. 

Ituinois, Illinois State Normal University, 
Normal, May 10-11, 1957. 

INDIANA, May 4, 1957. 

Iowa, Iowa State Teachers College, Cedar 
Falls, April 26-27, 1957. 

KANSAS 

KENTUCKY, Berea College, Berea, April 20, 1957. 

LovuISIANA- MISSISSIPPI, Buena Vista Hotel, Bi- 
loxi, Mississippi, February 15-16, 1957. 

MARYLAND-DISTRICT OF COLUMBIA-VIRGINIA, 
College of William and Mary, Williams- 
burg, Virginia, December 1, 1956. 

METROPOLITAN NEW YORK 

MICHIGAN, Wayne University, Detroit, March 
23, 1957. 

MINNESOTA 

MissourI, Southeast Missouri State College, 
Cape Girardeau, Spring, 1957. 

NEBRASKA, University of Nebraska, Lincoln, 
April 27, 1957. 

NEw JERSEY, Organizational Meeting, Rutgers 
University, November 3, 1956. 


NORTHEASTERN, University of Connecticut, 
Storrs, November 24, 1956. 

NORTHERN CALIFORNIA, University of Califor- 
nia, Berkeley, January 12, 1957. 

OHIO 

OKLAHOMA 

Paciric NorRTHWEST, Oregon State College, 
Corvallis, June, 1957. 

PHILADELPHIA, Muhlenberg College, Allen- 
town, Pennsylvania, November 24, 1956. 

Rocky Mountain, Colorado School of Mines, 
Golden, Spring, 1957. 

SOUTHEASTERN, Emory University, Emory 
University, Georgia, March 15-16, 1957. 

SOUTHERN CALIFORNIA, San Diego State Col- 
lege, Spring, 1957. 

SOUTHWESTERN, University of Arizona, Tucson, 
April, 1957. 

Texas, University of Houston, Houston, April, 
1957. 

UprerR New York Strate, Skidmore College, 
Saratoga Springs, May 4, 1957. 

WISCONSIN, Wisconsin State College, White- 
water, May, 1957. 


THE CARUS MATHEMATICAL MONOGRAPHS 


These Monographs are a series of expository books intended to make topics in pure and 
applied mathematics accessible to teachers and students of mathematics and also to non-specialists 
and scientific workers in other fields. One copy of each Monograph may be purchased by members 
of the Association for $1.75 each. Additional copies and copies for non-members of Monographs 
1-8 are priced at $3.00 each, and must be purchased from the Open Court Publishing Co., LaSalle, 
Illinois. In the case of Monographs 9, 10 and 11 additional copies and copies for non-members must 
be purchased at $3.00 from John Wiley and Sons, 440 Fourth Ave., New York 16, N. Y. The most 


recent issues are: 


No. 4. Projective Geometry by J. W. Young, ix 
+185 pages. 

No. 5. History of Mathematics in America before 
1900 by D. E. Smith and Jekuthiel Gins- 
burg, viii+210 pages. 

No. 6. Fourter Series and Orthogonal Polyno- 
mials by Dunham Jackson, xiv-+234 pages. 

No. 7. Vectors and Matrices by C. C. MacDuf- 
fee, xi+192 pages. 


No. 8. Rings and Ideals by N. H. McCoy, xii 
+216 pages. 

No. 9. The Theory of Algebraic Numbers by 
Harry Pollard, xii-+143 pages. 

No. 10. The Arithmetic Theory of Quadratic 
Forms by B. W. Jones, x +212 pages. 

No. 11. Irrational Numbers by Ivan Niven, 
xii-+164 pages. 


METALS RESEARCH LABORA TORIES 
ELECTRO METALLURGICAL COMPANY 
Requires 


OPERATIONS RESEARCH ANALYST 
RESEARCH MATHEMATICIAN 


To work in a closely knit operations research type group of an expanding metallurgical and 
process research laboratory. Studies to be made of the allocation of resources and effort 
among various research projects. Evaluate new areas of interest and examine various opera- 
tions of both Laboratories and Company to determine fields in which operations research 
might be fruitfully applied. High speed computing equipment available. 


OPERATIONS RESEARCH ANALYST: Ph.D. in operations research or equivalent with 
M.S. or B.S. in Engineering, Physical Science, or Mathematics. To set up mathematical 
models for both economic and physical processes. Linear, quadratic and dynamic programming 
as well as inventory smoothing and statistical prediction and other techniques. No industrial 
experience necessary. 


RESEARCH MATHEMATICIAN: Ph.D. in Mathematical Physics or applied mathematics 
with B.S. in Physics or related discipline. To set up mathematical models for computation, 
assist experimentalists in setting up data reduction schemes for computer or in other methods 
of analyzing experimental results mathematically as well as in setting up experimental de- 
signs, Originate the application of new techniques for these purposes. Several years of ex- 
perience in applied mathematics, mathmatical physics or operations research desirable but not 
essential for the right man. Please send resume including salary desired to J. L. Lamont, 
Personnel Administrator, Metals Research Laboratories, Electro Metallurgical Company, 
P.O. Box 580, Niagara Falls, New York. 


COMPUTER PROGRAMMERS 
BS. MS. PhD. 


Opportunities in Florida’s Playground Area 


UNIVAC SCIENTIFIC 
DATATRON .......... 


If you are interested in improving your living and working conditions you are invited 
to investigate the opportunities afforded by Vitro in Florida’s Playground Area. The Play- 
ground Area is located on the Gulf Coast of Florida at Fort Walton Beach. It is primarily 
a summer resort although winters are mild with temperatures seldom descending to the 
freezing level. All of the usual beach water sports such as water skiing, boating, swim- 
ming and fishing are prevalent. This area also offers excellent hunting and boasts a fine 
golf course. The Playground Area has a population of approximately 25,000. 


Programmers who are interested in diversified and challenging assignments evaluating 
the latest developments in rockets, bombs, fire control and bombing systems, produced by 
industry, are invited to contact: 


VITRO LABORATORIES 
EGLIN AIR FORCE BASE 
FLORIDA 


Similar positions also available at Vitro’s Laboratories at West Orange, New Jersey, 
and Silver Spring, Maryland. 


MATHEMATICIANS 


' 
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For Analysis Group of expanding research and 
development laboratory. Principal fields of 
interest are: weapons systems analysis, 
peacetime applications of atomic energy, and 
operations research. Several openings are 
available. 


1 To carry out studies in OPERATIONS RESEARCH. 
Familiarity with probability theory, linear 
programming, game theory, information theory, 
optimization procedures, and other OR 
techniques very desirable. 


2 To perform operational analyses requiring extensive 
background in aerodynamics and exterior ballistics. May also 
investigate problems dealing with missile fire control 
and navigational systems. Familiarity with 
digital computer programming desirable. 


3 To conduct investigations in the fields of electromagnetic 
theory, acoustics, thermal and radiation effects. 


These openings require men with vision and initiative. Our 
modern laboratory provides a professional working atmosphere 
and the location in a quiet suburban area provides 

pleasant living and working with easy access to the cultural 
and educational facilities of New York City. 


All inquiries in confidence. Please send resume, 
including salary desired, to Personnel Manager. 


VITRO LABORATORIES 


Division of Vitro Corporation of America 


200 Pleasant Valley Way 
West Orange, New Jersey 


SYSTEMS ENGINEERING 


Openings now exist at BATTELLE in the following areas: 
MATHEMATICAL and STATISTICAL ANALYSIS 


DIGITAL and ANALOG COMPUTER PROGRAMMING 
and PROBLEMS ANALYSIS 


THEORETICAL PHYSICS 


NUCLEAR REACTOR POWER SYSTEM 
CONTROL 


CONTROL SYSTEMS ANALYSIS 


Employment on Battelle’s Systems Engineering staff assures an 
opportunity to engage in an activity of a professional nature. 
Advanced degrees are obtainable, at no cost to the staff mem- 
ber, through BATTELLE’S TECHNICAL EDUCATIONAL 
PROGRAM. OUTSTANDING BENEFIT PROGRAM includ- 
ing FOUR WEEKS VACATION after only five years employ- 
ment offered by this research organization employing 3,000, 
two-thirds of whom are engaged directly in the research effort. 


For descriptive material and technical application form, write to 


Russell S. Drum 
Technical Personnel Manager 
BATTELLE INSTITUTE 
905 King Avenue, Columbus 1, Ohio 


Fhe Second in a Series of Announce- 
ments on Progressive Expansion of 
Program and Facilities in Mathematics 
at the Knolis Atomic Power Laboratory: 


GENERAL ELECTRIC'S 


KNOLLS ATOMIC POWER LABORATORY 


IT IS NOW DOUBLING THE 
STAFF OF MATHEMATICIANS FOR ITS 


MODERN MATHEMATICAL CENTER 


The steadily advancing nuclear program 
at Knolls Atomic Power Laboratory calls 
for new and imaginative departures in 
mathematics — ranging from the most ab- 
struse formulations of fundamental prob- 
lems to the digital solution of physical 
problems. To meet the consequent expan- 
sion of its Mathematical Analysis Program, 
the Laboratory plans to increase signifi- 
cantly the number of qualified mathema- 
ticians now at work here— enough new 
openings have been created, in fact, to 
more than double the present mathema- 
tical staff. Mathematicians at all degree 
levels are invited to join this expanding 
program. 


As previously announced, a modern build- 
ing is now under construction, principally 
for the use of mathematicians and physi- 
cists. This Center will be equipped with the 
finest of facilities, including digital com- 
puters that rank among the most powerful 
available. Here mathematicians, working 
both independently and in association with 
theoretical and experimental physicists, will 


cnjoy an atmosphere in which the creative 
mind may find its full fruition, 


As members of the Mathematical Analysis 
Unit, they will participate in the formula- 
tion of theories to describe new physical 
situations now being encountered, in eval- 
uating these theories and adapting them 
to numerical solution by digital computers, 
and in evaluating reactor designs. Design 
evaluations will focus on the calculated 
behavior of mathematical models and will 
employ the most modern techniques in 
computer programming. The nature and 
complexity of these operations call for cre- 
atively new approaches and fundamental 
advances in these techniques. These mathe- 
maticians will also have the opportunity to 
deal with basic research in physics, chem- 
istry, metallurgy and many other aspects 
of nuclear science. 


The program at the Knolls offers the atmos- 
phere, the equipment, the richness of sub- 
ject matter and the material benefits con- 
ducive to a satisfying career in applications 
of mathematics. 
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PREFACE 


The author of this paper claims no originality for either the method or the 
geometric results presented. He is attempting an elementary exposition of a 
method of handling certain types of problems in plane Euclidean geometry. 
The method was used by Professor Frank Morley in a number of papers pub- 
lished just before and after the turn of the century, and some explanation of it 
is given in the second part of his book on Inversive Geometry. Morley passed the 
method on to his students at Johns Hopkins University, and some of them have 
made use of it in papers appearing in this MONTHLY, the American Journal of 
Mathematics and other periodicals. 

The method is, in the opinion of the author, sufficiently simple for presenta- 
tion to undergraduates with only the first course in calculus and an interest in 
mathematics as prerequisites; and the material of this paper is based largely on 
notes for a one-semester course which the author gave several times at Cornell 
University to mixed classes of undergraduate and graduate students. The paper 
is addressed to that level of mathematical maturity. 

The intention is to present the method rather than geometric results. Most 
of the latter may be found in books using synthetic methods, such as Altshiller- 
Court’s College Geometry or Johnson’s Modern Geometry. Such books will furnish 
the interested reader with further geometric theorems the proof of which will 
be good exercises in the use of conjugate coordinates. 

The author wishes to acknowledge the help of Professor Howard Eves, who 


read the manuscript and made a number of helpful suggestions. 
W. B. C. 


Chapter I 
COMPLEX NUMBERS AND THEIR GRAPHICAL REPRESENTATION 


1.1. We first call the attention of the reader to certain facts, probably al- 
ready familiar to him, about complex numbers and their graphical representa- 
tion in the plane. 

A complex number a is a number of the form a+726, where a and £ are real 
and 27=1. The same complex number may be expressed in two other forms, 
thus 


a =a + iB = p(cos 6 +i sin 6) = pe*,* 


where p and @ are real numbers, p20, and cos 9, sin 6 mean the cosine and sine 
of an angle of @ radians; and we have the relations 


___ a B 
= 2-+ B2, cos § = -—— sin @ = ————————— 
(1.11) 4" vere Va? + BP Va + BP 
a = pcos 6, B = psin 6. 


If ais zero, a=B=p=0, and @ is any real number whatever. For a given complex 
number not zero, a, 8, and p are uniquely fixed, but @ may have any one of an 
infinite set of values differing from each other by multiples of 27. We call p the 
absolute value (or modulus) of a, and @ the amplitude of a, and we write 


p= lal, 6 = amp a. 
If two complex numbers, 

Qi = a1 + 7B1 = pie 
and 

dy = a2 + iB, = pre™, 
are equal, we must have 
(1.12) a =a, and Pf; = Bf; 
and also 
(1.13) either pi = po = 0, 

or pi = po # O 
with 6; and 6, equal or differing only by a multiple of 27. 
"—* The relation 

e® =cos 0-+4 sin 6 


may be regarded as the definition of e*®. See D. R. Curtiss: Analytic Functions of a Complex Varia- 
ble, p. 51; and Goursat-Hedrick: Mathematical Analysis, vol. II, part I, p. 25. 
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2 THE CONJUGATE COORDINATE SYSTEM 


1.2. A one-to-one correspondence is established between complex numbers 
and the points of a plane as follows. Let a polar coordinate system be superposed 
on a rectangular Cartesian system with the polar axis coinciding with the posi- 


Fic. 1 


tive end of the x-axis. Then the complex number a corresponds to the point 
whose Cartesian coordinates are (a, 8) and polar coordinates are (p, 8), @ in 
radians. We may then speak of the point a, meaning the point corresponding to 


sath 
a 
b 
b 
oO 


QZ oO 


sa—-b 
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the complex number a in the above sense. The points a and —a are symmetric 
with respect to the origin. 

We shall also make use of a correspondence between complex numbers and 
vectors in the plane. The complex number a corresponds to the vector having 
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the length and direction of the vector from the origin to the point a. (We use 
vector in the sense of a free vector, the vector being uniquely determined by its 
length and direction without regard to the position of its initial point.) Because 
of this correspondence we may speak of the vector a. The usual graphical addi- 
tion and subtraction of vectors will correspond to the algebraic addition and 
subtraction of the complex numbers. Frequent use will be made of the fact 
that the vector from the point b to the point a is the vector (a—b). 


1.3. The notation @ will be used to indicate the complex number conjugate 
to d, 1.€., 


if a=a+is = pe®, 
then d@ =a — iB = pe~”, 


The point @ is the reflection of the point a in the x-axis. The sum and the prod- 
uct of two conjugate complex numbers, a+é and aéd, are always real, and 
ag=0. The real numbers a, B, p and 8 may be expressed in terms of a and é@ as 
follows: 


(1.31) 


zo) 
l 
< 
Q 
=) 
La) 
l 
| 
© 
— 
° 
0g 
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If a=d, B=0 and a is real. 

If R(z) is a rational function of z, R(z) will indicate the function obtained 
by replacing each coefficient in R(z) by its conjugate. Then the conjugate of 
R(a) is R(4). 


1.4. If & is real and not zero, the direction of the vector ka is the same as, 
or opposite to, that of the vector a according as k is positive or negative; and the 
length of the vector ka is |#| times that of the vector a. 

If the complex number 0 is multiplied by the complex number a=pe*, the 
vector ab corresponding to the product is obtained graphically by turning the 
vector ) through an angle @ and stretching (or contracting) it to p times its 
original length. If p=1, so that a=e”, the vector ab is obtained by merely 
turning the vector ) without changing its length. For this reason a complex 
number of the form e”, with absolute value unity, will be called a turn, and will 
usually be represented by the letter ¢. A turn corresponds to a point on the unit 
circle or to a vector of unit length. Since /ti=1, [=1/t, i.e., the conjugate of 
a turn is its reciprocal; and, conversely, if d=1/a, then a and dé are turns. The 
product of two or more turns is a turn, and if ¢ is a turn then ?#” is a turn for any 
real x. The quotient of any number by its conjugate is a turn, a/d=t, and 
amp ¢=2 amp a. 
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1.5. If ¢=e"%=cos 6-7 sin 0 and m is real, then 
(1.51) im = (e%)™ = etm) = cos m6 + i sin mé.* 
Putting m=1/n, n an integer greater than 1, we have 
iin = (ei#)Un = gidln, 


and for a particular value of 8 this gives one of the mth roots of t. But if we write, 
as we may, 


t = eters) s any integer, 
we have 
filn =_ ei(Gt2rs)/n 
and for s=0, 1, 2,---, 2—1, this gives the n different nth roots of t, all of 


them turns. The graphical representation of these 7 roots is interesting. The turn 
¢ corresponds to a point on the unit circle with amplitude 0, 0<@S 27. The point 
on the unit circle with amplitude 0/n will correspond to one of the zth roots of ft. 
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With this point as one vertex, a regular polygon of 2 sides may be inscribed in 
the circle, and the vertices of this polygon will correspond to the z different mth 
roots of ¢. 

If t=1 we have the important case of the uth roots of unity, roots of the 
equation 2”= 1, represented by the 7 vertices of a regular m-gon with one vertex 
at the point 1. If e=e?*/", the n different nth roots of unity are 


é, é’, é§, mse fy el é”, (e” = 1) 


* The trigonometric relation 
(cos 0+2 sin 0)"™=cos m@-+7 sin mé 
for m a positive integer is known as De Moivre’s theorem, and is found in many textbooks in College 
Algebra and Trigonometry. 
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and the sum of these z roots is zero. Certain relations among them are quite 
obvious either algebraically or graphically. For instance 


ee tn — e* 
1 
— = cb = ert, 
e* 
If n is even, e”/2= —1, and —e®#=ehtn/2, 


We shall make considerable use of the three cube roots of unity, 
1, w = erril3, a 


which satisfy the relations 


1+w+? = 0, 
(1.52) — 1 — 1 
yo=— = 1 wo = — = w. 
w w? 


The xn different nth roots (” a positive integer) of any complex number 
a=pe" are, similarly, 


XY peiO+2ns)in, 5 = 0, 1, 2, rn t/a 1, 


where %”p means the positive mth root of the positive number p; and these n 
roots correspond to the vertices of a regular z-gon inscribed in a circle of radius 
«/p with center at the origin. 


1.6. To define the (natural) logarithm of a complex number we agree that 
when g=e" then u=log g. Then since 


¢ = erOt2ns) s any integer, 


we have log t=2(9-+27s). Thus, for a fixed #, log ¢ has infinitely many values dif- 
fering from each other by multiples of 277, and 271s, for s any integer, is a loga- 
rithm of 1. 


1.7. We give some simple examples to show how methods using complex 
numbers and vectors may be useful in handling geometric problems in the plane. 

Two points A and B (Figure 4) are given by the complex numbers a and 8; 
and we wish to find the complex number ¢ corresponding to the point C on the 
segment AB which divides this segment in the given ratio m:n, m and n positive 
numbers. 

The vectors from A to C and from C to B correspond respectively to the 
numbers c—a and b—c. Then since these vectors have the same direction (see sec- 
tion 1.4), we have 
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m 
— (6 — 6) 
n 


Nn 
| 
e 
ll 


= mb — mc 
(m + n)c = mb + na 


S 
i) 
| 
S 
Q 
| 


and 


mb + na 
m+n 


(1.71) ¢ = 
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As a particular case, the point 
a+b 
(1.72) C= 


is the mid-point of the segment AB. 

Using 1.72 and 1.71 one proves readily that if points a, b, c are the vertices 
of a triangle the point (a+b-+c)/3 is the centroid of the triangle (center of grav- 
ity, point of intersection of the medians). 

As another example, let us find the condition on the complex numbers a, ), ¢ 
such that the triangle with vertices at the three corresponding points may be an 
equilateral triangle with the vertices a, b, c in counterclockwise order. 

It is evidently necessary and sufficient that the vector a—c shall be equal to 
the vector c—b turned through an angle 27/3; that is 


a—c = erl3(¢ — 8), 
or 
a—c=w(c — D), 
and we have 


a+wbd — (1+ o)¢ = 0, 
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or (see 1.52) 


(1.73) at+wh+w%c = 0, 
as the required condition. 

Similarly, 
(1.74) a+ wb + we = 0 


is the condition that the points a, b, c should be the vertices of an equilateral 
triangle in clockwise order. 
The reader may use 1.73 to prove 


THEOREM 1.75. If on the sides of any triangle, equilateral triangles are con- 
structed outwardly, the centers of the equilateral triangles will be the vertices of an 
equilateral triangle. 


Chapter II 
THE CONJUGATE COORDINATE SYSTEM 


2.1. The geometry we shall study will be the real Euclidean geometry in the 
Euclidean plane. A rectangular Cartesian coordinate system is first set up, the 
Cartesian coordinates of any point in the plane being a pair of real numbers, 
(X, Y). The conjugate (or circular) coordinates, (x, y), of any point are then de- 
fined by the transformation 


s 


‘ee 


2.11 
( y= X —1V 


and we have the inverse transformation 


xX 


1 

7 (~ + ¥) 

(2.12) . 
Y 


1 Ge 
ye ~» 


Since X and Y are always real, x and y are always conjugate complex numbers. 
The origin is the point whose coordinates are (0, 0) in both systems. Either x or y 
alone is sufficient to fix the point (x, y), the coordinate x being the complex num- 
ber corresponding to the point in the sense explained in the preceding chapter; 
and we may designate a point as the point (x, y) or simply as the point x. 

The distance between the points (a, @) and (8, 6) is the length of the vector 
a—b, and is therefore (see 1.31) 


(2.13) d = (a — b)(é — B). 
Also the coordinates of the point which divides the segment from (a, a) to 
(b, 6) in the ratio m:n, m and n positive, are (see 1.71) 
(“" +mb na+ ~) 

m+n m+n 

2.2. We shall be interested in certain algebraic curves, curves which, in the 
Cartesian coordinate system, have equations of the form 
(2.21) P(X, Y) = 0, 
where P(X, Y) is a proper polynomial* in X and Y with real coefficients. From 
the form of the transformations 2.11 and 2.12 it is evident that such a curve will 
have an equation in the conjugate coordinate system, 
(2.22) p(x, y) = 0, 
where p(x, y) is a proper polynomial of the same degree as P(X, Y) but with 


(2.14) 


* We use the phrase “proper polynomial” in the sense of a polynomial of degree greater than 
zero, so that a constant (which is a polynomial of degree zero) is not a proper polynomial. 
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complex coefficients. But we will show that a proper polynomial equation in x 
and y does not correspond to a curve unless it satisfies certain conditions. 

We assume for the moment that the polynomial p(x, y) is irreducible, 2.e., 
that it is not the product of any two proper polynomials. If the equation 
b(x, vy) =0 represents a curve it must be satisfied by infinitely many conjugate 
pairs of values x1, 1, and if p(1, ¥1) =0 then also J(1, x1) =0. Thus the two equa- 
tions p(x, y) =0 and A(y, x) =0 would have infinitely many common solutions, 
and the polynomials p(x, y) and A(y, x) would have a common proper poly- 
nomial factor.* But since p(x, y), and therefore also A(y, x), is irreducible, it fol- 
lows that these polynomials are identical except for a possible constant factor, 
1.€., 


(2.23) PY, x) = AP(x, y), A a constant ~ 0. 


When this condition is satisfied we say that p(x, y) is a self-conjugate polynomial 
and that p(x, y) =0 is a self-conjugate equation. We have then shown that: 


If p(x, y) is an irreducible} polynomial, a necessaryt condition that p(x, y) 
= be the equation of a curve 1s that p(x, y) be self-conjugate. 


2.3. The equation of a straight line in conjugate coordinates will obviously 
be linear, ax-+by-+c=0; and since it must also be self-conjugate we must have 


Gy + bu + &€ = XNax + by + 0), 
or 
(2.31) a = db, b = da, € = XN, A = 0. 


Since a and 6 cannot both be zero, these conditions imply that nezther a nor b 
can be zero. Also, since é/b=b/a and ¢/a=c/b, it follows that a/b is a turn and 
that c/a and c/d are conjugates. 

Conversely, it is easily seen (by transforming to Cartesian coordinates) that 
the equation ax+by-+-c=0 always corresponds to a straight line when condi- 
tions 2.31 are satisfied. 

The equations x =0 and y=0 are not self-conjugate and hence do not rep- 
resent lines, and we do not speak of an x-axis or y-axis. Instead we make use of 
the axts of reals with the equation x —y =0, and the axis of pure imaginaries with 
the equation x-+y=0, and these are respectively the X-axis and Y-axis of the 
Cartesian system. 


* Bécher, Introduction to Higher Algebra, p. 211. 

t If p(x, y) is reducible it is not necessary that it be self-conjugate but only that one (or more) 
of its factors be self-conjugate. Thus 2ix?-—xy-+-<zy?= (2ix-+-) (x+y) is not self-conjugate but the 
factor x-+<y is, and x-+zy=0 is the equation of a line every point of which satisfies the equation 
2ix? —xy +-2y? =0. 

{ The condition is not sufficient except for polynomials of the first degree. Thus 

2xy —- ix +iy+4=0 
is a self-conjugate equation, but it is not satisfied by any pair of conjugate numbers x, y, and hence 
does not represent a curve. 


Chapter III 
THE STRAIGHT LINE 


3.1. A different approach to the straight line will illustrate methods to be 
used later in the treatment of other curves. 


~” 


FIG. 6 


By the reflex point of a line we shall mean the reflection of the origin in the 
line. If the line goes through the origin, the reflex point is the origin itself. Let 
r be the reflex point of a line not through the origin, r=pe*, p 0, and let x be 
a variable point on the line. Then the vectors x and x—r are of the same length, 
and we have 


x—r= ix, 
where ¢ is a turn running through all turn values (except the value 1) as the 


point x runs along the line. Solving for x we have 


r 


3.11 4 = . 
(3. 11) a 


Such an equation, expressing the x coordinate of a variable point on a curve 
as a function of a variable turn t, will be called a map equation of the curve. If 
x is equal to r/(1—t#), then the conjugate of x must be equal to the conjugate of 
r/(1—t); in other words, the map equation 3.11 implies the conjugate equa- 
tion 


(3.12) 1 ¢-1 


and 3.11 and 3.12 together give us a pair of parametric equations of the line. 
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Eliminating the parameter ¢ from the two equations, we obtain a self-conjugate 
equation of the line, 


tx + ry = 97. 
Since 730, we may divide by 7, obtaining 


7 
—a“x+y=?. 
r 


Now 7/r( =e7?*) is a fixed turn 7, and #=rr, and hence a self-conjugate equation 
of the line is obtained in the standard form 


(3.13) TH+ YY = TP. 
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If the line passes through the origin, ry =0, and certain steps in the above pro- 
cedure would not be valid. In this case let s be any point on the perpendicular 
to the line at the origin, s =pe”, p +0. We then have 


x—s=it(x-+s), 
or 


s(i + 2) 
4 = ——_— 


3.14 
(3.14) 1-t- 


as a map equation of the line. This implies the conjugate equation 


1 
s{1 —_. 
_ ( t *) _ 5¢+ 1) 
7“ 1 ¢t-1— 
1i-— 
t 
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and eliminating ¢t as before we have the self-conjugate equation 
Sx + sy = 0. 

Letting §/s=7, this becomes 
Tx + y = 0, 


which agrees with 3.13 when r=0. Hence equation 3.13 is a general standard 
form for any straight line, whether or not it goes through the origin. 

3.2. The turn 7 is called the clinant of the line, and it gives the orientation* 
of the line in somewhat the same way as the slope gives the orientation of a line 
in the Cartesian system. It will be helpful to the reader later if he will make 
himself thoroughly familiar with the relation between the clinant 7 of a line and 
the orientation of the line. The simplest way to see this relationship is to pic- 
ture it graphically. The following figure shows for certain values of the turn r 
segments of lines having the clinant r. It may be noted that as the turn 7 runs 
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completely around the unit circle counter-clockwise, the line segment with cli- 
nant 7 swings around clockwise through 180°. 

We now express this relationship analytically. Let @ be an angle through 
which the axis of reals may be turned to bring it into parallelism with the line 
Tx-+y=r7r. There are infinitely many such angles ¢, but always just one, ¢o 
such that OSq@o0 <7; and all other values of @ differ from ¢@o by multiples of 7. 


* We use the word orientation rather than direction, preferring to reserve the latter word for 
the thing indicated by a pointed finger or an arrowhead on a line. Thus “north” indicates a direc- 
tion and “south” a different direction. A line, or line segment, without an arrowhead on it has 
orientation but not direction; and two parallel lines or segments have the same orientation but may 
have different directions. 
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This angle @o is often called the inclination of the line. Since 
1 
— = gid, 
T 


we have 


1 
210 = log (—) = — log (7), 
T 


and 


1 
@= — —lo . 
- g (7) 
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Now when 
0S0<—, gw =0+-; 
when 
"<a c™, bo = 9 -— or dotr=0+—; 
2 2 2 2 
when 


3a 3a T 

— $90 < 2z, do =O9—-— or dgot2r=b0+—; 

2 2 2 
and hence there is always a value of @ such that 


o= 2 
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Then 
_t 1 log (1) 
ey 8 
1 
= — — [— wi t+ log (r)] 
21 
1 
=> [log (—1) + log (7) 
and hence 
(3.21) $= — log (—7). 


Since log (—7r) has infinitely many values differing by multiples of 277 (see 
section 1.6), the formula 3.21 gives the infinitely many values of ¢ differing from 
each other by multiples of 7, and one of these values is the inclination ¢o. This 
is similar to the situation in Cartesian coordinates where, the slope of the line 
being m, we have 


@ = tan! m. 
The reader may be interested in verifying the following relations between 


the slope m of a line in the Cartesian system (m real) and the clinant r of the 
same line in the conjugate coordinate system (7 a turn): 


i(r + 1) m+ 
iri) ED | 


r—l1 m—1 


(3.22) 


i 
tan! m = 7 log (—7). 


3.3 By the directed angle dy from a line l, to a line : we shall mean any an- 
gle through which the line 4, may be turned to bring it into parallelism with the 
line 2. There are infinitely many values of dy. differing from each other by mul- 
tiples of +. From 3.21 we see that the angle from a line with clinant 7, to a line 
with clinant 72 is 


1 1 
die = 7 log (—72) — 7 log (—71) 


or 


4 72 
(3.31) ba = — log (=) , 


71 
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Evidently two lines are parallel if 7; =72. If the lines are perpendicular we have 


Tv 
ox = a + xs, s any integer, 
4 ' (=) v 4 
— log {—]} = — S, 
2 8 T1 2 * 


72 
log (=) = — mt — Qrs1, 
TI 


8 gil—1—200) 
— = et—r—278 = — I, 
71 

Tt = — Ti. 


Hence two lines are perpendicular when the clinant of one is the negative of the 
clinant of the other. This is a relation we shall use frequently. 

The reader may verify that if the self-conjugate equations of two non-paral- 
lel lines are solved simultaneously, the resulting solutions for x and y will al- 
ways be conjugates. If either or both of two self-conjugate equations is of de- 
gree higher than one the solutions for x and y may or may not be conjugates. 

If 7, and 72 are the clinants of two intersecting lines, and 7; is the clinant 
of either of the bisectors of the angles between the lines, we must have 


T1 T8 


T3 T2 


Hence the clinants of the two bisectors must be 


(3.32) t= + Vim. 


3.4. Because of the linear form of the equation of a line, ax-+by-+c=0, it 
follows at once that the line through the two points (x1, yi) and (xe, ye) has the 
equation 


x y il 
(3.41) % yw 1| =0, 
ve yo Il 
or 
(91 — ya)e — (%1 — w2)y + diye — way = 9, 
or 
nme _ vive 7 %2y1 


X1 — Xe X1 — Xe 
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Hence we see that the clinant of the line through the points (1, yi) and (xe, ye) 
is 


(3.42) T= 
Also it is obvious at once that the equation of the line having the clinant 7 

and passing through the point (x1, 41) is 

(3.43) Te by = TH + ML 


3.5. Let rx -+y=rr be the equation of a given line, and (x, 91), (x2, y2) two 
points satisfying the condition 


(3.51) THX ye = TT. 
This implies also the conjugate relation 


7 
my =r 


or 


(3.52) 
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Adding 3.51 and 3.52 and dividing by 2, we have 


(==*) 4 (* +) = or, 
2 2 


which shows that the mid-point of the segment from x; to x2 lies on the given 
line. If we subtract 3.52 from 3.51, we have 


T(x, — %2) + (ye — 1) = 0 
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or 

1 — Ye 
————————-_ 9 
X14 Xo 


which shows that the given line is perpendicular to the segment from x; to %2. 
It follows that each of the two points is the reflection of the other in the given 
line. We shall say that two such points are inverse points with respect to the line, 
and that each point is the inverse of the other with respect to the line. 

If the equation of the line is in the form 


ax + by +c= 0, 


the condition that the points (x1, yi) and (%2, ye) be inverse points with respect 
to the line is 


(3.53) ax, + bye +c = 0, 
or the equivalent condition 
ax, + by, +c = 0. 


If we use only the first coordinate to designate each point, it follows that the 
inverse of the point x; with respect to the line ax-+by+c=0 (or rx +y=7r) is 


(3.54) tg = Er 


The distance between the point (x1, yi) and its reflection in the line ax -+by-++c 


=0 is 
/(- by — ¢ \(= ax, — ¢C ) f= + by, + c)? 
—————— — “,){ —————- -— 9. ] = ———_ 
a b ab 


ax, + by. + 
Jab 
Hence the square of the distance from the point (x1, y1) to the line ax-+by+c=0 
is 
. (ax, + by, + c)? 


3.55 d 
( 4ab 


Chapter IV 
THE CIRCLE 


4.1, Let k be any complex number and g any complex number other than 
zero, and consider the circle whose center is the point k and whose radius r is 
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the length of the vector g, so that r?= gg. If x is any point on the circle, the vec- 
tors x—k and g are of the same length and 


x—k= gt, 
where ¢ is a turn varying with x. Hence 
(4.11) x= k-+ gt 


is a map equation of the circle, the point x running around the circle as ¢ runs 
through all turn values. 
Equation 4.11 implies the conjugate equation 


y=k+, 
t 
and, eliminating ¢, we obtain the self-conjugate equation of the circle 
(4. 12) (a — k)(y — k) = gg = 1’ 
Equation 4.12 is of the general form 
(4.13) axy + bx + cy +d = 0, 


and we may ask under what conditions will an equation of this form represent 
a circle. Evidently we must have a0, for otherwise the equation would be lin- 
ear and could only represent a line. Then in order that the equation be self- 
conjugate (see 2.23) it is necessary that 


a = hd, b = 2, c = NO, d = d, 


from which it follows that d/a must be real and b/a and c/a must be conju- 
gates. Then the equation 4.13 may be written 
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C b be Old 
(4.14) («+)(y+—)=-<-<, 
a a a a 


and bc/a?—d/a is real. Now comparing this with equation 4.12, we see that it 
represents a circle if bc/a?—d/a is positive. Hence, under the conditions 


a 0, 
d/a is real, 
(4.15) 
b/a and c/a are conjugates, 
(bc — ad)/a? > 0, 
equation 4.13 represents a circle with center at —c/a and radius ~/(bc —ad) /a?. 
If x1, X2, 3 are any three points not on a line, the equation 
sy « y i 
MM XM Yi 1 
XveV2 X2 Ye 1 
1 


V393 Xs 3 


(4.16) 


is obviously satisfied by the coordinates of each of the three points, and is of 
the form 4.13 with coefficients satisfying conditions 4.15. It is therefore the equa- 
tion of the circle through the three points.* 


4.2. Two points are inverse points with respect to a circle (a proper circle, 
rx0) if they lie on a line with the center, both on the same side of the center, 
and the product of their distances from the center is equal to the square of the 
radius. From this definition certain geometric facts are immediately obvious: 
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if one of the points is inside the circle the other is outside; if one of the points 
is given, anywhere in the plane except at the center of the circle, the other is 
uniquely determined and may be easily constructed; and a point coincides with 
its inverse point when and only when it is on the circle. 


* If the three points are on a line the equation is linear (the coefficient of xy vanishes) and is 
the equation of the line through the three points. 
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We now show that two points (1, y1) and (%2, ye) are inverse points with re- 
spect to the circle 
(x -—kA)(y-—k) =r 
if and only if 


(4.21) (a1 — k) (ye — k) =r”, 
Condition 4.21 implies the conjugate condition 
(4.22) (v2 — k)(y, — k) = 7. 
From 4.21 
r2 
ied k= 
Yo— hk 
or 
72 


m— k=" Dima 


Since 
v2 
(2 — k) (x2 — R) 


is real and positive, it follows that the points x, and x2 are on a line with the 
center k and on the same side of k. Now multiplying 4.21 and 4.22 we have 


(11 — )(y1 — k) (a2 — B)(y2 — &) = rt. 


But (x1—k)(y1—&) and (x2e—k)(ye—) are respectively the squares of the dis- 
tances from k to x; and xe, and hence the product of these distances is r?. This 
completes the proof that 4.21 or 4.22 is the condition that x, and x2 be inverse 
points with respect to the circle. 

The points (x1, yi) and (x, ye) will be inverse points with respect to a circle 
whose equation is in the form 


axy + bx +cy+d=0 
if and only if 


(4, 23) aX1y2 + bx + Co + d= 0, 
or (an equivalent condition) if and only if 
(4.24) axe + bx, + ey +d = 0. 


Using only the first coordinate to designate each point, the inverse of the point 
x1; with respect to the circle 


axy + be + cy +d = 0 
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is 
— c% — d 


4.25 = ——______ e 
( ) 0) ak: +B 


Note that if we drop the restriction a0, the equation 
axy + be +cy+d=0 


includes both straight lines and circles; and when a=0, 4.23 and 4.25 above re- 
duce to 3.53 and 3.54 giving inverse points with respect to a line. 

4.3. Let P, and P, be inverse points with respect to any circle with center C. 
Then the line i through P: and perpendicular to the line CP,P2 is called the 
polar line of the point P; with respect to the circle; and similarly the line , through 
P, and perpendicular to CPP; is the polar line of P2. Thus, with respect to a 
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fixed circle, every point P in the plane (except the center of the circle) has a 
unique polar line J. Also every line / in the plane (not through the center of the 
circle) is the p lar line of a unique point P, and we say that P is the polar point 
of the lune l. 

The following geometric properties of these polar points and lines are quite 
obvious or very easy to prove. 

(a) The polar line of P cuts the circle or not according as P is outside or 
inside the circle. If P is on the circle, the polar line is the tangent to the circle 
at P. 

(b) The polar line of P passes through P if and only if P lies on the circle. 

(c) If the line / cuts the circle at A and B, the tangents to the circle at these 
points intersect at the polar point of J. 

(d) If the point B lies on the polar line of A, then A lies on the polar line 
of B. 
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The reader may show that the polar line of the point a with respect to the 
circle (x —k)(y—k) =r? has the self-conjugate equation 


(4d — k)xn + (a — k)y = kd + ha — 2kk + 2r?, 


and that the equation of the tangent to the circle whose map equation is 
x=k-+gt at the point given by ¢=h is 


2 2 
Be + ghy = ke + ket + 2gzh. 


With respect to a given circle a triangle is said to be self-polar (or self-conju- 
gate) if each side of the triangle is the polar line of the opposite vertex. Each 
altitude of such a self-polar triangle must evidently pass through the center of 
the circle, and hence the center of the circle is the orthocenter of any self-polar 
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triangle. Moreover, if the altitudes from the vertices A, B, and C respectively 
meet the opposite sides at the points D, E, and F, then A, Dand B, Eand C, F 
are pairs of inverse points with respect to the circle. 

Given the circle, a self-polar triangle may be easily constructed. One vertex 
may be chosen arbitrarily, and a second vertex anywhere on the polar line of 
the first vertex; the third vertex is then uniquely determined. 

Given a triangle, is there a circle with respect to which the triangle is self- 
polar? This question will be discussed in a later chapter (see section 7.7). 


4.4, Suppose the equation of any circle is in the form 
(c-k)(y—k) -—r? =0 or sytdeato+d=0, 
the coefficient of the xy term being 1. Then the value of the left member of 
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the equation when we substitute for x and y the coordinates (x1, yi) of any point 
in the plane is called the power of the point (x1, yi) with respect to the circle. Since 
(x1 —k)(y1—) is the square of the distance of the point from the center of the 
circle, we see that when the point is outside the circle the power is positive and 
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is the square of the length of the tangent from the point to the circle, and when 
the point is inside the circle the power is the negative of the square of half the 
length of the minimum chord through the point. 

Consider the two circles, not concentric, 


(4.41) xy — byes — ky + hiki — 17 = 0 
and 
(4.42) xy — Box — hoy + haba — ro = 0, ki ¥ ke, 


and the line 
(4.43) (By — Ria + (ke — ki)y + hihi — bobo +12 — 11 = 0, 


obtained by eliminating the xy term between the equations of the two circles. 
This line is called the radical axts of the two circles, and we shall show that 
there is a simple geometric relationship between this radical axis and the two 
circles. 

Since we have the identity (in x and y) 


(xy — fw — by + abs — 13) — (xy — Baw — bay + Baba — 19) 
= { (Re — ki)u + (ke — Riy + hiki — Roke + rp — rit, 


we see that if the two circles intersect in two points the radical axis will go 
through these two points, and if the radical axis cuts one of the circles in two 


(4.44) 
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points it must cut the other circle in the same two points. The clinant of the 
radical axis is (ke —hi)/(ke—#1), and this is the negative of the clinant of the 
line through the centers k, and kz (see 3.42), which shows that the radical axis 
of two circles is perpendicular to the line of centers. It follows that if the two 
circles are tangent to each other, the radical axis is the common tangent line. 
The identity 4.44 also shows that if a point is on the radical axis its powers with 
respect to the two circles are equal; and this means that from any point of the 
radical axis lying outside the two circles the lengths of the tangents to the two 
circles are equal. This last property is the distinguishing geometric property of 
the radical axis in all cases and furnishes a method of constructing the radical 
axis when the two circles have no points of intersection. 
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4.5. Consider again the two circles 4.41 and 4.42 of the preceding section. If 
we multiply 4.41 by Ai and 4.42 by Xz and then add, A; and ), being real constants 
such that \y-+A2,+0*, we obtain the equation of a third circle 


Or + Ae) vy — (Ashi + Nake) x — (Aiki + Aoke)y 


(4.51 - - 2 2 

+ \kiki + Nokoke —_ M1 —_ ote = (0. 
For varying values of \; and d,2 this equation represents an infinite set of circles 
which we call a pencil of circles (also sometimes called a coaxial set of circles) ; 
and the geometric property of such a pencil of circles is that any two circles of 
the set have the same radical axis as any other two circles of the set. To show 
this let the circle 4.51 for some fixed A; and de, and the circle 


* We take 1 and Az to be real in order to make equation 4.51 self-conjugate, and the re- 
striction \1+A20 is to insure that equation 4.51 shall represent a circle rather than a line. 
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(1 + y)ey — (wiki + poke)” — (miki + meke)y 
- - 2 2 
+ pikiki + wekeke — miri — bere = 0 
be any two different circles of the pencil (we must have Aiv2—Asy1 0 in order 
that these circles should not be the same). We find the radical axis of these two 
circles by eliminating the xy term, and obtain, after taking out the factor 
Aipe —)ew, 


(4.52) 


(4.53) (Re — hy) x + (Re — ki)y + kiki — kobe + ro _ ri = 0. 


Since this equation is quite independent of di, Ae and pi, Me, it represents the 
radical axis of any two circles of the pencil; and this line may therefore be called 
the radical axis of the pencil. If the radical axis cuts one circle of the pencil in 
two points, it cuts every circle of the pencil in the same two points; if it is 
tangent to one circle of the pencil, it is tangent to every circle at the same point; 
and if it has no points of intersection with some one circle of the pencil, it has no 
intersections with any circle of the pencil, and no two circles of the pencil cut 
each other. There are three types of pencil as shown in the accompanying figures. 
In all cases, tangents from a point of the radical axis to all the circles of the pen- 
cil are of equal length. 
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Chapter V 
MAP EQUATIONS AND THE DERIVATIVE D,x 


5.1. The map equations 3.11, 3.14, and 4.11 of the straight line and circle 
are examples of a kind of representation which can be used advantageously in 
the study of certain other rational (unicursal) curves. 

Suppose the complex variable x is equated to a rational function of a variable 
turn f, 

P(?) 
(5.11) x = Rt) = —-)> 

Q(2) 
where P(#) and Q(é) are relatively prime polynomials. As the point ¢ runs around 
the unit circle the point x describes a rational curve. Equation 5.11 implies the 
conjugate equation 


(5.12) y=R(—), 


and equations 5.11 and 5.12 together are parametric equations of the curve. 
There may be turn values of ¢ for which Q(£) =0, and such values of £ would not 
give points of the curve (as, for example, ¢=1 in 3.11 and 3.14). Except for such 
values of #, R(#) and R(1/t) are analytic* functions of ¢. Eliminating ¢ alge- 
braically from 5.11 and 5.12 we obtain the equation 


(5.13) f(x, y) = 0, 


and it can be shown that this equation will always be self-conjugate. It will be 
satisfied by all the points obtained by giving ¢ turn values in 5.11 and 5.12, but 
may sometimes be satisfied also by other points not given by the parametric 
equations (see section 9.2). 


5.2. If in the map equation x= R(t) the turn ¢ is replaced by any rational 
function of ¢, f(t), which takes on all turn values and only turn values as ¢ takes 
on all turn values, the curve corresponding to the map equation is not changed. 
Thus it makes no change in the curve to replace ¢ by #, 1/#", iit” (where 4 is a 
fixed turn), etc. 

If 6 is a complex number not zero, b=pe*, p0, the curve with the map 
equation x =bR(t) has a simple geometric relation to the curve x=R(t). The 
geometric effect of the multiplication by 6 is to rotate the curve through an 
angle @ about the origin, and to expand (or contract) it about the origin to p 
times its original size. If b is a turn, p=1, the curve is merely rotated without 
change of size or shape. If a complex number a is added to R(é), the effect is to 
translate the curve without change of size or shape, the direction and distance 


* See Curtiss, Analytic Functions of a Complex Variable, pp. 43-51. 
26 


MAP EQUATIONS AND THE DERIVATIVE D;x 27 


of the translation being the direction and length of the vector a. Thus the curve 
(5.21) x =a-+ dR(z) 


is similar to the curve x= R(é), the one being obtained from the other by the 
operations of rotation, expansion, and translation. If any rigid motion is applied 
to the curve x = R(¢), a map equation of the curve in the new position will be 


(5.22) x=a+iR(), 
where #; is a turn. 


5.3. The map equations 3.11 and 3.14 for a line and 4.11 for a circle are all 
included in the general form 


a 5b 
c hUd 


at bi 


5.31 = ’ 
( Y c+ di 


<0, 


and we now show that this more general map equation always represents either 
a line or a circle. 
Equation 5.31 implies the conjugate equation 
Gt + 5 
—) 
ct+d 


y= 


and eliminating ¢ we have the self-conjugate equation 
(5.32) (dd — cé)xy + (dc — bd)x + (aé — bd)y + (bb — ad) = 0. 


If dd—cé=0, this equation is linear and satisfies conditions 2.31, and hence 
represents a line. With dd —cé=0, both c and d would be zero if either one were 
zero, and this would contradict the condition ad —6c+0. Hence neither c nor d 
can be zero in this case and the condition dd—cé=0 is equivalent to 


C 
== 
which means that c/d is a turn. 

If dd—cé0, equation 5.31 may be put in the form 


( —)( eon) Se 
¥ dd — cé , dd — cé) (dd — cé)? 


and since bc—adO0, (bc —ad)(bé—ad) >0, and we have the equation of a circle 


with center at 
(* —act bd — “*) 
dd — ce dd — cé 
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and radius 


fee ad)(bé — Gd) | 


(dd — cé)? 
We have then shown that the map equation 
a-+ bt b 
x= » with | 7 0, 
c+ dt c 6d 


represents a line or a circle according as c/d is or is not a turn. 


5.4. Suppose that the map equation of a curve is x= R(t) = P(t)/Q(t) and 
that 4: and f are two distinct values of the turn ¢, with Q(t,)+0, and hence 
Q(t) #0 when # is sufficiently close to 4; and let (x1, y1) and (xe, ye) be the two 
corresponding points on the curve. The clinant of the secant line through these 
two points is (see 3.42) 


yi — Ya 

Yi — Yo Li — le 
nr x1 — X2 | 
h— bt 


If now #; is fixed and #, is made to approach h taking on only turn values, the 
clinant of the secant will approach the clinant of the tangent to the curve at 
the point (x1, yi), and the fractions (yi—‘e)/(éi:—ée) and (x1—%2)/(4—f) will 
approach limits, the values of the formal derivatives* Dy and Dx for t=h. 
Thus, provided D,x #0 when t=, the clinant of the tangent to the curve at the 
point (x1, 41) is 


D 
(5.41) r=- a 


If either D,y or Dx is zero for t=, the other is also. For with x = R(f) we may 
write D.x = R’(t). Then y= R(1/t) and 


vo (2)(- 4) =R(2)(- 2) 


and since —1/¢? cannot vanish, D,y vanishes when and only when R’(1/t) =0. 
But R’(1/t) is the conjugate of R’(t)=Dix; and hence Dy vanishes when and 
only when Dx vanishes. This will occur only at certain singular points of the 


* By the “formal derivatives” Dry and Dix we mean the functions of ¢ obtained by applying 
to the functions R(1/t) and R(£) the formulas used in differentiating rational functions of a real 
variable. 
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curve (as we shall see later), and at such points the formula 5.41 is meaningless. 
Because of the relation 


Diy = Dix/t, 


formula 5.41 may be written 


Dix 
(5.42) T= | ; 
UDix t=t} 


a useful form which enables us to obtain the clinant of the tangent from the 
map equation 5.11 without writing the conjugate equation 5.12. 

5.5. Formula 5.41 and the obvious analogy with slope in the Cartesian sys- 
tem suggest that the clinant of the tangent to the curve might be given by the 
negative of the formal derivative D,y obtained from the self-conjugate equation 
5.13 by either solving for y in terms of x or using the implicit function method. 
This procedure would (with slight restrictions) be sound, but it will be simpler 
for our purposes to use 5.42. The reader may, however, be interested in checking 
the results against each other in the simple case of the circle, finding the clinant 
of the tangent by (1) using 5.42 with the map equation 4.11, (2) solving the 
self-conjugate equation 4.14 for y in terms of x and using —D,y as a function 
of x, and (3) using —D,y as a function of x and y obtained from 4.14 by the im- 
plicit function method. 


Chapter VI 
SYMMETRIC FUNCTIONS OF TURNS 
6.1. Let 2 turns, t1, f2, °° -, tn, be the roots of the equation 
(6.11) i” — syl™—1 + soi? 2+ - - - +(—1)* 5,4 + (—1)"5n = 0 


Then the coefficient s; is the sum of the x turns, se is the sum of the products of 
the turns taken two at a time, and in general s; is the sum of the products of the 
turns taken 7 at a time. Since s, is the product of all the turns, it is itself a turn, 


and hence 


1 
(6. 12) Sn — —e 
Sn 
Also we have 
1 1 1 
X= —+—4+:- + — 
ty lo ln 
Sn—1 
= ’ 
Sn 
and in general 
Sn—$ 
(6.13) 3; = ’ a=1,2,---,nx—1. 
Sn 


These s; are called the elementary symmetric functtons* of the turns, and any 
rational symmetric function of the turns can be expressed as a rational function 
of the s,;. Thus 


(6. 14) (te + ts) (tg + ty) (ty + te) = $159 — S53. 


Since the turns ¢; are the roots of the equation 6.11 we have for each t; the 
identity 


n n—1 n—2 n 
(6.15) ts — Siti + Sti +++ + (—1) 2 =O, 
and this identity will be used frequently in the later chapters. Note also for fu- 
ture use that for any three #;, s152/s3 and 53/(s1S2—ss3) are real; and for three dis- 
tinct ¢;, siS2—9s3 0. 
6.2. Let >°1 dos, >03, >.4 be the elementary symmetric functions for four 


turns h, é2, ¢3, 44, and 51, Se, 53 the elementary symmetric functions for three of the 
four turns when one of them, say ¢;, is omitted. It is readily verified that 


* Bécher, Higher Algebra, p. 243. Dickson, New First Course in the Theory of Equations, pp. 
17-18 and p. 177. 


30 


SYMMETRIC FUNCTIONS OF TURNS 31 


M=AaA th 
De = Sot Syl 
(6.21) 2 2 ilk 
2g = $3 + Sol 
24 = Satke 


To express the s; in terms of the >|; and # we may obtain the expression 
for s; from the first of the equations 6.21 and then s2 and s3 successively from 
the second and third equations; or we may obtain s3 from the fourth equation 
and then sz and s; from the third and second equations. The results are 


2 
Dolk —_ Dsl + pa 
3 = Mai — hk = 


ti, 
Lath — Da 
(6.22) Sg = De _— Dilk + bi = — 
k 
2 3 m4 
53 = 2a — Zale 1 Zale — ty =~ ; 
k 


That the two different expressions for each s; are equal may be seen at once from 
the identity 6.15. 


More generally, if >3:, do2,--:, Don are the symmetric functions for n 
turns, and 51, Se, - * * , Sn-1 for the 2 —1 turns when ¢; is omitted, then 
N=AaAtkh 
Li = Set Sele, 4=2,3,---,n-—I1, 
Zn = Sn—1lk; 


and the s; may be expressed in terms of the >|; and & by expressions similar 
to those in 6.22. 


6.3. If a rational function of ~ turns is symmetrical in »—1 of the turns 
(but not in all 2) it may be expressed in many ways as a rational function of the 
odd turn and the elementary symmetric functions of the z turns. In the follow- 
ing chapters we shall make frequent use of this fact. For example, 


2 


53(S1S2 — 53) 53 
bats(ts + h) (4 + 2) = ———— = 13 + > 
ti(si — 1) ty 
and 
2 2,2 
tol tsty 52 — 53/ts 


bottle isth $152 — S$ 


where the s,; are for the three turns t;, to, tg. 


Chapter VII 
SOME GEOMETRY OF THE TRIANGLE 


7.1. Given any triangle we may fix our coordinate system so that the cir- 
cumcircle of the triangle will be the unit circle. Then the vertices of the tri- 
angle will correspond to three turns, h, 42, 3, which are roots of an equation 


iB — Syl? + Sol — $3 = 0, 


and the circumcenter of the triangle will be the point 0. The centroid of the 
triangle (see section 1.7) will be the point (4-+-4+43)/3 or 51/3. 

To find the orthocenter of the triangle (the point of intersection of the three 
perpendiculars from the vertices to the opposite sides) we note that the clinant 
of the side tef3 is (see 3.42) 


1 1 
to tg 1 
lo — bg lots 


and hence the equation of this side is (see 3.43) 
x 


Then the equation of the perpendicular from the vertex f; to the side éef3 is 


xX hy 1 
(7.12) —-—+y=-—4+—- 


xX to 1 


Eliminating y between these two equations and solving for x we have x= 
hit+le+t3, or 


(7.13) x = S1, 


and hence the orthocenter of the triangle is the point s:. Although we found 
this point as the intersection of only two of the perpendiculars, the symmetry 
of the result shows at once that the third perpendicular also goes through it. 

If the triangle is equilateral we have (see 1.73 and 1.74) 


either lo = wl, ts = wt; and hence ty + whe + w*ts = 0, 
or to = wt, tj = wh and hence t + wte + wis = 0. 
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In either case s;=0, so that the circumcenter, centroid, and orthocenter coin- 
cide. Also 3; =5e/s3=0, and therefore s.=0. 

If the triangle is not equilateral, the circumcenter, centroid, and orthocen- 
ter are respectively the distinct points, 0, 51/3, and s1; and these points obviously 
lie on a line (see section 1.4) with the centroid between the other two and at one- 
third the distance from the circumcenter to the orthocenter. This line is known 
as the Euler line of the triangle. Its clinant is 


51 Se 
SS 
and its equation is 
(7.14) Sot — Sissy = 0. 


The reader will find the following theorem very easy to prove: 


If P;, 1=1, 2, 3, 4, are four points on a circle, and H; 1s the orthocenter of the 
triangle whose vertices are the remaining three points when P; 1s omitted, then the 
four line segments P;H; have a common mid-point, and hence the figures formed by 
the points P; and H; are congruent. 


7.2. The mid-point of the side ef; of the triangle is }(f+é3) or $(s1—4). If 
now we write the map equation 
51 1 


7.21 =—-——f, 
(7.21) rar’ 


it corresponds (see 4.11) to the circle with center at s;/2 and radius 4. Moreover, 
as the variable turn ¢t takes the values #;, te, ¢3, the circle goes through the mid- 
points of the three sides. This circle, called the nine-point circle for reasons 
which will appear shortly, is half as large as the circumcircle (whose radius was 
taken as the unit length) and has its center s,/2, the nine-point center, on the 
Euler line midway between the circumcenter and orthocenter. 

We next show that this nine-point circle (Figure 18) also passes through the 
three feet of the altitudes from each vertex to the opposite side. The foot of the 
altitude from the vertex #; to the side fef3 is found by solving the equations 7.11 
and 7.12 simultaneously. Eliminating y between these two equations and solving 
for x, we have 


1 lots 
¥=—(4h+h+%4 ——}], 
2 i 


1 


and hence the foot of the altitude from #, to the side f2t3 is the point 


(7.22) e=———- 
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Now we write the map equation 


(7.23) a, 
. y= ———t, 
2 2 
which corresponds to the circle with center at s,;/2 and radius | —s3/2| =i, 


This is then the same nine-point circle, and as ¢ takes the turn values 1/4, 1/8, 
and 1/é it evidently goes through the three feet of the altitudes from 4, é2, and 
ts respectively. 
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We leave as an exercise for the reader to prove, using the same method we 
have used twice above, that the nine-point circle also goes through the three 
points mid-way between the orthocenter and each vertex of the triangle. We 
see then that this circle goes through the nine points which account for its name. 
It is obvious that when the triangle is isosceles, equilateral, or a right triangle, 
certain of these points will coincide. 

Eliminating the parameter ¢ between the map equation 7.21 and the conju- 
gate equation 


we have 


va (-No-z)-4 


as the self-conjugate equation of the nine-point circle. 
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It is easily seen geometrically that the four points consisting of the vertices 
of a triangle (not a right triangle) and its orthocenter 4, #2, ¢3, 51, make up an 
orthocentric set of points with the symmetric properties that each one of the 
four points is the orthocenter of the triangle whose vertices are the other three, 
that the line through any two of the points is perpendicular to the line through 
the other two, and that the nine-point circle for the triangle ¢t,f¢3 is also the 
nine-point circle for the triangles sifetz, tisif3, and t)f51, and it may therefore be 
called the nine-point circle for the orthocentric set. 

The proofs of the two following theorems will be good exercises for the reader. 


Let P;, 1=1, 2, 3, 4, be an orthocentric set of points, C; the circle through the 
three points other than P;, and O; the center of the circle C;; then 

(a) the four circles C; are all the same size; 

(b) the four line segments P;O; have a common mid-point; 

(c) the four points P;P;0,01 (1, j, k, /=1, 2, 3, 41 any order) are the vertices 
of a parallelogram. 


Let P;, i=1, 2, 3, be the vertices of a triangle, D; the foot of the altitude from P; 
to the opposite side, and M; the mid-point of this side; then the tangent to the cir- 
cumcircle at P;, the tangent to the nine-point circle at M;, and the line D;Dy, 
(¢,j, R=1, 2, 3 in any order) are all parallel. 


7.3 If a triangle with vertices at the points h, fz, ts is a right triangle one of 
the turns must be the negative of another, that is, one of the quantities 4-43, 
ts-+t1, ti: tt, must be zero. But (see 6.14) 


(7.31) (tg + t3)(t3 + t1) (41 + te) = Sise — Ss, 


and therefore the condition for a right triangle is 5153,—s3;=0. If &+i;=0, s1=h, 
or (as is quite obvious) the orthocenter of a right triangle coincides with the 
vertex of the right angle. 

In the case of an acute triangle (all three angles acute) the orthocenter lies 
inside the triangle and the distance from the circumcenter to the orthocenter is 
less than the radius of the circumcircle, that is, |s:] <1 and |s|?<1. But 
| si]? = si5s = 5152/s3, and hence for an acute triangle s5152/s3<1 or (5152—53)/s3 <0. 

Similarly for an obtuse triangle (one angle obtuse) we have (sis2—53) /s3>0. 

Therefore triangle tifets; is 


acute when (5152 — 53)/s3 < 0 
(7.32) right when (sis — 53)/s3 = 0 
obtuse when (5152 — 53)/s53 > 0. 

7.4. Let us assume now that the triangle f4é43 is not equilateral and is not 


a right triangle, so that 510, 520, and sjss—s3s#0. Then the tangents to the 
circumcircle at the vertices form a new triangle PiP,P3, the vertex P, being the 
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intersection of the tangents at t and ?s, etc. This triangle P;P2P3 is called the 
tangential triangle of the triangle tyfo/s. 

Given any triangle P:P2P3 there are four different circles each of which is 
tangent to the three lines P2P;, P3P1, PiP2. One of these circles lying inside the 
triangle is called the zmczrcle (or inscribed circle) and the other three are called 
excircles (or escribed circles), and the centers of these circles are known as the 
incenter and the excenters of the triangle P1P2P3. Starting, as in the preceding 
paragraph, with the triangle ¢,fef3, its circumcircle will be the incircle or one of 
the excircles of the tangential triangle P:P:P3, depending on whether the tri- 
angle tifefs is acute or obtuse (in Figure 19 it is one of the excircles). 

The tangent at & has the reflex point r2=2f, and its clinant is #2/r2=1/&. 
Hence its equation is 


x 2 
+y=—: 


t te 


(7.41) 


Similarly the tangent at ¢; has the equation 


x 2 
+y=—) 


if tg 
and solving these two equations for x we find that the point of intersection P, 
is 
2tots 
y= . 
be + ts 


This may be written 


= Qtots(ts + ti) (tr + te) _ 2 | titots(t1 + te + ts) + tats 
(t2 + ts) (ts + t1) (t1 + te) (to + ts) (ts + t1)(t1 + te) 


—— —— 
eee ae ce oe nen ee) 


5182 — S3 51S. — 53 (S1S2 — 53) 8 
The three vertices P; are then given by 


2 
25183 253 


y= 4 = 1, 2, 3. 


oN a, 
S182 — 53 (S182 — 53) 0% 


The map equation 


253 253 
42 = (—2)n + (222) 
5159 — S3 51Sq — S3 
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represents a circle with 


253 . 253 
center {————]s, and radius 


5182 — S3 


TTD 

5152 — S3 

and since it passes through the vertices Pi, Ps, and P3 when ¢ takes on the turn 
values s3/t, 53/t, and s3/t, it follows that 7.42 is the map equation of the 
circumcircle of the tangential triangle P:P2P3. Since 253/(sise—sg) is real (see 
section 6.1), the center of this circle lies on the line through O and s1, and we 
have 


THEOREM 7.43. Given a triangle titets (not a right triangle or an equilateral 
triangle) and its tangential triangle P;P2P3, the circumcenter of the triangle P\P2P3 
lies on the Euler line of the triangle trtots. 


The radius of the circumcircle of the triangle P:P2P3 is 


253 
= + ————_, 
515g — S3 


R= 253 


515g — S3 


the minus or plus sign to be used according as the triangle figt3 is acute or ob- 
tuse. 


pUs 
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The equation conjugate to 7.42 is 
259 253 


=" 
5182 — Ss (S12 — Sa)t 
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and, eliminating ¢, we have 


2 
2518 2s 4s 
(7.44) («-—*)(y- >) - 
S182 — Sg S182 — 53 (siS2 — Ss)? 


as the self-conjugate equation of the circumcircle of the tangential triangle 
P,P2P3. 


7.5. Consider the line through a vertex of a triangle and the corresponding 
vertex of the tangential triangle. The line through the points ¢, and 2tsts/(te+-és) 
has the clinant 


2 1 
tis th —2h +h + bs _ $1 — 3h 
tots _, ~ h(Qtels — tli — th) 353 — Soh 
to-t-ts 
and hence its equation (see 3.43) is 
51 — 3h sh — 3h 1 
353 — oho 7 353 — ch hh 
or 
51 — 3h —3t+ siti — Sati + 355 
(7-31) 353 — Salt sr y= ti(3s53 — Set) ) 
Now &—sifi+seli—s3=0 (see 6.15) and therefore 
— 3h; + sity — Soli + 353 = — Qsits + 2seb1, 
and the equation becomes 
(s1 — 3t1)x + (353 — Soti)y = — Qsiti + 250 


or 
(sit + 3sgy — 252) — ty(34 + soy — 2) = 0. 

Then the equations 
(7.52) (six + 353y — 252) — ti(3x% + soy — 2) = 0, 1= 1, 2, 3, 
represent the three lines joining each vertex of the triangle tiffs to the corres- 
ponding vertex of the tangential triangle. These three lines will obviously be 
concurrent if there is a point whose coordinates satisfy the two equations* 

S1X + 353¥ _ 2S = 0, 

3% + soy — 251 = 0. 


* These equations are not self-conjugate and hence do not represent lines, but they are simul- 
taneously satisfied by the conjugate coordinates of a point. 
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Solving these equations, we find that they are satisfied by the pair of conjugate 
values 
2 2 
252 — 65153 251 — 650 


x=) y= 
$18. — Is $182 — Is 


Note that sis.—9s30 (see section 6.1). We have then 


THEOREM 7.53. The three lines joining the vertices of the triangle tytets to the 
corresponding vertices of the tangential triangle P;P.P3 meetin a point k, 


2 
(7.54) p= 2527 O5183 | 
$1Sq — 953 
This point is called the symmedian pointy of the triangle tiffs. 

In the foregoing discussion the case of a right triangle, sise—s3;=0, was 
excluded because in that case the tangential triangle does not exist. However, 
two of the three lines passing through the symmedian point k do exist, and hence 
k is determined for a right triangle also, and is given by formula 7.54. 

The line through the circumcenter and the symmedian point is called the 
Brocard line of the triangle, and its equation is 


(7.55) (352 — 1) x + (55 — 35153)y = 0. 
7.6. The mid-point of the side P:P,2 of the tangential triangle is 
es ( 2tots tah ) _ bbls + 4) + he + &)} GQ +b) 
2\b+is tb th (te + ts) (ts + 1) (tr + be) 
_ (tots + tgti + tite) (tots + ests) _ (So + tite)(se — tite) 


(to + ts) (ts + t1) (tr + te) $1Sq — S3 
2 
2 53 
2—- > 2 2 
te S2 53 
S182 — 53“ SiS8a — Sg (S182 — 53) he 


The three mid-points of the sides are therefore 


2 2 
Se 53 . 
¢ = ——_—— — —____—. i = 1, 2, 3. 
S182 — 53 (S182 — Sa)ti 
Then 
2 2 
AY) $3 
(7.61) 4 = ————— — ————_ 


5182 — S3 S1Sqg — Sg 


t It is also sometimes called the Lemoine point or the Grebe point. See Johnson, Modern Ge- 
ometry, p. 213. 
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is the map equation of the nine-point circle of the tangential triangle P,P2P3. 
Note that its radius, | s3/(sise—ss)|, is just half the radius of the circumcircle 
(see 7.42) of this tangential triangle. 

Writing the conjugate of 7.61, 


$1 1 


ee , 
S182 — 53 (S182 — S3)t 


and eliminating ¢, we have for the self-conjugate equation of this nine-point 
circle 


2 2 2 
Ss S S 
(7.62) («-—*_)(y-_*_) ~~ _. 
5152 — S3 515g — Sg (S182 —_ 53)? 


We now find the intersections of this circle with the circumcircle xy=1 of the 
triangle tiffs. Substituting 1/x for y in 7.62, we have, after some reduction, 


22 2 
$1X — Zsysox + so = 0. 


If tif¢3 (and therefore also P:P2P3) is equilateral, we have s;=5s3=0, and the two 
circles coincide. Otherwise the quadratic equation has the double root x = 52/51, 
which means that the nine-point circle of the tangential triangle P:P2P3 is tan- 
gent to the circumcircle of the triangle ffs at the point se/s1. 
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We might start with any triangle PiP2P3; (not equilateral) and take its in- 
circle or any one of its excircles as the unit circle, with t, t, ts corresponding to 
the points of tangency of this circle with the lines P2P3, P3P1, and PiP., and then 
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proceed with the foregoing proof. As a result we obtain what is known as 
Feuerbach's theorem: 


THEOREM 7.63. The nine-poini circle of any triangle (not equilateral) is tan- 
gent to the incircle and to each of the excircles of the triangle. 


The corresponding facts for an equilateral triangle are quite obvious. 


7.7. Consider now the question as to whether for a given triangle P:P2P3 
there is a circle with respect to which the triangle is self-polar (see section 4.3). 
If there is such a circle, its center must be the orthocenter of the triangle; and 
if the altitude from the vertex P; meets the opposite side at the point D,, each 
pair of inverse points, P;, D;, must lie on the same side of the orthocenter. This 
is possible only if the orthocenter is outside the triangle, and hence only an 
obtuse triangle can be self-polar with respect to any circle. We shall show that 
for any given obtuse triangle there is always a unique circle with respect to which 
the triangle is self-polar, and this circle may be called the polar circle of the 
triangle. 

Fixing the coordinate system so that the vertices of the triangle are the 
points 4, #2, fg on the unit circle, the orthocenter will be the point s1, and since 
the triangle is obtuse we have (see 7.32) (s152—53)/s3>0. If there is a polar circle, 
its equation must be 


(7.71) (x — 51) € - “) =r, 


3 


where the value of 7? is to be determined. The altitude from ¢; meets the opposite 
side at the point (see 7.22) 
S] 53 
— } 
2 2 


Y= 


and if this point and ¢, are to be inverse points with respect to the circle 7.71 
we must have (see 4.21) 


(5 ; \G *) 
—_—— «(SY —_— oo == 72 
2 2¢ ty 53 


2 3 
_ 53(— Siti + Seti — 53) + Siselt 


25st? 


or 


But we have @—sif}+5ef1—53=0, and hence 


2 8 
— Sh + Soh —- 53 = — hh 
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and 
3 3 
— Sgti + SiSet S182 — Sz 


v2 —_ = 
2s3f° 253 


Since (sis2—53)/s3>0, this value for 7? is positive; and hence 


S52 S1Sq — S3 
a 


53 253 


represents a circle with center at s1, and having the vertex 4 and the foot of the 
altitude from that vertex as inverse points. The symmetrical form of the result 
shows that each of the other vertices together with the foot of the corresponding 
altitude will also be a pair of inverse points, and we have 


THEOREM 7.72. If the triangle tytets is obtuse, so that (s1s2—53)/s3>0, tt is a 
self-polar triangle with respect to the circle 


(7.73) @ —9)(y- 2) - =, 


3 253 
and this circle 1s the polar circle of the triangle. 


This polar circle and three other circles that have been mentioned in con- 
nection with a triangle are circles of a pencil (see section 4.5). The four circles 
are the circumcircle, the nine-point circle 7.24, the polar circle 7.73 when it 
exists, and the circumcircle of the tangential triangle 7.44. We assume in this 
discussion that the triangle is not a right triangle and is not equilateral so that 
5152 — 530, 51%0, 520. The equations of these circles may be written respec- 
tively in the forms 


(7.74) sy —-1=0, 
AY) S] 515g — S3 
7.75) xy —-—x—-—y + ——— = 0, 
( y 253 2 y 453 
AY S1S AY 
(7.76) ny — te — sy tT Lo, 
53 253 
2s 2518 As 
(7.77) xy ———— x - y+} —_—"_ = 0 
S1S2q — S3 515g — S3 51Sq — So 


It is readily verified that if we multiply 7.74 by —1 and 7.75 by 2 and add we 
get 7.76; and if we multiply 7.74 by (sise—553)/(sis2e—53) and 7.75 by 453/(sis2e—Ss3) 
and add we get 7.77. Also, if we subtract any one of the equations from any 
other one, we obtain the linear equation 


25ex + Jsissy — SiS_ — 353 = 0. 
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This proves 


THEOREM 7.78. If the triangle itets 1s not a right triangle and 1s not equilateral, 
its circumcircle, nine-point circle, polar circle (when tt exists), and the circumctrcle 
of its tangential triangle all belong to a pencil whose radical axts 1s 


250% + 2sis3y — SiSo — 353 = 0. 


The centers of these circles, as we have already seen, are on the Euler line (see 7.14, 
7.21, and 7.43) sex —sis3y=0, perpendicular to the radical axts. 


Fic. 21 


The question as to whether these circles and their radical axis intersect or 
not can be answered by determining whether the radical axis cuts any one of the 
circles,* say the circle xy —1=0. The square of the distance from the center of 
this circle to the radical axis (see 3.55) is 


(s1Se + 353)? 
= lol 


16515953 


da? 


* A natural procedure to determine whether or not a line intersects a circle would be to solve 
the equations simultaneously and then examine the pairs of values of x and y obtained as solutions 
to see if they are conjugates. But these solutions for x and y would be irrational in form, and it is 
rather difficult to determine whether or not irrational expressions are conjugates. In the case of a 
line cutting a circle it is simpler to use the distance from the center of the circle to the line, 
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and hence the axis cuts the circle in two points if 


(S182 + 353) 2 


16515253 


1< 0. 
But 


2 22 2 
(S152 + 353) 5182 — 10515252 + 953 _ (S152 — 53)(S1S2 — 953) 


16515953 16515253 16515253 
(= _ t) (= _ °) 
53 S53 
1651S¢e 
53 


Since 5159/53 = 515,, it is real and positive. Also since s; is the sum of three different 
turns, we have | s:| <3, or | s1]?=5152/s3<9. Therefore in the last fraction above 
the second factor in the numerator is negative, the denominator is positive, and 
the whole fraction will be negative when, and only when, (sis2—53)/s3>0. This 
is the condition that the triangle should be obtuse and that the polar circle 7.73 
should exist. Thus for an obtuse triangle we have four circles of a pencil and 
their radical axis intersecting in two distinct points. For an acute triangle 
(5152 —53)/s3<0, and in this case there is no polar circle and the three circles 
7.74, 7.75, 7.77 are in a non-intersecting pencil. For a right triangle, excluded 
from the foregoing discussion, (s5152—53)/s3=0, there is no tangential triangle, 
circles 7.76 and 7.77 do not exist, and the circles 7.74 and 7.75 are tangent to 
each other and to the radical axis at the vertex of the right angle. For an equi- 
lateral triangle, also excluded from the discussion, the polar circle does not exist 
and the other three circles are obviously concentric. 


7.8. Three circles of another pencil are related to any triangle which is not 
isosceles or equilateral. They are called the circles of Apollonius or the A pollon- 
tan circles. One of these circles passes through the vertex ¢, and has its center 
at the intersection of the side é:t3 and the corresponding side P2P3 of the tangen- 
tial triangle; and the other two circles are similarly related to the other two 
vertices and sides of the triangle. To find the equation of the circle through the 
vertex #4; we note that the equations of the lines #43 and P2P3; are respectively 
(see 7.11 and 7.41) 


a a 4 an 2 
— =—-+— and — =—: 
tots y te ts ad 


Eliminating y and solving for x we have 
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ty(2tetz — tt, — te) 
~ lols — 
t(353 — Sef) 
533-8 ) 
Then, using the relation f —51f,-+set; —53=0, we have 
_ t1(353 — Sol) _ 353 — Sab 


Seti — Syl? Se — Syby 
The center of the circle is then the point 
CS — Sly St — =) 
—___, —_—_}, 
Sg — Sy Sg — Sy, 
and the equation of the circle is 
Sy — 3h 353 — Sey 
xy ———_— & — ————_ vy + g = 9, 
Sg — Syhy Sg — Sih 


where g is to be determined. Since the circle goes through the vertex 4, we must 
have 


SS, — 3h 353 — Sol 1 

1 — —_4 —- ————(—) + 2 =0, 
Sg — Shy AY ho Syhy ty 

or 

(sy — 3ey)ty 353 — Soli 


g= ~~ 
$2 — Sil ti(se — Sit) 


— 3h + sik — Woky + 359 
ti(Se — Sit) 


Using the identity f —5,f{-+seti —s3=0, we have 


2 
— Siti + Solr 


ti(se — Sits) 


9 


and the Apollonian circle corresponding to the vertex #, is therefore 
1 — 3f 353 — Sob 

(7.81) xy — ————- # — ——— y+ 1=0. 
Sg — Sih Sg — Sih 

The equations of the three Apollonian circles may then be written 


(so — suti)xy — (81 — 3t:)x — (353 — Seti)y + (Se — siti) = 0 
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or 

(7.82) (sexy — six — 3539 + 52) — i(sixy — 3x — sy +51) = 0, 7 = 1, 2, 3. 
That these circles belong to a pencil is seen by noting that the radical axis of 
any two of them is the line 

(7.83) (st — 352)" — (se — 3sis3)y = 0, 


and this radical axis is the Brocard line (see 7.55) through the circumcenter and 
the symmedian point. 
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That any two of the Apollonian circles must intersect in two points is in- 
tuitively obvious upon examination of the figure; and since the three circles 
belong to a pencil there must be two points common to all three circles and their 
radical axis. We shall find these two points in the next section, and show that 
their conjugate coordinates satisfy the equations* 

Sexy — Sx — 35sy + So = 0 


(7.84) 
sixy — 3x — soy+ sy = 0, 


* These equations do not represent curves because they are not self-conjugate. 
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and hence the equations 7.82 of all three circles. 

Since the Apollonian circles are in a pencil their centers must lie on a line. 
This line is called the Lemoine line of the triangle, and it is perpendicular to the 
radical axis of the pencil which is the Brocard line. 

If the triangle is isosceles, say sides tif. and tf; are equal, we have f= feés, or 
$2 — Sif, =0. More generally, for any isosceles triangle we must have 


(7.85) (Se — Sili)(S2 — Site)(Se — Siz) = 52 — $459 = 0. 


In this case certain denominators in the preceding discussion will be zero, but 
the geometric facts in this special case are fairly obvious. If, for instance, sides 
tit, and ¢,ts are equal, there will be no Apollonian circle through the vertex 4; but 
the other two circles will exist and their radical axis, the axis of symmetry of the 
whole figure, will be both the Euler line and the Brocard line of the triangle. 
The reader may verify that when s3 —sis3=0, the equations 7.14 and 7.55 repre- 
sent the same line. 


7.9. In this section we shall assume that the vertices , fe, é3, of our triangle 
are on the unit circle in counter-clockwise order, and that the triangle is not equi- 
lateral (Figure 23). Let us seek a point whose reflections, 1, he, hs, in the sides 
tot, tsi, tila, respectively are vertices of an equilateral triangle. Since # and hy 
are inverse points with respect to the side fef3 with the equation (see 7.11) 


x 1 1 
=, _, 
lots le tg 

we must have (see 3.52) 

hy - 1 1 
—+h=—+—, 
lots be g 


or 
hy? =F te +7 ts" —" hitols ; 


and similarly for f2 and hz. Then hy, he, hg will be vertices of an equilateral tri- 
angle an counter-clockwise order (see 1.73) if 


(t2 + ts — htats) + w(ts + tr — high) + w(t + te — hte) = 0, 
or, using the relation 1-+-w-++-w?=0 (see 1.51), if 
_ ti + wl, + ws 


— —__________—__, 
lots + Wilt + wt te 


or if 
lots + wrist: + while 


(7.91) 
ti + wl, + wls 
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If we set 
(7.92) p= tt + wle + ws, g=u+ wt, + wis, 
with 
lots + Wtgty + While lots + Witt + wtite 
p = g = —-—__——_? 
$3 53 

we can write 

S - 

q qS3 
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Similarly, the reflections h;, hj, hg of a point h’ in the sides of the triangle 
will be vertices of an equilateral triangle im clockwise order if 


(7.94) pia 2, rao. 
p PSs 


These expressions for » and qg and the coordinates of the points / and h’ are 
not symmetric functions of 4, é2, fs; but certain combinations of them are. The 
reader should verify the following relations. 
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2 
pg = 51 — 352 


2 2 
S3PG = Se — 35153 


S3(pP + 9G) = 953 — SiSe 


(7.95) 953 — S1Se 
hA+h’ = — => 
Sy — 359 
53 3 
2 — 95153 
hh’ = 7 
Si — 35 


Hence, although # and h’ separately are not rational symmetric functions of 
ty, te, ts, they are roots of a quadratic equation, 


(st — 350) + (953 — sise)x + (s3 — 35153) = 0, 


whose coefficients are such rational symmetric functions. 

The points # and h’ are called the tsodynamic points of the triangle ¢ytoés. 
The reader may verify readily that they are inverse points with respect to the 
circumcircle xy —1=0. They lie on the Brocard line, and are in fact the points of 
intersection of the Apollonian circles (see section 7.8). These facts are established 
by showing that the coordinates (h, #), and also (h’, h’), satisfy the equations 
(see 7.84) 


Sexy — Six — 353y + So = O, 
xy — 3x — soy + 51 = 0. 


For (h, h) we have 


sb? 1 S153P 1 3? _— so Pp + Gq) + seh + 3pq 
qq q q 94 


__ $2(953 — 5152) + s1(S9 — 35153) + 353(s1 — 352) | 0 
qq53 


e 
’ 


and also 


bb | 35B | sb. _ ssbb + ao) + 3sepq + sob 
qq qd Sad qqS3 
_ 51(953 — S152) + 3(s9 — 35153) + 52(S1 — 352) 0 
- 953 - 
The reader may verify similarly that the coordinates (h’, h’) satisfy the two 


equations. 
We have then established the following theorems about the Apollonian 
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circles and isodynamic points of a triangle (see Figures 22 and 23): 


THEOREM 7.96. The three Apollontan circles of a triangle cut each other in the 
two tsodynamic points. 


THEOREM 7.97. The centers of the Apollonian circles (the points where the three 
sides of the triangle cut the three corresponding sides of the tangential triangle) le 
on the Lemotine line. 


THEOREM 7.98. The tsodynamic points le on the Brocard line of the triangle, 
and they are inverse points with respect to the circumcircle. 


THEOREM 7.99. The reflections of each of the tsodynamic points in the sides of 
the triangle are vertices of an equilateral triangle. 


Chapter VIII 
THE PARABOLA 


8.1. Let F be the focus of a parabola and # the reflection of the focus in the 
directrix. From any point P of the parabola drop the perpendicular PZ to the 
directrix. From the definition of a parabola PZ=PF, one sees that FPZ and 
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FZH are similar isosceles triangles. If now in a system of conjugate coordinates, 
F and H correspond to the complex numbers f and h, and P and Z to the com- 
plex variables x and z, we see that vector z—x is equal to the vector x —f multi- 
plied by a certain turn #, and vector h—z is equal to vector z—f multiplied by 
the same turn t. Hence we have 


z2—x = t(x —f) 
h—-z=i2—f), 
and eliminating z between these two equations we obtain 
(8.11) x= f+ none 
(1 + ¢)? 


as a general map equation of a parabola. For any parabola it is always possible 
to set up the coordinate system so that f and hare the points 0 and 1 respectively, 
and we then have the simplified map equation for the parabola 


1 

= eo sl 
(1 + 4)? 
51 


(8.12) 
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With this map equation the focus of the parabola is at the origin and the di- 
rectrix is the line with the self-conjugate equation 
(8. 13) x+y = 1. 
The reader may verify that the self-conjugate equation of this parabola is 
(x — y)? —2(a+y)—-1=0. 
From 8.12, writing R(¢) for 1/(1+7)?, we have 


Dex = R(t) = ’ 
tx (2) (1+ 0? 
—_—— — 28 
Dix = ) 
(1 + 2% 


and hence the clinant of the tangent to the parabola at the point R(é) is (see 
5.42) ty. This gives a geometrical significance to the parameter ¢ in the map equa- 
tion 8.12. 

The clinant of the focal radius to the point R(t) of the parabola is (see 3.42) 


hy 
Ru) (1 + &)? 2 
pee = 
R(t) 1 
(1 + 4)? 


and the clinant of the line through the point R(¢:) parallel to the axis of reals 
is —1; therefore the clinants of the bisectors of the angles between these lines 
(see 3.32) are 


+ f/(—2)(-1) = tA. 


We have then the well known result. 


THEOREM 8.14. The tangent and normal at any point P of a parabola bisect 
the angles made by the focal radius FP and the line through P parallel to the axis 
of the parabola. 


The proofs of the two following theorems may be left as exercises for the 
reader. 


THEOREM 8.15. The points of tangency of two perpendicular tangents to a 
parabola are collinear with the focus. 


THEOREM 8.16. A circle having a focal chord of a parabola as a diameter 1s 
tangent to the directrix. 
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8.2. Consider now the map equation 


1 
~A+nai+: 


in which ¢, is any fixed turn other than —1. This is a map equation of a straight 
line (see 3.11), and the reader can readily verify that the clinant of the line is 
ty. But it is obvious that this line goes through the point R(&) of the parabola 
when ¢t=¢#,; and since its clinant is the same as that of the tangent at R(t), it 
follows that 8.21 is a map equation of the tangent to the parabola 8.12 at the 
point R(t). 

From the form of the equation 8.21 it is evident that the point 


1 
(1 + 4)(1 + 4) 


(8.21) 


(8.22) 


is the point of intersection of the two tangents to the parabola at the points 
R(t) and R(#). If the two tangents are perpendicular to each other, p= —h, 
and the point of intersection is 
1 
1-# 


But when x=1/(1—4), y= #= —4/(1—4), and x +y=1, which is the equation 
of the directrix (see 8.13). Hence 


THEOREM 8.23. The locus of intersections of pairs of perpendicular tangents to 
a parabola ts the directrix. 


8.3. Consider the triangle formed by three tangents, /;, with clinants ¢; and 
map equations 
1 


= —_____, i = 1, 2,3. 
(1 + ¢)(1 + 2) 


The vertex where /, and 73 intersect is (see 8.22) 


1 1+ 1+ 4 


— en ELA TE ES ASC 
TN | ES — 


Q+ii+h A+HA+H0+h) 1tatatss 


where 51, 52, 53 are the symmetric functions of the three clinants. We shall write 
s for 1+5,+52+53, and note that since ¢;# —1, s+0; and also 


So Sy 1 S 


53 S3 53 53 
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Then the three vertices of the triangle are 
1+; 


Ss 


(3.32) 0; i= 1, 2,3; 


and these vertices evidently lie on the circle 


1 1 
(8.33) x=—+—t, 
s s 


which is the circumcircle of the triangle, with center at 1/s and radius |1/s|, 
and it passes through the origin when t= —1. Hence 


THEOREM 8.34. The circumcetrcle of a triangle formed by any three tangents to a 
parabola passes through the focus of the parabola. 


Now consider any four tangents to the parabola, /;, with clinants ¢;, 7=1, 2, 
3, 4. Let 21, Ze, 23, 24 be the symmetric functions of the four clinants, and s1, 
52, 53 the symmetric functions of three of them when any one, say f;, is omitted. 
We have 


Ii+A1+4)14+4)1 +2 
s=itstoa ts =A EMT ad + a) + 4) 


1 + ¢, 
ee eae? Gane ee ee =z 
1+ ¢ lth 


where 2 is written for 1+21;+22.+23+2,4. Then the circumcenter of the triangle 
of three tangents, omitting the tangent J, is 
1 1 + ¢; 


S$ a 


The four such circumcenters lie on the circle 
1 1 

(8.35) y=—+—f, 
D2 D2 


and this circle also passes through the origin. We have then 


THEOREM 8.36. The circumcenters of the four triangles formed by any four 
tangents to a parabola lie on a circle which passes through the focus of the parabola. 


We now find the orthocenter of a triangle of three tangents. The vertex 
v; is (see 8.32) (1+4)/s, and the clinant of the altitude through this vertex is 
—t,. Hence the equation of this altitude is 


—i8(1 + &) 4 (1 + 41)53 7 ty + 53 — fs + S3ty 


te + y = 
1S Lys 
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Using the identity ¢ —sifj-+-set; —s3=0 (see 6.15) this becomes 


— Sih + So — hh + $3 
—he + y = 
S 


or 
t(—sx + sy + 1) + (sy — 52 — 53) = 0. 
Then the equations of the three altitudes are 
t;(—sx + sy + 1) + (sy — se — 53) = 0, 4 = 1, 2, 3, 
and all three equations are obviously satisfied by the pair of conjugate values 


1+ 5; So + Se 
) y= ° 
S S 


X= 


Hence the point 


its 
Ss 


(8.37) x 


is the orthocenter of the triangle. Adding the coordinates of this point we have 


t+t+satsots 
ety ete, 


and since x+y=1 is the equation of the directrix of the parabola (see 8.13) 
we have 


THEOREM 8.38. The orthocenter of any triangle formed by three tangents to a 
parabola lies on the directrix. 


8.4. By a proper n-line we shall mean a set of m lines no two of which are 
parallel and no three concurrent. Thus a proper 3-line is a triangle. It is well- 
known, from the point of view of projective geometry, that a proper 4-line deter- 
mines a unique parabola to which each of the four lines is tangent. Hence for 
any proper 4-line the coordinate system may be set up in such a way that the 
four lines will be tangents to the parabola with the map equation 8.12, and there- 
fore the preceding theorems about tangents to a parabola may be stated as 
theorems about any proper 4-line. Thus we have 


THEOREM 8.41. For any proper 4-line the circumcircles of the four triangles 
(omitting one line at a time) pass through a point called the node of the 4-line, this 
node being the focus of the parabola tangent to the four lines; and the four circum- 
centers of the triangles lie on a circle, the centric-circle of the 4-line, and thts centrtic- 
circle also passes through the node. 


56 THE CONJUGATE COORDINATE SYSTEM 


THEOREM 8.42. For any proper 4-line the orthocenters of the four triangles 
(omitting one line at a time) lie on a line which ts the directrix of the parabola tan- 
gent to the four lines. 
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We prove also the following 


THEOREM 8.43. If one line of a proper 4-line 1s parallel to the Euler line of the 
triangle formed by the other three lines, the same ts true for every line of the 4-line.* 


We regard the four lines as tangents to the parabola 8.12, map equations of 
the tangents being 
1 
x= ———______— 
(1 +4)1+ 24 


We have seen (see 8.33 and 8.37) that the circumcenter and orthocenter of a 
triangle of three tangents are respectively 
1 d 1 + Si 


— an 
5 5 


a= 1, 2, 3, 4. 


* This problem, proposed by Howard Eves, appeared as problem 617 in the May, 1945, issue 
of the National Mathematics Magazine, and again as problem 54 in the January-February, 1950, 
issue of the Mathematics Magazine. A synthetic proof is given in a paper, The complete quadri- 
lateral, by H. E. Fettis in the September—October, 1948, issue of the same magazine. 
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Then the clinant of the Euler line through these two points (see 3.42) is 


$1 S92 
- S S9 
Sj 7 Sj 7 S1 
s s 


Hence this Euler line is parallel to the remaining line if 


So 
—_ —- = tk, 
$1 
or if 
So + Silk = 0. 
But (see 6.21) so-+ st, =2e, and the condition for parallelism becomes 
mo = 0. 


The symmetry of this result for the four lines proves the theorem. 


Chapter IX 
HYPOCYCLOIDS 


9.1. If a circle rolls around a fixed base circle with no slipping at the point of 
contact, a point P on the circumference of the rolling circle describes a cycloidal 
curve, a hypocycloid if the rolling circle is inside the base circle and an epicycloid 
if the rolling circle is outside the base circle. 
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Consider first the simple hypocycloid for which the radius of the base circle 
is n times that of the rolling circle, m an integer greater than 1. It is rather ob- 
vious that the point P describing the curve will come into contact with the 
base circle at ” equally spaced points, resulting in a closed curve of ” cusps.* 
We may think of the rolling motion as starting with the point P in contact with 
the base circle at a cusp C. We let 7 and 7; be the radii of the base and rolling 
circles respectively, r=r1, and we set up the coordinate system with the origin 
O at the center of the base circle and the cusp C on the axis of reals at the point 
vr. Let OQ and R be respectively the moving center of the rolling circle and the 
moving point of contact of the two circles; and let 6 be the variable angle from 
the vector OC to the vector OR, and @¢ the variable angle from the vector QP 
to the vector QR. Since the arc CR of the base circle must be of the same length 
as the arc PR of the rolling circle, we have 18 =rd¢/n, or 6=n0. Then 


vector OP = vector OO + vector QP, 


* The reader is probably familiar with the hypocycloid of four cusps whose equation in Car- 
tesian coordinates is 


962/323 ae 2/8, 
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r r 
vector OO = ¢ — “) e® = — (n — 1)e%, 
nN nN 


r r 
vector OP = — e~it¢-9) = — g-#(n-1), 
n n 


If now we put e#®=1/, and let x be the complex number corresponding to the 
point P (and therefore also to the vector OP), we have 


r 1 
(9.11) v= {in 1+ b, n> i, 
n {r-1 
aS a map equation of the hypocycloid of ” cusps. Letting e=e?**/", so that 
e*,s=1,2,--+,n, are the mth roots of unity (see section 1.5), it is geometrically 
obvious that the cusps occur at the points re*, s=1, 2, --+, ”. These are the 


points where the derivative D;x vanishes; for we have from 9.11, 
r(n — 1)(t — 1) 
aaa | 


ni” 


Dix = 


and this derivative vanishes when ¢=e*. The corresponding points of the curve 


are 
r 1 r 1 \° 
o= hin Det \ =~ Jn— ne +( y 
n e(n—1) n eri 


r 
=—{(n-—le+e} = re, 
n 


and hence the cusps occur at the points where D,x =0 (see section 5.4). 
We now consider some special cases of interest. 


9.2. The map equation of the hypocycloid of two cusps is 
r 1 
(9.21) roo (14+—). 


Since ¢ and 1/¢ are conjugates, their sum is real, and the point x moves back 
and forth on the axis of reals from x =r when t=1 to x= —r when t= —1. Thus 
the hypocycloid of two cusps is a line segment of length 27, the “cusps” in this 
case being the ends of the segment. The derivative D,x vanishes when ¢= +1, 
the values of ¢ that give the ends of the segment. 

If ¢ is eliminated from the equation 9.21 and the conjugate equation 


-<(—+1) 
ye i ’ 


we get the self-conjugate equation x —y = 0 of the axis of reals. It should be noted 
that this self-conjugate equation is satisfied not only by all the points of the 
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segment given by the map equation 9.21 but also by points of the axis of reals 
outside this segment (see 5.13). 
The more general map equation (see 5.21) 


1 
(9.22) r= ato(r+—), 


where 6 = pe“ <0, represents a line segment of length 49, making an angle @ with 
the axis of reals, and having its center at the point a. 


9.3. The hypocycloid of three cusps is known as the deltoid and its map 
equation is 


In order to study the properties of any one such deltoid, we may choose our 
unit of length in such a way that r=3, and we then have the simpler map equa- 
tion 


1 
(9,31) io at 


and in the study of the deltoid we shall write R(t) for 2'+1/t?. For this curve 
we have 


2 
Dix = 2—-—-—») 
t? 


Dis = 2 — 288, 


and hence the clinant of the tangent to the curve at the point R(é:) (see 5.42) is 


It follows that no two tangents to the deltoid can be parallel. 

The cusp radius (radius of the base circle) is 3, and the cusps are at the 
points 3, 3w, and 3w?, given by the values 1, w, and w? for ¢. The reader may 
verify the fact (which is rather obvious mechanically) that the deltoid is tan- 
gent to the unit circle at the points —1, —w, and —w?. 

Consider now the map equation 


1 
(9.32) e=htit—, 
tt 
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in which f; is a fixed turn. It is obvious that when ¢ takes on the value #; the del- 
toid 9.31 and the curve 9.32 have the point R(é) in common. Moreover, at this 
common point the tangents to the two curves have the same direction; because 
for the curve 9.32, 

1 


Dwew=1i-—») 
tt? 


Dix = 1 — t, 


and the clinant of the tangent at the point where t=/; is 


the same as the clinant of the tangent to the deltoid at the common point. Hence 
for any fixed value of the turn 4, the map equation 9.32 represents a curve tan- 
gent to the deltoid at the point R(t). For different values of #: we have a family 
of curves one of which is tangent to the deltoid at each point of the deltoid. 
We call this family of curves, given by the map equation 9.32, penosculants* 
of the deltoid. The similar penosculants of the parabola (see section 8.2) were the 
straight lines tangent to the parabola. 

Letting 7; represent either one of the square roots of 4, so that Tj7=4, the 
equation 9.32 may be written 


1 1 

xX by + ~ (ru + =): 
Comparing this with 9.22, and noting that 7i/ is a turn (see section 5.2), we see 
that the penosculant is a hypocycloid of two cusps, a line segment, 4 units in 
length and with its center at the point ¢; on the unit circle. If 7;=e** (and hence 
t, =e7**), the segment makes an angle —@ with the axis of reals. The ends of the 
segment are the points x=4,42/T,;=77+2/7, but these are the points 
R(+1/T;) on the deltoid. We have then proved 


THEOREM 9.33. If at any point of a deltoid a tangent line segmeni 1s drawn with 
tts ends on the deltoid, the mid-point of the segment will lie on the inscribed circle of 
the deltoid and its length will be four times the radius of this circle. 


The results of this paragraph may be stated in another way. If the center of 
a line segment 4 units long moves around a circle of unit radius in the counter- 
clockwise direction while the segment itself rotates about its center half as fast 
in the clockwise direction, the segment will describe a deltoid in three distinct 


* The name penosculant was introduced by Morley because of the analogy with Study’s theory 
of osculants; cf. Morley, Metric geometry of the plane n-line, Trans. Amer. Math. Soc., vol. 1, 
1900, p. 97. 
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ways—each end of the segment will describe the deltoid and the segment will 
envelop the deltoid. 
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9.4. The method of the preceding section may be extended to prove a re- 
markable theorem* about a simple hypocycloid of any number of cusps. 
The map equation of a hypocycloid of ” cusps, Hn, is 


1 
w= (n— lit = RO, 


and it has a family of penosculant curves with map equations 


1 


by [n-2 


(9.41) x=h + (n— 2)ti+ 


For any fixed 4; the penosculant curve is tangent to the hypocycloid H,, at the 
point R(). If now T; is any one of the (n—1)th roots of #,, so that T7~’=h, the 
map equation of the penosculant curve may be written 


* This theorem was given in a paper, On adjustable cycloidal and trochoidal curves, by Mor- 
ley, Amer. J. of Math., vol. 16, 1894, p. 188. 
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Since 7} is a turn, we see that this is the map equation (see 5.21) of a hypocy- 
cloid of »—1 cusps, Hn-1, with its center at the point 4 of the unit circle. Its 
nm —1 cusps occur for those values of ¢ for which D,«=0. From equation 9.41, 


1 
(9.42) x= ht y(n 2)Tit + 
7; 
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and Dx vanishes when ¢ is any one of the (n—1)th roots of 1/#:, that is, when 
¢=1/7;. Putting this value of ¢ in 9.41, we see that there is a cusp of H,-1 at the 
point 

n—2 


1 n—l 


1 1 
= T —2)— 4+ — 
1 + (n nt 


1 
w= ht (n—Da + 


1 


1 
= (n—1)— 
(1 et 
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But this is the point R(1/71) on the hypocycloid H,; and hence each cusp of the 
penosculant hypocycloid H,_1 lies on the hypocycloid H,. As the turn ¢; varies, 
the penosculant hypocycloid rotates with its » —1 cusps always on the hypocy- 
cloid H,, its center on the unit circle, and always tangent to the hypocycloid 
H, at the point R(t). Figure 28 shows the case »=5. Theorem 9.33 is merely 
the special case for » =3 of this more general theorem. 


Fic. 29 


9.5. Returning to a consideration of the deltoid, it is obvious that the two 
tangent line segments 
1 1 


x=h t+tit— and «=h+i+— 
iil bot 


intersect at the point 

1 

e=hrk+—: 
Lyle 

The clinants of these two tangents (see section 9.3) are —4 and —#:, and hence 

they are perpendicular if tf= —. In this case their point of intersection is x = 

—1/#, a point on the unit circle. Thus the locus of intersections of pairs of 
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perpendicular tangents to the deltoid is the unit circle, the inscribed circle of 
the deltoid. 


Three tangents which do not meet in a point form a triangle with vertices 


tj 
*=S-t+—> 4 = 1, 2, 3. 
53 
Then 
1 
(9.51) x= 5, + (— — 1) 
53 


is the map equation of the circumcircle of such a triangle of tangents. The cir- 
cumcenter of the triangle is the point s: which is the orthocenter (see 7.13) of 
the triangle f,tt3. If ss=1, the radius of this circle becomes zero; and hence under 
the condition s;=1, the three tangents to the deltoid at the points R(¢;),7=1, 2, 
3, meet at the point s1, the orthocenter of the triangle tf; (Figure 29). 
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The reader may show that the self-conjugate equation of the tangent to the 
deltoid x =2t+1/#? at the point where t= is 


3 2 
h—tx+ihy— 1 = 0, 
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and if three tangents meet at the point (x1, y,), the clinants of the tangents will 
be the three roots of the equation 
f+ xf? + yt +1 = 0. 
We have seen that the ends of the line segment 
1 
x= h -+- t -+- —_— 
1 
tangent to the deltoid at the point R(é,), are on the deltoid at the points 
R(+1/71), where T?=4. The clinants of the tangents at these two ends are 
+1/7;, and hence the two tangents are perpendicular to each other. Moreover, 
these tangents intersect at the point — 7?= —#, on the unit circle, and the third 
tangent through this point is the tangent at R(—#), perpendicular to the tan- 
gent at (Rt,) and having —¢, as the mid-point of the segment (Figure 30). 

9.6. It has been pointed out that there is a unique parabola tangent to the 
four lines of any proper 4-line (no two of the lines parallel, no three concurrent). 
Similarly there is a unique deltoid tangent to the four lines of any proper 4- 
line, and hence any theorem about a proper 4-line may be proved by assuming 
that the four lines are all tangent to the deltoid 9.31. Thus the theorems proved 
in section 8.4 by regarding the four lines as tangents to a parabola may also be 
proved by regarding the lines as tangents to a deltoid. We prove Theorem 8.41 
and leave the others as exercises for the reader. 

The map equation 9.51 gives the circumcircle of the triangle formed by three 
tangents at the points R(#;). If then we have four tangents, and write 24, 22, 23, 
24 for the symmetric functions of the four turns ¢;, the circumcircles of the four 
triangles are given by the map equations 


bi 
= -ut(-1)s t= 1, 2, 3,4. 


4 


For ¢=2, each of these circles passes through the point 2;—2,, the node of the 
4-line. Also the four circumcenters, 21—#;, lie on the circle x =2,—t#, the centric- 
circle of the 4-line, and this centric-circle passes through the node when ¢= 24. 

Note that the radius of the centric-circle is 1, which is the radius of the in- 
scribed circle of the deltoid tangent to the four lines. 

Given a triangle of three tangents to the deltoid, the clinant of the side 
tangent at the point R(4,) is —t and the opposite vertex is the point fe-+és-+ 
1/(tts), and therefore the equation of the corresponding altitude is 


h 1 1 
hae + y = hit + ht + — +—+—+ th 


lots 2 3 
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or 
Silty 
he + y = 8+: 
53 
The three such altitudes have the equations 
Sib; ; 
ta--y = 5%+—) a= 1, 2, 3, 
53 


and they obviously meet at the point (51/53, 52); and hence the orthocenter of a 
triangle of three tangents is the point s:/s3. We have seen that the circumcenter 
of this triangle is the point s;. Since s3 is a turn, | ss] =1 and | s1/ss| =|si|, and it 
follows that the circumcenter and orthocenter of any triangle of three tangents 
to a deltoid are equidistant from the center of the deltoid. This gives a method of 
locating the center of the deltoid tangent to the lines of a given proper 4-line. 
For each of the four triangles we draw the perpendicular bisector of the segment 
from the circumcenter to the orthocenter, and these four lines must meet at the 
center of the tangent deltoid. The size of the deltoid is fixed by the fact that the 
centric-circle of the 4-line is the same size as the inscribed circle of the deltoid, 
and the base circle of the deltoid is three times as large. Thus, given a proper 
4-line, the inscribed circle and the base circle of the deltoid touching the four 
lines can be readily constructed. But there remains the rather difficult problem 
of locating a cusp of the deltoid on the base circle. For the reader who may 
wish to work at this problem it should be pointed out that the locating of a 
cusp involves the trisection of a general angle. The trisection of an angle presents 
no practical difficulty in making a drawing, but it cannot be accomplished by a 
strict compass and straight-edge construction. 


9.7. We have considered only those simple hypocycloids for which the ratio 
r/r, is an integer. The reader may be interested in proving that when r/r, 
=n/(n—1) we get the same simple hypocycloid as when r/7;= 7. Thus the same 
deltoid will be described by a point on a rolling circle whose radius is either one- 
third or two-thirds that of the base circle. However, if the ratio 7/7: is a rational 
fraction, r/r1=p/q, p, g integers, g¥p—1, a nodal (or star) hypocycloid is ob- 
tained. Replacing 2 in equation 9.11 by p/g will give a map equation for such 
a curve. The star hypocycloid of 5 cusps, with r/7;=5/2, is an interesting curve 
to study and to draw. 


Chapter X 
EPICYCLOIDS AND TROCHOIDS 


10.1. As noted in section 9.1, if a circle rolls around a fixed base circle, the 
rolling circle externally tangent to the base circle, a point P on the circumference 
of the rolling circle describes a curve called an epicycloid. For the simple epi- 
cycloid the radius of the base circle is » times that of the rolling circle, any 
positive integer. As in the case of the hypocycloid, it is obvious that the point 
P comes in contact with the base circle at 2 equally spaced points, these points 
in this case being cusps pointing in toward the center of the base circle. 
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Again we let r and 7; be the radii of the base and rolling circles respectively, 
r=nr,, and we set up the coordinate system with the origin O at the center of 
the base circle and a cusp C on the axis of reals at the point 7. With Q as the 
center of the rolling circle, R the point of contact with the base circle, 6 the 
angle from the vector OC to the vector OR, and @¢ the angle from the vector 
OR to the vector QP, we have 


ni = ¢, 
vector OP = vector OO + vector OP 


7 7 
n n 


r ° r ° 
— (n + 1)e# — — etn), 
n n 
Then writing 7 for e® we have the map equation of the curve 
r 
(10. 11) 2 = —{(n+ 1)t — re}, 
n 
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It may be noted that this is the map equation we would get if we would replace 
nm in equation 9.11 by —. Thus if we allow 1 to take on negative as well as posi- 
tive integral values, either equation 9.11 or equation 10.11 will include all simple 
hypocycloids and epicycloids of | 2 | cusps. 


10.2. We could not havea hypocycloid of one cusp, but the epicycloid of one 
cusp is the familiar cardioid whose equation in polar coordinates is p= 
a(1—cos @). Putting »=1 in 10.11 we have 


x = 7(2t — f*); 
or, if we take the radius of the base circle as the unit of length, we have for the 
cardioid the simple map equation 
(10. 21) x = 2t— #. 


In the study of the properties of this curve in this section we may write R(?) 
for 2t—#?. 


Rit 
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Consider the reflections of the point 1 in the tangents to the unit circle. The 
equation of the tangent to the unit circle at the point ¢; (see 7.41) is 
1 1 2 0 
— x —~ = 
ti » by 


or 


x + hy — 2h = 0. 
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Then the reflection of the point 1 in this tangent (see 3.54) is 


2 
xX, = 2ty — hh, 


and this is the point R(t,) on the cardioid x = R(f). Hence we have 


THEOREM 10.22. If C is a fixed point on a circle, the locus of the reflections of 
C in the tangents to the circle 1s a cardioid with its cusp at C and the given circle as 
tts base circle. 


We see also that the perpendicular bisector of the line segment from the 
cusp to the point R(t) of the cardioid x = R(£) is tangent to the base circle at the 
point ¢;, and this gives a simple graphical method of finding the turn & which 
corresponds to any point R(é) of the cardioid. Moreover the vector from the 
cusp to the point R(é), 4:1, is 24;—-4—1=24,(2 -—#:,—1/h). But 4+1/t; is real 
and less than 2, and hence 2—t4,—1/h is positive. Hence the vector from the 
cusp to the point R(é,) has the same direction (arrowhead direction) as the vec- 
tor ¢;. Also the vector from the cusp to the point R(—#) has the opposite direc- 
tion, and thus the two points R(4) and R(—#,) are collinear with the cusp, the 
cusp lying between the two points. The mid-point of the segment from R(¢1) to 
R(—t) is 


2 
(2t, — 4) + (— 24 — A) ; 
= =, 


a point on the base circle. The vector from R(—t:) to R(f4) is (24-4) — 
(—2t, —#) =4th, and the length of this vector is 4. We have then 


THEOREM 10.23. Any chord of a cardioid through the cusp ts of length four times 
the radius of the base circle, and the mid-point of sucha chord lies on the base ctrcle; 
and, conversely, 1f a line segment passes through two points C and P of a circle, 
the segment having P as its mid-point and tts length four times the radius of the 
circle, then as P moves around the circle and C remains fixed the ends of the segment 
describe a cardioid with C as its cusp and the circle as tts base circle. 


From the map equation 10.21 we have 
Dix = 2(1 _- t), 


and hence the clinant of the tangent to the cardioid at the point R(t) (see 5.42) 
is 
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The equation of this tangent is then 


1 h—t 2h—1 
er a r 
or 
(10. 24) hy — 3h + 3h — x = 0. 


We call ¢; the parameter of this tangent at the point R(f,). Because of the relation 
10.24 it follows that if any tangent of the cardioid passes through a given point * 
(%1, Vi) of the plane, the parameter of this tangent must satisfy this equation inf: 


3 3 x1 
B—-—?+—i——=0. 
V1 V1 V1 


If this equation is satisfied by three turns, t, fz, 3, we must have 


3 3 V1 
$s; = —») $3 =) $=) 
V1 V1 V1 
from which we must have 
353 3 3 
$1 = So  O, “1 =o) y= =—) Vy = X11. 
Si 52 Si 


Suppose now that we start with any three turns which satisfy the relation 
51 = 520, and let x1= 353/51, yi: =3/s1= #1. Then the tangents to the cardioid 
x= R(t) at the three points R(t), R(t), R(ts3) will be concurrent at the point 
(353/s1, 3/51). For the tangent at R(t;),7=1, 2, 3, has the equation 


iy — 3t; + 3; -2 = 0 
and the point (353/51, 3/s1) lies on this tangent since 


3t, 9 353 3 3 2 
— — 3t; + 34; —— = — (ti — siti + Sots — 53) = 0. 
Si S1 Si 


Thus we have the following theorems: 


THEOREM 10.25. Jf ti, te, ts are three turns such that s;= 52340, then the tangents 
to the cardioid x =2t—t? at the points R(t), R(t2), R(ts) are concurrent at the point 
(353/51, 3/51). 


THEOREM 10.26. If three tangents to the cardioid x = 2t—t? are concurrent at the 
potnt (x1, V1), the parameters of the tangents are the three roots of the equation 


yt? — 32 + 3t — mm = 0. 


72 THE CONJUGATE COORDINATE SYSTEM 


The reader may prove also that through a point (not the cusp) of the cardioid 
x =2t—t? two tangents will pass, the tangent at the point and a second tangent 
whose parameter is (2¢,—f)/(2t:—1). 


If we have three turns of the form 4, wt1, w*t1, we have at once 5s; =52=0, the 
case excluded in theorem 10.25. Since the clinant of the tangent at the point 
R(t:) is —1/é, it follows that the tangents at the three points R(é:), R(wt:) and 
R(w?t;) have the same clinant. Also the vectors 41, wt, and wf, make angles of 
120° with each other, and the same must be true of the vectors from the cusp to 
the three points of contact. Hence we have 


THEOREM 10.27. For each direction in the plane there are three parallel tangents 
to the cardtoid, and the vectors from the cusp to the three points of contact make angles 
of 120° with each other. 


As special cases of this theorem, the three tangents parallel to the axis of 
reals have the points of contact R(1)=1, R(w) =2w—w?=1+3w, and R(w?) 
= 2w? —wt = 1-+3w?; while the three tangents perpendicular to the axis of reals 
have the points of contact R(—1) = —3, R(—w) = —2w—w*?=1—w, and R(—w?) 
= —2w*?—wt=1—w?. In the latter case the tangents at 1—w and 1—w? coincide 
as the double tangent of the cardioid with the equation x+y =3. 

Associated with the cardioid x = 2¢—#? is a family of penosculant curves with 
the map equation 


(10. 28) x= ti-ht=act (1 _ t1)t. 


As in preceding cases (see sections 8.2, 9.3, 9.4) it is easily verified that for any 
fixed 4; the penosculant curve is tangent to the cardioid at the point R(t). 
Also the penosculant curve is obviously a circle with its center at the point 4 
and passing through the cusp (the point 1) when t=1. Thus we have 


THEOREM 10.29. A circle passing through the cusp of the cardtoid x=2t—t? 
and having its center at the point t, on the base circle will be tangent to the cardioid 
at the point R(t:); and, conversely, uf a family of circles have their centers on a fixed 
base circle and all pass through a fixed point C of thts base circle, they will envelop 
a cardioid with tts cusp at C. 


10.3. Two penosculant circles, C; and Ce, of the cardioid x = 2¢—#? with their 
centers at ¢; and ¢, evidently intersect at the cusp and at the point #; +4 —fite. For 
three circles with centers at 1, fe, ts the three intersections (other than the cusp) 


will be 
S53 . 
K% = 8 -bh- mo) a= 1, 2, 3, 


and these three intersections lie on the curve with the map equation 
53 


= —-t—-—- 
t 
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If Tis one of the square roots of s3, T?=53, this equation may be written 
i T 
(10.31) rou-T(5+-). 


Comparing this with 9.22 and noting that ¢/T is a turn, one sees that we have 
the map equation of a line segment 4 units in length and center at the point s1. 
If now we consider four penosculant circles, we will have four such line segments 
l;, the line /; passing through the intersections of the circles C2, C3, C4, etc. The 
intersection of circles C3 and Cy, is the intersection of lines 1; and 2, and Ci is the 
circumcircle of the triangle formed by lines kh, /3, and 4. We have then again the 
figure of the proper 4-line (see sections 8.4 and figure, and 9.6), with circles C; 
as the circumcircles of the four triangles, the cusp C as the node, and the base 
circle of the cardioid as the centric-circle of the 4-line. Conversely, if we start 
with any given proper 4-line, the associated cardioid is uniquely determined 
since its cusp and base circle are the node and centric-circle of the 4-line. In 
the cases of the parabola and deltoid associated with a 4-line, the four lines were 
tangent to the curves, but in the case of the cardioid it is the four circumcircles 
which are tangent to the curve. 

The reader may be interested in drawing an accurate figure of a proper 4- 
line, its four circumcircles, its node and centric-circle, and the associated parab- 
ola, deltoid, and cardioid. As it is rather difficult to locate the deltoid when the 
4-line is given, it is best to start with a deltoid, using four of its tangents for the 
4-line. Then the parabola is fixed by its focus and directrix and the cardioid 
by its base circle and cusp. 


10.4. If a circle rolls around inside or outside a fixed base circle (Figure 33), 
a point P attached to the rolling circle, but not necessarily on its circumference, 
describes a curve called a trochoid. Hypocycloids and epicycloids are included 
in the more general class of trochoids. Simple trochoids are those for which the 
radius 7 of the base circle is || times the radius 7; of the rolling circle, m an 
integer positive or negative but not zero. 

Let the point P be attached to the rolling circle at a distance kr; from its 
center, 0<kS1*. Then by the same procedure that was used to obtain map 
equations 9.11 and 10.11 we find for the general map equation for all simple 
trochoids 


This equation gives hypo-trochoids for 1 positive and epi-trochoids for ” nega- 
tive (see section 10.1), and it includes the simple hypocycloids and epicycloids 


r k 
(10.41) y= akc —1)i+ 
nN jn-l 


* Any curve that can be constructed with k>1 can also be constructed with a value of k<1 
and a different 7 and 7. 
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when k=1. The simple trochoids (r/r,=n or n/(n—1)) may be convex curves 
for values of k& near 0, but for values of k near 1 they have rounded points which 
are nearly cusps. 


Fic. 33 


10.5. We examine the rather special hypo-trochoid for »=2, 0<k<1, with 
the map equation 


(10.51) ” = + + =| = R(Z). 


We shall show that this curve is an ellipse with foci at the points +7./k on the 
axis of reals. The vector from the point r1/k to the point R(t) of the curve is 


r k _ 
— + “| — rV/k 
2 hi 


or 
~ (4 — Vb)? 
2 
The length of this vector is 
/ = (th — /k)? =(- vi) "(i VSk)(1 — tik) 
2 “9\4 Oh me 
Similarly the distance from the point —7r/# to the point R(t) is 


(a+ VB—U Have), 
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and the sum of these distances is 
r 
mn (2h + 2kt:) = r(1 + &). 
1 


Since this sum is a constant for all 4, the curve must be an ellipse with +7r/k 
as its foci. Putting t= +1 in the map equation 10.51 we see that the ellipse 
cuts the axis of reals at the points +4$r(1+k), and for ¢= +7 it cuts the axis of 
pure imaginaries at the points +$r(1—)2, so that the semi-major and minor 
axes are 


"(1+ 8) ~ (1 — 8) 
q=— ; = — (1 — BR). 
2 2 
From these relations we have 
a—b 
r=a + b, k= ’ 
a+b 


giving the values of r and k which correspond to an ellipse of any specified 


dimensions. 
Writing the map equation of the ellipse in the form 


P+kR 
2t 


x4 = ) 


we have a family of penosculant curves 
hi+k 
itd 


The reader may verify that these penosculants are straight lines (see section 
5.3) tangent to the ellipse. 

A line segment through the center of an ellipse with its ends on the curve is 
called a diameter of the ellipse. From the form of the map equation 10.51 it is 
obvious that the points R(+4) are the ends of a diameter. 

From 10.51 we have 


r 2 
5 _ kt) 9 
(10. 52) p= 
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The clinant of the focal radius from the focus 71/2 to the point R(t) of the 
ellipse is 


—s nanan ve ennne En 
er aE Sere nema’ 
— — e 


Similarly the clinant of the focal radius from the focus —7/f to the same point 
is 


_ (1 + t/k)? 
(th + Vk)? 


The clinants of the bisectors of the angles between these focal radii (see 3.32) 
are 


(4) — /R)2%(t + VR)? — poe 
and comparing this with 10.52 we see that these are the clinants of the tangent 
and normal at the point. This proves the well known 


i/o — Ave) + Vk)? | pit hk 


THEOREM 10.53. The tangent and normal at any point of an ellipse bisect the 
angles made by the focal radi through the point. 


Chapter XI 
THE RECTANGULAR HYPERBOLA 
11.1. It is easily verified (see section 5.3) that the map equations 


i+it 1+i 
x= and #=-— 

1+ t+i 
represent two perpendicular lines, }; and +, through the origin, with self-con- 
jugate equations ix-+-y=0 and —ix+y=0 respectively. Consider now the map 
equation 


+t 1+7 
x= 
1+i a+ 


We shall show that this equation represents a rectangular hyperbola with the 
lines J; and J, as asymptotes. If we write z for (¢ +#)/(1-+#), we see that z is a vari- 
able point on the line /,, or the vector from the origin to this point; and similarly 
1/z is the vector from the origin to the point 1/z on the line 2,; and the sum of 
these two vectors is the vector x from the origin to the point x of the curve. But 
the product of the lengths of the vectors z and 1/2 is 


(11.11) 


_ /t T 
Va: 4/—-— = 1, 


2 8 
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and since this product is a constant the curve must be a rectangular hyperbola 
with the lines /; and , as asymptotes. The reader may verify that the vertices of 


the hyperbola are the points + 4/2 on the axis of reals, and the foci are the points 
+2. 
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Since 


and eliminating z we have 
(11.12) e+y?=4 or (in + y)(—i«+y) = 4 


as the self-conjugate equation of this particular rectangular hyperbola. For a 
general map-equation of amy rectangular hyperbola (see 5.21) we have 


1 
x=a+ (2 + —) , a, c arbitrary complex constants, 
z 


and from this we deduce the general self-conjugate equation 
x — a\’ — a’ 
(=) +) = 
C é 
or 


(11.13) (x — a)? + (y — a)? = 4072, 


or 

(11.14) {é(x — a) + icly — a)} { é(a — a) — icy — a)} = 4¢7¢?, 

This hyperbola has the point a as its center, and the lines 
(x — a) t icy — a) = 0 


as its asymptotes. 

In this chapter we are primarily interested in the rectangular hyperbola; 
but the general hyperbola may be treated in a similar manner, the general map 
equation being 


tg+éi i+ 
+ ), 
1+? to + 2 
11.2. Four points, of which no three are collinear, ordinarily determine a 


unique rectangular hyperbola which passes through them, but there are two 
exceptional cases. If the set of points is an orthocentric set (see section 7.2) 


r= ato 
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there are infinitely many rectangular hyperbolas through them, a case which 
will be treated in the next section. If the set of points is not orthocentric, but if 
the line through one pair of them is perpendicular to the line through the other 
pair, there is, strictly speaking, no rectangular hyperbola through the points; 
but the pair of perpendicular lines through them may be regarded as a degenerate 
case of a rectangular hyperbola. 

We find now the equation of the rectangular hyperbola through four points 
of the unit circle. Equation 11.13 may be written in the form 


(11.21) Ex? — 2aé?x + (a76? + ac? — 4c7é?) — 2dc*y + cy? = 0, 
and if we solve this simultaneously with the equation of the unit circle xy =1, 
eliminating y, we have 
Gxt — 2ace*x* + (a2e? + ac? — 4c76*)x? — 2dc?x + 2? = 0. 
If the hyperbola passes through four points ¢;,1=1, 2, 3, 4, of the unit circle, 


these four turns ¢; are the roots of the above quartic in x; and if we write 2, 
De, 3, 4 for the elementary symmetric functions of the ¢;, we must have 


2dac? 
Dy = 24a, m3 = 2 ) 
(11.22) 
a?¢é? + d*c? — 4c?é? c? 
yy =, y=: 
é? ¢? 


Putting these results in equation 11.21 we see that the equation of the rectangu- 
lar hyperbola through four points ¢; of the unit circle is 


(11.23) x? — Dye + Le — Lay + Day? = O. 


Also from relations 11.22 we have a=2,/2, c/é= 44/4, and hence it follows 
that the center of the rectangular hyperbola 11.23 is 2,/2, and its asymptotes 
are 


11.24 («- =) + ivar( -=)=0 
( . ) Xx , Tr 4 4ty 2S, = VU. 


Four points of a circle can obviously not be an orthocentric set; but it may 
happen that the line joining two of them is perpendicular to the line joining 
the other two. The line through 4 and & has the clinant 1/ht, (see section 7.1), 
and hence this special case will occur when 


1 1 1 1 1 1 
eeayer eed) 
byt Ista byl, tots bits lots 
or when 


2 2 
(tst4 ++ tate) (tote + tits) (tots ++ tits) = Did, + D3 — 4202, = O. 
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But equation 11.23 may be written 


3) +O ae) Ea) - O- 


Sid, + Bs — 4B, 
7 4D, 


and hence in this exceptional case equation 11.23 represents a pair of perpendicu- 
lar lines, the lines given by equations 11.24. 


11.3. We may now study the family of rectangular hyperbolas passing 
through the vertices of any triangle. We take the circumcircle of the triangle as 
the unit circle, the vertices corresponding to three turns, h, f, ts. A hyperbola 
cutting a circle in three points must cut it also in a fourth point, though this 
fourth point may coincide with one of the three points. Therefore we get all 
rectangular hyperbolas through the vertices of the triangle if we consider the 
rectangular hyperbolas determined by the vertices and a variable fourth point 
on the unit circle. For convenience in what follows we take the fourth point as 
#? where ¢ is a variable turn. The hyperbolas will then be given by the equation 
11.23 if the 2’s are symmetric functions of #1, fo, és, #2. If we write si, 52, 53 for the 
symmetric functions of 4, 4, fs and use the relations 6.21, equation 11.23 becomes 


(11.31) x? — (51 + t)x + (se + sit”) — (53 + Sol?)y + set?y? = 0, 


and this is then the equation of the family of all rectangular hyperbolas through 
the vertices of the triangle. 

The coordinates of the orthocenter of the triangle (see 7.13) are (s1, s2/ss), 
and substituting these coordinates for x and y in equation 11.31 we find that the 
equation is satisfied identically. Thus all the rectangular hyperbolas through the 
vertices of a triangle pass also through the orthocenter; or, to state it more sym- 
metrically, all rectangular hyperbolas through three points of an orthocentric 
set pass also through the fourth point. This is the exceptional case, mentioned 
in the preceding section, of a set of four points which do not determine a unique 
rectangular hyperbola. 

For any fixed value of ¢ the center of the hyperbola is 


s+ P 
y) ’ 


and hence the locus of the centers of all the hyperbolas is the circle whose map 
equation is 


and this is the nine-point circle (see 7.21) of the triangle. 
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Referring to 11.24 we see that the asymptotes of the hyperbola 11.31 for a 


fixed ¢ are 
Sy + =) ___ ( 53 + =) 
4 + in/s3t? {| y — ————-] = 0 
( 2 Vv’ ° y 25s3t? 


If we let TJ be any one of the sixth roots of s3, so that 


T’ = $3, + / 532 = + Tt, 


the equation of one asymptote* may be written 


51 + “) ( 53 + =) 
x— + iT — ————-] = 0 
( 2 y 25st? 


or 


(11.32) 


+ 
iT? |  2T% 27? 22 2Qsy 


We wish to obtain the equation of the envelope of these asymptotes as ¢ varies, 
and the usual procedure would be to differentiate 11.32 partially with respect to 
the parameter ¢ and then eliminate ¢ between the equation thus obtained and 
equation 11.32. But since the partial differentiation with respect to ¢ gives us an 
equation independent of y, we may solve at once for x in terms of ¢ to obtain 
a map equation of the envelope. Thus, differentiating 11.32 partially with 
respect to ¢, we have 


i S1 1 1 
— +— = 0, 


+ 
ils? UT? Ts £8 


from which we obtain 


sy we # 


(=e ee ee 


2 t 2 


or 


(11.33) r= 24 242(=)+(2)t. 


If we compare this result with 9.31 and note that <7/¢ runs through all turn 
values as ¢ runs through all turn values, we see that this envelope of the asymp- 
totes is a deltoid with center at s:/2, the nine-point center of the triangle, and 
having the nine-point circle as its inscribed circle. 


* For any value of t, say ¢=¢o, equation 11.31 represents a certain hyperbola and equation 
11.32 one of its asymptotes; and when ¢= —éo, 11.31 gives the same hyperbola and 11.32 its other 
asymptote. As ¢ runs through all turn values we get each hyperbola twice but each asymptote only 
once, 
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The line given by equation 11.32 for any particular value of f, say t=t 
touches the deltoid at the point 


For three special values of # equation 11.31 represents two perpendicular lines 
rather than a proper hyperbola, namely, when #= —s;/f?, 7=1, 2, 3. Each of 
these pairs of lines consists of a side of the triangle and the corresponding 
altitude. These sides and altitudes are included in the family of lines given by 
equation 11.32, the sides when ¢= —7T°/t; and the altitudes when ¢=71T?/t;. 
Thus the sides of the triangle are tangent to the deltoid at the points 


S] 53 
— —4;+— 
2 7 we 
and the altitudes at the points 
S1 S3 
+%;+— 
2 ° 2 
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Since four tangents determine a deltoid uniquely, this is the only deltoid tangent 
to the sides and altitudes of the triangle. Thus we have proved 
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THEOREM 11.34. All the rectangular hyperbolas through the vertices of a triangle 
pass also through the orthocenter; the locus of their centers 1s the nine-point circle of 
the triangle, and the envelope of their asymptotes 1s the deltoid which 1s tangent to the 
sides and altitudes of the triangle and has the nine-potnt circle as tts inscribed circle. 


11.4. The lines of theorem 11.34 which are the asymptotes of the rectangular 
hyperbolas and the tangents to the deltoid are also related to the triangle in 
another way. If from any point 7 of the circumcircle of the triangle tiffs per- 
pendiculars are dropped to the three sides, the feet of these perpendiculars will 
lie on a line. To see this we note that the equation of the side ff; of the triangle 
(see 7.11) is 


Solving these equations for the point of intersection we have 
1 tots 
1 = —lh ++ tr -— 
2 T 
or 


1 $3 
v1 = (sth+r-), 


Air 


Then the three feet of the perpendiculars from the point 7 to the three sides will 
lie on the curve whose map equation is 


1 Sg 
(11.41) r= 5(atr-1-4), 
2 tt 


Following the method that was used in the case of equation 10.31, one could 
show that this is the map equation of a line segment (hypocycloid of two cusps). 
But it will suit our present purpose better to obtain the self-conjugate equation 
of the line by eliminating the parameter ¢ between equation 11.41 and the con- 
jugate equation 


The resulting linear equation is 
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S1T 7? AY) 1 
+ —— — 


— — = 0, 
253 2583 253 2T 


TX 
(11.42) —-—+y+ 
53 

For any point 7 on the circumcircle of a triangle there is such a line, called the 
Simson” line for the point 7. As r varies we have a whole family of such Simson 
lines given by equation 11.42, and we shall now show that these Simson lines are 
exactly the asymptotes of the hyperbolas of theorem 11.34. If we simply sub- 
stitute in equation 11.32 giving the asymptotes and in equation 11.42 giving the 
Simson lines, remembering that 7*=53, we see that the asymptote for f=17°3/r 
is the Simson line for 7, and the Simson line for r =17°/t is the asymptote for ¢. 
It follows that the Simson lines for any triangle are the tangents to the deltoid 
of theorem 11.34; and for this reason the deltoid is sometimes called the Simson 
deltoid (or Simson quartic) of the triangle. 

* There is considerable doubt as to whether Simson was the discoverer of these lines. See 


the historical note in Johnson’s Modern Geometry, p. 137, and the paper by Mackay to which 
Johnson refers. 
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ON PICTURE-WRITING* 
G. POLYA, Stanford University 


To write “sun”, “moon” and “tree” in picture-writing, one draws simply a 
circle, a crescent and some simplified, conventionalized picture of a tree, re- 
spectively. Picture-writing was used by some tribes of red Indians and it may 
well be that more advanced systems of writing evolved everywhere from this 
primitive system. And so picture-writing may be the ultimate source of the 
Greek, Latin and Gothic alphabets, the letters of which we currently use as 
mathematical symbols. I wish to observe that also the primitive picture-writing 
may be of some use in mathematics. In what follows, I wish to show how the 
method of generating functions, important in Combinatory Analysis, can be 
quite intuitively evolved from “figurate series” the terms of which are pictures 
(or, more precisely, variables represented by pictures). 

Picture-writing is easy to use on paper or blackboard, but it is clumsy and 
expensive to print. Although I have presented several times the contents of the 
following pages orally, I hesitated to print it.t I am indebted to the editor of the 
MONTHLY who encouraged me to publish this article. 

I shall try to explain the general idea by discussing three particular examples 
the first of which, although the easiest, will be very broadly treated. 

1.1. In how many ways can you change one dollar? Let us generalize the 
proposed question. Let P, denote the number of ways of paying the amount of 
n cents with five kinds of coins: cents, nickels, dimes, quarters and half-dollars. 
The “way of paying” is determined if, and only if, it is known how many coins 
of each kind are used. Thus, Ps=1, Ps=2, Pip =4. It is appropriate to set Po =1. 
The problem stated at the outset requires us to compute Pion. More generally, 
we wish to understand the nature of P, and eventually devise a procedure for 
computing P,. 

It may help to visualize the various possibilities. We may use no cent, or 
just 1 cent, or 2 cents, or 3 cents, or - - +. These alternatives are schematically 
pictured in the first line of Figure 1;** “no cent” is represented by a square which 
may remind us of an empty desk. The second line pictures the alternatives: 
using no nickel, 1 nickel, 2 nickels, - - -. The following three lines represent in 
the same way the possibilities regarding dimes, quarters and half-dollars. We 
have to choose one picture from the first line, then one picture from the second 
line, and so on, choosing just one picture from each line; combining (juxtaposing) 
the five pictures so selected, we obtain a manner of paying. Thus, Figure 1 
exhibits directly the alternatives regarding each kind of coin and, indirectly, 
all manners of paying we are concerned with. 


* Address presented at the meeting of the Association in Athens, Ga., March 16, 1956. 

1 I used it, however, in research. See 2, especially p. 156, where the “figurate series” are in- 
troduced in a closely related, but somewhat different, form. (Numerals in boldface indicate the 
references at the end of the paper.) 

** A photo of actual coins would be more effective here but too clumsy in the following figures. 
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OO OOO -:: 
Ge OOW --: 


Fic. 1. A complete survey of alternatives. 


MLL 
OBOYVO 


(+ © + OO + OOO + +++) 
(+ ®@+@@+O@OO+ --); 
(C+ @ + @® + @@®+ --); 
(+ @ + @@ + @@O+ ++): 
(T+ @ + @@ + @@@ +--+): 
++ 1] @OOO-@-@-@ + +++ 


Fic. 2. Genesis of the figurate series. 


The main discovery consists in observing that, in fact, we combine the pic- 
tures in Figure 1 according to certain rules of algebra: if we conceive each line 
of Figure 1 as the sum of the pictures contained in it and we consider the 
product of these five (infinite) sums, in short, if we pass from Figure 1 to Figure 2, 
and we develop the product, the terms of this development will represent the 
various manners of paying we are concerned with. The one term of the product 
exhibited in the last line of Figure 2 as an example represents one manner of 
paying one dollar (putting down no cents, three nickels, one dime, one quarter 
and one half-dollar). The sum of all such terms is an infinite series of pictures; 
each picture exhibits one manner of paying, different terms represent different 
manners of paying, and the whole series of pictures, appropriately called the 
figurate series, displays all manners of paying that we have to consider when 
we wish to compute the numbers P,,. 

1.2. Yet this way of conceiving Figure 2 raises various difficulties. First, 
there is a theoretical difficulty: in which sense can we add and multiply pictures? 
Then, there is a practical difficulty: how can we pick out conveniently from the 
whole figurate series the terms counted by P,, that is, those cases in which the 
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sum paid amounts to just 2 cents? 

We avoid the theoretical difficulty if we employ the pictures, these symbols 
of a primitive writing, as we are used to employing the letters of more civilized 
alphabets: we regard each picture as the symbol for a variable or indeterminate. f 

To master the other difficulty, we need one more essential idea: we substitute 
for each “pictorial” variable (that is, variable represented by a picture) a power 
of a new variable x, the exponent of which is the joint value of the coins repre- 
sented by the picture, as it is shown in detail by Figure 3. The third line of 
Figure 3 shows a lucky coincidence: we have conceived the three juxtaposed 
nickels as one picture, as the symbol of one variable (corresponding to the use 
of precisely three nickels). For this variable we have to substitute x!5 according 
to our general rule; yet even if we substitute for each of the juxtaposed coins 
the correct power of x and consider the product of these juxtaposed powers, 
we atrive at the same final result +45, 


(2) =x, (5) =%% (10) =x", (85) =x*, (0) = x, 


(S)(5)(S) = xxx = x", 
| }OOO-O:@-@ =x", 


Fic. 3. Powers of one variable substituted for variables represented by pictures. 


The last line of Figure 3 is very important. It shows by an example (see the 
last line of Fig. 2) how the described substitution affects the general term of the 
figurate series. Such a term is the product of 5 pictures (pictorial variables). 
For each factor a power of x is substituted whose exponent is the value in cents 
of that factor; the exponent of the product, obtained as a sum of 5 exponents, 
will be the joint value of the factors. And so the substitution indicated by 
Figure 3 changes each term of the figurate series into a power x*. As the figurate 
series represents each manner of paying just once, the exponent # arises pre- 
cisely P, times so that (after suitable rearrangement of the terms) the whole 
figurate series goes over into 


+ In a formal presentation it may be advisable to restrict the term “picture” to denote a 
(visible, written or printed) symbol that stands for an indeterminate; in the present introductory, 
rather informal, address the word is now and then more loosely used. 

Let us pass over two somewhat touchy points: the infinity of variables and the convergence 
of the series in which they arise. Both are considered in certain advanced theories and both are 
momentary. They will be eliminated by the next step. 
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(1) Pot Pix + Pox? +--+ + Pax™+--- 


In this series the coefficient of x* enumerates the different manners of paying the 
amount of 2 cents, and so (1) is suitably called the enumerating series. 

The substitution indicated by Figure 3 changes the first line of Figure 2 
into a geometric series: 


(2) L+atetat+--- = (1 — x) 


In fact, this substitution changes each of the first five lines of Figure 2 into 
some geometric series and the equation indicated by Figure 2 goes over into 


(3) (1 = ad = a8) = 9) = a9) — a8) 
= Pot Pyx + Pot +++ + Paxts-- 


We have succeeded in expressing the sum of the enumerating series. This sum 
is usually termed the generating function; in fact, this function, expanded in 
powers of x, generates the numbers Po, Pi, ---, Pa, ++: -°, the combinatorial 
meaning of which was our starting point. 

1.3. We have reduced a combinatorial problem to a problem of a different 
kind: expanding a given function of x in powers of x. In particular, we have 
reduced our initial problem about changing a dollar to the problem of computing 
the coefficient of x!® in the expansion of the left hand side of (3). Our main 
goal was to show how picture-writing can be used for this reduction. Yet let us 
add a brief indication about the numerical computation. 

The left hand side of (3) is a product of five factors. The well known ex- 
pansion of the first factor is shown by (2). We proceed by adjoining successive 
factors, one at a time. Assume, for example, that we have already obtained 
the expansion of the product of the first two factors: 


(1 — x81 — x5)? = ap + aint aex?+---, 
and we wish to go on hence to three factors: 
(1 — w)7H1 — 9®)-2101 — x) = bg + Oye + box? + --- 
It follows that 
(bo + B54 + box? +--+ )(1 — x29) = ay + aye t+ ax? +--- 
Comparing the coefficient of x* on both sides, we find that 
(4) bn = Dp—10 + On 


(set bm =0 if m<0). By (4), we can conveniently compute the coefficients b, by 
recursion if the a, are already known, and the series (3) can be obtained from 
(2) in four successive steps each of which is similar to the one we have just 
discussed. 

We add a table that shows the computation of P50. This table exhibits the 
coefficient of x" for some values of 7 in five different expansions. The head of 
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each column shows the value of , the beginning of each row the last factor 
taken into account; the bottom row would show P, for »=0, 5, 10,--+, 50 
af we had computed it. Yet the table registers only the steps needed for comput- 
ing the answer to our initial question and yields Ps) =50; that is, one can pay 
50 cents in exactly 50 different ways. We leave it to the reader to continue the 
computation and verify that Pio0 =292; he can also try to justify the procedure 
of computation directly without resorting to the enumerating series.* 


Table to compute Ps 


nm=0 5 10 15 20 25 30 35 40 45 50 


(i-x)? |1 1 14 14 1 14 «4 «21 «1 «1 «41 
(’4—x)-2 | 1 2 3 4 5 6 7 8 9 10 If 
(i—x)-1}1 2 4 6 9 12 16 25 36 
(1—x5)-1 | 4 13 49 
(1—x5°)-1 | 4 50 


2.1. Dissect a convex polygon with n sides into n—2 triangles by n—3 
diagonals and compute D,, the number of different dissections of this kind. 
Examining first the simplest particular cases helps to understand the problem. 
We easily see that D,=2, Ds=5; of course D3 =1. 

The solution is indicated by the parts (I), (II), and (III) of Figure 4. After 
the broad discussion of the foregoing solution it should not be difficult to under- 
stand the indications of Figure 4. 

Part (I) of Figure 4 hints the key idea: we build up the dissections of any 
polygon that is not a triangle from the dissections of other polygons which have 
fewer sides. For this purpose, we emphasize one of the sides of the polygon, 
place it horizontally at the bottom and call it the base. One of the triangles into 
which the polygon is dissected has the base as side; we call this triangle A. In 
the given polygon there are two smaller polygons, one to the left, the other to 
the right, of A. For example, the top line of Figure 4 (I) shows an octagon in 
which there is a quadrilateral to the left, and a pentagon to the right, of A, both 
suitably dissected. As the figure suggests, we can generate this dissection of the 
octagon by starting from A and placing on it, from both sides, the two other 
appropriately pre-dissected polygons. We may hope that building up the dis- 
sections in this manner will be useful. 

In exploring the prospects of this idea, we may run into an objection: there 
are cases, such as the one displayed in the second line of Figure 4 (I), in which 
the partial polygon on a certain side of A does not exist. Yet we can parry this 
objection: yes, the partial polygon on that side of A (the left side in the case of 
the figure) does exist, but it is degenerate; it is reduced to a mere segment. 


* For the usual method of deriving the generating function, cf. 1, Vol. 1, p. 1, Problem 1. 
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(II) 
NaSaanye 
=(++7}+/\¢ _ JC + \e epee) 


__ [Non Zee eh --- 


Fic. 4. Key idea, figurate series, transition. 


Part (II) of Figure 4 shows the genesis of the figurate series. This series, 
which occupies the first line, is the sum of all possible dissections of polygons 
with 3, 4,5, - - + sides. According to Part (1) (as the next line reminds us) each 
term of the figurate series can be generated by placing two pre-dissected poly- 
gons on a triangle A, one from the left and one from the right (one or the other 
of which, or possibly both, may be degenerate). Therefore, as the next line (the 
last of Figure 4 (II)) indicates, the terms of the figurate series are in one-one 
correspondence with the expansion of a product of three factors: the middle 
factor is just a triangle, the other two factors are equal to the figurate series 
augmented by the segment. 

2.2. Part (III) of Figure 4 hints the transition from the figurate series to 
the enumerating series. Following the pattern set by Figure 3 and Section 1.2, 
we substitute for each dissection (more precisely, for the variable represented 
by that dissection) a power of x the exponent of which is the number of triangles 
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in that dissection. This substitution, indicated by Figure 4 (III), changes the 
figurate series into 


(5) Dsgx + Dax? + Dsx® + +++ + Dpx*? +--+ = E(x), 


where E(x) stands for enumerating series. The relation displayed by Figure 
4 (II) goes over into 


(6) E(x) = «[1 + E(x) |]. 

This is a quadratic equation for E(x) the solution of which is 
E(x) = Dax + Dax® + Dex? +--+ + Dax”? --- 

1— 2% — [1 — 4a] 

Dy 

e- Qet to... 


In fact, to arrive at (7), we have to discard the other solution of the quadratic 
equation (6) which becomes © for x =0. 

2.3. We have reduced our original problem which was to compute Dy, to a 
problem of a different kind: to find the coefficient of x”~? in the expansion of the 
function (7) in powers of x.* This latter is a routine problem which we need not 
discuss broadly. We obtain from (7), using the binomial formula and straight- 
forward transformations, that for 223 


1/1/2 2610 4n—410 
D, = —-— )(-gea oo RE, 
2\n-— 1 


(7) = 


3.1. A (topological) tree is a connected system of two kinds of objects, lines 
and points, that contains no closed path. A certain point of the tree in which 
just one line ends is called the root of the tree, the line starting from the root 
the trunk, any point different from the root a knot. In Figure 5 the root is indi- 
cated by an arrow, and each knot by a small circle. Our problem is: compute T,,, 
the number of different trees with n knots. 

It makes no difference whether the lines are long or short, straight or curved, 
drawn on the paper to the left or to the right: only the difference in (topological) 
connection is relevant. Examining the simplest cases may help the reader to 
understand the intended meaning of the problem; it is easily seen that 7, =1, 
7,=1, 73=2, 74=4, T; =9.f 


* For a more usual method cf. 3, Vol. 1, p. 102, Problems 7, 8, and 9. 

{ The trees here considered should be called more specifically root-trees; see 4, Vol. 11, p. 365. 
Their definition which is merely hinted here is elaborated in 2, pp. 181-191; see also the passages 
there quoted of 5. It may be, however, sufficient and in some respects even advantageous if, at a 
first reading, the reader takes the definition “intuitively” and supplements it by examples. Observe 
that in Cayley’s first paper on the subject, 4, Vol. 3, pp. 242-246, the definition of a tree is not even 
attempted. Chemistry is one of the sources of the notion “tree”: if the points stand for atoms and 
the connecting lines for valencies, the tree represents a chemical compound. 
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The solution is indicated by the three parts of Figure 5 the general arrange- 
ment of which is closely similar to that of Figure 4. The reader should try to 
understand the solution by merely looking at Figure 5 and observing relevant 
analogies with all the foregoing figures. He may, however, fall back upon the 
following brief comments. 

The simplest tree consists of root, trunk and just one knot. The key idea is 
to build up any tree different from the simplest tree from other trees which 
have fewer knots. For this purpose we conceive, as Figure 5 (I) shows, the “main 
branches” of any tree as trees (with fewer knots) inserted into the upper end- 
point (the only knot) of the trunk. Therefore, as Figure 5 (I) further shows, we 
can conceive of any tree as the juxtaposition of the simplest tree and of several 
pictures, each of which consists of one, or two, or more identical trees; observe 
the analogy with the last line of Figure 2. 

Part (II) of Figure 5 displays the figurate series: the infinite sum of all 
different trees. Its genesis is similar to, but more complex than, that of the 
figurate series of Figure 2. In Figure 2 we see a product of five “virtually 
geometric” series; in Figure 5 we see a product of an infinity of “virtually geo- 
metric” series, multiplied by an initial one term factor (the simplest tree, the 
common trunk of all trees). 

3.2. Part (III) of Figure 5 displays the substitution that changes the figurate 
series into the enumerating series. By this substitution, each “virtually geo- 
metric” series arising in Figure 5 (I1) goes over into a proper geometric series 
the sum of which is known, and the whole relation displayed by Figure 5 (II) 
goes over into the remarkable relation due to Cayley* 


Tix + Tox? + Tx? +--+ + Tram +--- 


= ¢(1 — x)-T1 — x?)-T2(1 — 98)-P8- (1 — xr)-Pn-e. 


(8) 


3.3. By expanding the right hand side of Equation (8) in powers of x and 
comparing the coefficient of x” on both sides, we obtain a recursion formula, 
that is, an expression for 7, in terms of 71, To, ---, Tn—1 for »22. The reader 
should work out the first cases and verify by analytical computation the values 
T, for <5 which he found before by geometrical experimentation. 
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* This form is slightly different from that given in 4, Vol. 3, pp. 242-246. For other forms see 2, 
p. 149. 


IMPROVING THE CONVERGENCE OF SERIES: 
APPLICATION TO SOME ELLIPTIC INTEGRALS 


LEO F. EPSTEIN ann NANCY E. FRENCH, Knolls Atomic Power Laboratory ft 


1. Introduction. In a recent study of a physical problem [6] it became 
necessary to determine methods for evaluating a large number of incomplete 
elliptic integrals of the first and second kinds, 


(1.12) F(k, ¢) = f (1 — Rk? sin? x)—/2dx, 
0 


(1.1b) E(k, 6) = f (1 — R2 sin? x)+2dx, 
0 


and some complete integrals K(k) =F(k, 7/2), and E(k) =E(k, 7/2). The results 
obtained do not seem to have been reported previously, and these, along with 
the technique used, may be of some general interest. The method employed is 
to improve the rate of convergence of an absolutely convergent power series by 
writing 


(1.2) f(x) = Yo anx” = DS aka + DY (tn — anv) x" 
0 0 0 


where a;* is some conveniently chosen function of 2, asymptotic with ap (i.e. 
lity. Qn*/Qn=1) whose sum is known, and where the second sum on the right 
in (1.2) converges much more rapidly than that on the left. It will often be pos- 
sible to write the modified solution in the form 


(1.3) fr(x) = Dloanx™, fe(x) = f(x), 
where 


[eo] 
ag = A — ar+ >» a,x” and a, =a, — a,* for n ¥ 0. 
0 


+t The Knolls Atomic Power Laboratory is operated by the General Electric Company for the 
Atomic Energy Commission. The work reported here was carried out under Contract No. W-31-109 
Eng-52. 
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2. Complete elliptic integrals of the first and second kinds. The values of 
K(k) and E(k) are given by the series [1] 


(2.1) K(k) = > a,k?; 


(2.2) E(k) = Do ank?*/(1 — 2m); 


where a, = (9/2)(1/4)2"(")2. Applying Stirling’s formula to the binomial co- 
efficients, for large values of x, 


(2.3) An = + 1/2n — 1/23n? + 1/2%m8 + .---., 
To compute K(k), a useful approximation for n 21 is 
(2.4) aX = + 1/2(n)1 — 1/23(n)2 — 7/25(n)3 


in terms of the symbol [8] 

(2.5) (*)m = (n+m— 1)!/(n — 1)! = nnt+ Dnt 2)---(na+m-— 1). 
To compute E(k), on the other hand, the approximation 

(2.6) a,*/(1 — 2n) = — 1/2?(n)2 — 5/24(n)3 — 93/27(n)4 


is more useful. The sum in ag is then found in closed form by repeated integra- 
tion of In (1—¢). Carrying this through, the complete elliptic integrals can be 
represented by 


(2. 7a) Ky(k) = > bk”, 


(2.7b) Ey(k) = > Crk?” 


with the values for the first few coefficients given in the table below. The higher 
coefficients are obtained by the method of the preceding section. The equations 


1/2 Dn Cn 

0 /2—(1/256R4) [(53%2— 14) #2 1/2 —(1/1536k°) [ (108524 —705%2-+-186) k? 
+-2(41k*+30k?—7) In (1 — k?) | +6(135k4 —102k2+-31) (1 —k?) In (1 —k?) | 

1 (48x — 161) /384 — (3842 — 637) /3072 


2 (36% —115) /512 —(120" ~311) /5120 


(2.7) give astonishingly high accuracy even for N=2 as shown in Table I. 
An approximation E(k) better than E,(%) is obtained by replacing c= 
— (1507 — 431) /15360 by the coefficient — (9007 — 2817) /2560, which makes the 
formula fit exactly at k=1. 
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TABLE [| 
ACCURACY OF APPROXIMATION FORMULAS FOR K(k) AND E() 

R? Kxlk) K(k) E.(k) E(z) E(k) 

0 1.570 796 1.570 796 1.570 796 1.570 796 1.570 796 

0.05 1.591 004 1.591 003 1.550 974 1.550 973 1.550 973 
.10 1.612 442 1.612 441 1.530 760 1.530 756 1.530 758 
215 1.635 260 1.635 257 1.510 131 1.510 117 1.510 122 
.20 1.659 633 1.659 624 1.489 057 1.489 025 1.489 035 
225 1.685 768 1.685 750 1.467 507 1.467 443 1.467 462 
30 1.713 921 1.713 889 1.445 441 1.445 331 1.445 363 
35 1.744 402 1.744 351 1.422 818 1.422 643 1.422 691 
40 1.777 598 1.777 519 1.399 584 1.399 324 1.399 392 
45 1.813 998 1.813 884 1.375 681 1.375 310 1.375 402 
.50 1.854 236 1.854 075 1.351 035 1.350 525 1.350 644 
255 1.899 145 1.898 925 1.325 556 1.324 878 1.325 024 
.60 1.949 862 1.949 568 1.299 133 1.298 253 1.298 428 
.65 2.007 984 2.007 598 1.271 625 1.270 505 1.270 707 
.70 2.075 860 2.075 363 1.242 844 1.241 446 1.241 671 
215 2.157 148 2.156 516 1.212 535 1.210 816 1.211 056 
. 80 2.258 002 2.257 205 1.180 333 1.178 246 1.178 490 
85 2.390 010 2.389 016 1.145 668 1.143 166 1.143 396 
.90 2.579 323 2.578 092 1.107 554 1.104 583 1.104 775 
£95 2.909 855 2.908 337 1.063 848 1.060 354 1.060 474 

1.00 + 0 +. 0 1.004 076 1.000 000 1.000 000 


The columns headed K(k) and E(#) were obtained from the Appendix to [2]. 


3. Computation of F(k, @) and E(k, ¢) for small k and @. For these cases it 
is convenient to start with the series [2, 17] 


2 /-1/2 
(3.1a) F(R, $) = >( v )(- BAW), 
0 1/2 
(3. 1b) E(k, ¢) = o(7" )(- #4006), 
with 


(3.2) A,(¢) = t sin?"xdx = (1/2n)|[(2n — 1)An-1() — sin?*-! ¢ cos | 


0 


and Ao(¢) =¢. By the method of steepest descents [3, 4 I p. 54, 5, 9, 14, 16] 
taking y=@—x and expanding it is found that 


¢ 
(3.3) An(o) = (sin? of [1 — (wcsc? ¢)y? +--+ | exp (—2ny cot $)dy. 


Changing the upper limit to ©, integrating and replacing n” in the result by 
(n)m, the approximation function 
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(3.4) A*(o) = (tan ¢ sin?" $)[1/2(2)1 — (sec? ¢)/4(#)s] 


is obtained. With this, a closed analytic expression for the terms entering into 
dor a,*x" is found by integrating ¢-![(1 —¢)+/?—1] repeatedly from zero to «x. 
Then writing 


eo 


(3. 5a) F(k, 6) = D k?"B,(¢), 


(3..5b) E(k, 6) = 2 #*C4(4), 


it is found that 

Boo) = o — (sin 6/4 cos? $) [1 + 2(2 cos? @ — 1) In (1/2)(1 + A) 
— (2/x)(1 — A)], 

Co(o) = + (sin ¢/4 cos? ¢)[1 — 2(2 cos?  — 1) In (1/2)(1 + A) 
— 4(1 — A) cos? @ + (2/3x){1 — (1 + 2x)A}]. 


In these equations, x =k? sin? ¢ and A=/1—x (cd. ref. [11]). For higher values 
of n, the coefficients are (+')(—1)"[A,(¢) —A,*(d) | where the lower sign cor- 
responds to B,(¢), the upper to C,,(¢). 

While the series (3.5a) is best for small k and ¢ values, F(k, ¢) will be com- 
puted using k?=0.92 and ¢=30° since these constants have been used by Ken- 
nedy [12] in a recent study of elliptic integrals. For these parameters, 7-point 
Lagrangian interpolation [15] in the Legendre-Pearson tables [13] yields the 
value 0.54698 6214. The rapid convergence of the sum is shown in Table II. 
To check equation (3.5b), E(k, ¢) for k=sin 30°, 6=45° was computed; the C> 
term gives this quantity accurate to 0.3%; inclusion of the Cy and C; terms 
yields 0.003% accuracy; and the use of terms through C; results in a value good 
to 0.000 08%. 


(3.6a) 


(3.6b) 


TABLE II 
CALCULATION OF F(k, $) FoR k?=0.92, 6 =30° 


Formula (3.5a) Formula (4.1), 


n (B,) modified (D,’) Kennedy [12] Frame [10] 
0 0.54832 02081 0.54662 65378 (0.5493) 0.54674 25032 
1 .54702 32447 .54698 76606 -54696 .54696 89662 
2 .94698 83542 .54698 62028 .54698 67 

3 .54698 63890 .54698 62144 .54698 621 

4 .54698 62319 .54698 62143 .54698 62140 

5 .54698 62164 

6 .54698 62146 

7 .54698 62144 

8 .54698 62143 
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4. Computation of F(k, ¢) for small (1—?) and ¢. For this case, it is con- 
venient to start with [2, 17] 


0 /—1/2 
(4.1) F(k, ¢) = >( v/ ya — k*)"D,(¢) 
where 


PY 

(4.2) D,(o) = f sec x tan?" xdx = (1/2n)[csc  tan?* @ — (2m — 1)D,_1() | 
0 

and Do(@) =In (sec ¢+tan >). Application of the method of steepest descents 

as in the preceding paragraph leads to (cf. 3.4) 


(4.3) D,*(¢) = (sin tan?" ¢)[1/2(n), — (cos? $)/4(n)e]. 


The > a,* 2” term in this case is derived by repeated integration of ¢-! [((1+¢)-1/2 
—1] from zero to z. This procedure results in a summation identical in form with 
(4.1) except that D,! () is substituted for D,(¢) where 


Dé (¢) = Do(¢) — (1/4)(sin ¢ cos? ¢) [1 + (2/z)(1 — 6) 
+ 2(2 sec? @ — 1) In (1/2)(1 + 4)], 


with z=(1—?) tan? ¢ and 6=+/1+2. For 10, D,! (6) = Dna(o) —D,*(¢). 

These relations are better adapted to the computation of F(+/0.92, 30°) than 
those considered in section 3 above, as can readily be seen from Table IJ. Four 
terms in the D, series are sufficient to yield 10-place accuracy. Table II also 
includes a comparison with the formulas of Kennedy [12] and the interesting 
approximations recently proposed by Frame [10]: 


(3 — ad?/10) sin @ 
1-+ A + cos ¢ — a¢?/10 


where a =0 for the zero-th approximation and a=(1—k?+-k*)/(1+k?) for N=1. 
It will be observed that in the zero order approximation, Frame’s result is out- 
standingly the best of the three considered here; but to the first approximation, 
the D,/ equation above is more accurate. 

5. Concluding remarks. The use of elliptic integrals to illustrate the tech- 
nique of improving the convergence of series described in section 1 will not divert 
the alert reader from a realization that this method has quite general applicabil- 
ity and is a very powerful device. Its use will be shown in one more example, 
which will bring out some further points. In computing the third virial coefficient 
of a Lennard-Jones 6-9 gas [7], the value of 


(4.4) 


(4.5) Fy(k, ¢) = 


(5.1) Ai(s) = of re — 2)[In tr? — (1+ #) n (1+ ¢-°) |dt 


is required for s=7, 8,9 - - - . This function may be written in completely closed 
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form in terms of ¥(x), the logarithmic derivative of the gamma function [4] but 
for convenience in calculation by digital computing machine methods, it is 
preferable to use the relation, readily derived from (5.1), 


Ai(s) = + (235/72) 


(5.2) + D(-/m | noms | 
. —1)*(4/n) | ———_——_—___- - ——_ |. 
1 (ns — 2)(ns +4) (ns + 3)(us — 3) 
Expanding the summand in powers of 1/(ms), it is found to be 
(5.3) —(—1)"(4/sn?) D0 -y:/(ns)*4 
jl 
with yi1=y2=1, ¥s=8, Ys=28, Ys=26 ---. Thus in the limit of large n, the 


summand behaves like 4/sm? and to obtain 10-place accuracy with s=7 using 
this formula would require about 105 terms. Application of the technique of 
section 1 however yields 


Ai(s) = + (238/72) + 4 >> (yitigs)/s: 


t=] 


© ms+il1 2ns 4”: 
+ X (—D)"4/n) = — 2)(ns + 4) 7 (ns)? — 9 t j=l aI. 


(5.4) 


The quantities t;= )\? (—1)*-1/n‘ appearing in this equation have been ex- 
tensively and accurately tabulated [4, v. II, pp. 196, 247]. The residual infinite 
sum in (5.4) behaves in the limit of large n like the first term omitted in (5.3), 
104/s'n®, and with s=7, twenty terms are sufficient to yield 10-place accuracy. 
This rather amazing reduction from about 10° to 20 terms is indicative of the 


usefulness of the method of section 1. 
The assistance of Dr. Glenn M. Roe in this study is gratefully acknowledged. 
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ON INVOLUTORY MATRICES 
NISAR A. KHAN, Muslim University, Aligarh 


1. Let J denote an identity matrix, and O a null matrix whose order will be 
clear from the context. A square matrix A =(a,;) is called involutory if A?=TJ. 
Throughout this paper the elements of A will belong to the field F of real num- 
bers. 

If X and Y be two matrices of the same order and if all the elements of 
X — Y be integral multiples of », where p is an integer greater than 1, then we 
shall write X = Y (mod p). Following Lehmer we shall call an integer » a pseudo- 
prime (for results on pseudoprimes see [2] and references given therein), if 
2»=2 (mod p) and # is not a prime. 

In section 2 of this paper, two theorems on the Theory of Numbers have been 
proved, one of which will be used to prove a theorem of section 4. In section 3, 
some relationships between involutory and idempotent matrices have been 
established. 


2. THEOREM 1. 2*-1+-10 (mod 2), for any integral value of k>1. To prove 
this theorem, let us consider the following two cases: 


Case (i). Let k be a positive even integer. 
Suppose there exists an integer y such that 


(1) Qh141 = ky. 


For all positive even integers k, the left-hand side of (1) is always an odd 
integer. But the right-hand side is an even integer. Hence our supposition is 
wrong and 2*-!+-140 (mod &), when & is a positive even integer. 

Case (11).* Let k be an odd integer greater than 1. 

Suppose k = pip)? - - - pr, where the #,’s are all distinct primes different 


* Professor H. Davenport, F. R. S., was generous enough to help me in proving this part of 
the result. 
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from 2. Now p;—1 = 2” *t;, ¢; being odd (¢=1, 2, - - - , 7). Without loss of general- 
ity we can suppose that mjy=min (m, me2,---, m,). Therefore, since p;=1 
(mod 2”), @=1,2,---,7), 


k — 1 = 2™u, for some integer wu. 


Now suppose that 2*-'= —1 (mod &), and therefore 2?"= —1 (mod 4)). 
Raising both the sides of the above congruence to the odd power hi, we have 


22"1utt = — 1 (mod 1), 
or 
2(vi-1)u = — { (mod #1). 
But, by Fermat’s Theorem 27:-!=1 (mod 1), which gives 
2(%-1)4 = 1 (mod 1). 
This gives a contradiction, and the result is therefore proved in this case also. 


THEOREM 2. 271-+272540 (mod pipe), where pi and po are primes, except when 
Pipe =4 or 6. 


Proof. To prove the theorem consider the following cases: 
Case (i). p1 and pe are odd. 
Assume that 2+27=0 (mod 12), so that 


(2) 2°. + 272 = 0 (mod )). 
Also, by Fermat’s Theorem, we have 
(3) 2% — 2 = 0 (mod 4)). 
(2) and (3) give 

272 + 2 = O(mod 1), 


or 
2’. = — 2 (mod py), 
or 
(2?2)"1 = — 271 (mod f1), since pf; is odd, 
or 


27172 + 2% = 0 (mod f)). 
The above congruence with the help of (3) gives 
(4) 27%! + 1 = 0 (mod )). 


Similarly, we have 
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271P9-! + 1 = 0 (mod 2), and so 


(5) _ 
27:Pe-1 +. 1 = 0 (mod pip»), 


contrary to Theorem 1. 

Case (ii). $:=2, po>3. 

Assuming that 2%+2%=0 (mod pipe), we have 2%+2%=0 (mod 2), so 
that 2%-+-4=0 (mod 2). But, by Fermat’s Theorem 2% —2=0 (mod 2). Hence, 
6=0 (mod 2), which contradicts p2> 3. 

This completes the proof of the theorem. 


3. THEOREM 3. The involutory matrix A of order n is similar to Ip +(—In_p), 
where p depends on A and + denotes the direct sum. 


Proof. Since A*?=I, A satisfies x?—1=0, and the minimum polynomial of 
A divides x?—1. It can be either x—1, x +1 or x?—1. But, if A is neither the 
identity matrix J nor is it —J, then it satisfies neither x—1=0, nor x+1=0. 
Therefore, assuming that A#J, —I, its minimal polynomial is x?—1. 

Thus the elementary divisors of A are the monic polynomials x —1 and x+1 
and they are relatively prime. The companion matrix for each factor x—1 of 
the characteristic polynomial of A is the matrix (1) and for «-+1 it is the matrix 
(—1). Hence, by a well known result, [3; p. 241], A issimilar to J,+(—TJ,), 
where p+g=n. This completes the proof. 

By simple calculations it can be seen that the matrices ([+A)/2 and 
(I—A)/2 are idempotent. Therefore for any positive integer k, the matrices 
((1+A)/2]* and [(I—A)/2]* are also idempotent. Moreover, since [(7+A)/2 ]* 
-((I—A)/2 |= (I-A) /2]*[(1+-4)/2]*=0, [(7+-A)/2]* and [(7—A)/2]* are 


orthogonal idempotent. Thus we have: 


THEoREM 4. If the matrix A is involutory, the matrices [(I+A)/2]|* and 
[(I—A)/2]* are idempotent, k being an arbitrary positive integer. 


THEOREM 5. The idempotent matrices [(I+-A)/2]* and [(I—A)/2 |* are ortho- 
gonal. 


Since the rank of the sum of two orthogonal idempotent matrices is the sum 
of their ranks, [1; p. 89], 


Dh Dh) +) 


where p denotes the rank 


[erpreaQQeea(erf 


{I} = 1. 


But p{(I+A)*} =p{ [(1+A)/2]*} and p{(I—A)*} =p{ [U—A)/2]*}. Hence 
we have: 


i 
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THEOREM 6. p{(I+A)*} +p{(I—A)*} =n, the order of A, for any positive 
integer k. 


We now establish the following: 

THEOREM 7. For an involutory matrix A of order n, such that p(I +A) =r7, the 
characteristic polynomial |\I—A| =(A—1)"(A-+1)"-. 

Proof. From Theorem 3, A is similar to J, +(—J,_,). Therefore, [AI —A| 
=(A—1)2(A+1)*-2. Since ((+A)/2 is idempotent and p(J+A)/2=p(I+A) =r, 
it is similar to J, +0,_,, [1; p. 88]. Hence 


| I+A 


MI — ———]} = (A— Dre, 
; ( ) 


But, 


I+A 
I — — =2-"|(2\—1)I — A, = 27*(2\ — 1 — 1)9(2\ —1+4 1)” 


= (A — 1)?A"-?, 
Therefore, p=r7, the rank of ([+A). 


4. THEOREM 8. Let A be an involutory matrix whose elements are integers 
(positive, negative or zero). If p 1s a prime or a pseudoprime, then both congruences 


21 + A)? + 2A = 2I (mod 9) 
hold, and conversely. 


Proof. lf p is a prime or a pseudoprime, 2?=2 (mod p), and by hypothesis 
the elements of A are all integers. Hence 


2([+A)?$2A —21 


cfr) (ere (Jars Jaa 
[4D +C) +(e 240)+C)=epalear—a 


= (2? — 2)I + (2? — 2)A 


= 0 (mod 9). 


4.e., 2 L4A)? 2A =2I (mod p). 

Conversely, if 2([+A)?+2A =2] (mod p), the elements of the matrix 
2([+A)?+2A—2I or (2?—2)I+(22—2)A are divisible by ». Hence 2?=2 
(mod p), and so either p is a prime or it must be a pseudoprime. 


THEOREM 9. Let A be an involutory matrix whose elements are integers (post- 
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tive, negative or zero). If pis a prime or a pseudoprime, then both congruences 
{27 + A)}? = 2A = QI (mod 9) 
hold, and conversely. 


Proof. By hypothesis the elements of A are all integers. Moreover, if p isa 
prime or a pseudoprime, then 2?=2 (mod ), and 


{2 + A)}® F 2A — 27 


~o[i ()aer(Jers (Jes ] sana 
Lf) CeCe }ee (a ()e Ce pelemna 


== (227-1 — 2)7 + (227-1 — 2)A 
= (2? — 2)(2?-1 + 1)I + (2? — 2)(2?-1 4 1)A 
= 0 (mod p). 
Hence {2([+A) \> 2A =2TI (mod p). 
Conversely, if {2(I +A)}»=2A =2I (mod p), the elements of the matrix 


(2? —2)(2?-1+-1)(J+A) are all (integer) multiples of ». It has been proved in 
Theorem 1 that 2°-!4 —1 (mod p). Therefore 


2? —2 =0 (mod p), or 2? = 2 (mod p). 
Hence, either is a prime or it must be a pseudoprime. 


Similarly, we can prove the following theorem: 


THEOREM 10. Let A be an involutory matrix whose elements are integers (post- 
tive, negative or zero). If p is a prime or a pseudoprime, then both congruences 


2(1 + A)?2-! F 2A = 2I (mod 9), 
hold, and conversely. 


5. To show that there exist matrices satisfying the hypotheses of Theorems 
8, 9 and 10, we consider the following examples: 


Example 1. 
5 3 
p= 7, n=2 and A=( ). 
—8 —5 


Then 
768 384 10 6 

21 + A)? = 24 = ( )-( ) 
—1024 —512 —16  -—10 

( 758 378 


) == 27 (mod 7). 
—1008 —502 
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Also 
I~ A) 424 = ( —512 rea) + ( 10 *) 
1024 768 —16 —10 
—502 —378 
= ( ) = 27 (mod 7), 
1008 758 
Example 2. 
—-1 4 —-2 
p=5, n=3 and A=|-4 9 —4 
—8 16 —7 
Then 
0 2048 —1024 —-2 8 —4 
{21 + A)}® — 2A = |—2048 5120 —2048)/+]— 8 18 — 8 
— 4096 8192 —3072 —16 32 —14 
2 2040 —1020 
= | soso 5102 —2040| = 27 (mod 5). 
— 4080 8160 —3058 
Also 
1024 —2048 1024 —2 8 —4 
2([ — A)?2-14 24 = 2048 —4096 2048/+j);— 8 18 — 8 
4096 —8192 4096 —16 32 —14 
1022 —2040 1020 
= 2040 —4078 2040} = 27 (mod 5). 
4080 —8160 4082 


Finally, I am grateful to Professor S. M. Shah for his help and guidance. I 
am also thankful to the referee for suggesting shortcuts in certain proofs. 
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MATHEMATICAL NOTES 


EpITED By F. A. FICKEN, University of Tennessee 


Because of the large number of papers on hand, consideration of new papers for this de- 
partment has been temporarily suspended. 


A CHARACTERISTIC PROPERTY OF THE CIRCLE, ELLIPSE, AND HYPERBOLA 


PauL KELLY AND ERNsT Straus, University of California at Santa Barbara and Los 
Angeles, and The Institute for Advanced Study 


If C is a piecewise differentiable curve and > is a fixed “pedal point,” then 
the pencil of lines on ~ cuts the one-sided tangents to C orthogonally in a locus 
P(C) which is “the pedal curve of C with respect to p.” When C is an ellipse or 
hyperbola, and # is a focus, then P(C) is a circle which has the vertices of the 
conic as the end points of a diameter. In either case, the conic has the same 
pedal curve with respect to either focus, and this is characteristic in the fol- 
lowing sense. 


THEOREM. If a piecewise differentiable curve C has the same pedal curve P(C) 
with respect to two points pi and po, then every arc of C belongs to a conic whose foct 
are pi and po, and every arc of P(C) belongs to a circle whose center O 1s the mid- 
point of pi and pr. 


Proof. Let L=p,X pe be the line of $1 and pe, and d(p1, p2) =2X be the dis- 
tance between them. Take R(p, a) to denote the circle whose center is p and 
whose radius is a. Consider the points of P(C) not on L. These cannot all belong 
to R(O, \) because C would then consist of the two isolated points ~; and px». 
Therefore there exists a point g on P(C)—L, for which d(O, q)#)X. Let 
R,=R[O, d(O, q) | intersect L at v1 and vs. There is then an “associated” conic 
H,, with vertices v; and v2 and foci p; and p2, whose pedal curve is R,. Assume 
that v; is the vertex nearest to p;,1=1, 2. Now take the line 7; perpendicular to 
po Xq at g and let q: be the foot of p: on T;. Because 7; is a one-sided tangent to 
C, the point g: is on P(C). Repeating, let 7; be normal to p2.Xq: at gi and take 
qo to be the foot of ; on 72. Continuing in this way, a sequence {q;} is obtained 
on P(C)(\\R, which progresses monotonically in the direction from v2 to 11 on 
the semi-circle, and so converges. Hence as i», d(qi, gi41) 70. But d(qi, G41) 
=2) cos 0;, where 6; is the angle between LZ and gq; Xqi4:1. Therefore cos 6;—0, 
which implies that 6;—90° and that { qa} converges to 2. Now let s be any point 
of P(C) which is not on Ry. Then there cannot be an arc of P(C) joining g and s. 
For if there were, there would exist a subarc, from g to some point x, which did 
not intersect R(O, \). For each point y of this subarc, the associated conic Hy, 
would have a vertex v,, nearest to 1, belonging to C, hence the interval from 
v, to v, would belong to C. Since at each such point the tangent to C is perpen- 
dicular to Z, the curve C would intersect itself at right angles at every point 
of an interval. But this is impossible since C is a curve. By the same reasoning, 
it is clear that P(C) cannot intersect R(O, A). The only remaining possibility is 
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for P(C) to consist of circular arcs which have center O and which do not inter- 
sect R(O, \). Thus C consists of elliptic and hyperbolic pieces. 

It is clear that one can further restrict C in a variety of ways (e.g., differenti- 
ability) to obtain an explicit characterization of the ellipse alone or the hyperbola 
alone. 

One can define a modified pedal curve P’(C) as the feet of the pedal point 
on the lines of support to C (instead of the tangents). This introduces the case 
where C consists of ~1, pe and part of the interval between them. Then 
P’'(C) = R(O,7 dX). No other new case arises. 

Another generalization would be the use of “local lines of support” (2.e., 
those lines through a point r of C which are lines of support at r to the part of C 
within some neighborhood of 7). The only new cases here arise when C is the 
closed interval from 1 to fo, or else is the line Z minus the open interval from 
pi to pe. In both cases the new type of pedal curve is R(O, X). 


ANOTHER PROOF OF THE INFINITUDE OF PRIMES 
V. C. Harris, San Diego State College 


It is believed that the proof of the infinitude of primes presented here has 
some feature of novelty. 

Let Ao, Ai, and A» be positive integers which are relatively prime in pairs, 
and for 723 set An=AoAi: +--+: - An-3AnratAn—2. By induction we can show 
that Ao, Ai, ---, An are relatively prime in pairs for all values of »23 and 
hence relatively prime in pairs for all values of 221. Since A,>1 at least for 
n= 3, it follows that Ao, Ai, --- contains an infinite set of positive integers, 
larger than unity, no two with a common divisor d>1. Therefore the number 
of primes is infinite. 

The recursion formula for A, is that for the numerators of the approximants 
of the regular infinite continued fraction 


1 
bo bn = ApAis +++ Ans, n= 3. 


6; + —————- 

bets: 
If bo, 1;, and 2 are positive integers determined so that Ao(=0o), A1(=09b1+1), 
and Ao(=bobsbo+50+52) are relatively prime in pairs, then the numerators of 
the approximants form a set as described above. In particular, if bb) =b,;=b.=1, 
the first few partial denominators and approximants are: 


n 012345 6 7 8 
1112 6 30 390 32,370 
A, 1 2 3 5 13 83 2503 976,253  31,601,312,113 


ener ers einer aetna geese 


Ba 1 1 2 3 8 51 1538 599,871 19,417,825, 808 


Since 31,601,312,113 is divisible by 7 (but is not a power of 7), we have proved 
that the ninth prime is less than 31,601,312,113. 
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A MAPPING OF COPLANAR LINE VECTORS ON 3-SPACE 


Louts BRranp, University of Cincinnati 


A line vector u acting in the line whose vector equation is rXu=uwpo, is fully 
specified by the Pliicker coordinates of the line (u, uo). Here uo is the moment 
of u about the origin; and u-ug=0. The symbol (u, to) thus denotes a 


Proper line vector when u ¥ 0; 
Couple of moment Up when u = 0, Up + 0; 
Null vector when u = 0, up = O. 
The line vectors and couples of the xy-plane, when written 
(u, Uo) = (wi + aj, usk), 
suggest the one-to-one correspondence 
(1) (u, Uo) <> [t, ue, vs] = U, 
with the space vectors U drawn from the origin: 
Line vectors (u ¥ 0, Uo) <> [a1, ue, us], 
Couples (0, to # 0) — [0, 0, us], 
Null vector (0, 0) <> [0, 0, 0]. 
Of the space vectors localized at the origin, those lying on the z-axis correspond 


to couples, all others to line vectors. Addition of coplanar line vectors now corre- 
sponds to the addition of space vectors: 


(2) (u, Uo) + (Vv, Vo) <> [m1 + 01, ¢2 + v2, us + ;| = U4+ V. 


All line vectors parallel to (u, uo) are given by (Au, A’Uo); hence the corre- 
sponding space vectors lie in a plane parallel to u through the z-axis. 
If the line vector (u, uo) passes through the point (x, y), the corresponding 


U = [, uo, xue — yuy| 


is a space vector perpendicular to [y, —x, 1]; hence all line vectors through the 
point (x, y) correspond to space vectors U lying in the plane perpendicular 
to [y, —x, 1]. 

We can now readily solve the following important problem which in statics 
is known as the Problem of Three Forces: 


Express a given line vector as the sum of three coplanar line vectors acting along 
specified lines, not concurrent and not all parallel. 


Solution. Write the given line vector (u, uo) in the form (1) and let the three 
lines given by their Pliicker coordinates 


(a, Ao) - A, (b, bo) - B, (c, Co) oC, 
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Since the lines are not concurrent and not all parallel, the corresponding space 
vectors A, B, C are not coplanar and admit a reciprocal set A’, B’, C’. Now 
U = aA + BB+ YC, 
where a=U-A’, B=U-B’, y=U-C’. This equality corresponds to 
(u, Uo) = a(a, ao) + B(b, bo) + (Cc, Co) 


and the problem is solved. The solution moreover is unique. 

This gives a swift analytic solution of a problem of three forces. For example, 
let us resolve the force f=[1, 2] acting through the point (—3, 0) into forces 
along the lines y=0, x =0, x+y=2. 

Since fo = —6k, F=[1, 2, —6]. The three lines correspond to 


A= [1, 0, 0], B= [0, 1, 0], C= [-1, 1, 2], 
and since the box product [ABC] =2, the reciprocal set is 
A’ = 3[2, 0, 1], B’ = 4(0, 2, —1], C’ = 3(0, 0, 1]; 
hence 
F=F-A’ A+F-B’ B+F-C’ C = — 2A + 5B — 3C. 
Thus the given force (f, fo) is equivalent to a force —2i along the x-axis, 5j along 
the y-axis, 3i—3j along the line x+y =2. 

Since any three non-coplanar vectors A, B, C form a basis in space, the 
corresponding (a, ao), (b, bo), (c, co) form a basis in the xy-plane. Thus the 
basis i, j, k in space corresponds to two line vectors (i, 0), (j, 0) and the couple 
(0, k). Any three line vectors form a basis provided they are not concurrent in 
a finite or infinite point. 

In space we have the Euclidean metric 

, 2 2 2 
| U| = Uy + Us + Uz; 
the corresponding metric in the plane is given by 
Ju, wo? = |ul?+ |u| 
Parallel space vectors U, AU correspond to line vectors 


(u, Uo) ) (Au, AUo) 


which have the same axis. If such line vectors are called “parallel,” the geometry 
in the xy-plane is elliptic non-euclidean; for mo parallel can be drawn to a line 
from a point without. 

Corresponding to the inner product 


U -V= U101 + U v2 + 303 
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in space we have 
(u, Uo) -(V, Vo) = u-vV + U0-Vo 


in the plane. Perpendicular space vectors U, V for which U-V=0 thus corre- 
spond to “orthogonal” line vectors 


(3) u-v + Uo-Vo = (). 
Such vectors have the interesting property: 


If two line vectors (u, uo) and (v, Vo) are “orthogonal,” the line (v, Vo) passes 
through the anttpole of (u, uo) with respect to the unit circle x?+y?=1; and vice 
versa. 

—)> 
Proof. The perpendicular p=OP on the line rXu=wo satisfies 
p Xu = ug, p-u = 0; 
hence 
u X Uo u X Uo 


Uo :Uo 


—)> 

p= and OQ=q= 
locates the pole Q of (u, uo) with respect to the unit circle; for p and q have 
the same direction and p-q=1. The antipole Q’ of (u, uo), whose position vector 
is —q, now lies on the line rXv=vo; for since Vo =Auo, 


(uoXu) Xv —u-v Uo -Vo 
ro «OLY 


—-qxv= Uo = Vo. 


Uo Vo Uo -Uo Uo Uo 
The reciprocity of poles and polars corresponds to the commutativity of the 
scalar product. 


SOME MISSING THEOREMS ON THE ANTICOMPLEMENTARY TETRAHEDRON 
N. A. Court, University of Oklahoma 


1. Let (T’’) =A’’B'’C"'D”’ be the anticomplementary, or, briefly, the an-ry 
tetrahedron of a given tetrahedron (7)=ABCD. The two tetrahedrons are 
homothetic, the center of the homothecy being their common centroid G, and 
the ratio equal to (—1:3) [1; p. 53]. 

Let Ga, Ga be the centroids of the triangles ABC, DBC. The lines DA’’, 
AGz4 are the traces of the plane DAG on the two parallel planes 4’’B’’C’’, ABC, 
hence the two lines are parallel. On the other hand, the two lines DA, D’’A”’ are 
parallel due to the homothecy, hence the trace E of the line A’’D”’ in the plane 
ABC, or more precisely, on the line AGz is the fourth vertex of the parallelogram 
A”''DAE. Thus A’ E=DA. 

A similar argument may show that if F denotes the trace of the line D’’A’’ 
on the median DG,, we have D’’F=DA. Moreover, since D’’A’'’=3DA, due to 
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the homothecy, we also have EF=DA. 


Likewise for the other edges of (T’’). Hence: An edge of the an-ry tetrahedron 
of a given tetrahedron (T) is trisected by the two faces of (T) which that edge meets. 


A 


N D” 


2. Let AaBaCa, BaCaDa, CiD;)As, D.A-B, be the an-ry triangles of the tri- 
angles ABC, BCD, CDA, DAB, the vertex Ag corresponding to the vertex A 
of ABC,:-:-. 

The quadrilateral ADEF is a parallelogram, for its two opposite sides AD, 
EF are equal and parallel (art. 1). Hence the points E, F are the symmetrics of 
the vertices A, D with respect to the point of intersection X of the diagonals 
AGwE, DG,F. Now the lines AGz, DG, are the medians of the two triangles 
ABC, DBC relative to the common base BC of these triangles, hence the point 
X is the midpoint of the edge BC of (TJ). Consequently the points EZ, F coincide 
with the vertices Ag, D, of the an-ry triangles of the triangles ABC, DBC, re- 
spectively, and correspond to the vertices A, D. 

Similarly for the other edges of (T’’). Thus: The twelve vertices of the four an-ry 
triangles of the four face triangles of a tetrahedron (T) lie in pairs on the six edges 
of the an-ry tetrahedron (T’’) of (T). 

3. The three points D’’, Ag=E, A’’, are collinear, and we have (arts. 1 and 
2): D" Agi: DUA" =2:3. 

Considering the edges D’’B’’, D’’C"’ of (T) we may show in a like manner 
that 


D"Ba:D"B" = D'’/Ca: DC” = 2:3. 
Similarly for the other faces of (1). Thus: The an-ry triangle of the face of a tetra- 


716 MATHEMATICAL NOTES | December 


hedron (T) 1s homothetic to the corresponding face of the an-ry tetrahedron (T'') of 
(T), the center of the homothecy being the fourth vertex of (T'’), and the ratio (2:3). 

4. Let Ai, D, be the points of intersection of the pairs of diagonals DAa, 
AGA"’; ADa, DGD" of the two parallelograms A’’/DAAg, D''ADD,. 

The points A, D; are thus the midpoints of two opposite sides of the paral- 
lelogram DAD,Aa, hence DAD,A, is a parallelogram; its diagonals AA,;, DD 
meet in the centroid G of (7). Thus the points A, D; are the symmetrics of the 
vertices A, D of (T) with respect to the centroid G of (T), that is to say, Ai, D; 
are two vertices of the twin tetrahedron (7;)=A1B,C\D, of (T) [1; p. 58, 
art. 191]. 

The three points D, Ai, Ag, are collinear. We may show in a like manner 
that the triads of points D, Bi, Ba; D, Ci, Ca, are collinear. 

Now the lines DA,, DB,, DC, are the edges, passing through D, of the Monge 
circumscribed parallelepiped of (J) [1; p. 58, art. 189], hence: The three edges 
of the Monge parallelepiped of a tetrahedron (T) which pass through a given vertex 
of (T) meet the face of (T) opposite that vertex, in the vertices of the an-ry triangle of 
that face of (T). 

It is readily seen that the triangles A,B,C,, AaBaCa are homothetic, the 
center of the homothecy being the vertex D of (T) and the ratio (1:2). 

5. a. The common vertex D of the three triangles DBC, DCA, DAB has for 
its corresponding points in the an-ry triangles of those triangles, the points 
Du, Ds, D.. The triangle DaD,D, 1s symmetric to the triangle ABC; the center of 
symmetry is the vertex D,, of the tetrahedron (71), corresponding to the vertex 
D of (T). Similarly for the other vertices of (7). 

b. Let U, V, W be the midpoints of the edges DA, DB, DC, of (T). i. The 
three lines UAag, VBa, WCa, are concurrent; ii. They pass, respectively, through 
the centroids of the faces DBC, DCA, DAB, of (T). 

The proofs are left to the interested reader. He may also formulate more 
propositions connected with this figure. 


Reference 
1. Nathan Altshiller-Court, Modern Pure Solid Geometry, New York, 1935. 


AN ALGORITHM FOR DISTINCT REPRESENTATIVES* 
MARSHALL HALL, JR., The Ohio State University 


1. Introduction. A theorem of Philip Hall’s [3] states that sets S,,---, S, 
which are finite subsets of a set W will have distinct representatives if and only 
if the following condition holds. Condition C: For each k=1,2,---,nanyk 
distinct sets contain between them at least k distinct elements. This theorem has 
been generalized in various ways and has been treated by linear programming 
[1, 2, 4, 5]. In general it may be difficult to verify whether or not Condition C 


* This research was supported by the National Science Foundation. 
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holds, since a direct verification would involve examining 2*—1 combinations 
of subsets. In this note an algorithm is given which requires no preliminary 
verifications and terminates either with the desired set of distinct representa- 
tives or exhibits k sets which do not contain as many as & distinct elements 
between them. 

2. The algorithm. Choose an arbitrary element a, from S;, and as long as 
we can, choose an arbitrary a; from S; different from the previously chosen a’s. 
This will yield distinct representatives if this can be continued to S,. This proc- 
ess will fail if we reach a set S, all of whose elements di, - - - , 0; have been used 
as representatives. Now we construct some auxiliary sets. 7, shall consist of 
bi, be, - - + , b: which we regard as listed in order. 72 consists of those elements 
in the set whose representative is 0,, excluding 0; itself and any other elements 
of 71. Jz may of course be vacuous, but if it contains any elements, these are 
simply ordered following the elements of 7;. Continuing, if the ith element of 
the sequence b; is the representative of some set S;, we form a set 7;4: consisting 
of those elements of S; not in the earlier 7’s. If 6; is not a representative of a set, 
then 74,1 is vacuous. The elements of 7441, if any, are then simply ordered fol- 
lowing those of the earlier 7’s. In this way we construct a sequence 0), ---, Jz 
in which each 0),, v>t#, is in a set S; whose representative is a 0, with u<v. If 
some 0b, is not a representative, then there is an S; with representative Dy, 
u<v. Take b, as a new representative for S; freeing b,. We may now use b, as 
a representative for the set S,, from which it arose, freeing an earlier by. This 
process must continue until we have freed one of the first ¢ elements, which we 
may now assign as a representative for S,. In this process, Si, -- +, S,—1 still 
have distinct representatives and we may go ahead in the same way to find a 
representative for S,4:. This method will fail if in the entire sequence con- 
structed, 01, ---, 0s, every element is a representative of a set. By the con- 
struction every element of the s sets whose representatives these are will be in 
the sequence. But then these sets and 5S, will form s+1 sets which between them 
contain only s elements. In this case we have exhibited sets which violate 
Condition C. 

This algorithm is an easy and practical one to apply and could be pro- 
grammed on a digital computer. 
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CLASSROOM NOTES 


EDITED By G. B. THomAs, Massachusetts Institute of Technology 


Because of the large number of papers on hand, consideration of new papers for this de- 
partment has been temporarily suspended. 


COMBINATORIAL PROOF OF FERMAT’S “LITTLE” THEOREM 
S. W. GoLoms, University of Oslo 


It is possible to give an interesting, purely combinatorial proof of Fermat’s 
theorem that 2? —n is divisible by p, for any positive integer 7, and any prime 
number p. 

Suppose we have beads in different colors, and we wish to make necklaces 
using exactly » beads. First we put p beads on a string. Since each of the beads 
can be chosen in ” ways, there are ”? possible strings. For each of the x colors, 
there is one string entirely of that color. We throw these away, leaving 2?—n 
strings. We will join the two ends of each of these strings to form necklaces. But 
we observe that if two strings differ only by a cyclic permutation of the beads, 
the resulting necklaces will be indistinguishable. Since there are p cyclic per- 
mutations of the beads on a string, the number of distinguishable necklaces is 
(n? —n)/p, which must therefore be an integer. 

If it is permitted to flip the necklaces over, there are only (n? —n)/2p dis- 
tinguishable cases, so that this too must be an integer, unless p =2. 

If this proof is used in the classroom, it is of pedagogic value to ask the class: 

1) Where is the hypothesis that p is prime used in the proof? 
and 

2) In view of the fact that there are m! ways to permute the ~ colors, is it 
further true that 2! divides (n?—n)/p? 

A somewhat analogous combinatorial proof of Wilson’s Theorem is 
given by R. D. Carmichael (The Theory of Numbers, p. 50), who shows that 
((p—1)!—(p—1))/2p is the precise number of distinct irregular stellated p-gons. 


CONGRUENCES AND CARD SHUFFLING 


Pau B. JoHNson, Occidental College 


Congruences are some of the most powerful tools in the theory of numbers, 
yet they are among the more difficult to motivate. To the beginning student 
the usual illustrations appear either absurdly simple, or merely tricky manipula- 
tions set up to illustrate this particular theory. 

The majority of people in the United States will immediately recognize the 
following illustration as a serious and significant problem in its own right, and 
yet it is one easily solved using congruences but is very difficult without them. 
The illustration is the simple question “How thoroughly does the ordinary riffle 
shuffle mix up the cards in a bridge deck?” The average person thinks a pure 
riffle shuffle thoroughly mixes the cards, implying that all of the 52! or 8X10® 
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possible orders will result on repeated shuffling. It is quite a stimulating shock 
to find how wrong this can be. 

In a pure riffle shuffie the deck is cut into two equal 26-card packs. The new 
deck is obtained by alternately snapping one card from each pack. Under this 
shuffle, card 1 goes into position 2, card 2 goes into position 4, ---, card 26 
goes into position 52, card 27 goes into position 1, - - - , card 52 into position 51. 
In general card x goes into position p(x) =2x (mod 53). 

Usually the shuffle is repeated several times. Clearly, after 1 shuffles, card x 
goes into position p,(x) =2"x (mod 53). More precisely, p,(x) is the least positive 
number satisfying this congruence. 

It follows that for 2 such that 2"=1 (mod 53), ” shuffles will return the deck 
to its original order. The smallest such m is the number of different orders into 
which the riffle shuffle will mix the cards. Since there are only 52 non-zero re- 
sidues mod 53, the smallest can not be greater than 52. From Fermat’s theorem 
252=1 (mod 53). 52 is a small enough number that some students will solve the 
congruence by trial, obtaining smallest 2 =52. 52 is also large enough for stu- 
dents to see the value of more powerful theorems. This result is so surprising 
that some students will start testing possible loopholes in the above argument. 

It is superfluous to admit that hardly any actual riffle is a pure riffle. Almost 
always more than one card is snapped from one pack at some point in the riffle. 
Hence the above analysis is not perfectly applicable to the real-life situation. 
This calls for the reply of the confederate veteran when challenged by a comrade 
about his stories of sweeping victories over the yankees: “Another good story 


spoiled by a danged eyewitness.” 


ON DEFINING THE CONIC SECTIONS 
MICHAEL PASCUAL, Siena College 


A merging of the analytic and the geometric definitions of the conic sections 
could be done neatly when three dimensional analysis is being covered. By ob- 
taining the equation of a right circular cone and considering the equation of the 
curve of intersection by a cutting plane, we arrive at the equations of the various 
conic sections. Now to get the different sections we may either vary the cutting 
plane or the vertex angle of the cone. We use the latter method, since it lends 
itself more readily to analysis. For convenience, we place the vertex of the cone 
at (0, 1, 1) and let the axis be the line z=y, x =0. Letting a designate the angle 
formed by the axis and any ruling, we find the equation of the cone to be 


2x? + (y — 2)? = (y+2— 2)? tan’? a. 
By setting z=0, we obtain the equation of the curve of intersection of the cone 
with the xy plane: 
2x? + (1 — tan? a)y? + 4y tan? a — 4 tan?a = 0. 


1. For 0<a<7/4, an ellipse is the intersection; its equation is 
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x? (y+ a?)? /2 tan a 2 tan a 


+ = | where @ = ————————- _ and _ J = ————_——-. 
a? b? 1/1 — tan? a 1 — tan?a 


2. For aw=7/4, a parabola is the intersection; it’s equation is 
x? = — 2(y — 1). 
3. For 7/4<a<7/2, a hyperbola is the intersection; it’s equation is 
era 
a? b? 


If we wish to continue further and obtain a focal point and directrix, we 
need only get the equation of a sphere tangent to the cone and the xy plane, 
and the equation of the plane determined by the circle of tangency. By showing 
that the line of intersection of this plane and the xy plane is such that the ratio 
of the distance from any point on the section to the point of tangency of the 
sphere and the xy plane to the distance from that same point to the line of inter- 
section is a constant, we fulfill the requirements of the focal point and directrix. 


A SIMPLE PROOF OF THE RATIO THEOREM 


FRANZ Hogn, University of Illinois 


In proving theorems about matrices, students often resort to scalar-type 
proofs when proofs employing directly the properties of matrix algebra would 
be more simple. In fact, the student’s mastery of matrix algebra may be meas- 
ured by the extent to which he avoids the scalar methods of proof in favor of 
those employing matrix processes. We illustrate our point by a simple demon- 
stration of the “ratio theorem”, the scalar proof of which is tedious. (Cf. [1], pp. 
74-77.) The theorem itself is both striking and useful and deserves to be better 
known. 

It is helpful to begin with two definitions. The major determinants, or 
simply the majors of a matrix are the determinants of its square submatrices of 
maximum order. In particular, “the” determinant of a square matrix is its only 
major. A major of one matrix is said to correspond to a major of another matrix 
of like (or transposed) order if the row and column indices of the first major are 
respectively the row and column (or column and row) indices of the second. 
Then the ratio theorem may be stated as follows: 


THEOREM 1. In an m by n matrix A whose rank r ts less than m, the majors of 
any set of r rows are proportional to the corresponding majors of any other set of 
r rows. (A simular result holds for columns.) 


Let a set of yr linearly independent columns of A be denoted by 
Ly, Lo, - ++, L, Then every column of A is a linear combination of these r 
columns and we can write A as a matrix of columns, thus: 
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THE DETERMINANT OF A SUM OF MATRICES 
L. M. WEINER, DePaul University 


If A =(a.;) and B=(6,;) are m by m matrices such that a;;=),; for 7s and 
C=(c¢;) is an 2 by m matrix such that c,;;=a,; for i%s and ¢,;=a,;+0.; for 
j=1, 2,--++, ”, then |C| =|A|+|B]. This property of determinants leads 
some students to the incorrect generalization that |A+B| =|A|+ |B] for any 
matrices, A and B. 

The formula for |4-+B| is actually a bit more involved; since, going 
back to the definition of determinants, we find that |A+B|] = ))(a1,+1:,) 
*(dez,+de:,) > + (Gain tOni,) Where 21, 72, -- + , ¢, range over all permutations of 
1,2,---,n. If, in evaluating this sum of products, we choose first all the a,; 
and sum over the permutations of 1, 2, - - - , , we obtain the value | A | . If we 
choose the b,;, we obtain | B . If we make some other definite choice of a,; or 3; 
from each parenthesis, and sum over the permutations of 1, 2, -- - , ”, we ob- 
tain the determinant of a matrix whose kth row is the kth row of A or B de- 
pending upon whether we chose a;; or 0,; from the kth parenthesis. 

There are 2” possible ways of making the above choices; therefore, we see 
that we may evaluate | 4+ B| by constructing the 2" matrices each of which is 
obtained by choosing for its kth row the kth row of A or B and then taking the 
sum of the determinants of these matrices. 

This result may be extended to | Ai+Aet+ one +Aj|. We find in a similar 
manner that |.A itAe+--- +A,| is the sum of the determinants of ¢* matrices 
each of which is obtained by choosing for its kth row the kth row of one of the A;. 

The student should note that if ai, a2, - - -, a: are elements of some non- 
commutative ring, there is a strong analogy between the expressions for 
| AitAe+ oe +A, and (aitde+ --- +a,)* in that (a; tae+ --- +a)” is 
the sum of ¢” products each of which is obtained by choosing for its kth factor 
one of the a,. 


ELEMENTARY PROBLEMS AND SOLUTIONS 


EDITED BY HowarD Eves, University of Maine 


Send all communications concerning Elementary Problems and Solutions to Howard 
Eves, Mathematics Department, University of Maine, Orono, Maine. This department wel- 
comes problems believed to be new, and demanding no tools beyond those ordinarily furnished 
in the first two years of college mathematics. To facilitate their consideration, solutions should 
be submitted on separate, signed sheets, within three months after publication of problems. 


PROBLEMS FOR SOLUTION 
E 1241. Proposed by C. W. Trigg, Los Angeles City College 


The holiday greeting, MERRY XMAS TO ALL, is a cryptarithm in which 
each of the letters is the unique representation of a digit, and each word is a 
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square integer. Find all solutions. 


E 1242. Proposed by Victor Thébault, Tennie, Sarthe, France 


Show that the circle orthogonal to the circles inscribed in the squares of 
centers A’, B’, C’ constructed exteriorly (or interiorly) on the sides of a triangle 
ABC is concentric with the nine point circle of triangle A’B’C’. 


E 1243. Proposed by M.A. Rashid and M. A. Uppal, Lahore, West Pakistan 


Prove that the product of a number consisting of two digits and its reverse 
is never a square except when the two integers are equal. 


E 1244. Proposed by Leo Moser, University of Alberta 
Show that 


> [5/(7m + 1)(7n + 6) + 3/(7n + 2)(7n + 5) — 1/(7n + 3)(7n + 4) | = 2/7. 


n=0 


E 1245. Proposed by M. S. Klamkin, Polytechnic Institute of Brooklyn 
If 


1 1 
baw = f min (x, @n)dx, Anti = f max (x, bn)dx, 
0 0 
prove that the sequences { an} and {bn} both converge and find their limits. 


SOLUTIONS 
Digits and Zero Digits 


E 1211 [1956, 253]. Proposed by Alan Wayne, Cooper Union School of Engi- 
neering 


Prove the following theorem, discovered by Cipriano Ferraris of the New 
York Riddlers Club: “For any positive integer k, the total number of digits in 
the sequence 1, 2, -- - , 10* equals the number of zero digits in the sequence 
1,2,---, 10%.” 

I. Solution by J. B. Johnston, Cornell University. Let 15 N =a; -- + aoSb*, 
N being an integer written in base 6, b=2. For each m such that 0O<m Si, let 
N» be the integer whose base 6 representation is that of N except for the in- 
sertion of a zero immediately to the right of am. The association of dm with this 
inserted zero forms a 1-1 mapping of the digits in the sequence 1, 2,---, 5* 
onto the zero digits of the sequence 1, 2, -- - , b&t}, 

Il. Solution by J. A. Schumaker, New Jersey State Teachers College. Let D 
be the total number of digits in the sequence 1, 2, ---, 10* and Z the number 
of zero digits in the sequence 1, 2, -- - , 10*+!, Obviously, each of the 9-10°7! 
numbers NV, which satisfy 10°-!< N <10* for n>0, has n digits. Hence 
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k 
D=k+1+ >> 910", 
nol 
It is also obvious that each of the n —1 places on the right is zero in exactly one- 
tenth of the 9-10"-! numbers W for n>1; hence there are exactly 9(n—1)10"-? 
zeros in those numbers. Therefore 


k-+1 k 
Z=k+1+ > 9m — 11107? = R+1+ D> 9n10™ = D. 
n==2 n=l 


Also solved by D. H. Browne, J. E. Darraugh, Monte Dernham, J. M. 
Elkin, L. D. Goldberg, Michael Goldberg, A. J. Goldman, A. R. Hyde, Wallace 
Manheimer, D. C. B. Marsh, J. B. Muskat, M. A. Rashid and M. A. Uppal 
(jointly), Azriel Rosenfeld, J. W. Ross, David Rothman, H. D. Ruderman, 
Harry Schor, R. E. Shafer, A. V. Sylwester, J. A. Tierney, and the proposer. 

Editorial Note. Solution II is easily generalized to hold for arbitrary base }. 
The problem may be solved also by mathematical induction on k. 


A Trigonometric Inequality 
E 1212 [1956, 253]. Proposed by H. A. Osborn, University of California, 
Berkeley 


Show that ¢>0 implies (2+ cos t)t>3 sin #. 
I. Solution by J. R. Hatcher, Fisk University. Set 


f(t) = t — 3(sin t)/(2 + cos #£). 
Then {(0) =0 and 
f'® = [C1 — cos #)/(2 + cos #) |? = 0. 


It follows that ¢>0 implies f(t) >0. 
II. Solutton by E. W. Marchand, Eastman Kodak Company. For t27m the 
result is trivial. Let 


f(t) = (2+ cos #)t — 3 sin fb. 
Then 
f(t) = 2 (sin t)(tan ¢/2 — 1/2), 


giving f(0) =0 and f’(#) >0 for 0<i<~m. Hence f(t) >0 in this interval, and the 
desired result follows. 

III. Solution by C. F. Pinzka, Educational Testing Service, Princeton, N. J. 
Let f(é) =(2+cos #)t—3 sin t. Since f(0) =f’(0) =f’’(0) =0 and f’’’(t) =¢ sin f, 
Maclaurin’s formula gives f(t) = (#& sin &)/3!, 0<&<t, which is clearly positive 
for 0<i<~m. The inequality is trivial for ¢27. 

IV. Solution by M. S. Klamkin, Polytechnic Institute of Brooklyn. This prob- 
lem and a generalization both appear in Durell and Robson, Advanced Trigo- 
nomeitry, p. 83 and p. 100. We will prove the generalization: If a22b>0 and 
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aw =t>O0, then 
(a + bcos tt > (2 + DB) sint. 


If the inequality is true for the range r2t>0, it follows immediately that it 
will be true for all ¢>0. Since the two sides of the inequality are equal for t=0, 
the inequality will follow if we can show that the derivative of the left hand side 
is greater than the derivative of the right hand side, that is, if 


a+ bcosit— bisint > (a+ Bb) cosi, 
or 
tan t/2 > bt/a, 


which is true if a22b. 

Setting a=2, b=1, we get (2-+cos #)t>3 sin #. 

The similar inequality, (2+cosh #)t>3 sinh ¢, t>0, is given on p. 115. 

Also solved by H. W. Bailey, H. F. Bennett, A. P. Boblétt, R. F. Church, 
A. E. Danese, J. E. Darraugh, Hiiseyin Demir, L. J. Dixon, Hazel Evans, L. D. 
Goldberg, A. J. Goldman, Oliver Gross, L. L. Hildilnand, P. G. Hodge, Jr., 
Vern Hoggatt, J. R. Holdsworth, F. A. Homann, A. R. Hyde, Martin Isaacs, 
Jerome Kaplan, Lee Lorch, P. J. McCarthy, Neill McShane, D. C. B. Marsh, 
Leo Moser, J. B. Muskat, C. S. Ogilvy, Dan Passman, J. P. Phillips, C. A. 
Pursel, Roger Purves, Nathaniel Queen, M. A. Rashid and M. A. Uppal 
(jointly), L. A. Ringenberg, Azriel Rosenfeld, David Rothman, Mohammad 
Salhab, E. C. Schlesinger, Harry Schor, R. E. Shafer, P. C. Shields, J. A. 
Tierney, Alan Wayne, David Zeitlin, and the proposer. 


A Wronskian 
E 1213 [1956, 253]. Proposed by F. D. Parker, Clarkson College of Technology 


Find the Wronskian, W(n, k), of the set of functions x”, x"In x, x" In? x, --- 
x" In* x. 

Solution by J. H. Hodges and F. R. Olson, University of Buffalo. Using 
Leibniz’s formula for the rth derivative of a product, we find 


k 
Dx" In? x = > ( ’ ) D*~ix"Di In!® x, 
r 


j=0 —J 


r 
( )=0itj>r, 
r—Jj 


It now follows, from the familiar procedure for multiplying two determinants, 
that 


where 


W(n, k) = | a, 5 | | Biel 
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where 

|arz| = ( ’ ) Die, \b,| = | Diln® x]. 

oe) 

Since a,;=0 for 7>r and dy,=x" for r=0, 1, ---, k, we then have 
(1) W(n, k) = art] Dilnt x] = anC+DY7(O, 2). 
Examining W(0, k) it is readily found that 
(2) W(0, k) = kIW(—1, k — 1). 
But, from (1), W(—-1, k—-1) =x *W(0, k—1), so that (2) implies 
(3) W(0, k) = k!x-*W(0, k — 1). 


Since W(0, 0) =1, repeated use of the recurrence formula (3), together with (1), 
gives 


k 
W(n, k) = 26'+1) @n—k)/2 II t!. 


f==1 


Also solved by H. W. Bailey, A. E. Danese, J. E. Darraugh, A. J. Goldman, 
A. R. Hyde, M.S. Klamkin, Azriel Rosenfeld, David Zeitlin, and the proposer. 

Zeitlin showed more generally that if « and v are differentiable functions of x, 
then the Wronskian of the set of functions u, uv, uv®, +--+, uv* is 


k 
u*t1(Dy) e+) /2 II tt. 
t=1 


Setting “=x" and v=In x we obtain the above value for W(n, k). 
Envelope of a Family of Ellipses 


E 1214 [1956, 253]. Proposed by Paul Payette, Ecole Polytechnique de 
Montreal 


Find the envelope of the family of ellipses of constant major axis having one 
focus at a given point and the other focus on a given straight line. 

I. Solution by C. F. Pinzka, Educational Testing Service, Princeton, N. J. 
Let m, (a, 0), and the y-axis be the constant major axis, the fixed focus, and 


the given straight line, respectively. An ellipse whose other focus is at (0, k) has 
the equation 


[28 + (y — BPP + [ew — 0)? + yt} = 


Differentiating with respect to & according to the usual procedure gives y=k 
and thus 


Je] + [eo + 9th =m 


is the envelope. This is the loop formed by the two parabolas 


728 ELEMENTARY PROBLEMS AND SOLUTIONS [December 


y? = (m F a)(m + a F 2x), 


where the upper and lower signs correspond to x20 and xS0, respectively. 

II. Solution by Robin Robinson, Dartmouth College. Consider two ellipses 
C, and C, of the family, with common focus O and equal major axes m. Let Q, 
and Q, be their other foci. 

An intersection R of C,; and Cz must lie on the perpendicular bisector of 
0,02, since OR+ROi=OR+ROQ.=m and hence RQ,=RQ2. There are just two 
such intersections R and _ 5S, for this line may cut C; only twice. 

As Qo, along line Q,Q2, the limiting position of RS will be the perpendicu- 
lar to line Q,Q. at Q,, which meets C; at R and S. These points are the points of 
contact of C, with the envelope of the family of ellipses. 

But OR+ RQ, =m, or OR=m— RQ, which is the perpendicular distance from 
R to the line parallel to Q:Q2. and m units away from it on the other side of R 
from Q;. So R lies on a parabola with focus at O and this line as directrix. 
Similarly, S lies on another such parabola, which opens, however, in the opposite 
direction. 

The portions of these two parabolas bounded by their common chord Q,Q2 
constitute the desired envelope. 

Also solved by H. W. Bailey, Joseph Basile, Hiiseyin Demir, Hazel Evans, 
J. Gallego-Diaz, Michael Goldberg, A. J. Goldman, Cornelius Groenewoud, 
A. R. Hyde, E. W. Marchand, Beckham Martin, C. S. Ogilvy, O. J. Ramler, 
M. A. Rashid and M. A. Uppal (jointly), Azriel Rosenfeld, E. M. Scheuer, 
Chih-yi Wang and David Zeitlin (jointly), and the proposer. 

Some of these solutions were not complete. 


Criterion for an Incircle 
E 1215 [1956, 253]. Proposed by J. P. Ballantine, University of Washington 


State a necessary and sufficient condition for an ordered set of n line seg- 
ments to be the consecutive sides of an m-gon possessing an inscribed circle. 

Solution by Michael Goldberg, Washington, D. C. Fold the given lengths in 
accordion fashion. Then, for odd n, a cut midway between the ends will cross 
the sides at the points of tangency with the circle since the segments adjacent 
to a fold are equal and the end segments are equal. For the segments so obtained, 
there is only one radius that will satisfy. Therefore, the necessary and sufficient 
condition is that all the sides be crossed by the cut. 

For even n, the ends must coincide. Any cut which crosses all the sides will 
give a solution. Hence, the necessary and sufficient condition is that the ends 
must coincide (that is, the sum of the lengths of one set of alternate sides must 
equal the sum of the lengths of the other sides) and the cut must cross all the 
sides. There may be no solution, one solution, or a continuous infinity of solu- 
tions. 

Also solved by D. C. B. Marsh, M. A. Rashid and M. A. Uppal (jointly), and 
the proposer. 


ADVANCED PROBLEMS AND SOLUTIONS 


EpiTEp By E. P. STARKE, Rutgers University 


Send all communications concerning Advanced Problems and Solutions to E. P. Starke, 
Ruigers University, New Brunswick, New Jersey. All manuscript should be typewritten, 
with double spacing and margins at least one inch wide. Problems containing results believed to 
be new or extensions of old results are especially sought. Proposers of problems should also en- 
close any solutions or information that will assist the editor. In general, problems in well 
known textbooks or results in readily accessible sources should not be proposed for this de- 
pariment. 


PROBLEMS FOR SOLUTION 
4713. Proposed by Oystein Ore, Yale University 


In the number system with the base n=12, every square number ends in 
one of the digits 0, 1, 4, 9, that is, in a square digit. Find all for which this is 
the case. 


4714. Proposed by Chandler Davis, Bronxville, N. Y. 


For a real polynomial P,(x) of degree n, denote the zeros of P;,(x), multiplic- 
ity counted, by £;,i=1, 2,---+-,n—1. Assume all &; real, and let &S&< -- > 
<£,-1. Now, to what extent are the numbers P,(&;) arbitrary? More precisely, 
give necessary and sufficient conditions on an (z—1)-tuple of real numbers 
m, °° *,%-11n order that there exist P, such that P,(&;) =9:,4=1,2,---°,n—-1. 


4715. Proposed by R. S. Underwood, Texas Technological College 
Find real solutions of the equations 
2 g? uu? y2 


¥y 
2 2 2 —- 2— 2,044 4 = |, 


in case (a) D= —3, and (b) D=15/4. What can be said about the solutions for 
other values of D? 


4716. Proposed by M. S. Klamkin, Polytechnic Institute of Brooklyn 


Determine the equation of motion if V,=AV;, where V, and V; are the aver- 
ages of velocity with respect to distance and time, respectively, in any time 
interval starting at =0. What is the minimum eigenvalue \? 


4717. Proposed by Patrick Gallagher, Harvard University 


Let f(z) and g(z) be entire functions, each without fixed points, and not both 
linear. Show that f(g(z)) has infinitely many fixed points. 


SOLUTIONS 
Uniform and Absolute Convergence 


4653 [1955, 585]. Proposed by Albert Wilansky, Lehigh University 


Consider the three statements: 


729 
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(a) >> U,(x) converges uniformly, (b) > | U(x) | converges, 
(c) >> |U,(x)| converges uniformly. 


Consideration of U,(x)=(—x)*/n shows that if we require (a) and (b) to 
hold on an open interval (in this case 0<x <1) we cannot deduce (c). 

Does (c) follow if (a) and (b) hold on a closed interval? 

Solution by O. E. Stanaitis, St. Olaf College, Northfield, Minn. The following 
example shows that (c) does not necessarily follow. Consider the series 
00 (— 1) N 2 


a+ 


on the interval OS x31. Here 

00 — 1\2yv2 2 
ee de 
yen (1 - x7)?| (1 + x?) ™-1(2 + xx?) 
and R,(0) =0. It is easily seen that | Rn(x)| <e holds for any arbitrary positive 
number e<1 and for all values of x if we choose, say, n>1/e log (1+e?). Thus 
(a) is established. 

It is readily seen that the series }\x?/(1-+x?)* converges for all values of x, 
and (b) is satisfied. 

However the series (b) does not converge uniformly. In fact, 
R,(x) = (1-+x?)!- and it is obvious that no value of ” can be found sufficiently 
large to ensure | R,(x)| <e everywhere on 0OSxS1. 

Also solved by Joshua Barlaz, P. T. Bateman, R. O. Davies, R. J. Dickson, 
A. J. Goldman, Fritz Herzog, G. B. Lang, D. R. Lewis, Norman Miller, L. A. 
Ringenberg, and Harold Shulman. 

Editorial Note. If continuity of U,(x) is not desired, as several solvers point 
out, the Proposer’s example suffices upon defining U,(1) =0. The problem has 
had considerable discussion in the literature. Herzog supplies the following ref- 
erences: Graves, The Theory of Functions of Real Variables, pp. 111-112; Hob- 
son, The Theory of Functions of a Real Variable and the Theory of Fourier Series, 
vol. II, pp. 116, 119; Pierpont, The Theory of Functions of Real Variables, 


vol. II, p. 165; Shulman, On uniform and absolute convergence, this MONTHLY, 
1956, p. 35. 


| R(x) | = x ¥ 0, 


Subsets with Odd Number of Elements 


4654 [1955, 586]. Proposed by Harley Flanders, University of California at 
Berkeley 


Let X = { 1,2,3,--- } be the set of whole numbers, S the class of all subsets 
of X. Prove that there is a subclass T of S such that (a) if Vi,---, Ya are 
arbitrarily chosen distinct members of T, then there is at least one integer x 
which belongs to exactly an odd number of the Y;, and (b) if Yis a non-empty 
member of S, then there are distinct sets V¥i1,---, Y, in T such that Y is the 
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set of all integers x which belong to exactly an odd number of the Yj. 

Solution by R. O. Davies, University College, Leicester, England. Let X be 
any non-empty set with members x. For non-empty subsets Yi, ---, Yn of S, 
let O( Yi, ---, Yn) denote the set of all x which belong to exactly an odd 
number of the Y;. Assuming the axiom of choice, define by transfinite induction 
as large as possible a well-ordered series of non-empty subsets of S 


(1) Z1,Z2,°°* Lat, 
satisfying the condition that Z, is not equal to O(Zgq), +--+, Zn) for any 
finite set of ordinals B(1), - - - , B(~) each less than a. 

The class T of all the Z, clearly has property (b). Let Yi, ---, VY, be dis- 
tinct sets in 7, Y, being the one with greatest suffix when considered as a term 
of (1). Then Y,+#O(Yi,---, Y,-1), and 

O(Y1, me ty Y,) > [O(Y1, rn) Y,-1) —_ Y,,| + [Y., _ O(Y1, sey Y,-1) | ~ 0. 


Hence 7 also has property (a). 
Also solved by R. J. Dickson, A. J. Goldman, S. H. Gould, and the Proposer. 


Difference Equation 


4655 [1955, 586]. Proposed by D. J. Newman, Advanced Development Division, 
AVCO, Lawrence, Mass. 


Solve the difference equation 
F(m + 1) = F(n) — 2(n + 1) sg {F(n) + 3n — n°}, F(0) = 0, 
where sg (x) =1, 0, —1 according as x>0, x =0, x <0. 


Solution by Leonard Carlitz, Duke University. Put G(n) = F(n)+3n—n?. Then 
the given equation becomes 


(1) G(n + 1) = G(n) — 2(n + 1) sg G(n) — 2n + 2, G(O) = 0. 
We shall prove by induction that 
(2) G(2™ +r) = 6 + 4r — 2m (O<r <2). 


Note that (2) implies G(n) <0 unless n =2”—1. 
Clearly (2) holds for m=0. Also, (1) implies 
(3) G(n + 1) = G(m) + 4 (G(m) < 0), 
(4) G(n + 1) = G(n) — 4n (G(n) > 0). 
Assuming the truth of (2) for fixed m and r with r<2"—1, we get the corre- 
sponding result for m and r+1 by using (3); for 7=2™—1 we use (4) and get the 


corresponding result with m+1 and r=0. This completes the proof of (2). 
Finally we have, for 2>0, 


Fin) = wW+n+6— 23, 
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where m= [logs 2]. (For n SO, always F(n) =n?-+7.) 

Also solved by C. M. Ablow, R. J. Dickson, Calvin Foreman, Samuel Gold- 
berg, A. J. Goldman, Emil Grosswald, A. R. Hyde, P. G. Kirmser, C. W. 
Langley, W. S. Lawton, D. C. B. Marsh, W. O. Pennell, and Chih-yi Wang. 


Roots of Unity 
4656 [1955, 586]. Proposed by H. S. Shapiro, New York University 


(1) If aw is a root of unity and its real part is an algebraic integer, then 
af =1. 

(2) Show that there exists an algebraic integer of absolute value 1 which is 
not a root of unity. 

Solution by P. T. Bateman, University of Illinots. (1) Suppose a is a root of 
unity which is not a fourth root of unity. Write B=R(a)=4(a+a7!). If the 
conjugates of a are a1 =a, Q2,° +--+, a, the conjugates of 6 are the distinct ele- 
ments among 


a(a1 + az?) = R(a,), 3 (ae + az) = R(ae), re 
(a, + af) = Raz). 


Since aj, Q2, «+ + , &, are roots of unity which are not fourth roots of unity, we 
have 


0< | R(a;)| <1 (j= 1,2,---,k). 


Thus the product of the conjugates of 6 has absolute value strictly between 0 
and 1 and hence is not a rational integer. Hence @ is not an algebraic integer. 

(2) The number /2—1+iV2./2—2, where all the square roots are un- 
derstood to be positive, has the desired property, for its absolute value is 1, it 
satisfies the equation (x+1)4=8x?, and it does not satisfy (1). 

Also solved by Leonard Carlitz, R. J. Dickson, Leopold Flatto, Fritz Herzog, 
J. B. Kelly, Ivan Niven, Azriel Rosenfeld, Chih-yi Wang, Hans Zassenhaus, and 
the Proposer. 


Uniformly Distributed Measure 


4657 [1955, 586]. Proposed by Peter Swerling, the Rand Corporation, Santa 
Monica, California 


Consider sets of real numbers which are subsets of the closed unit interval, 
which is denoted by J. 

(1) Show that there exists no (Lebesgue) measurable set SCJ with the 
properties (i) m(.S) = M>0 and (ii) there exists a number A, 0<A <1, such that 
for any interval JCI, m(SO\J) SAm(J). Here m denotes Lebesgue measure. 

(1’) (Corollary) Given any measurable set SCJ such that m(S)>0 and 
given any number A, 0<A<1, there exists an interval JCJ such that 
m(SI'\J) >Am(J). 

(1’’) (Corollary) There is no measurable set SCJ with 0<m(S) = M <1 such 
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that S is “uniformly distributed” in J, in the sense that for every interval 
JCI, m(SOJ) = Mm(J). 

(2) Show that statement (1’) cannot be improved in the following sense: 
one cannot say that for every measurable set SCJ with m(S)>0, there must 
exist a non-degenerate interval JCJ such that m(SOJ) =m(J). 

(3) Given SCI; m(S) >0; and given A, 0<A<1, prove that S can be repre- 
sented as the union of two disjoint sets: S=.S,\U.S2 where (i) m(S1) =0 and (ii) Se 
can be covered by a denumerable collection of disjoint non-degenerate intervals 
{Z,}:S2CU,J, such that for each I,, m(SO\In) >Am(In). 

Solution by Azriel Rosenfeld, Columbia University. (1) is an easy consequence 
of the fact that S has density 1 at almost every point of itself. (See, e.g., Titch- 
marsh, The Theory of Functions, 2nd edition, p. 371, ex. 2, 3). (1’) and (1’’) are 
immediate consequences of (1). 

(2) An example is easy to construct; see, e.g., Wilansky, On a nowhere-dense 
set, This MONTHLY, 1953, p. 411. 

(3) We may use a Vitali-type covering theorem (where at each point of 
S at which S has density 1 we work with the nested set of intervals for which 
already m(S(\I,) >Am(I,)). Si is then the set of measure zero of points of S at 
which S has density <1. We then form the union of subsets of S of measure 
zero which are not covered by the “Vitali” construction. Finally we let S. be 
the remainder of S. 

Also solved by the Proposer. 


RECENT PUBLICATIONS 


EpiTED By E. P. VANcE, Oberlin College 


All new material for this section should be sent to the incoming editor, Richard V. Andree, 
University of Oklahoma, Norman, Oklahoma. 


Advanced Calculus. By A. E. Taylor, New York, Ginn and Company, 1955. 
xiii +786 pages. $5.00. 


This book, as stated in its preface, is “aimed at the student reader”, and this 
aim is accomplished by various means: the author starts each chapter with a 
clear statement of what he intends to cover in that chapter, and gives a motiva- 
tion for it. He also supplies a great number of examples which illustrate the text 
lucidly and which should enable a good student of the subject to benefit greatly 
from studying the material by himself. For the most part, these examples are 
very well selected, though the reviewer found in a few cases (for instance, 
Example 2 in par. 6.3) that the difficulty of the example is too great for what it 
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accomplishes. The author also ought to be commended for avoiding the fanciful 
and highly complex notation which is found in some texts. In particular, his 
proofs are written in a clear and simple language, which seems just appropriate 
for a beginner in rigorous mathematical thinking. 

In Chapter I the main topics of elementary calculus are reviewed, but in 
addition to this, the chapter also treats some of the fundamental notions, such 
as limits and continuity, in a more rigorous manner than is usually done in 
elementary calculus. Thus a basis is laid for much of the work later on. 

The discussion of the real number system is based on the “axiom of conti- 
nuity” (cuts of real numbers), referred to by Landau in his Grundlagen der 
Analysis, page 89, as Dedekind’s Principal Theorem. This reviewer believes that, 
for a text in advanced calculus, the choice of this theorem as an axiomatic basis 
of the real number system is a wise choice and preferable to the attempt of some 
authors to begin with Dedekind cuts of rational numbers or even earlier. 

It seems unnecessary here to list in detail the contents of every chapter of 
the book. Among the “border line” topics that are covered, one might mention 
vectors and vector fields, point-set theory, complex functions, and Fourier series 
and integrals. Special functions treated include the Gamma and Beta functions, 
Bessel’s functions and Laguerre’s polynomials. 

In his treatment of functions of two variables, the author introduces the 
notion of differentiability of such functions (see par. 6.4), which is later shown 
to be equivalent to the existence of the tangent plane and requires, of course, 
more than the existence of the partial derivatives. This is one of a number of 
instances where the book tends to clarify certain misconceptions on the part of 
the student. 

The text is very clearly written and contains, besides the above-mentioned 
illustrative examples, a great number of well-selected exercises. The answers 
to some of these are found at the end of the book. 

The organization of the material is, in the reviewer’s opinion, subject to one 
adverse criticism: the author seems to have the tendency to treat a topic in a 
“piecemeal” fashion, introducing it at a certain place and continuing it in one 
or more places in later chapters. For instance, continuous functions of one real 
variable are treated in Chapters I, III and XV. This is one of several examples 
of this sort, and it presents a certain difficulty for the instructor who, on account 
of the large size of the book, is forced to make a selection of topics from the book 
to fit a year’s course in advanced calculus. 

The printing is of excellent quality. One typographical error was noted in 
Exercise 2 of paragraph 6.1, where the second equation should read uv =x?+-?. 

Fritz HERZOG 
Michigan State University 
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An Introduction to Linear Algebra, L. Mirsky, Oxford (Clarendon Press), 1955. 
35 s. net. 


According to the preface this book is “intended mainly for students pursuing 
an honours course (British) in mathematics”; the reader is “not assumed to 
have any previous knowledge of linear algebra”; the treatment is “thoroughly 
concrete”; the author “has taken every opportunity of bringing to the reader’s 
notice” the points of contact between linear algebra and geometry. Part I con- 
tains six chapters: I. Determinants, II. Vector Spaces and Linear Manifolds, 
III. The Algebra of Matrices, IV. Linear Operators, V. Systems of Linear 
Equations and Rank of Matrices, VI. Elementary Operations and the Concept 
of Equivalence. Part II presents: VII. The Characteristic Equation, VIII. Or- 
thogonal and Unitary Matrices, IX. Groups, X. Canonical Forms, XI. Matrix 
Analysis. Part III: XII. Bilinear, Quadratic, and Hermitian Forms, XIII. 
Definite and Indefinite Forms. The broad scope thus indicated is filled in with 
meticulous attention to theoretical detail and to illustration. There is a bibliog- 
raphy (wherein the city, but not the house, of publication is listed) and a good 
index. 

The straight-forward clarity of the writing is admirable. Definitions, theo- 
rems, etc., are generally stated with precision (the Corollary on p. 153 is perhaps 
somewhat loose in wording). The format, the composition of each page, the 
typography, are most attractive. A reasonably close reading unveiled so few 
printing errors that “It is now an easy maater...’’ popped up from page 83 
as an Afrikaans howler. Use of terms like adjugate (=adjoint) matrix, par- 
titioned (=block) matrix, united (=fixed) points, disposable (=arbitrary) un- 
knowns, is of no real concern—but the reviewer enters a small plea that soon 
the English-writing mathematicians agree on standard mathematical-English 
terminology. Bridge passages like the one (par. 3.1) culling from elementary 
algebra material for extension to matrix algebra, and the examples of groups 
(par. 9.1.2) are enticing pedagogy; and the numerous developing exercises in the 
body itself of the textual material work the reader into the role of expositor. 
The problem lists at the end of each chapter are well, if formidably, selected. 
Among the many extremely well-presented portions of the book, the chapter 
on Matrix Analysis deserves special mention; this is tricky business, and the 
final application to linear differential equations is a welcome illustration. 

Thus far, magna cum laude. The reviewer must voice, however, some objec- 
tions to matters of arrangement and motivation; it is understood that these will 
reflect his own opinions and may, in turn, be refuted in the opposing camp. 

The author of a book like this one is from the start faced with deciding upon 
the role of determinants in developing his theory. Mirsky begins with a classical 
discussion of determinant theory, “the first topic in linear algebra to be studied 
intensively”; on this basis he treats, for example, inverse matrix, matrix-rank, 
and solution of systems of linear equations. In connection with this last he re- 
marks (p. 142) on the cumbersome nature of the solution if the system is exten- 
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sive, but only much later (p. 180) does he obtain solutions more easily through 
equivalence with an echelon-form matrix. The reviewer prefers the reversed 
order of this procedure (as presented in Birkhoff-MacLane: A Survey of Modern 
Algebra (Macmillan) and Stoll: Linear Algebra and Matrix Theory (McGraw- 
Hill), among others). It seems simpler and more direct to motivate study of 
matrices and vector spaces with the problem of solving linear systems by means 
of the echelon reduction, which happily stems from the elimination technique 
already known to the student; to use the same equipment in obtaining the in- 
verse of a square matrix and to study rank; and to introduce the determinant 
of the (square) matrix A as a function-value f(A) satisfying certain relevant 
requirements (cf. Mirsky, p. 190), in order finally to relate the solutions of a 
system to the coefficients in the equations. Mirsky’s treatment is, of course, 
consistent; he is merely on one side of the fence, the reviewer on the other. 

A second objection may be more serious. Postponement of the basic notion 
of equivalence relation to a position fairly late in the discussion (p. 186) leads to 
the following inconsistency. “Equality” of vectors (p. 40) and of matrices (p. 75) 
as element-to-element identity are said to be obvious implications of the defini- 
tions of vector and matrix. Yet “equality” of two ordered pairs (a, 5), (c, d), of 
integers as used in defining rational numbers is stipulated by ad =bc, not by the 
(obvious?) element-to-element identity a=c, b=d (and Mirsky cites this fa- 
miliar and important example (p. 188) in illustration of equivalence relation). 
The notion of equivalence relation is so fundamental that it should be in evi- 
dence from the start of any algebra. Equality of vectors and matrices is defini- 
tion, not implication, and needs to be proved a proper equivalence relation. 

Finally, the reviewer thinks that the author has not lived up to his prefatory 
promise to link linear algebra and geometry at every opportunity. Much matrix 
theory—inversion, similarity, congruence, characteristic equation, even the very 
definition of matrix multiplication—finds motivation in linear transformations. 
These mappings originate in (or, to be modern, define) projective geometry. 
Some presentation of this geometry, even of the beautiful but almost lost 
theorems of its golden age, could readily be abstracted into the study of linear 
algebra and matrix theory, the reward of abstraction being an impressive har- 
vest of unexpected dividends in other fields as well. It is disconcerting, then, 
to come upon only infrequent and all too brief (in the reviewer’s opinion) 
gestures in the direction of projective geometry, certainly not enough to serve 
the beginning student as a comforting prop of “concreteness” to his algebra. 
Indeed, the treatment is “thoroughly concrete” only in the sense that it is 
thoroughly illustrated—algebraically. 

But let a reviewer’s few disappointments not detract from the over-all 
excellence of the book. It is a successful and worth while and usable introduction 
to linear algebra, written with spirited precision. 

G. M. MERRIMAN 
University of Cincinnati 


NEWS AND NOTICES 


EpITrED By Ep1TH R. SCHNECKENBURGER, University of Buffalo 


Readers are invited to contribute to the general interest of this department by sending news 
atems to Edith R. Schneckenburger, University of Buffalo, Buffalo 14, New York. Items 
should be submitted at least two months before publication can take place. 


THIRD NATIONAL SYMPOSIUM ON RELIABILITY AND 
QUALITY CONTROL IN ELECTRONICS 


The third national Symposium on Reliability and Quality Control in Elec- 
tronics, sponsored by the Institute of Radio Engineers, the American Society 
for Quality Control, the Radio-Electronic-Television Manufacturers Associa- 
tion Engineering Department, and the American Institute of Electrical Engi- 
neers, will be held during January 14-16, 1957, at the Hotel Statler, Washington, 
D. C. There will be two concurrent sessions, each of eight periods. The program 
includes papers, panels, movies, plant tours, and a banquet. For further in- 
formation write to: Richard M. Jacobs, General Publicity Chairman, Radio 
Corporation of America, Camden 2, New Jersey. 


EMPLOYMENT LISTING FOR RETIRED MATHEMATICIANS 


Mathematicians, either retired or about to retire, who have taught at col- 
leges or universities and will be available next year for employment as teachers 
or as mathematicians in industry, are invited to be listed without charge by the 
Mathematical Sciences Employment Register Committee, sponsored jointly by 
the American Mathematical Society, the Mathematical Association of America, 
and the Society for Industrial and Applied Mathematics. Before January 31, 
they should send to the committee chairman, Professor J. S. Frame, Mathe- 
matics Department, Michigan State University, East Lansing, Michigan, the 
following information: Name, date of birth, highest degree and where obtained, 
most recent teaching position or employment, present address, and date avail- 
able. They should indicate availability for academic or industrial employment 
or both, and mention geographical or other preferences. 

After February 15, interested employers may obtain a copy of this list of 
available retired mathematicians by writing Professor Frame, enclosing a self- 
addressed stamped envelope. 


SUMMER INSTITUTE ON MATHEMATICS IN SOCIAL SCIENCE 


The Social Science Research Council and the Mathematical Association of 
America are sponsoring a Summer Institute on Mathematics in Social Science 
for College Teachers of Mathematics to be held at Stanford University, Cali- 
fornia, June 24—August 17, 1957. 

Further information and applications for admission, which are due not later 
than January 7, 1957, may be obtained from Social Science Research Council, 
726 Jackson Place, N.W., Washington 6, D. C., and Professor Robert M. 
Thrall, Department of Mathematics, University of Michigan, Ann Arbor, 
Michigan. 
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NEW MATHEMATICS PROGRAM OF CARLETON COLLEGE 


Carleton College announces that the Department of Mathematics has been 
awarded a four-year grant for $27,300 by the National Science Foundation. 
Disposition of the grant is under the direction of Professor K. O. May. The 
award is intended to enable the Carleton Mathematics Department to give 
special attention to students who show unusual promise in mathematics, re- 
gardless of their field of major interest. For such students in their first two years, 
the department will offer special small sections in which original work will be 
emphasized, and for advanced students, faculty-student collaboration in study 
and research will be offered. Research assistantships will be available for juniors 
and seniors who show unusual mathematical potential. These will be one year 
appointments, made on the basis of interest and ability, regardless of the stu- 
dent’s declared major. 


PERSONAL ITEMS 


Brigham Young University announces the following new appointments: 
D. W. Robinson of Case Institute of Technology and D. W. Stoddard of the 
Sandia Corporation, Albuquerque, New Mexico, have been appointed to assist- 
ant professorships; Kent Nielson has been appointed to an instructorship. 

Canisius College reports the following: Aaron Herschfeld of the Polytechnic 
Institute of Brooklyn has been appointed to an assistant professorship; Associ- 
ate Professor C. G. Schilling has been promoted to a professorship; Assistant 
Professor F. J. Arena has been promoted to an associate professorship; Acting 
Chairman R. F. Tidd has been appointed Chairman of the Department of 
Mathematics. 

Case Institute of Technology announces: J. W. Dettman, formerly a member 
of the technical staff of Bell Telephone Laboratories, Whippany, New Jersey, 
and Bayard Rankin, previously a research associate at Massachusetts Institute 
of Technology, have been appointed to assistant professorships; Frederick Way, 
III, recently an analytical engineer for Babcock & Wilcox Research Center, has 
been appointed Instructor and Assistant Director of the Computing Center; 
J. D. Neff of the University of Florida, and M. A. Stephens, formerly a lecturer 
at London University, have been appointed to instructorships. 

Central Michigan College reports: W. J. Waggoner of the University of 
Wyoming has been appointed to an assistant professorship; Miss Buena Wilson 
has been appointed to an instructorship; Associate Professor L. G. Woodby has 
been promoted to the position of Head of the Department of Mathematics; 
Professor C. C. Richtmeyer, previously Head of the Department, has been pro- 
moted to the position of Dean of Faculty. 

At Colorado Agricultural and Mechanical College: T. G. Burgess of Idaho 
State College, M. E. Sperline of University of Kansas, and K. J. Whitcomb, 
formerly an instructor in the Denver Public School System, have been appointed 
to instructorships; Associate Professor M. L. Madison has been promoted to 
the chairmanship of the Department of Mathematics. 


1956| NEWS AND NOTICES 739 


Florida State University announces the following: Assistant Professor C. W. 
McArthur of Alabama Polytechnic Institute has been appointed to an associate 
professorship; J. L. Bagg of Michigan State University has been appointed to 
an assistant professorship; Professor Emeritus W. T. Stratton, formerly head of 
the Department of Mathematics, Kansas State College, has been appointed 
Lecturer; Assistant Professor R. L. Plunkett has been promoted to an associate 
professorship. 

Georgetown University makes the following announcements: A. K. Aziz, 
previously a graduate assistant at the University of Maryland, and Rev. G. 
McConnell of Scranton University have been appointed to instructorships; Act- 
ing Chairman M. W. Oliphant had a research grant for the summer of 1956 
supported by the President of Georgetown. 

Kansas State College reports: T. D. Oxley, formerly an assistant at Purdue 
University, has been appointed to an assistant professorship; Assistant Professor 
L. E. Fuller has been promoted to an associate professorship. 

At New Mexico College of Agriculture and Mechanic Arts: Assistant Pro- 
fessor D. L. Boyer of Arizona State College and Assistant Professor A. V. Fend 
of Florida State University have been appointed to assistant professorships: 
A. B. Gray and W. L. Walter have been appointed to instructorships; Assistant 
Professor R. B. Crouch has been promoted to an associate professorship. 

University of Buffalo announces: P. G. Archer, formerly a mathematician 
for Bell Aircraft Corporation, Niagara Falls, New York, Associate Professor 
L. J. Montzingo, Jr., of Roberts Wesleyan College, and H. R. Stevens, previ- 
ously a teaching fellow at Purdue University, have been appointed to instructor- 
ships; Teaching Fellows E. P. Rozycki, R. T. Sandberg, and Frederick R. White 
have been promoted to instructorships. 

University of California, La Jolla, announces that the Regents of the Uni- 
versity of California have voted to expand over a period of years the faculty 
and facilities of the La Jolla campus and to provide a graduate program empha- 
sizing science and technology with such undergraduate instruction as is essential 
to support the graduate program. The La Jolla campus is the site of the Scripps 
Institution of Oceanography, which has been part of the University since 1912. 

University of Michigan reports the following: A. L. Mayerson and Oscar 
Wesler have been appointed to assistant professorships; Associate Professor 
D. G. Higman of Montana State College has been appointed Visiting Assistant 
Professor; W. L. Davison, formerly an assistant at the University of Virginia, 
and Edward Halpern have been appointed to instructorships; Associate Pro- 
fessors G. E. Hay and Wilfred Kaplan have been promoted to professorships; 
Assistant Professors D. A. Darling and R. C. Lyndon have been promoted to 
associate professors; F. W. Gehring has been promoted to an assistant professor- 
ship; Professor G. Y. Rainich has retired with the title of Professor Emeritus; 
Associate Professor R. C. Lyndon is on leave of absence and is at the University 
of California as Visiting Associate Professor; Professor R. L. Wilder is on sab- 
batical leave during 1956-57. 
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At the University of Minnesota, Institute of Technology: Associate Profes- 
sors Fulton Koehler, A. N. Milgram, and P. C. Rosenbloom have been promoted 
to professorships; Assistant Professors W. B. Fulks, J. B. Serrin, and M. L. Stein 
have been promoted to associate professorships; Bernard Lindgren has been 
promoted to an assistant professorship; Seizo Ito has been reappointed a Ful- 
bright scholar and research fellow for 1956-57; Professor P. C. Rosenbloom is on 
leave of absence for the year 1956—57 and is at Harvard University as Visiting 
Professor; Professor L. W. Green, who is also on leave of absence during 1956-— 
57, is at the Eidgenoessische Technische Hochschule, Zurich, Switzerland, on a 
grant from the American Swiss Society for Scientific Exchange; Lars Hormander 
of the University of Lund, Sweden, lectured and served as a research consultant 
for a month during the summer. 

University of North Carolina announces the following: Assistant Professor 
J. S. MacNerney has been promoted to an associate professorship; Professors 
A. W. Hobbs and A. S. Winsor have retired. 

University of Ottawa reports the following: A. C. Smith has been appointed 
to an assistant professorship; Assistant Professor Viktors Linis has been pro- 
moted to an associate professorship. 

University of South Carolina makes the following announcements: J. D. 
McKnight, a scientist for Lockheed Missile Systems Division, has been ap- 
pointed to an associate professorship; Professor J. B. Jackson has retired. 

University of Texas reports: Assistant Professor F. R. Yett of Long Beach 
State College has been appointed to an assistant professorship; Professor H. S. 
Vandiver has been granted a postdoctoral fellowship by the National Science 
Foundation; Assistant Professor E. J. Prouse is on leave of absence for the 
first semester. 

University of Toledo announces: Assistant Professor C. W. Thomson of 
Tennessee Polytechnic Institute has been appointed to an assistant professor- 
ship; A. N. Craig of the College of Wooster has been appointed to an instructor- 
ship. 

At the University of Toronto: Professor H. S. M. Coxeter has been elected 
President of Section III of the Royal Society of Canada; A. P. Dempster of 
Princeton University, W. A. J. Luxemburg, formerly an assistant at Delft Insti- 
tute of Technology, Holland, and Derek Naylor of A. V. Roe Aircraft Company, 
Manchester, England, have been appointed Lecturers; Associate Professor 
Abraham Robinson has been promoted to a professorship; Associate Professor 
D. A. F. Robinson has retired. 

Washington University reports the following: Associate Professor Harvey 
Cohn of Wayne State University has been appointed to an associate professor- 
ship; Associate Professor T. L. Downs has been promoted to a professorship. 

Western Illinois State College makes the following announcements: W. J. 
Thomsen of the Applied Physics Laboratory, Johns Hopkins University, has 
been appointed to an associate professorship; Assistant Professors J. J. Stipano- 
wich and Arnold Wendt have been promoted to associate professorships. 
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W. E. Andrus, Jr., formerly a staff mathematician in charge of the Statistical 
Section of the Scientific Computation Laboratory, International Business 
Machines Corporation, Endicott, New York, has been promoted to the position 
of Manager of the Laboratory. 

H.R. Bailey of the Naval Ordnance Plant has accepted a position as a math- 
ematician with the Ohio Oil Company, Littleton, Colorado. 

H. W. Baker, formerly a teaching assistant at Purdue University, has been 
appointed to an instructorship at Butler University. 

J. G. Bennett, formerly a graduate student at the University of Illinois, is 
now acomputer mathematician for North American Aviation, Dynamics Group, 
Columbus, Ohio. 

I. O. Bentsen, previously a graduate student at the University of Rochester, 
has been appointed to an instructorship at Hobart College. 

A. A. Benvenuto, formerly a graduate assistant at the University of Illinois, 
has a position as a mathematician with the Rand Corporation, Lincoln, Massa- 
chusetts. 

George Caldwell of North Carolina State College has been promoted to an 
assistant professorship. 

Assistant Professor C. D. Calhoon of the University of Toledo is on leave of 
absence and is at the Westinghouse Electric Corporation, Baltimore, Maryland. 

Associate Professor G. G. Costello of Georgetown University is now a mem- 
ber of the staff of Loyola College, Baltimore, Maryland. 

Associate Professor J. B. Crabtree of the University of New Hampshire has 
been appointed to an associate professorship at Stevens Institute of Technology. 

Assistant Professor Frederic Cunningham, Jr., of the University of New 
Hampshire has been appointed Lecturer at Bryn Mawr College. 

Assistant Professor E. L. Dolney of the School of Mines and Metallurgy, 
University of Missouri, has been appointed to an assistant professorship at 
Eastern Montana College. 

T. C. Fry, assistant to the President of Bell Telephone Laboratories, retired 
from the Laboratories on October 1, 1956, after completing more than 40 years 
of Bell System service. Dr. Fry plans to engage in consulting work. 

R. G. Fryer of the University of Buffalo is now in the United States Army. 

Assistant Professor Albert Furman of Kansas State College has accepted a 
position with Lockheed Aircraft Company, California. 

T. M. Gallie, Jr., previously a research engineer at Houston Research Center, 
Humble Oil and Refining Company, Texas, has been appointed to an assistant 
professorship at Duke University. 

Harold Glander has been appointed to an associate professorship at Carroll 
College, Wisconsin. 

A. G. Grace, Jr., has a position as an operations research analyst for Electric 
Boat Company, Groton, Connecticut. 

Donald Greenspan of the University of Maryland has accepted a position 
as a research engineer for Hughes Aircraft Company, Culver City, California. 
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D. S. Greenstein of the Moore School of Electrical Engineering, University 
of Pennsylvania, has a position as a professional engineer with the Radio 
Corporation of America, Camden, New Jersey. 

G. R. Hagan has been appointed to an instructorship at St. John’s Uni- 
versity. 

J. J. Harton, Jr., of the University of California, has accepted a position as a 
mathematician with Motorola, Inc., Riverside, California. 

Smith Higgins, Jr., of the University of Indiana, South Bend Extension, has 
been appointed Director of the Kokomo Center of Indiana University. 

M. H. Hoehn of the University of New Mexico has been appointed to an in- 
structorship at Santa Rosa Junior College. 

J. E. Hoffman of the University of Oklahoma has been appointed to an 
assistant professorship at Oklahoma Agricultural and Mechanical College. 

R. T. Hood, formerly an assistant at the University of Chicago, has been 
appointed to an assistant professorship at Ohio University. 

N. W. Johnson, Jr., previously employed by the Container Corporation of 
America, Chicago, Illinois, has been appointed Lecturer at Geneva College. 

B. C. Kenny, formerly a senior mathematician with the Vitro Corporation 
of America, Eglin Air Force Base, Florida, is employed now as a senior engineer 
at the Westinghouse Electric Corporation, Baltimore, Maryland. 

I. I. Kolodner, recently a senior scientist at the Institute of Mathematical 
Sciences, New York University, has been appointed to a professorship at the 
University of New Mexico. 

Assistant Professor Harold W. Kuhn of Bryn Mawr College has been pro- 
moted to an associate professorship. 

Assistant Professor L. H. Lange of Valparaiso University has been appointed 
to an instructorship at the University of Notre Dame. 

C. E. Lemke, previously a professional engineer with the Radio Corporation 
of America, Camden, New Jersey, has been appointed to an assistant professor- 
ship at Rensselaer Polytechnic Institute. 

Eugene Levin of the University of California, Los Angeles, has accepted a 
position as supervisor of the mathematical analysis group at Ramo-Wooldridge 
Corporation, Los Angeles, California. 

Walter Littman, formerly a research assistant at the Institute for Mathe- 
matical Sciences, New York University, has been appointed to an instructorship 
at the University of California. 

P. G. Loewner of the University of California has accepted a position as a 
programmer and numerical analyst in the computing department of North 
American Aviation, Incorporated, Los Angeles, California. 

J. N. Mangnall of the University of Buffalo has accepted a position as a 
research mathematician at the Los Angeles Computation Center, Inglewood, 
California. 

J. P. Menard, previously a teaching assistant at the Catholic University of 
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America, has a position as a mathematician at the National Bureau of Stand- 
ards, Washington, D. C. 

A. S. Merrill, Vice-President of Montana State University, has retired. 

Michael Montalbano, formerly a mathematician with Kaiser Steel Corpora- 
tion, Fontana, California, has been appointed Director of Computer Research 
of the Corporation, Oakland, California. 

Assistant Professor J. C. Morelock of Alabama Polytechnic Institute has 
been appointed to a professorship at King College. 

C. R. Morris, recently an associate engineer at Lockheed Aircraft Corpora- 
tion, Burbank, has been appointed to an associate professorship at Detroit 
Institute of Technology. 

Rev. T. F. Mulcrone, formerly of St. Charles College, Louisiana, has been 
appointed to an assistant professorship at Loyola University, Louisiana. 

R. V. Nolan of the University of Buffalo is teaching now at Cattaraugus 
High School, New York. 

G. W. O’Shaughnessy, previously a teaching assistant at the University of 
Minnesota, is employed as a computing engineer at Rocketdyne, Division of 
North American Aviation, Canoga Park, California. 

E. J. Pellicciaro of Duke University has been appointed to an assistant pro- 
fessorship at the University of Delaware. 

Brother Vincent Rathbun, formerly a graduate student at Case Institute of 
Technology, has been appointed to an instructorship at the University of Day- 
ton. 

T. C. Richards, previously a student at San Jose State College, is teaching 
now at Riverdale High School, California. 

Assistant Professor Hanno Rund of the University of Toronto has been ap- 
pointed Head of the Department of Mathematics of the University of Natal, 
Durban, South Africa. 

P. T. Schaefer, formerly an assistant at the University of Rochester, has 
been appointed to an assistant professorship at College for Teachers at Albany, 
State University of New York. 

C. B. Sensenig of Bucknell University has been appointed to an assistant 
professorship at Lafayette College. 

D. T. Sigley, previously a physicist at American Machine & Foundry Com- 
pany, Greenwich, Connecticut, has been appointed Chief Engineer at Firestone 
Tire and Rubber Company, Los Angeles, California. 

F. W. Sinden has accepted a position as a member of the technical staff of 
Bell Telephone Laboratories, Murray Hill, New Jersey. 

Assistant Professor W. A. Small of Alfred University has been appointed to 
an assistant professorship at Grinnell College. 

Andrew Sobczyk of Los Alamos Scientific Laboratory, New Mexico, has 
been appointed to a professorship at the University of Florida. 

W. G. Spohn, Jr., of the University of Delaware has been appointed to an 
instructorship at Bowling Green State University. 
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Associate Professor W. H. Spragens, Jr., of the University of Mississippi has 
been appointed to an associate professorship at the University of Louisville. 

L. W. Stark, formerly a mathematician at Redstone Arsenal, Huntsville, 
Alabama, has been appointed to an assistant professorship at Butler University. 

Associate Professor Ruth W. Stokes is on leave of absence from Syracuse 
University during 1956-1957 and is Visiting Lecturer at the American Uni- 
versity of Beirut. 

Adrian Struyk, a teacher at Clifton High School, New Jersey, has been 
promoted to the position of Head of the Department of Mathematics. 

R. C. Thompson of the University of British Columbia has accepted a posi- 
tion as defence scientific officer with the Defence Research Board, Ottawa, 
Canada. 

Assistant Professor Henry Tucker of Kansas State College has accepted a 
position at the University of Arizona. 

O. L. Wadkins, Jr., formerly an electronic engineer at U. S. Naval Ordnance 
Test Station, Pasadena, California, is employed as an electrical engineer at 
Armour Research Foundation, Tucson, Arizona. 

J. V. Wehausen, formerly executive director of Mathematical Reviews, has 
been appointed Associate Research Mathematician at the University of Cali- 
fornia. 

J. C. Wilson of Central College has been appointed to an assistant professor- 
ship at Fenn College. 

Professor W. E. Wilson of Pennsylvania State University has been appointed 
Dean of the School of Engineering, Pratt Institute. 

A. W. Yonda, previously a mathematician at the Ballistic Research Labora- 
tories, Aberdeen Proving Ground, Maryland, has been appointed to an in- 
structorship at Temple University. 

David Zeitlin of the University of Minnesota has accepted a position as a 
mathematician at Remington Rand Univac, St. Paul, Minnesota. 


N.S. Fan, an assistant at Washington University, died in October, 1955. 


THE MATHEMATICAL ASSOCIATION OF AMERICA 
Oficial Reports and Communications 


THE SEVENTEENTH ANNUAL WILLIAM LOWELL PUTNAM 
MATHEMATICAL COMPETITION 

The seventeenth annual William Lowell Putnam Mathematical Competi- 
tion will be held on Saturday, March 2, 1957. This competition, made possible 
by the trustees of the William Lowell Putnam Intercollegiate Memorial Fund 
left by Mrs. Putnam in memory of her husband, is under the sponsorship of the 
Mathematical Association of America and is open to regularly enrolled under- 
graduate students in universities and colleges of the United States and Canada 
who have not received a college degree. The examination will consist of two parts 
of three hours each. The questions will be taken from the fields of calculus (ele- 
mentary and advanced) with applications to geometry and mechanics not in- 
volving techniques beyond the usual applications, higher algebra (determinants 
and theory of equations), elementary differential equations, and geometry (ad- 
vanced plane and solid analytic geometry). Any college or university wishing to 
enter a team or individual contestants may do so by filling out the application 
blank which, together with an announcement of the forthcoming competition, 
is mailed to various colleges and universities early in January, and returning 
same to Professor L. E. Bush, Director, 301 Merrill Hall, Kent State University, 
Kent, Ohio. If no blank is received by January 15th, please write to the director 
for one. All applications must be filed with the director not later than February 
10, 1957. If three candidates are presented from any one college or university, 
they are to constitute a team. If more than three candidates are presented from 
any one college or university, the team of three must be named on the applica- 
tion. Fewer than three candidates from one college or university may compete 
as individual contestants. Team members also compete as individuals. 

The examination may be given at any place where a team, or at least three 
candidates, can be assembled. Exceptions to this rule may be made by the 
director in cases where it would entail unusual inconvenience to the contestant. 
Sealed copies of the examinations will be sent to the supervisor in time for the 
examination and are not to be opened before the hour set for the examination. 

The prizes to be awarded to the departments of mathematics of the institu- 
tions with the winning teams are $400, $300, $200 and $100, in the order of their 
rank. In addition, there will be prizes of $40, $30, $20 and $10 awarded to the 
members of these teams according to the rank of the team; a prize of $50 to 
each of the five highest contestants and a prize of $20 to each of the succeeding 
five highest contestants. Each of the winners will receive a suitable medal. 
Honorable mention will be given to several teams next in order after the four 
winning teams and to several individuals next in order after the ten individual 
winners. For further encouragement of the competition, there will be awarded at 
Harvard University (or at Radcliffe College in the case of a woman), an annual 
$2,500.00 William Lowell Putnam Prize Scholarship to one of the first five con- 
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testants, this to be available either immediately or on completion of the stu- 
dent’s undergraduate work. 

Reports of the sixteen previous competitions and examination questions will 
be found in this MONTHLY for May 1938, 1939, 1940, 1941, 1942, October 1946, 
August-September 1947, December 1948, August-September 1949, 1950, 1951, 
October 1952, 1953, 1954, 1955, and January 1957. 


EDITORIAL 


With this issue my term as editor comes to a close, and I am turning over 
the affairs of the MONTHLY to the very capable hands of Professor Ralph D. 
James. It has been a great pleasure for me to serve the MONTHLY in various 
capacities during the past ten years, and in my retirement | shall miss my editor- 
ial correspondence with mathematicians throughout the world. I shall, how- 
ever, be able to get along very well without the headaches of the frequent dead- 
lines of our publication schedule. 

I am sure that our readers are aware that the publication of the MONTHLY 
is very much a cooperative affair rather than a one-man show. I should like to 
take this occasion to express my deep appreciation to my staff of associate 
editors whose only reward is the satisfaction of a job well done. Without the 
efforts of such a dependable staff the publication of a diversified journal like 
the MoNTHLY would be impossible. My warm thanks should also go to Professor 
Harry Gehman, whose careful proof reading has often saved us from awkward 
blunders, and to my editorial assistant, Mrs. Helen Zuckerman, whose knowl- 
edge of mathematics and the English language has added greatly to the style 
and appearance of the MONTHLY. 

Even with all this help, there is still plenty for the editor to do, and he has 
an unusual opportunity and responsibility for shaping the course of the journal. 
The MonrtuHLY has always been something of a personal enterprise, and I hope 
that its increasing size and complexity will not force a change in this character- 
istic aspect. The choice of a new editor is consequently a matter of great impor- 
tance, and in retiring I am particularly happy that my duties are passing to a 
new editor in whom I have the utmost confidence. 

With many thanks to all my friends who helped me during my term as editor, 
and with my very best wishes for the future to Ralph James, 

Cart B..ALLENDOERFER 
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Erwin Kleinfeld, Morris Kline, L. A. Kokoris, H.W. Kuhn, Norman Levinson, A. E. Livingston, 
M. D. Marcus, N. H. McCoy, E. A. Michael, W. O. J. Moser, E. P. Northrop, H. E. Salzer, John 
Todd, R. L. Vaught, L. M. Weiner. 

Mathematical Notes: R. P. Agnew, David Blackwell, A. A. Blank, R. W. Brink, W. E. Byrne, 
FE. A. Cameron, Leonard Carlitz, W. B. Carver, V. F. Cowling, Ky Fan, William Feller, N. J. Fine, 
J. E. Freund, A. W. Goodman, P. R. Halmos, Philip Hartman, N. J. Heerema, Fritz Herzog, P. G. 
Hoel, A. S. Householder, E. D. Jenkins, B. W. Jones, L. M. Kelly, V. L. Klee, Jr., H. W. Kuhn, H. 
L. Lee, D. H. Lehmer, J. H. Lehner, E. R. Lorch, N. H. McCoy, D. D. Miller, F. D. Murnaghan, 
Zeev Nehari, Oystein Ore, Harry Pollard, W. T. Reid, John Riordan, Arthur Rosenthal, W. S. 
Snyder, R. D. Stalley, Gabor Szegé, C. T. Taam, W. R. Utz, R. J. Walker, L. M. Weiner, George 
Whaples, W. M. Whyburn, E. M. Wright. 

Classroom Notes: Reinhold Baer, J. P. Ballantine, D. H. Ballou, R. H. Bing, Herbert Buseman, 
S. H. Crandall, P. D. Crout, Evelyn Frank, Philip Franklin, Gordon Fuller, Abe Gelbart, H. J. 
Hamilton, F. B. Hildebrand, P. G. Hoel, L. N. Howard, R. E. Johnson, M. S. Klamkin, J. J. Levin, 
Z. A. Melzak, Max Morris, George Pélya, Walter Prenowitz, W. F. Reynolds, R. A. Rosenbaum, 
S.S. Saslaw, D. J. Struik, J. H. Wolfe. 


CALENDAR OF FUTURE MEETINGS 


Fortieth Annual Meeting, University of Rochester, Rochester, New York, 


December 29, 1956. 


Thirty-eighth Summer Meeting, Pennsylvania State University, University 
Park, Pennsylvania, August 26-27, 1957. 

The following is a list of the Sections of the Association with dates of future 
meetings so far as they have been reported to the Associate Secretary. 


ALLEGHENY MounrtraAIN, Westinghouse Research 
Laboratories, Pittsburgh, Pennsylvania, 
Spring, 1957. 

ILLINOIS, Illinois State Normal University, 
Normal, May 10-11, 1957. 

INDIANA, May 4, 1957. 

Iowa, Iowa State Teachers College, Cedar 
Falls, April 26-27, 1957. 

KANSAS 

KENTUCKY, Berea College, Berea, April 20, 
1957. 

LovuisIANA- MISSISSIPPI, Buena Vista Hotel, Bi- 
loxi, Mississippi, February 15-16, 1957. 

MARYLAND-DISTRICT OF COLUMBIA-VIRGINIA, 
College of William and Mary, Williams- 
burg, Virginia, December 1, 1956. 

METROPOLITAN NEw YORK 

MIcHIGAN, Wayne State University, Detroit, 
March 23, 1957. 

MINNESOTA 

Missouri, Southeast Missouri State College, 
Cape Girardeau, Spring, 1957. 

NEBRASKA, University of Nebraska, Lincoln, 
April 26, 1957. 


NEw JERSEY 

NORTHEASTERN 

NORTHERN CALIFORNIA, University of Califor- 
nia, Berkeley, January 12, 1957. 

OHIO 

OKLAHOMA 

Paciric NORTHWEST, State College of Wash- 
ington, June 14, 1957. 

PHILADELPHIA 

Rocxy Mountain, Colorado School of Mines, 
Golden, Spring, 1957. 

SOUTHEASTERN, Emory University, Emory 
University, Georgia, March 15-16, 1957. 

SOUTHERN CALIFORNIA, San Diego State Col- 
lege, Spring, 1957. 

SOUTHWESTERN, University of Arizona, Tuc- 
son, April, 1957. 

TExas, University of Houston, Houston, April, 
1957. 

UprerR NEw York STATE, Skidmore College, 
Saratoga Springs, May 4, 1957. 

WISCONSIN, Wisconsin State College, White- 
water, May 11, 1957. 


THE CARUS MATHEMATICAL MONOGRAPHS 


A new Carus Monograph has been published in 1956. The title of this Mono- 
graph is: 
MONOGRAPH 11: Irrational Numbers, by Ivan Niven. 
Each member of the Association may purchase one copy of this Carus Mono- 


graph at the special price of $1.75. Orders should be addressed to: Mathematical 
Association of America, University of Buffalo, Buffalo 14, New York. 


Additional copies of Monograph 11 for members and copies for nonmembers 
may be purchased at $3.00 from John Wiley and Sons, 440 Fourth Avenue, New 


York 16, New York. 


Professor Niven’s Monograph on Irrational Numbers provides an exposition 
of some central results on irrational, transcendental, and normal numbers. There 
is a complete treatment by elementary methods of the irrationality of the ex- 
ponential, logarithmic, and trigonometric functions with rational arguments. 
The approximation of irrational numbers by rationals, up to such results as the 
best possible approximation of Hurwitz, is also given with elementary techniques. 
The last third of the monograph treats normal and transcendental numbers, in- 


cluding the transcendence of x and its generalization in the Lindemann theorem, 
and the Gelfond-Schneider theorem. 


METALS RESEARCH LABORATORIES 
ELECTRO METALLURGICAL COMPANY 
Requires 


OPERATIONS RESEARCH ANALYST 
RESEARCH MATHEMATICIAN 


To work in a closely knit operations research type group of an expanding metallurgical and 
process research laboratory. Studies to be made of the allocation of resources and effort 
among various research projects. Evaluate new areas of interest and examine various opera- 
tions of both Laboratories and Company to determine fields in which operations research 
might be fruitfully applied. High speed computing equipment available. 


OPERATIONS RESEARCH ANALYST: Ph.D. in operations research or equivalent with 
M.S. or B.S, in Engineering, Physical Science, or Mathematics. To set up mathematical 
models for both economic and physical processes. Linear, quadratic and dynamic programming 
as well as inventory smoothing and statistical prediction and other techniques. No industrial 
experience necessary. 


RESEARCH MATHEMATICIAN: Ph.D. in Mathematical Physics or applied mathematics 
with B.S, in Physics or related discipline. To set up mathematical models for computation, 
assist experimentalists in setting up data reduction schemes for computer or in other methods 
of analyzing experimental results mathematically as well as in setting up experimental de- 
signs. Originate the application of new techniques for these purposes, Several years of ex- 
perience in applied mathematics, mathmatical physics or operations research desirable but not 
essential for the right man. Please send resume including salary desired to R. J. Gladieux, 
Personnel Administrator, Metals Research Laboratories, Electro Metallurgical Company, 
P.O. Box 580, Niagara Falls, New York. 


MATHEMATICIANS 


For Analysis Group of expanding research and 
development laboratory. Principal fields of 
interest are: weapons systems analysis, 
peacetime applications of atomic energy, and 
operations research. Several openings are 
available. 


1 To carry out studies in OPERATIONS RESEARCH. 
Familiarity with probability theory, linear 
programming, game theory, information theory, 
optimization procedures, and other OR 
techniques very desirable. 


2 To perform operational analyses requiring extensive 
background in aerodynamics and exterior ballistics. May also 
investigate problems dealing with missile fire control 
and navigational systems, Familiarity with 
digital computer programming desirable. 


3 To conduct investigations in the fields of electromagnetic 
theory, acoustics, thermal and radiation effects. 


These openings require men with vision and initiative. Our 
modern laboratory provides a professional working atmosphere 
and the location in a quiet suburban area provides 

pleasant living and working with easy access to the cultural 
and educational facilities of New York City. 


All inquiries in confidence. Please send resume, 
including salary desired, to Personnel Manager. 


VITRO LABORATORIES 


Division of Vitro Corporation of America 


200 Pleasant Valley Way 
West Orange, New Jersey 


a A NEW DIVISION % 
“OF A PIONEER IN THE 
MANUFACTURE OF | 


Submit Resume to 
ate sg Frederic A. Wyatt 


COMBUSTION ENGINEERING, INC. 


REACTOR DEVELOPMENT DIVISION, WINDSOR, CONN. 


Now in New Editions 


Mason-Hazard 
BRIEF ANALYTIC GEOMETRY, THIRD EDITION 


A concise presentation in the traditional manner, suitable for a one- 


semester course. It gives adequate preparation for the calculus. The Third 


Edition has increased emphasis on the concept of a function, many exer- 
“cises with new data, and some additional problems. 


ELEMENTS OF THE DIFFERENTIAL AND INTEGRAL 
CALCULUS, NEW REVISED ED. Granville-Smith-Longley 


A standard text teaching differentiation and integration separately. This 
new revision has some new and additional exercises. Ready soon. 


HOME OFFICE: Ginn and Company ane elles 


Boston 
Chicago 6 Atlanta 3 Dallas 1 Columbus 16 
San Francisco 3 Toronto 7 


PROCEEDINGS OF THE THIRD BERKELEY SYMPOSIUM ON 
MATHEMATICAL STATISTICS AND PROBABILITY, 1954/55 


Vol. I CONTRIBUTIONS TO THE THEORY OF STATISTICS, pp. ix + 
208 $6.00 


Vol. II CONTRIBUTIONS TO PROBABILITY THEORY, pp. x + 246 $6.50 
Vol. III CONTRIBUTIONS TO ASTRONOMY AND PHYSICS, pp. ix + 252 $6.25 


Vol. IV CONTRIBUTIONS TO BIOLOGY AND PROBLEMS OF HEALTH, 
pp. ix + 179 $9.75 


Vol. V CONTRIBUTIONS TO ECONOMETRICS, INDUSTRIAL RE- 
SEARCH, AND PSYCHOMETRY, pp. ix + 184 $5.75 


UNIVERSITY OF CALIFORNIA PRESS, Berkeley and Los Angeles 


By special arrangement, members of the Mathematical Association of America may 
purchase any or all of the five volumes at a discount of 25 per cent. To obtain this 
discount, an order must be sent to the Statistical Laboratory, University of California, 
Berkeley 4, California, and must refer to membership in the Association. A check made 
out to the Regents of the University of California for the correct amount must ac- 
company the order. 


3 new texts 


ANALYTIC GEOMETRY s:conp Epition 
R. S$. Underwood * Fred W. Sparks 


“This is an excellent text; one of the best I have seen. Author and 
publisher are to be complimented on the clear typography and ex- 


ceptionally fine figures.” 
W. I. MILLER, Bucknell University 


PRACTICAL TRIGONOMETRY 
R. S. Underwood * Horace E. Woodward 


The introductory course offered in this text is brief but complete; it 
is geared to fit the practical needs of engineers, scientists, and investi- 
gators. It aims to make the student aware of such matters as practical 
efficiency and the degree of accuracy appropriate for the occasion. 
Thus there is an insistence upon a minimum of calculation and upon 
estimates where they are sufficient for the purpose, while advance 
estimates of results to be obtained precisely are prescribed as a matter 
of habit and working technique. 


THE MATHEMATICS OF FINANCE 
Robert Cissell * Helen Cissell 


This book is designed to provide a practical course in the mathe- 
matics of finance. The only prerequisite is a knowledge of progres- 
sions and logarithms. A thorough treatment of present-day business 
practices makes the text especially suited for students of commerce 
and business administration. However, students in other fields, de- 
siring a practical course to meet their mathematics requirements, will 
appreciate the emphasis on financial transactions, 


« 


‘,. . a clearly written book with an especially attractive format. . .” 


THOMAS L. WapbE, JR., Florida State University 


Houghton Mifflin Company 


Boston 7 New York 16 Chicago 16 Dallas 1 Palo Alto 


ffl RON ALD books 
TRIGONOMETRY 


Roy Dubisch, Fresno State College 


Mirrors a conspicuous trend in teaching plane trigonometry by presenting 
trigonometric functions as functions of real numbers, with trigonometric furc- 
tions of angles as a supporting topic. This approach relates the subject more 
closely to other courses in mathematics. Book emphasizes the distinction be- 
tween a function and a function value; includes many examples and problems. 
“Done with a care which indicates that the author has been teaching this 
course to students and has learned of their diffculties.”—Gerald B. Huff, 
University of Georgia. Arc length protractor and scale included. 


119 ills., tables; 396 pp. 


COLLEGE ALGEBRA 


Earle B. Miller, Illinois College; and 
Robert M. Thrall, University of Michigan 


Designed for the first-year student who wants a thorough grounding in 
the subject to equip him for subsequent courses in mathematics. Subject matter 
follows traditional lines except where modern trends suggest additions which 
increase utility and simplify theory. “An excellent treatment ... I believe the 
book is one on which a fine course in college algebra can be based.”— 
J. R. Kline, University of Pennsylvania. 43 ills., tables; 493 pp. 


CALCULUS 


Atherton Hall Sprague, Amherst College 


This logically complete course in the calculus offers a thorough treatment 
of the fundamentals with special attention to key concepts—Increment, Differ- 
ential, and Derivative. Includes chapters on polar coordinates and solid 
analytic geometry. “Clarity of thought and precision of definition are empha- 
sized throughout, and the book is characterized by an abundance of problem 
work.”’—Scripta Mathematica. 204 ills., 576 pp. 


SLIDE RULE PROBLEMS 


With Operational Instructions 


Philip J. Potter, Edward QO. Jones, Jr., and Floyd S. Smith 
—all of Alabama Polytechnic Institute 


Just Published! This large selection of slide rule problems provides the stu- 
dent with enough practice material to acquire facility in the use of the slide 
rule. Preceding the problems are nine short text sections on slide rule opera- 
tions, with numerous example problems. The section on dimensional analysis 
is included because of its importance in engineering. Perforated pages. Teach- 
er’s Manual available. 8144 x 11. 191 pp. 


THE RONALD PRESS COMPANY e 15 E. 26th St., New York 10 


COLLEGE TEXTS 


INTRODUCTION TO FINITE 
MATHEMATICS 


by JOHN G. KEMENY, J. LAURIE SNELL and 
GERALD L. THOMPSON, all of Dartmouth College 


A new and original text, designed to introduce concepts in modern 
mathematics early in the student’s career and provide the foundation 
for important topics in mathematics outside the calculus, Aimed at 
the freshman level, it includes an introduction to: logic, set theory, 
partitions, probability theory, matrix theory, mathematical models, 


game theory and linear programming. 


This course, incorporating the uses of mathematics in the Social and 
Biological Sciences, has been successfully tested at Dartmouth College 
for two years, and together with a semester of calculus, fulfills the 
Duren Committee recommendations for a freshman course. The same 
combination carries out the recommendations of the Madow Com- 


mittee for the training of future behavioral scientists. 


For the first time matrices, Markov chains, linear programming and 
game theory have been put on the freshman level. No other pre- 
requisites than 244 years of high school mathematics are needed for 
courses employing this text. 


Approx. 416 pages * 558 x 83 © To be published Jan. 1957 


— 


< Prontice-Hal.t lite. 


MATHEMATICAL ANALYSIS 


E. J. CAMP, Macalester College 


This new freshman text is an integrated treatment of topics from college 
algebra, trigonometry, analytic geometry, and calculus. It provides a 
sound foundation for later courses in mathematics. 


Some special features include: full, clear explanations; introduction of 
each new concept as a specific problem to be solved; derivatives and 
integrals introduced early and used throughout; complex numbers treated 
as number pairs; extensive and thorough treatment of polar coordinates, 
limits, and determinants; inclusion of a review chapter on radicals. 561 


pages of text. $6.25 


CALCULUS 


WILLIAM L. HART, University of Minnesota 


Calculus offers a thorough, modern presentation—rigorous, yet skill- 
fully adapted to student understanding. The first two-thirds of the treat- 
ment is given to sequential topics through the fundamentals of partial 
differentiation and multiple integrals. This material could constitute the 
nucleus of a brief course. There are full chapters on analytic geometry 
and differential equations. 558 pages of text. $6.00 


In both texts, the answers are given for all odd-numbered problems; 
answers for even-numbered problems are provided in a free pamphlet. 


D. C. HEATH AND COMPANY 


Sales Offices: Englewood, N.J., Chicago 16, San Francisco 5, Atlanta 8, 
Dallas 1. Home Office: Boston 16 


CALCULUS 
by CHARLES K. ROBBINS and NEIL LITTLE 


Purdue University 


In this sound calculus text, each new principle is introduced by 
means of a specific problem and clarified by means of applications. 
There are nearly 2,300 exercises, with answers provided to all 
exercises which are not simply drill problems. 


1940 398 pp. $5.50 


THEORY OF NUMBERS 
by B. M. STEWART, Michigan State University 


Intended for a one-semester course, this text features an excellent 
assortment of illustrative examples and a refreshing informal style. 
Its 33 lessons cover fundamental concepts and important supple- 
mentary topics. Introductory notes focus attention on the essential 
information. 


1952 261 pp. $5.75 


MACMILLAN LOGARITHMIC AND 
TRIGONOMETRIC TABLES 
Prepared under the direction of E. R. HEDRICK 


late Vice President and Provost, and Professor of Mathematics, 
University of California at Los Angeles. Second Edition. 


Offering complete accuracy and excellent format, these tables have 
been standard mathematical equipment for many years. 


1920 143 pp. 2.50 


INTERMEDIATE ALGEBRA 


by R. S. UNDERWOOD, Texas Technological College; 

T. R. NELSON, 4. and M. College of Texas; 

and S. SELBY, Uxiversity of Akron 

Presupposing only one year of high-school mathematics, this clear, 
concise text is designed for a foundation course in algebra. The book 
evolved from classroom-tested mimeographed material; it was re 


vised in the light of student reactions and suggestions from critical 
readers. 


1947 283 pp. $3.60 


THE SLIDE RULE 
by H. W. LEACH and GEORGE C. BEAKLEY 


This booklet combines clear explanation and discussion of the 
various slide rule operations together with a comprehensive list of 
drill problems. The authors begin with construction and reading of 
scale graduations, going on to explanations, diagrams and rules of 
procedure. 


1953 44 pp. $1.35 


She Macmitlam Company 


60 FIFTH AVENUE, NEW YORK 11, N.Y. 


Distributers in Canada: 
Brett-Macmillan Ltd., 25 Hollinger Road, Toronto 


GEORGE BANTA COMPANY, INC., MENASHA, WISCONSIN, U.S.A, 


INTRODUCTORY COLLEGE MATHEMATICS 


By Roserr W. Wacner, University of Massachusetts. In press 


The author aims to give the student a concept of mathematics somewhat closer to a mathe- 
matician’s view than is usually attained in an introductory course. After introductory chapters 
on numbers and equations, the function concept is carefully presented and becomes the 
central theme of the book. Emphasis is on the interdependence of various aspects of the 
traditional content of freshman mathematics, with an effort made to minimize the number of 
formulas to be memorized. There is a careful and thorough treatment of each basic problem, 
with numerous problems included. 


FUNDAMENTAL MATHEMATICS 


By Tuomas L. Wane and Howarp E. Taytor, The Florida State University. 374 pages, 
$4.75 


Though primarily a basic text for students with inadequate secondary school preparation in 
mathematics, this book also provides ample foundation material for study in the social sciences, 
physical sciences, education, and business. The fundamental] ideas of elementary algebra are 
developed in a logical and orderly manner, with each operation treated first for the num- 
bers of arithmetic, then for the literal symbols of algebra. The material is logically com- 
plete, yet simple and readable. 


PRINCIPLES OF MATHEMATICS 


By C. B. ALLENDOERFER, University of Washington and C. O. Oakey, Haverford Col- 
lege. 466 pages, $5.00 


This important text is directed toward the reform of the basic curriculum in mathematics. 
The approach is new in both content and emphasis. The emphasis is placed upon an under- 
standing of the methods of mathematical reasoning, the basic ideas of the subject, and a 
clear understanding of the reasons behind the mathematical processes. Routine computations 
are balanced with emphasis on thinking. Formulas are presented and adequate practice in 
their use is provided. Reasons for the formulas and their place in the logical structure of the 
subject are also explained. 


INTERMEDIATE ALGEBRA, New Second Edition 


By Paut K. Rees, Louisiana State University and Frep W. Sparxs, Texas Technological 
College. 320 pages, $3.90 


Designed for the student with only one year of high school algebra, this new edition of a 
basic text includes the necessary materia] for further work in mathematics, for the required 
courses in science, for statistics and for mathematics of finance. The major purpose of the 
revision has been to provide more and better problems. In addition, many of the illustrative 
examples have been replaced or rewritten for greater clarity. 


Send for copies om approval 


McGraw - Hill Book Company, inc. 


330 West 42nd Street New York 36, N.Y. 


